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“ALWAYS LEARNING PEARSON 


Get the Math. Get the Point. 


In a Liberal Arts Math course, a common question students ask is, “Why do | have to know this?” 
A Survey of Mathematics with Applications shows how people use mathematics in all aspects 
of life, and the Ninth Edition includes “Why This Is Important” sections throughout the text. 


WHY THIS IS IMPORTANT 


ae , * | 
y P. im | 
; 7 What You Will Learn | 


BS 


Number 
Theory and the 
Real Number 
System 


MATHEMATICS TODAY 


Freedom of Speech or 
Misleading Advertising? 


a 


he first amendment to the 

United States Constitution 
guarantees that Americans have 
the freedom of speech. There are, 
however, limits to what we may 
say or write. For example, com- 
panies are limited in what they 
can say or write to advertise their 
products. The Federal Trade Com- 
mission (FTC) states that “ads must 
be truthful and not misleading: 
that advertisers must have evi- 
dence to back up their assertions; 
and that ads cannot be unfair,” 
Although most advertisements are 
truthful and fair, some enter into a 
“gray area” of truthfulness, Some 
of these breaches of fairness may 
be found in logical fallacies either 
made directly or implicitly by the 
context of the ad's wording of 
artwork. The FTC has the respon- 
sibility to take section against com. 
panies they believe ore violating 
their palicies, For more information 
regarding actions taken by the FTC 
against (raudulent advertivers, go 
to wwe fte.gov. 


[9 this is Important Asacon- 
sumer you need to be able to de- iff 
termine if « conclusion made by & 
company necessacly follows from 
the information given, or i the 
company is providing you with « 
misleading conclusion. 


Mathematics Today 
boxes discuss current, 
real-life uses of key 
mathematical concepts. 
Each box ends with 
Why This Is Important. 


# An introduction to number theory 

« Prime numbers 

« Integers, rational numbers, 
irrational numbers, and reat 
numbers 

= Properties of real numbers 

= Rules of exponents and scientific 
notation 

» Arithmetic and geometric sequences 

= The Fibonaccl sequence 


This is Important 


Every time we use a computer, 
make a telephone call, or watch 


television we use a device that 
relies on numbers to operate. In 
addition to playing many roles in 
‘our everyday lives, numbers are 
also used to describe the natural 
world, communicate information, 
and model problems facing 
scientists and researchers. In this 
chapter, we will see how number 
theory, the study of numbers and 
, _ their properties, makes all these 
roles possible. 

Number theory has many 
applications that help scientists 
and researchers solve problems 
in many areas including 
communications, biology 
medicine, computers, and other 
modern technical devices. 


<4. Number theory helps stents ond 
searchers rode! problems 


LD this is Important Asacon- 
sumer you need to be able to de- 
termine if a conclusion made by a 
company necessarily follows from 
the information given, or if the 
company is providing you with a 
misleading conclusion. 


Chapter and section openers use applications 
to prepare for the material ahead. These end 
with Why This Is Important notes to show 
how these concepts apply to the world 


outside the classroom. 


Advertisements often rely on spoken or written statements that are used to favorably 
portray the advertised product and form a convincing argument that will persuade us to 
purchase the product. Some familiar advertising statements are: Don't leave home with- 
out it; It takes a licking and keeps on ticking; Sometimes you feel like a nut, sometimes you 
don't; When it rains it pours; and Melts in your mouth, not in your hands. \n this section, 
we will learn how to represent statements using logic symbols that may help us bet- 
ter understand the nature of the statement. We will use these symbols throughout the 
chapter to analyze more complicated statements. 


This is important Statements appear in everyday life—for example, in legal docu- 
ments, product instructions, and game rules in addition to advertising. 


RECREATIONAL MATH 


The Price Is Right 


Place the digits 1,5, 6.7, and 8 in the 
correct order to match the price of the car 


long-running television game 
show The Price Is Right has 
many different games that require 
the player to understand the place 
values used in our decimal system. 
For example, in one game the host 
gives the player the digits that 
make up the price of an item but 
does not tell the player the correct 
order of the digits. If the player 
places the digits in the correct or- 
der, the player wins the fabulous 
prize! For example, the price of a 
2011 Ford Focus SE Coupe con- 
tains the digits 1, 5, 6, 7, and 8. 
See if you can determine the cor 
rect order to place these digits 
to match the price of the car. The 
answer is upside-down below, See 
Exercise 70 on page 192 for an- 
other example. 


SixOIS 


Page 187 


NEW! Recreational Math boxes 
invite students to apply the math in 
puzzles, games, and brain teasers. 

In addition, Recreational Mathematics 
problems appear in the exercise 

sets so that they can be assigned 

as homework. 


SUPPORT FOR LEARNING THE CONCEPTS 


old nephew suggested that Kasner 
call this number a googol. If you are 
looking for a number that is even 
larger than a googol, try a googol- 
plex, which is 109°°9°!, of 1910. 


Order of Operations 


The order of operations for evaluating an expression is as follows. 


Some students use the phrase 
“Please Excuse My Dear Aunt 
Sally” or the word "PEMDAS” 
(Parentheses, Exponents, 
Multiplication, Division, Addition, 
Subtraction) to remind them of 
the order of operations. 
Remember: Multiplication and di- roots). 
vision are of the same order, and 
addition and subtraction are of 
the same order. 


giceh 2.81] ORDER OF OPERATIONS 


. First, perform all operations within parentheses or other grouping symbols 
(according to the following order). 


Page 293 


To evaluate an expression or to check the solution to an equation, we need to know 
the order of operations to follow. For example, suppose we want to evaluate the ex- 
pression 2 + 3x when x = 4. Substituting 4 for x, we obtain 2 + 3 - 4, What is the 
value of 2 + 3 = 4? Does it equal 20, or does it equal 14? Some standard rules, called 
the order of operations, have been developed to ensure that there is only one correct 
answer. In mathematics, unless parentheses indicate otherwise, always perform multi- 
plication before addition, Thus, the correct answer is 14. 


24+3°4=24+(3-4=2+12=14 


. Next, perform all exponential operations (that is, raising to powers or finding 


. Next, perform all multiplications and divisions from left to right. 
. Finally, perform all additions and subtractions from left to right. 


NEW! Warm Up Exercises now begin 
each exercise set with fill-in-the-blank 
problems to ensure a firm grasp of the 
section's fundamental concepts. 


Examples 


Timely Tips appear where 
appropriate to give quick study 
tips and extra support for 
learning the topic. 


Procedures are set apart 

from the text for easy reference 
when doing homework or 
preparing for tests. 


SECTION 2.1 = | 
Exercises 


Warm Up Exercises 


In Exercises 1—12, fill in the blank with an appropriate 
word, phrase, or symbol(s). 


1, A collection of objects is called a(n) 


2. Three dots placed in a set to show that the set continues in 
the same manner is called a(n) 


3. The three ways a set can be written are 
and 


4, A set that contain no elements or the number of elements in 
the set is a natural number is called a(n)_____ set. 


5. A a set that is not finite is called a(n) _______. set. 


6. Two sets that contain the same elements are called 
sets. 


Example 1, page 96 


Form of Statement Form of Negation. 
Allare. Some are not. 
None are. Some are. 

Some are. None are, 

Some are not. All are. 


Formal Name Symbol Read 
Negation =< not ~p 
Conjunction A and pag 
Disjunction Vv or pyvg@ 
Conditional => — iftthen pq 
<> ifandonly if poq 


Examples 2-8, pages 97-101 


Symbolic Form 


Biconditional 


Section 3.2 & Section 3.3 | 


Examples 1-10, pages 107-114 
Examples 1-10, pages 118-124 


Section 3.4 


Examples 4-6, pages 130-131 


~(pAge~pY ~d 
~(pV gop A—9 


- Two sets that contain the same number of elements are 


called sets. 


- The number of elements in a set is called the 


number. 


|. The set that contains no elements is called the 


set. 


). The two ways to indicate an empty set are _____ and 


- A set that contains all the elements for any specific discus- 


sion is called a(n) _______set. 


- Two sets that have the same cardinal number can be 


placed in a(n) correspondence. 


NEW! Chapter Summaries are 
redesigned in a chart format for 
easier study and review. For each 
concept, definition, or idea listed, 
page references point to where in 
the text the item is discussed. 
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To the Student 


M athematics is an exciting, living study. Its applications shape the world around 
you and influence your everyday life. We hope that as you read this book you 
will realize just how important mathematics is and gain an appreciation of both its 
usefulness and its beauty. We also hope to teach you some practical mathematics that 
you can use every day and that will prepare you for further mathematics courses. 

The primary purpose of this text is to provide material that you can read, 
understand, and enjoy. To this end, we have used straightforward language and tried 
to relate the mathematical concepts to everyday experiences. We have also provided 
many detailed examples for you to follow. 

The concepts, definitions, and formulas that deserve special attention are in boxes 
or are set in boldface, italics, or color type. In the exercise sets, within each category, 
the exercises are graded, with more difficult problems appearing at the end. At the 
end of most exercise sets are Challenge Problems/Group Activities Exercises that 
contain challenging or exploratory exercises. At the end of each chapter are Group 
Projects that reinforce the material learned or provide related material. 

Be sure to read the chapter summary, work the review exercises, and take the 
chapter test at the end of each chapter. The answers to the odd-numbered exercises, 
all review exercises, and all chapter test exercises appear in the answer section in 
the back of the text. You should, however, use the answers only to check your work. 
The answers to all Recreational Mathematics exercises are provided in either the 
Recreational Mathematics boxes themselves, or in the back of the book. 

It is difficult to learn mathematics without becoming involved. To be successful, 
we suggest that you read the text carefully and work each exercise in each assignment 
in detail. Check with your instructor to determine which supplements are available 
for your use. 

We welcome your suggestions and your comments. You may contact us at the 
following address: 


Allen Angel 

c/o Marketing 
Mathematics and Statistics 
Pearson 

75 Arlington St., Suite 300 
Boston, MA 02116 


or by email at: 

math @pearson.com 

Subject: for Allen Angel 

Good luck with your adventure in mathematics! 


Allen R. Angel 
Christine D. Abbott 
Dennis C. Runde 


| Math) We Use It Every Day! 


e present A Survey of Mathematics with Applications, Ninth Edition, with the 
W vain in mind that we use mathematics every day. In this edition, we stress 
how mathematics is used in our daily lives and why it is important. Our primary goal 
is to give students a text they can read, understand, and enjoy while learning how 
mathematics affects the world around them. Numerous real-life applications are used 
to motivate topics. A variety of interesting and useful exercises demonstrate the real- 
life nature of mathematics and its importance in students’ lives. 

The text is intended for students who require a broad-based general overview of 
mathematics, especially those majoring in the liberal arts, elementary education, the 
social sciences, business, nursing, and allied health fields. It is particularly suitable 
for those courses that satisfy the minimum competency requirement in mathematics 
for graduation or transfer. 


New to This Edition 


e Why This Is Important is a new concept woven throughout the book to help stu- 
dents make the connection between their lives and the mathematics they’re learn- 
ing. Why This Is Important notes can be found in all chapter and section openers 
as well as the Mathematics Today features. 

e Many chapter and section openers contain new, interesting, and motivational in- 
formation and applications to introduce the section and illustrate the real-world 
nature of the material in that section. For example, Section 2.3 introduces Venn 
diagrams and set operations with the experience of purchasing a laptop computer. 
The Chapter 3 opener indicates how logic has become important in electronic 
devices such as cell phones and digital cameras. 

e Recreational Mathematics boxes added throughout the book show various ways 
that math can be fun! 

e Approximately 40% of the examples and exercises in the book are changed. We 
updated many examples and exercises to reflect current data and topics of inter- 
est to students. 

e Exercise sets now begin with fill-in-the-blank Warm Up Exercises. 

e We revised and greatly expanded the chapter summaries into a chart format for 
easier studying. 

e All chapter tests have been reorganized to include exactly 20 questions for con- 
sistency in length while thoroughly covering the content presented in the 
chapter. 


Content Revision 


In this edition, we have revised and expanded certain topics to introduce new material 
and to increase understanding. 


Chapter 1 “Critical Thinking Skills,” includes exciting and current examples and 
exercises. 


Chapter 2 “Sets,” includes many new applications of sets pertaining to a greater 
variety of topics, such as the sales of iPods and other electronic devices. 


Chapter 3 “Logic,” contains new exercises, as well as a greater variety of exer- 
cises. We include several puzzles, sudoku and kakuro, as Recreational Mathematics 
exercises. Also, we now show an alternative method to work truth tables. 
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Chapter 4 “Systems of Numeration,” contains information on the bases 2, 8, and 
16, which have many applications in modern devices such as smart phones, cameras, 
and high-definition televisions. 


Chapter 5 “Number Theory and the Real Number System,” has updated informa- 
tion regarding the largest prime number found and the most calculated digits of pi. 
We updated exercise sets to reflect current economic numbers involving the national 
debt, the gross domestic product, population growth and so on. 


Chapter 6 “Algebra, Graphs, and Functions,” has updated examples and exercises 
dealing with real-life situations. We moved material on exponential equations from 
Section 6.3 to Section 6.10 and updated it to include examples and exercises on popu- 
lation growth. 


Cha pter 7 “Systems of Linear Equations and Inequalities,” contains many updated 
examples and exercises. 


Chapter 8 “The Metric System,” has many new up-to-date examples, exercises, 
and photographs of real-life metric use throughout the world. 


Chapter 9 “Geometry,” includes many updated examples and exercises, and we 
rewrote several topics for greater clarity. 


Chapter 10 “Mathematical Systems,” has many new examples, exercises, and 
real-life applications to modern technology. 


Chapter 11 “Consumer Mathematics,” contains updated interest rates involving a 
variety of loans and investments. We rewrote much of the material clearly and con- 
cisely. We now calculate monthly payments on installment loans and principal and 
interest for a mortgage payment, using a formula in addition to a table. 


Chapter 12 “Probability,” has updated examples and exercises that deal with real- 
life applications, including video games, smart phones, and Facebook. 


Chapter 13 In “Statistics,” the authors combined Sections 13.3 and 13.4 to empha- 
size the relationship between frequency distributions and statistical graphs. We re- 
wrote material in Section 13.7, The Normal Curve, for greater clarity, and we updated 
many examples and exercises with real-life applications. 


Chapter 14 “Graph Theory,” involves many new applications of graphs to a vari- 
ety of topics, including maps, social networks (such as Facebook), and other real- 
world applications. 


Chapter 15 “Voting and Apportionment,” includes many updated examples and 
exercises about voting and apportionment. We rewrote some of this material for 
greater clarity. 


Continuing and Revised Features 


e Chapter Openers Interesting and motivational applications introduce each 
chapter, which includes the Why This Is Important section, and illustrate the real- 
world nature of the chapter topics. 


xii 
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Problem Solving Beginning in Chapter 1, students are introduced to problem 
solving and critical thinking. We continue the theme of problem solving 
throughout the text and present special problem-solving exercises in the exer- 
cise sets. 

e Critical Thinking Skills In addition to a focus on problem solving, this book also 
features sections on inductive and deductive reasoning, estimation, and dimen- 
sional analysis. 

e Profiles in Mathematics Brief historical sketches and vignettes present stories 
of people who have advanced the discipline of mathematics. 

© Did You Know? The colorful, engaging, and lively Did You Know? boxes high- 
light the connections of mathematics to history, the arts and sciences, technology, 
and a broad variety of disciplines. 

e Mathematics Today These boxes discuss current real-life uses of the mathemat- 
ical concepts in the chapter. Each box ends with Why This Is Important. 

e Technology Tips The material in these boxes explains how students can use 
calculators, Excel, or other technologies to work certain types of application 
problems. 

e Timely Tips These easy-to-identify boxes offer helpful information to make the 
material under discussion more understandable. 

e Boxed Material Important definitions, formulas, and procedures are boxed, 
making key information easy to identify for students. 

e Group Projects At the end of each chapter are suggested group projects that 
instructors can use to encourage students to work together. Instructors can also 
assign these projects to individual students. 

e Chapter Summaries, Review Exercises, and Chapter Tests The end-of-chapter 

Summaries, now in chart format, provide an easier study experience by directing 

students to the location in the text where specific concepts are discussed. Review 

Exercises and Chapter Tests also help students review material and prepare for 

exams. 


Online Homework Systems 


MyMathLab° Online Course (access code required) 


MyMathLab delivers proven results in helping individual students succeed. It pro- 
vides engaging experiences that personalize, stimulate, and measure learning for each 
student. And it comes from a trusted partner with educational expertise and an eye 
on the future. 

To learn more about how MyMathLab combines proven learning applications 
with powerful assessment, visit www.mymathlab.com or contact your Pearson 
representative. 


MyMathLab*® Ready to Go Course (access code required) 


These new Ready to Go courses provide students with all the same great MyMathLab 
features that you’re used to, but make it easier for instructors to get started. Each 
course includes pre-assigned homeworks and quizzes to make creating your course 
even simpler. Ask your Pearson representative about the details for this particular 
course or to see a copy of this course. 
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MathXL’ Online Course (access code required) 


Math XL® is the homework and assessment engine that runs MyMathLab. 
(MyMathLab is MathXL plus a learning management system.) With MathXL, in- 
structors can: 


Create, edit, and assign online homework and tests using algorithmically gener- 
ated exercises correlated at the objective level to the textbook. 

Create and assign their own online exercises and import TestGen tests for added 
flexibility. 

Maintain records of all student work tracked in MathXL’s online gradebook. 


With MathXL, students can: 


Take chapter tests in MathXL and receive personalized study plans and/or per- 
sonalized homework assignments based on their test results. 

Use the study plan and/or the homework to link directly to tutorial exercises for 
the objectives they need to study. 

Access supplemental animations and video clips directly from selected 
exercises. 


MathXL is available to qualified adopters. For more information, visit our website at 
www.mathxl.com, or contact your Pearson representative. 


supplements | for Students 


Student’s Solutions Manual 
ISBN 13: 978-0-321-63931-8; ISBN 10: 0-321-63931-6 
by Tamsen Herrick of Butte College 


This for-sale manual contains solutions to all odd-numbered exercises and to all 
Review and Chapter Test exercises. 


Video Resources 


These digitized videos review chapter content for student use at home or on the go. 
They are ideal for distance learning and supplemental instruction. 
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Supplements 


for Instructors 


Annotated Instructor’s Edition 
ISBN 13: 978-0-321-63928-8; ISBN 10: 0-321-63928-6 


This special edition of the text includes answers next to the exercises, for quick refer- 
ence. Answers that do not fit next to the exercise are placed in a separate section in 
the back of the book. Answers to all text exercises are included. 


Online Supplements 


Online supplements are available for download only at www.pearsonhighered.com/irc. 


Instructor’s Solutions Manual 
by Tamsen Herrick of Butte College 


This manual contains solutions to all exercises in the text and answers to Group 
Projects. 


Instructor’s Testing Manual 


This manual includes three alternate tests per chapter. 


Insider’s Guide 


This manual includes resources and helpful section-specific teaching tips designed to 
assist both new and adjunct faculty with course preparation. 


PowerPoint Lecture Presentation 


These fully editable lecture slides include definitions, key concepts, and examples for 
use in a lecture setting and are available for each section of the text. 


TestGen® 


TestGen enables instructors to build, edit, print, and administer tests using a comput- 
erized bank of questions developed to cover all the objectives of the text. TestGen is 
algorithmically based, allowing instructors to create multiple but equivalent versions 
of the same question or test with the click of a button. Instructors can also modify test 
bank questions or add new questions. Tests can be printed or administered online. The 
software and testbank are available for download from Pearson Education’s online 
catalog. 
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What You Will Learn 


= Inductive and deductive 
reasoning processes 


= Estimation 
a Problem-solving techniques 


a@ This is Important 


Life constantly presents new 
problems. The more 
sophisticated our society 
becomes, the more complex the 
problems. We as individuals are 
constantly solving problems. For 
example, when we consider ways 
to reduce our expenses or when 
we plan a trip, we make problem- 
solving decisions. We also 
have to make problem-solving 
decisions when we figure out 
how to divide our time between 
studying, friends, family, work, 
and recreational activities. 
Additionally, businesses are 
constantly trying to solve 
problems that involve making 
a profit for the company and 
keeping customers satisfied. 

The goal of this chapter is 
to help you master the skills 
of reasoning, estimating, and 
problem solving. These skills 
will aid you in solving problems 
in the remainder of this book 
as well as those you will encoun- 
ter in everyday life. 


ee 
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2 CHAPTER1 Critical Thinking Skills 


SECTION1.1 | Inductive Reasoning 


A A device like this can be used to gain 
access to your computer. 


Thus far, no two people have been found to have the same fingerprints or DNA. So 
fingerprints and DNA have become forms of identification. As technology improves, 
so do identification techniques. Computerized fingerprint scanners are now showing 
up in police stations, in high-tech security buildings, and with personal computers. 
You can purchase a personal USB fingerprint scanner that requires your distinctive 
fingerprint to gain access to your computer. The belief that no two people have the 
same finger size, shape, and density is based on a type of reasoning we will discuss 


in this section. 


This is Important As you will see in this section, we use a type of reasoning, 
called inductive reasoning, every day when we make decisions based on past 
experiences. 


Inductive Reasoning 


Before looking at some examples of inductive reasoning and problem solving, let us 
first review a few facts about certain numbers. The natural numbers or counting 
numbers are the numbers 1, 2, 3, 4, 5, 6, 7, 8, .... The three dots, called an ellipsis, 
mean that 8 is not the last number but that the numbers continue in the same manner. 
A word that we sometimes use when discussing the counting numbers is “divisible.” 
If a + b has a remainder of zero, then a is divisible by b. The counting numbers that 
are divisible by 2 are 2, 4, 6, 8,.... These numbers are called the even counting 
numbers. The counting numbers that are not divisible by 2 are 1, 3,5, 7,9,.... These 
numbers are the odd counting numbers. When we refer to odd numbers or even num- 
bers, we mean odd or even counting numbers. 

Recognizing patterns is sometimes helpful in solving problems, as Examples | 
and 2 illustrate. 


Example The Product of Two Even Numbers 


If two even numbers are multiplied together, will the product always be an even 
number? 


To answer this question, we will examine the products of several pairs of 
even numbers to see if there is a pattern. 


2xX2=4 4X 6=24 6X 8 = 48 
2x4=8 4X 8 = 32 6 X 10 = 60 
2X 6 = 12 4 x 10 = 40 25 WD 
2xX8= 16 4x 12 = 48 6X 14 = 84 


All the products are even numbers. Thus, we might predict from these examples that 
the product of any two even numbers is an even number. a 


Example The Sum of an Odd Number and an Even Number 


If an odd number and an even number are added, will the sum be an odd number or 
an even number? 


Let’s look at a few examples in which one number is odd and the other 
number is even. 


MATHEMATICS TODAY 


The Eyes Tell It All 


Ae teller machines 
(ATMs) are now experiment- 
ing with determining identity by 
scanning the iris of a person's eye. 
When you open a bank account, 
your iris is scanned and the im- 
age is entered into a computer. 
When you use an ATM, a power- 
ful camera automatically checks 
the veins in your iris against the 
computer's files. Iris scanning is 
also used now by law enforcement 
to locate missing children. In the 
future, iris scanning may also be 
used to track down Alzheimer’s 
and mentally disabled patients. Iris 
scanning can be done in a matter 
of seconds, so it can be a much 
quicker procedure than fingerprint- 
ing and is just as accurate. Because 
the iris-scanning method of iden- 
tification relies on the observation 
of specific cases to form a general 
conclusion, it is based on inductive 
reasoning. 


This is Important All of 
ouridentification procedures—finger- 
prints, DNA, iris scanning, etc.— 
are based on inductive reasoning. 


1.1 Inductive Reasoning 3 


3+ 4=7 9+ 6=15 
supe "17 5 +14 = 19 


23 + 18 = 41 
81 + 32 = 113 


All these sums are odd numbers. Therefore, we might predict that the sum of an 
odd number and an even number is an odd number. a 


In Examples | and 2, we cannot conclude that the results are true for all counting 
numbers. From the patterns developed, however, we can make predictions. This type 
of reasoning process, arriving at a general conclusion from specific observations or 
examples, is called inductive reasoning, or induction. 


Definition: Inductive Reasoning 
Inductive reasoning is the process of reasoning to a general conclusion through 
observations of specific cases. 


Induction often involves observing a pattern and from that pattern predicting a 
conclusion. Imagine an endless row of dominoes. You knock down the first, which 
knocks down the second, which knocks down the third, and so on. Assuming the pat- 
tern will continue uninterrupted, you conclude that any one domino that you select in 
the row will eventually fall, even though you may not witness the event. 

Inductive reasoning is often used by mathematicians and scientists to predict an- 
swers to complicated problems. For this reason, inductive reasoning is part of the 
scientific method. When a scientist or mathematician makes a prediction based on 
specific observations, it is called a hypothesis or conjecture. After looking at the 
products in Example 1, we might conjecture that the product of two even numbers 
will be an even number. After looking at the sums in Example 2, we might conjecture 
that the sum of an odd number and an even number is an odd number. 

Examples 3 and 4 illustrate how we arrive at a conclusion using inductive reasoning. 


Example Ey Fingerprints and DNA 


What reasoning process has led to the conclusion that no two people have the same 
fingerprints or DNA? This conclusion has resulted in the use of fingerprints and 
DNA in courts of law as evidence to convict persons of crimes. 


In millions of tests, no two people have been found to have the same 
fingerprints or DNA. By induction, then, we believe that fingerprints and DNA 
provide a unique identification and can therefore be used in a court of law as 
evidence. Is it possible that sometime in the future two people will be found who 
do have exactly the same fingerprints or DNA? r] 


Example EJ Divisibility by 3 


Consider the following conjecture: “If the sum of the digits of a number is divisible 
by 3, then the number itself is divisible by 3.” We will test several numbers to see if 
the conjecture appears to be true or false. 


Let’s look at some numbers whose sum of the digits is divisible by 3. 


10 a, a z i ae 


ie ah a ates ieene fh: Is the Sum of the Is the Number 

‘Number — Sum of the Digits _ Digits Divisibleby3?____ Divisible by 3? 
243 2+4+3=9 Yesz9' = 3 =3 Yes; 243 = 3 = 81 
2088 2+0+8+8=18 Yes;18+3=6 Yes; 2088 +3 = 696 
6783 6+7+8+3=24 Yes;24+3=8 Yes; 6783 + 3 = 2261 

49116 4+9+1+1+6=21 Yes;21+3=7 Yes; 49,116 +3 = 16,372 


4  CHAPTER1 Critical Thinking Skills 


Did You Know? 


An Experiment Revisited 


tes 


David Scott on the moon. 


pollo 15 astronaut David Scott 

used the moon as his laboratory 
to show that a heavy object (a ham- 
mer) does indeed fall at the same rate 
as a light object (a feather). Had Gali- 
leo dropped a hammer and feather 
from the Tower of Pisa, the hammer 
would have fallen more quickly to 
the ground and he still would have 
concluded that a heavy object falls 
faster than a lighter one. If it is not 
the object's mass that is affecting the 
outcome, then what is it? The answer 
is air resistance or friction: Earth has 
an atmosphere that creates friction 
on falling objects. The moon does 
not have an atmosphere; therefore, 
no friction is created. 


In each case, we find that if the sum of the digits of a number is divisible by 3, then 
the number itself is divisible by 3. From these examples, we might be tempted to 

generalize that the conjecture “If the sum of the digits of a number is divisible by 3, 
then the number itself is divisible by 3”* is true. a 


Example Pick a Number, Any Number 


Pick any number, multiply the number by 4, add 2 to the product, divide the sum by 
2, and subtract 1 from the quotient. Repeat this procedure for several different num- 
bers and then make a conjecture about the relationship between the original number 
and the final number. 


Let’s go through this one together. 


Pick a number: say, 5 

Multiply the number by 4: 4X5 = 20 
Add 2 to the product: 20 +2 = 22 
Divide the sum by 2: 22 2= 11 
Subtract 1 from the quotient: 11-—1=10 


Note that we started with the number 5 and finished with the number 10. If you 
start with the number 2, you will end with the number 4. Starting with 3 would re- 
sult in a final number of 6, 4 would result in 8, and so on. On the basis of these few 
examples, we may conjecture that when you follow the given procedure, the num- 
ber you end with will always be twice the original number. a 


The result reached by inductive reasoning is often correct for the specific cases 
studied but not correct for all cases. History has shown that not all conclusions arrived 
at by inductive reasoning are correct. For example, Aristotle (384-322 B.c.) reasoned 
inductively that heavy objects fall at a faster rate than light objects. About 2000 years 
later, Galileo (1564-1642) dropped two pieces of metal—one 10 times heavier than 
the other—from the Leaning Tower of Pisa in Italy. He found that both hit the ground 
at exactly the same moment, so they must have traveled at the same rate. 

When forming a general conclusion using inductive reasoning, you should test it 
with several special cases to see whether the conclusion appears correct. If a special 
case is found that satisfies the conditions of the conjecture but produces a different 
result, such a case is called a counterexample. A counterexample proves that the con- 
jecture is false because only one exception is needed to show that a conjecture is not 
valid. Galileo’s counterexample disproved Aristotle’s conjecture. If a counterexample 
cannot be found, the conjecture is neither proven nor disproven. 


Deductive Reasoning 


A second type of reasoning process is called deductive reasoning, or deduction. 
Mathematicians use deductive reasoning to prove conjectures true or false. 


Definition: Deductive Reasoning 
Deductive reasoning is the process of reasoning to a specific conclusion from a 
general statement. 


Example [@ Pick a Number, n 


Prove, using deductive reasoning, that the procedure in Example 5 will always 
result in twice the original number selected. 


*This statement is in fact true, as is discussed in Section 5.1. 


1.1 Inductive Reasoning 5 
To use deductive reasoning, we begin with the general case rather than 
specific examples. In Example 5, specific cases were used. Let’s select the letter n 
to represent any number. 
Pick any number: n 
Multiply the number by 4: 4n 4n means 4 times n 
Add 2 to the product: 4n + 2 
1 
4n+2 4 2 
Divide the sum by 2: = p= = 2n + 1 
; 2 a 
I 1 
Subtract 1 from the quotient: Pgh a Nh — Nelle DY) 
Note that for any number n selected, the result is 2n, or twice the original number 
selected. = 


In Example 5, you may have conjectured, using specific examples and inductive 
reasoning, that the result would be twice the original number selected. In Example 6, 
we proved, using deductive reasoning, that the result will always be twice the original 


number selected. 


SECTION 1.1 : 
Exercises 


Warm Up Exercises 


In Exercises 1-8, fill in the blank with an appropriate 
word, phrase, or symbol(s). 


Af 


. If a + b has a remainder of 0, then a is 


Another name for the natural numbers is the 
numbers. 


by b. 


. A belief based on specific observations that has not been 


proven or disproven is called a conjecture or 


. A specific case that satisfies the conditions of a conjecture 


but shows the conjecture is false is called a 


. The process of reasoning to a general conclusion through 


observation of specific cases is called reason- 


ing. 


. The process of reasoning to a specific conclusion from a 


general statement is called reasoning. 


. The type of reasoning used to prove a conjecture is called 


reasoning. 


. The type of reasoning generally used to arrive at a 


conjecture is called reasoning. 


. While logging on to your computer, you type in your user- 


name followed by what you believe is your password. The 
computer indicates that a mistake has been made and asks 
you to try again. You retype your username and the same 
password. Again, the computer indicates a mistake has 
been made. You decide not to try again, reasoning you will 
get the same error message from the computer. What type 
of reasoning did you use? Explain. 


10. You have purchased one lottery ticket each week for many 
months and have not won more than $5.00. You decide, 
based on your past experience, that you are not going to win 
the grand prize and so you stop playing the lottery. What 
type of reasoning did you use? Explain. 


Practice the Skills 


In Exercises 11-14, use inductive reasoning to predict the 
next line in the pattern. 


it, 18S =s 
DSSS = NO) 
BS 5 se 115) 
4x5 =) 
10, 12 3210 = 120) 
WD iil == 1 
DeaiQea144 
1Qeen 3= 156 
13. 
ik il 
ie ra) 
it 38a 
NANT ANIA 
i a G@ Ai 
14. 1010" 
100 = 107 
1000 = 10° 
10,000 = 10* 
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In Exercises 15-18, draw the next figure in the pattern 
(or sequence). 


15. A, 2), 


16. 


17. 


18. 


Alle @... 


©0000. 


In Exercises 19-28, use inductive reasoning to predict the 
next three numbers in the pattern (or sequence). 


19. 


ove 


2, AO, O5nt 


Per Lan WE TID), one 


2 4. 20) LOO 500555 
5 er Oreo seer 
Onto OsOr al creer 


sulle e Sette lene 


Nm 
~) 


8 


64°": 


| 


she 
ON 


Problem Solving 


29. 


30. 


31. 


Find the letter that is the 118th entry in the following 
sequence. Explain how you determined your answer. 


Y,. RORY, Rak. YoOROR, YoRoRs olRekager 


a) Select a variety of one- and two-digit numbers between 
1 and 99 and multiply each by 9. Record your results. 


b) Find the sum of the digits in each of your products in part 
(a). If the sum is not a one-digit number, find the sum of 
the digits again until you obtain a one-digit number. 


c) Make a conjecture about the sum of the digits when a one- 
or two-digit number is multiplied by 9. 


A Square Pattern The ancient Greeks labeled certain 
numbers as square numbers. The numbers 1, 4, 9, 16, 25, 
and so on are square numbers. 


eee #22882 2028080 
*s #88 #@¢280 se088 

e* @8# e080 @008 #860080 

1 4 9 16 25 


32. 


33. 


34. 


a) Determine the next three square numbers. 


b) Describe a procedure to determine the next five square 
numbers without drawing the figures. 


c) Is 72 a square number? Explain how you determined your 
answer. 


A Triangular Pattern The ancient Greeks labeled certain 
numbers as triangular numbers. The numbers 1, 3, 6, 10, 
15, 21, and so on are triangular numbers. 


e ee 
e ee eoe 
° ee eee eo0e 
© 08 e808 e808 ece08 
© 08 000 2800 889000 82000 
ih 3} 6 10 15 21 


a) Can you determine the next two triangular numbers? 


b) Describe a procedure to determine the next five triangular 
numbers without drawing the figures. 


c) Is 72 a triangular number? Explain how you determined 
your answer. 


Quilt Design The pattern shown is taken from a quilt 
design known as a triple Irish chain. Complete the color 
pattern by indicating the color assigned to each square. 


Triangles in a Triangle Four rows of a triangular figure 
are shown. 


a) If you added six additional rows to the bottom of this 
triangle, using the same pattern displayed, how many 
triangles would appear in the 10th row? 


b) If the triangles in all 10 rows were added, how many 
triangles would appear in the entire figure? 


. Airline Revenues The graph at the top of page 7 shows 


the annual operating revenues, in millions of dollars, for 
U.S. passenger and cargo airlines from 2002 through 2008. 


a) Assuming this trend continues, use the graph to predict 
the annual operating revenue, in millions of dollars, for 
U.S. passenger and cargo airlines in 2009. 


Revenue (millions of dollars) 


36. 


Amount Spent (trillions of dollars) 


In 


b) Explain how you are using inductive reasoning to 
determine your answer. 


Annual Operating Revenues for U.S. 
Passenger and Cargo Airlines 


200,000 
180,000 
160,000 
140,000 
120,000 
100,000 
80,000 
60,000 
40,000 
20,000 


2004 2005 2007 2008 


Year 


0 
2002 2003 2006 


Source: Air Transport Association of America 


Government Spending The graph shows the amount 
of money spent, in trillions of dollars, by the U.S. 
government each year from 2000 through 2008. 


a) Assuming this trend continues, use the graph to predict 
the amount of money the U.S. government will spend 
in 2014. 


b) Explain how you are using inductive reasoning to 
determine your answer. 


U.S. Government Spending 


2.9 \-— - -_—— a ie ease, on “Lie pag nS 


2004 2005 2006 2007 2008 
Year 


2003 


2001 2002 


Source: U.S. Department of Treasury 


Exercises 37 and 38, draw the next diagram in the 


pattern (or sequence). 


39. 


41. 


42. 
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Pick any number, multiply the number by 4, add 12 to 
the product, divide the sum by 4, and subtract 3 from the 
quotient. See Example 5. 


a) What is the relationship between the number you started 
with and the final number? 


b) Arbitrarily select some different numbers and repeat 
the process, recording the original number and the 
result. 


c) Can you make a conjecture about the relationship 
between the original number and the final number? 


d) Try to prove, using deductive reasoning, the conjecture 
you made in part (c). See Example 6. 


. Pick any number and multiply the number by 4. Add 6 


to the product. Divide the sum by 2 and subtract 3 from 
the quotient. 


a) What is the relationship between the number you 
started with and the final answer? 


b) Arbitrarily select some different numbers and repeat 
the process, recording the original number and the 
results. 


c) Can you make a conjecture about the relationship 
between the original number and the final number? 


d) Try to prove, using deductive reasoning, the conjecture 
you made in part (c). 


Pick any number and add | to it. Find the sum of the new 
number and the original number. Add 9 to the sum. Divide the 
sum by 2 and subtract the original number from the quotient. 


a) What is the final number? 


b) Arbitrarily select some different numbers and repeat the 
process. Record the results. 


c) Can you make a conjecture about the final number? 


d) Try to prove, using deductive reasoning, the conjecture 
you made in part (c). 


Pick any number and add 10 to the number. Divide the 
sum by 5. Multiply the quotient by 5. Subtract 10 from the 
product. Then subtract your original number. 


a) What is the result? 


b) Arbitrarily select some different numbers and repeat the 
process, recording the original number and the result. 


c) Can you make a conjecture regarding the result when 
this process is followed? 


d) Try to prove, using deductive reasoning, the conjecture 
you made in part (c). 
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In Exercises 43—48, find a counterexample to show that 
each statement is incorrect. 


43. The difference between two odd numbers is an odd 
number. 


44. The quotient of any two counting numbers is a counting 
number. 


45. When a counting number is added to 3 and the sum is 
divided by 2, the quotient will be an even number. 


46. The product of any two three-digit numbers is a five-digit 
number. 


47. The difference of any two counting numbers will be a 
counting number. 


48. The sum of any two odd numbers is divisible by 4. 


49. Interior Angles of a Triangle 


a) Construct a triangle and measure the three interior angles 


with a protractor. What is the sum of the measures? 


b) Construct three other triangles, measure the angles, and 


record the sums. Are your answers the same? 


c) Make a conjecture about the sum of the measures of the 


three interior angles of a triangle. 


50. Interior Angles of a Quadrilateral 
a) Construct a quadrilateral (a four-sided figure) and 


measure the four interior angles with a protractor. What 


is the sum of the measures? 


b) Construct three other quadrilaterals, measure the angles, 


and record the sums. Are your answers the same? 


c) Make a conjecture about the sum of the measures of the 


four interior angles of a quadrilateral. 


Challenge Problems/Group Activities 


51. Complete the following square of numbers. Explain how 
you determined your answer. 


ro 


3 4 


3 LO) 2S? 


52. Find the next three numbers in the sequence. 


1, 8, 11, 88, 101, 111, 181, 808, 818, 888, 1001, 1111,... 


Recreational Mathematics 


Internet/Research Activities 


54. a) Using newspapers, the Internet, magazines, and other 
sources, find examples of conclusions arrived at by 
inductive reasoning. 


b) Explain how inductive reasoning was used in arriving 
at the conclusion. 


55. When a jury decides whether or not a defendant is guilty, 
do the jurors collectively use primarily inductive reason- 
ing, deductive reasoning, or an equal amount of each? 
Write a brief report supporting your answer. 


1.2 Estimation 9 


SECTION 1.2 Estimation 


A Estimate the sales tax on a $10,000 
motorcycle if the sales tax rate is 8%. 


What is the approximate sales tax on a $10,000 motorcycle if the sales tax rate is 8%? 
What is the approximate cost to purchase 52 forty-four-cent stamps? In this section, 


we will introduce a technique for arriving at an approximate answer to a question. 


| Why ue is Important Estimation is a technique we use every day for determining 
whether an answer is reasonable. 


AM important step in solving mathematical problems—or, in fact, any problem—is 
to make sure that the answer you’ve arrived at makes sense. One technique for 
determining whether an answer is reasonable is to estimate. Estimation is the process 
of arriving at an approximate answer to a question. This section demonstrates several 
estimation methods. 

To estimate, or approximate, an answer, we often round numbers, as illustrated in 
the following examples. The symbol ~ means is approximately equal to. 


Example i) Estimating the Cost of Bagels 


Sandy Mendez decides to purchase bagels for her colleagues. Estimate her cost if 
she purchases 29 bagels at $1.99 each. 


We may round the amounts as follows to obtain an estimate. 


Number Number Rounded 
29 30 
X $1.99 x $2.00 
$60.00 
Thus, the 29 bagels would cost approximately $60.00, written ~ $60.00 | 


In Example 1, the true cost is $1.99 X 29, or $57.71. Estimates are not meant to 
give exact values for answers but are a means of determining whether your answer 
is reasonable. If you calculated an answer of $57.71 and then did a quick estimate 
to check it, you would know that the answer is reasonable because it is close to your 
estimated answer. 


Example ®4 Two Ways to Estimate 


At a local office supply store, Karen Bowlby purchased pens for $15.89, a calendar 
for $7.19, a ruler for $1.94, index cards for $1.49, legal pads for $8.29, scissors for 
$10.79, and paper clips for $0.82. The cashier said the total bill was $55.41. Use 
estimation to determine whether this amount is reasonable. 


The most expensive item is $15.89, and the least expensive is $0.82. How 
should we estimate? We will estimate two different ways. First, we will round the 
cost of each item to the nearest 10 cents. For the second method, we will round the 
cost of each item to the nearest dollar. Rounding to the nearest 10 cents is more ac- 
curate. To determine whether the total bill is reasonable, however, we may need to 
round only to the nearest dollar. 
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Round to the Round to the 

Nearest 10 Cents Nearest Dollar 
Pens $15.89 $15.90 $15.89 > $16.00 
Calendar TAOS 7.20 MW 7.00 
Ruler 1.94 > 1.90 1.94 > 2.00 
Index cards 1.49 > 1.50 1.49 > 1.00 
Legal pads So 8.30 A) 8.00 
Scissors 10.79 = 10.80 10.79 > 11.00 
Paper clips 0.82 > 0.80 0.82 > 1.00 
$46.40 $46.00 


Using either estimate, we find that the bill of $55.41 is quite high. Therefore, 
Karen should check the bill carefully before paying it. Adding the prices of all 
seven items gives the true cost of $46.41. a 


Example [Ei Select the Best Estimate 


The number of bushels of grapes produced at a vineyard are 71,309 Cabernet Sauvignon, 
123,879 French Colombard, 106,490 Chenin Blanc, 5960 Charbono, and 12,104 Char- 
donnay. Select the best estimate of the total number of bushels produced by the vineyard. 


a) 500,000 b) 30,000 c) 300,000 d) 5,000,000 


Following are suggested roundings. On the left, the numbers are rounded 
to thousands. For a less accurate estimate, round to ten thousands, as illustrated on 
the right. 


Round to the Round to the 
Nearest Thousand Nearest Ten Thousand 
TSU 71,000 71,309 > 70,000 
Pas i= 124,000 123,879 120,000 
106,490 > 106,000 106,490 — 110,000 
5,960 > 6,000 5,960 > 10,000 
12,104 > 12,000 12,104 > 10,000 
319,000 320,000 
Either rounding procedure indicates that the best estimate is (c), or 300,000. a 


Example [J Using Estimation in Calculations 
The Martellos traveled 1276 miles from their home in Springfield, Missouri, to 
Yellowstone National Park. 


a) If their trip took 19.9 hours of driving time, estimate the average speed in miles 
per hour, that their car traveled. 


b) If their car used 52 gallons of gasoline, estimate the average gas mileage of their 
car, in miles per gallon. 


c) If the cost of gasoline averaged $3.51 per gallon, estimate the total cost of the 
gasoline used. 


a) To estimate the average miles per hour, divide the number of miles by the 
number of hours. 


1276 
19:9 
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Round these numbers to obtain an estimate. 


RECREATIONAL MATH 


Golf Ball Therefore, the car averaged about 65 miles per hour. 
b 


— 


To estimate the average gas mileage, divide the number of miles by the number 


of gallons. 
1276 


Sy) 
Round these numbers to obtain an estimate. 


Therefore, the car averaged about 26 miles per gallon. 


wa 


he ook at a golf ball. Estimate the c) To estimate the total cost of gasoline, multiply the price per gallon by the 

number of dimples (depressed number of gallons. Round the number of gallons of gasoline to 50 gallons and 

areas) on a golf ball. the price of the gasoline to $3.50 per gallon. The cost of the gasoline is about 
-ocy dongs aes ee 50 X $3.50, or $175. a 


Now let’s look at some different types of estimation problems. 


Example ky Estimating Distances on Trails to the West 


In the mid-1800s, thousands of settlers followed trails to the West to gain cheap, 
fertile land and a chance to make a fortune. One of the main trails to the West 

was the Oregon Trail, which ran from Independence, Missouri, to the Oregon 
Territory. Another trail, the California Trail, ran from Fort Hall on the Oregon Trail 
to Sacramento, California. A map of the Oregon Trail and the California Trail is 
shown below. 


Trails West, 1850 


PACIFIC 
OCEAN 


a) Using the Oregon Trail, estimate the distance from Independence, Missouri, to 
Fort Hall in the Oregon Territory. 

b) Using the California Trail, estimate the distance from Fort Hall in the Oregon 
Territory to Sacramento, California. 
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MATHEMATICS TODAY 


Estimating Techniques 
in Medicine 


Red blood 
cells 


Monocyte 
(wbc) 


Eosinophils Neutrophil 
(wbe) (wbe) 


A high count of eosinophils (a particular 
kind of white blood cell, or wbc) can be 
an indicator of an allergic reaction. 


i stimating is one of the diagnos- 
tic tools used by the medical 
profession. Physicians take a small 
sample of blood, tissue, or body 
fluids to be representative of the 
body as a whole. Human blood 
contains different types of white 
blood cells that fight infection. 
When a bacterium or virus gets 
into the blood, the body responds 
by producing more of the type of 
white blood cell whose job it is to 
destroy that particular invader. 
Thus, an increased level of white 
blood cells in a sample of blood 
not only indicates the presence of 
an infection but also helps identify 
its type. A trained medical techni- 
cian estimates the relative num- 
ber of each kind of white blood 
cell found in a count of 100 white 
blood cells. An increase in any one 
kind indicates the type of infection 
present. The accuracy of this diag- 
nostic tool is impressive when you 
consider that there are normally 
5000 to 9000 white blood cells in 
a dropful (1 cubic millimeter) of 
blood. 


This is Important We are 
all concerned about our health and 
well-being. 


a) Using = ruler and the scale given on the map, we can determine that approxi- 
mately ? j-inch represents 250 miles (mi). One way to determine the distance from 
Independence, Missouri, to Fort Hall in the Oregon Territory is to mark off 3-inch 
intervals along the Oregon Trail. If you do so, you should obtain approximately 
4 intervals. Thus, the distance is about 4 < 250 mi, or about 1000 mi. 

Sometimes on a map like this one, it may be difficult to get an accurate 
estimate because of the curves on the map. To get a more accurate estimate, you 
may want to use a piece of string. Place the beginning of the string at Indepen- 
dence, Missouri, and, using tape or pins, align the string with the road. Indicate 
on the string the point represented by Fort Hall. Then remove the string and 
make 3-inch interval markings on the string (or measure the length of string you 
marked off). If, for example, your string from Independence, Missouri, to Fort. 
Hall measures 3; inch, then the distance is about 1083 mi. 

b) Using the procedure discussed in part (a), we estimate that the en from Fort 
Hall in the Oregon Territory to Sacramento, California, is about 13 inch, or about 
2.2 three-quarter-inch intervals. Thus, the distance from Fort Hall in the Oregon 
Territory to Sacramento, California, is about 2.2 X 250 mi, or about 550 mi. = 


Example [ Estimated Energy Use 


Some utility bills contain graphs illustrating the amount of electricity and natural gas 
used. The following graphs show gas and electric use at a specific residence for a period 
of 13 months, starting in November 2010 and going through November 2011 (the 
month of the current bill). Also shown, in red, is the bill for the average residential cus- 
tomer for November 2011. Using these graphs, answer the following questions. 


Electric Use (kWh) Gas Use (therms) 


2400. 240 
2000 200 
oo eee! ., 
- —— ro -. 
wolg | HI 80 
a Hh tt an i 

EL Tel Tat Tat tet Te O RUDEILF AM IAMaeeseAdS 1O-NIA 

2010 Month 201 & 2010 Month 2011 & 

@ Actual use CO Estimated use Average customer use 


a) How often were actual gas and electric readings made? 


b) Estimate the number of therms of gas used by the average residential customer 
in November 2011. 


c) Estimate the amount of gas used by the resident in November 2011. 
d) If the cost of gas is $1.12295 per therm, estimate the gas bill in March 2011. 


e) In which month was the most electricity used? How many kilowatt-hours (kWh) 
of electricity were used in this month? 


f) If the cost of electricity is 8.1716 cents per kWh, estimate the cost of the 
electricity in January 2011. 


a) Actual readings were made every other month, in November 2010, January 
2011, March 2011, May 2011, July 2011, September 2011, and November 2011. 
Thus, actual readings were made 7 times. 


he ancient Egyptians and Greeks 

used sticks to estimate heights. 
To measure height, a person held a 
stick in his or her outstretched arm 
until it just covered the height of the 
object. The person then turned the 
stick through a right angle. Measur- 
ing the distance the stick appeared 
to cover on the ground provided an 
estimate of the object's height. 
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b) In November 2011, approximately 75 therms were used by the average residen- 
tial customer, as shown by the height of the red bar. 


c) In November 2011, approximately 60 therms were used by the resident. 


d) In March 2011, about 180 therms were used. The rate is $1.12295 per therm. To 
get a rough approximation, round the rate to $1.12 per therm. 


1.12 X 180 = $201.60 


Thus, the cost of gas used was about $201.60. 


e) The most electricity was used in July 2011. Approximately 2400 kWh of 
electricity were used. 


f) In January 2011, about 1200 kWh were used. Write 8.1716 cents as $0.081716. 
Rounding the rate to $0.08 per kWh and multiplying by 1200 yields an estimate 
of $96. 


0.08 < 1200 = $96 
Thus, the cost of electricity in January 2011 was about $96. a 


Example §@ Estimating the Number of Corn Kernels in a Photo 


Estimate the number of corn kernels in the top layer in the accompanying photograph. 


To estimate the number of kernels, we can divide the photograph into 
rectangles with equal areas and then select one area that appears to be representa- 
tive of all the areas. Estimate (or count) the number of kernels in this single area 
and then multiply this number by the number of equal areas. 

Let’s divide the photo into 20 approximately equal areas. We will select 
the left region in the top row as the representative region. We enlarge this 
region and count the kernels in it. If half a kernel is in the region, we count 
it (see enlargement on page 14). There are about 18 kernels in this region. 
Multiplying by 20 gives 18 X 20 = 360. Thus, there are about 360 kernels 
in the photo. 
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In problems similar to that in Example 7, the number of regions or areas into 
which you choose to divide the total area is arbitrary. Generally, the more regions, 
the better the approximation, as long as the region selected is representative of the 
other regions in the map, diagram, or photo. 

When you estimate an answer, the amount that your approximation differs 
from the actual answer will depend on how you round the numbers. For example, 
in estimating the product of 196,000 x 0.02520, using the rounded values 
195,000 X 0.025 would yield an estimate much closer to the true answer than 
using the rounded values 200,000 X 0.03. Without a calculator, however, the 
product of 195,000 X 0.025 might be more difficult to find than 200,000 X 0.03. 
When estimating, you need to determine the accuracy desired in your estimate 
and round the numbers accordingly. 


» SECTION 1.2 : 

ee Exercises 
Warm Up Exercises 10. 11% of 8221 
In Exercises 1-2, fill in the blank with an appropriate 11. 18% of 1576 


word, phrase, or symbol(s). 


12. 296.3 + 0.0096 
1. The process of arriving at an approximate answer to a 


question is called 7 
Problem Solving 
2. The symbol ~ means is approximately _______ to. In Exercises 13-22, estimate the answer. 


Practice the Skills 13. The cost of one pen if a box of 5 pens costs $10.49 


In Exercises 3-57, your answers may vary from the an- 14. The cost of a dozen clams if 20 dozen clams cost $37.80 


swers given in the back of the text, depending on how you 


; 15. The amount of money Rick spends on gasoline in a year if 
round your answers. 


the average amount he spends per month is $120.80. 


In Exercises 3-12, estimate the answer. There is no one 16 
correct estimate. Your answer, however, should be some- 
thing near the answer given. 17. One third of an annual profit of $8795 


. An 8% sales tax on a car that costs $11,250 


Alien aoypel TOES) Se cig) se HES 18. The cost of 5 items purchased at a hardware store if the 
items cost $1.29, $6.86, $12.43, $25.62, and $8.99 


19. The total weight of three people on an elevator if their 


- 198,600 x 3.072 weights are 95 Ib, 127 lb, and 210 lb. 


° x 0. 5 ‘ F 
Be MN LAY 20. The weight of one pork chop in a package of six pork 
405 chops if the weight of the package is 3.25 Ib 


0.049 
8. 0.63 X 1523 


3) 
4. 2.57 + 212.6 + 176.2°+ 83 
5 
6 


21. A 15% tip on a meal that costs $26.32 


22. The number of months needed to save $400 if you save 
9. 51,608 X 6981 $23 each month 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


Utility Bill Joe Kuby pays $114.99 per month for the 
Verizon Fios Triple Play Offer. This package includes 
unlimited local and long-distance telephone, cable TV, 
and Internet service. His previous monthly costs for these 
services were $65.99, $49.99, and $49.95, respectively. 
Estimate the amount of money Joe saves per month with 
the Triple Play Offer. 


Estimating Weights In a tug of war, the weight of the 
members of the two three-person teams is given below. 
Estimate the difference in the weights of the teams. 


Team A Team B 
189 183 
172 229 
191 167 


Picking Strawberries Chuck Chase hires 11 people to pick 
strawberries from his field. He agrees to pay them $1.50 for 
each quart they pick. Estimate the total amount of money 
he will have to pay if each person picks 8 quarts. 


Estimating Time Donna Burke is a long-distance runner 
whose average time per mile in marathons is 6 minutes, 

25 seconds. Estimate the time it will take her to complete a 
26-mile, 385-yard (or ~ 26.2-mile) marathon. 


Currency Estimate the difference in the value of 50 U.S. 
dollars and 100 Mexican pesos. Assume that one Mexican 
peso is about 0.083 U.S. dollar. 


The Cost of a Vacation The Kleins are planning a 
vacation in the Great Smoky Mountains National Park. 
Their round-trip airfare from Houston, Texas, to Knox- 
ville, Tennessee, totals $973. Car rental is $61 per day and 
lodging is a total of $97 per day, and they estimate a total 
of $200 per day for food, gas, and other miscellaneous 
items. If they are planning to stay six full days and nights, 
estimate their total expenses. 


The Pacific Coast Highway Above and to the right is a 
map of California’s scenic Pacific Coast Highway. Using 
the scale on the map, estimate the distance between Pfeiffer 
Big Sur State Park and Hearst Castle. 


30. 


A Hearst Castle 


Point Lobos State Reserve 


* Garrapata State Park oA 
» Bixby Bridge on 
~,Andrew Molena State Park te 4 


& Pfeiffer Big Sur State Park ‘ ss 
\p Julia Pfeiffer Burns State Park Y 
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The Olympic Peninsula Below is a map of the Olympic 
Peninsula in the state of Washington. Using the scale 

on the map, estimate the distance of the route shown in 
red, starting at Port Angeles and ending at Forks, passing 
through Sappho. 


Mt. Olympus 


OLYMPIC 
NATIONAL 


aN Quilcene 


To Bellingham 


Port Townsend 


To Centralia 
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Health Club Membership The circle graph below shows 
the percent of health club memberships, by age, in the 
United States in 2011. Fit for Life health club had 700 
members in 2011. Assuming this graph applies to the Fit 
for Life membership, 


a) estimate the number of Fit for Life health club members 
who were between the ages of 18 and 34. 


b) estimate the number of Fit for Life health club members 
who were age 17 and younger. 


c) estimate the number of Fit for Life health club members 
who were age 55 or older. 


Health Club Membership 
by Age in 2011 


17 and younger 


. Dream Jobs The circle graph below shows the kind of job 


parents of children ages 5 to 17 hope their children will 
grow up to have. The survey involved 504 parents. 


a) Estimate the number of parents who hope their child 
will become a doctor. 


b) Estimate the number of parents who hope their child 
will become a professional athlete. 


c) Estimate the number of parents who hope their child 
will start a successful new business. 


Jobs That Parents Hope Their Children Will Have 


Doctor 
18% 


Teacher 
11% 


Chief of a big company 


Start a successful % 


new business 
25% Professional athlete 
9% 


Other 24% Lawyer 4% 


Source: Office Depot Back-to-School survey by Harris Interactive 


An Aging Population The bar graph shows popula- 
tion figures for 1900 and 2000 and estimated population 
figures for 2050. 

a) Estimate the number of people 65 and older in 1900. 
b) Estimate the number of people 65 and older in 2050. 


c) Estimate the increase in the number of people 65 and 
older from 2000 to 2050. 


U.S. Population by Age 


(millions) 


d) Estimate the total U.S. population in 2000 by adding 
the five categories. 


Population by Age 


100 
80 (Under 5 years 
60 25-44 


i 45-64 
40 65 and over 


Source: U.S. Census Bureau 


34. Gaining Weight The graph shows that as a society we 


35. 


tend to get heavier as we grow older. Also, with age, the 
amount of muscle tends to drop, and fat accounts for a 
greater percentage of weight. 


a) Estimate the average percent of body fat for a woman, 
age 18 to 25. 


b) Estimate the average percent of body fat for a man, age 
Oat 


c) Greg, an average 40-year-old man, weighs 179 Ib. 
Estimate the number of pounds of body fat he has. 


Getting Older Usually Means Getting Fatter 


= 40 
cm 
a Wi 
3 30 omen 
3 Men 
= 20 
iS) 
wo 
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S 
S 
=< 0 
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Land Ownership by the Federal Government The 
federal government owns a great deal of land in the 
United States. The graph at the top of page 17 shows 
the percent of land owned by the federal government in 
the 12 states in which the federal government owns the 
greatest percentage of a state’s land. 


a) Estimate the percent of land owned by the federal 
government in Nevada. 


b) Estimate the difference between Alaska and 
Oregon in the percent of land owned by the federal 
government. 


c) Nevada has a total area of 70,264,320 acres. Estimate 
the number of acres owned by the federal government 
in Nevada. 


d) 


Percent of Land Owned 


By just looking at the graph, is it possible to determine 
whether the federal government owns more land in 
Nevada or Utah? Explain. 


Percent of Land Owned by 
the Federal Government 
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Source: Office of Governmentwide Policy, General Services Administration 


36. Calories and Exercise The chart shows the calories 
burned per hour for an average person who weighs 
150 lb. 


a) 


Estimate the number of calories Phyllis Nye, who 
weighs 150 lb, burns in a week if she stair-climbs for 
2 hours each week and jogs at 5 miles per hour for 

4 hours each week. 


b) Estimate the difference in the calories Phyllis will burn 


each week if she runs for 4 hours at 8 miles per hour 
rather than does casual bike riding for 4 hours. 


c) Assume Phyllis jogs at 5 miles per hour for 3 hours and 
bicycles at 13 miles per hour for 3 hours each week. 
Estimate the number of calories she will burn in a year 
from these exercises. 

r ress Sain 
Activity one Calories* per Hour 
Running, 8 mph 920 
Bicycling, 13 mph 545 
Jogging, 5 mph 545 
Air-walking 480 
Stair-climbing 410 
Weight-lifting 410 
Walking, 4 mph 330 
Casual bike riding 300 


*For a 150-Ib person. 
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In Exercises 37 and 38, estimate the maximum number of 
smaller figures (at left) that can be placed in the larger 
figure (at right) without the small figures overlapping. 


37. 
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In Exercises 41 and 42, estimate, in degrees, the measure 48. Estimating Heights If the height of the woman in the 
of the angles depicted. For comparison purposes a right photo is 62 in. tall, estimate the height of the tree. 
angle, 4,, measures 90°. 


44. ™~ | 42. 


In Exercises 43 and 44, estimate the percent of area that is 
shaded in the following figures. 


43. 44, 


In Exercises 45 and 46, if each square represents one 
square unit, estimate the area of the shaded figure in 


square units. 49. Distance Estimate, without a ruler, a distance of 12 in. 


Measure the distance. How good was your estimate? 


50. Weight In a bag, place objects that you believe have a total 
weight of 10 lb. Weigh the bag to determine the accuracy 
of your estimate. 


51. Phone Call Estimate the number of times the phone will 
ring in | minute if unanswered. Have a classmate phone 
you so that you can count the rings and thus test your 


47. Statue of Liberty The length of the torch of the Statue estimate. 
of Liberty, from the tip of the flame to the bottom of the 
torch’s baton, is 29 feet. Estimate the height of the Statue 52. Temperature Fill a glass with water and estimate the 
of Liberty from the top of the base to the top of the torch water’s temperature. Then use a thermometer to measure 
(the statue itself). the temperature and check your estimate. 


53. Pennies Estimate the number of pennies that will fill a 
3-ounce (0z) paper cup. Then actually fill a 3-oz paper cup 
with pennies, counting them to determine the accuracy of 
your estimate. 


54. Height Estimate the ratio of your height to your waist size. 
Then have a friend measure your height and waist size. 
Determine the stated ratio and check the accuracy of your 
estimate. 


55. Walking Speed Estimate how fast you can walk 60 ft. 
Then mark off a distance of 60 ft and use a watch with a 
second hand to time yourself walking it. Determine the 
accuracy of your estimate. 


Challenge Problems/Group Activities 


56. Shopping Make a shopping list of 20 items you use 
regularly that can be purchased at a supermarket. Beside 
each item write down what you estimate to be its price. 
Add these price guesses to estimate the total cost of the 


Bille 


20 items. Next, make a trip to your local supermarket 
and record the actual price of each item. Add these 
prices to determine the actual total cost. How close was 
your estimate? (Don’t forget to add tax on the taxable 
items.) 


A Ski Vacation Two friends, Tiffany Connolly and Ana 
Pott, are planning a skiing vacation in the Rockies. They 
plan to purchase round-trip airline tickets from Atlanta, 
Georgia, to Denver, Colorado. They will fly into Denver 
on a Friday morning, rent a midsize car, and drive to 
Aspen that same day. They will stay at the Holiday Inn 
in Aspen. They will begin skiing at the Buttermilk Ski 
Area on Saturday, ski up to and including Wednesday, 
drive back to Denver on Thursday, and fly out of Denver 
Thursday evening. 


a) Estimate the total cost of the vacation for the two 
friends. Do not forget items such as food, tips, gas, and 
other incidentals. 


b) Using informational sources, including the Internet, 
determine the airfare cost, hotel cost, cost of ski tickets, 
cost of a car rental, and so forth. You will need to make 
an estimate for food and other incidentals. 


c) How close was your estimate in part (a) to the amount 
you found in part (b)? Was your estimate in part (a) 
lower or higher than the amount obtained in part (b)? 


Recreational Mathematics 


58. 


395 


A Dime Look at a dime. Around the edge of a dime are 
many lines. Estimate the number of lines there are around 
the edge of a dime. 


A Million Dollars 


a) Estimate the time it would take, in days, to spend 
$1 million if you spent $1 a second until the $1 million 
is used up. 


b) Calculate the actual time it would take, in days, to 
spend $1 million if you spent $1 a second. How close 
was your estimate? 
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Internet/Research Activities 
60. Water Usage 


61. 


62. 


a) About how much water does your household use 
per day? Use the following data to estimate your 
household’s daily water usage. 


oe shetty ag) pica Use 
Running clothes washer 40 gal 
Bath 35 gal 
5-minute shower 25 gal 
Doing dishes in sink, water running 20 gal 
Running dishwasher 11 gal 
Flushing toilet 4 gal 
Brushing teeth, water running 2 gal 


bie 


Source: U.S. Environmental Protection Agency 


b) Determine from your water department (or company) 
your household’s average daily usage by obtaining 
the total number of gallons used per year and dividing 
that amount by 365. How close was your estimate in 
part (a)? 


c) Current records indicate that the average household 
uses about 300 gal of water per day (the average daily 
usage is 110 gal per person). Based on the number 
of people in your household, do you believe your 
household uses more or less than the average amount 
of water? Explain your answer. 


Develop a monthly budget by estimating your monthly 
income and your monthly expenditures. Your monthly 
income should equal your monthly expenditures. 


Identify three ways that you use estimation in your daily 
life. Discuss each of them briefly and give examples. 
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SECTION 1.3 | Problem Solving 


To maximize their profits, businesses try to keep their expenses down. We, as individ- 
uals, also try to do the same, and we often look for “bargains” or the “best deal.” For 
example, suppose we need to purchase several pizzas and have only $75 to spend. 
How can we determine the maximum number of slices that we can purchase if large 
pizzas with 12 slices sell for $12 and medium pizzas with 8 slices sell for $9. We'll 
answer this question in Example 1. 


BZD This is Important Problem-solving skills can help you find solutions to problems 
you may encounter in everyday life. 


A Getting the most for your money 
while purchasing pizza involves S 
problem solving. 


olving mathematical puzzles and real-life mathematical problems can be enjoy- 
able. You should work as many exercises in this section as possible. By doing so, 
you will sample a variety of problem-solving techniques. 

You can approach any problem by using a general procedure developed by 
George Polya. Before learning Polya’s problem-solving procedure, let’s consider an 
example that illustrates the procedure. 


Example i] Saving Money When Purchasing Pizza 


Karen Morris plans to purchase pizza for a party she is hosting. Pizza Corner sells 
medium pizzas (14" diameter) for $9 and large pizzas (17" diameter) for $12. A 
medium pizza has 8 slices and a large pizza has 12 slices. Only entire pizzas are 
sold. Assume the pizza slices are all about the same size. 


a) Determine the maximum number of slices of pizza that Karen can purchase for 
$75 or less. 


b) If the maximum number of slices determined in part (a) is purchased in the most 
economical way, how much will the pizzas cost? 


a) The first thing to do is read the problem carefully. Read it at least twice. Be 
sure you understand the facts given and what you are being asked to find. Next, 
make a list of the given facts and determine which facts are relevant to answer- 
ing the question or questions asked. 

GIVEN INFORMATION 

Party host: Karen Morris 

Pizza shop: Pizza Corner 

A medium pizza costs $9. 

A medium pizza has a 14" diameter. 
A medium pizza contains 8 slices. 

A large pizza costs $12. 

A large pizza has a 17" diameter. 

A large pizza contains 12 slices. 


Only entire pizzas can be purchased. 


We need to determine the maximum number of slices Karen can purchase for 
$75 or less. To determine this number, we need to know the number of slices in 
each pizza and the cost of each pizza. We also need to know that only entire piz- 
zas can be purchased. 


RECREATIONAL MATH 


Ostriches 


Ho" many ostriches must re- 
place the question mark to 
balance the fourth scale? Assume 
that all animals of the same kind 
have the same weight. That is, all 
giraffes weigh the same, and so 
forth. 


Soyolso ¢ sIOMsUy 
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RELEVANT INFORMATION 


b 


See 


A medium pizza costs $9. 

A medium pizza contains 8 slices. 
A large pizza costs $12. 

A large pizza contains 12 slices. 


Only entire pizzas can be purchased. 


The next step is to determine the answer to the question. That is, we need 
to determine the maximum number of slices that can be purchased for $75 
or less. 


We now need a plan for solving the problem. One method is to set up a 
table or chart to compare costs of different combinations of pizzas. Start by us- 
ing the maximum number of large pizzas that can be purchased. Then reduce the 
number of large pizzas and add more medium pizzas. In each case, we need to 
keep the cost at $75 or less. 


Because one large pizza costs $12, we can determine the number of large 
pizzas that can be purchased by dividing 75 by 12. Because the quotient is 6.25 
and only entire pizzas can be purchased, only 6 large pizzas can be purchased. 
Six large pizzas would cost 12 X 6 = $72. Because medium pizzas cost $9, 
there would not be enough money left to purchase any medium pizzas. Since 
large pizzas have 12 slices, 6 large pizzas provide 12 X 6 = 72 slices. Thus, 
for $75 or less, one option is 6 large pizzas, which gives 72 slices. This option 
is illustrated in the first row of the table below. Also given in the table is the 
cost of this option, which is $72. We complete the other rows of the table in a 
similar manner. 


arge Pizzas and Medium Pizzas ‘Number of Slices _ Cost 


6 large and 0 medium (6 X 12)+ (0X 8) =72 $72 
5 large and 1 medium @eG12) = 8) = 68, | 2 $69. 
4 large and 3 medium (4x 12)4 6X8) =72 $75 
3 large and 4 medium 3 X 12)+ (4X 8) =68 $72 
2 large and 5 medium (2X 12)+ (6X8) =64 $69 
1 large and 7 medium d xX 12) + @ xX 8)=68 $75 


$72 


0 large and 8 medium (0 X 12) + (8 X 8) = 64 


The question asks us to find the maximum number of slices of pizza that 
can be purchased for $75 or less. From the second column of the table, we 
see that the answer is 72 slices of pizza. This result can be obtained in two 
different ways: either 6 large pizzas and 0 medium pizzas or 4 large pizzas 
and 3 medium pizzas. 
When comparing the two possibilities for purchasing the 72 slices of pizza 
discussed in part (a), we see that the most economical way to purchase the 
slices is to purchase 6 large pizzas and 0 medium pizzas. The cost is $72. @ 


Following is a general procedure for problem solving as given by George 


Polya. Note that Example 1 demonstrates many of these guidelines. 
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Profile in Mathematics 


George Polya 


Ge Polya (1887-1985) was 
educated in Europe and taught 
at Stanford University. In his book 
How to Solve It, Polya outlines four 
steps in problem solving. We will 
use Polya’s four steps as guidelines 
for problem solving. 


A San Antonio, Texas 


Il. 


PROCEDURE 


GUIDELINES FOR PROBLEM SOLVING 


Understand the problem. 

* Read the problem carefully at least twice. In the first reading, get a general 
overview of the problem. In the second reading, determine (a) exactly what 
you are being asked to find and (b) what information the problem provides. 

¢ Try to make a sketch to illustrate the problem. Label the information given. 

° Make a list of the given facts that are pertinent to the problem. 

¢ Determine if the information you are given is sufficient to solve the problem. 


. Devise a plan to solve the problem. 


Have you seen the problem or a similar problem before? Are the procedures 
you used to solve the similar problem applicable to the new problem? 

Can you express the problem in terms of an algebraic equation? (We explain 
how to write algebraic equations in Chapter 6.) 

Look for patterns or relationships in the problem that may help in solving it. 
Can you express the problem more simply? 

Can you substitute smaller or simpler numbers to make the problem more 
understandable? 

Will listing the information in a table help in solving the problem? 

Can you make an educated guess at the solution? Sometimes if you know an 
approximate solution, you can work backward and eventually determine the 
correct procedure to solve the problem. 


. Carry out the plan. 


¢ Use the plan you devised in Step 2 to solve the problem. 

Check the results. 

e Ask yourself, “Does the answer make sense?” and “Is the answer reasonable?” 
If the answer is not reasonable, recheck your method for solving the problem 
and your calculations. 

¢ Can you check the solution using the original statement? 

¢ Is there an alternative method to arrive at the same conclusion? 

¢ Can the results of this problem be used to solve other problems? 


The following examples show how to apply the guidelines for problem solving. 


Example 4 Shuttle Revenue 


Airport Express shuttle service provides service from San Antonio International Air- 
port to downtown hotels, approximately 10 miles away. One particular shuttle makes 
16 round trips per day, carrying 5 passengers per trip. The fare each way is $18. 
What are the receipts from one day’s operation for this particular shuttle? 


We need to find the total receipts from one day’s operation. Let’s make a 
list of all the information given and mark with an asterisk (*) the information that is 
pertinent to solving the problem. 


Distance from airport to downtown hotels ~ 10 miles 
* Number of round trips per day = 16 

* Number of passengers per trip = 5 

* Fare each way = $18 


All the information is needed to solve the problem except the distance between the 
airport and the downtown hotels. To determine the total receipts for the day, we need 
to know the number of round trips per day, the number of passengers per trip, and 
the round trip cost per passenger. The product of these three numbers will yield the 
total daily receipts. For a round trip, the cost per passenger is $18 X 2 = $36. 


Thus the total receipts for one day’s operation = 16 X 5 X $36 = $2880. m= 


In Example 2, we could have used 32 one-way trips at a fare of $18 per person to 


obtain the answer. Why? 


Did You Know? — 


Archimedes Treatise, On 
Floating Bodies 


ie he: are using problem- 
solving techniques and modern 
technology to unlock ancient se- 
crets. In May 2005, scientists at the 
Stanford Linear Accelerator Center 
used x-rays to decipher pages of the 
only known copy of a 2300-year-old 
Greek text by the mathematician 
Archimedes. Scholars believe that 
the 174-page treatise, On Floating 
Bodies, was copied by a scribe in 
the 10th century from Archimedes’ 
original Greek scrolls, written in the 
3rd century B.c. The treatise was 
erased 200 years later by a monk 
who reused the parchment for a 
prayer book, creating a twice-used 
parchment. 

To reveal much of the hidden 
text, the scientists used digital cam- 
eras and processing techniques as 
well as ultraviolet and infrared filters 
developed for medicine and space 
research. Through the use of x-rays, 
scientists were able to read the re- 
maining pages of the treatise. The 
text and diagrams contain the roots 
of modern calculus and gravitational 
theory. 
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Example —¥ Retirement 


It is never too early to start planning for retirement. U.S. Census Bureau data indi- 
cate that at age 65 the average woman will live another 20 years and the average 
man will live another 17.2 years. The data also indicate that about 33% of the aver- 
age person’s retirement income will come from Social Security. 

When discussing retirement planning, many investment firms and financial 
planners use the graph in Fig. 1.1,* which shows how long a typical retiree’s assets 
(or “nest egg”’) will last based on the percentage of the assets withdrawn each year. 


How Much You Withdraw Annually Affects 
How Long Your Money Will Last 


10% 
9% 
8% | 
1% 
6% [I 
5% | 
4% | 


Percent of assets 
withdrawn annually 


Time money will last 
(Years) 


Source: Ned Davis research 
Figure 1.1 
a) If a typical retiree has retirement assets of $500,000, how much can he or she 
withdraw annually if he or she wishes the assets to last 21 years? 


b) How much should a retiree have in assets if he or she wishes to withdraw 
$25,000 annually and wishes his or her assets to last 18 years? 


a) Quite a bit of information is provided in the example. We will first need to deter- 
mine what information is needed to answer the question. To answer the question, 
we only need to use the information provided in the graph. From the graph, we 
can see that for assets to last 21 years, about 6% of the assets can be withdrawn 
annually. The amount that can be withdrawn annually is found as follows. 


Amount = 6% of assets 
Amount = 0.06 (500,000) = 30,000 
Thus, about $30,000 can be withdrawn annually. 


b) Again, to solve this part of the example, we only need the information provided 
in the graph. From the graph, we can determine that if a retiree wishes for his or 
her assets to last 18 years, then 7% of the assets can be withdrawn annually. We 
need to determine the total assets such that 7% of the total assets is $25,000. 


7% of assets = $25,000 or 0.07 X assets = $25,000 


Because 0.07 is multiplied by the assets to obtain $25,000, we can determine the 
assets by dividing the $25,000 by 0.07 as follows. 


25,000 


Assets = = 357,142.86 


Therefore, if the retiree has assets of about $357,142.86, he or she will be able 
to withdraw $25,000 annually and the assets will last 18 years. ] 


*The information in this graph is based on past performance of the stock market, with 50% invested in 
large company stocks and 50% invested in intermediate-term bonds. Past performance is not indicative of 
future results. 
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RECREATIONAL MATH 


Two Medieval Riddles 


boatman must transport a wolf, a 
goat, and a bundle of herbs 
across a river. If the boat is so small 
that he can carry only one of them at 
a time, how can he make the cross- 
ing so that the wolf will not devour 
the goat and the goat will not eat the 
herbs? 
(Clue: The boatman must make 
multiple round trips.) 


As | was going to St. Ives, 

| met a man with seven wives; 
Every wife had seven sacks, 

Every sack had seven cats, 

Every cat had seven kits. 

Kits, cats, sacks, and wives, 

How many were going to St. lves? 


The answers to these riddles are 
in the answer section at the 
back of the book. 


Example 2 Determining a Tip 


The cost of Freddie Rojo’s meal before tax is $28.00. 

a) If a 64% sales tax is added to his bill, determine the total cost of the meal 
including tax. 

b) If Freddie wants to leave a 10% tip on the pretax cost of the meal, how much 
should he leave? 


c) If he wants to leave a 15% tip on the pretax cost of the meal, how much should 
he leave? 


a) The sales tax is 64% of $28.00. To determine the sales tax, first change the 65% 
to a decimal number. 65% when written as a decimal number is 0.065 (if you 
have forgotten how to change a percent to a decimal number, read Section 11.1). 
Next, multiply the decimal number, 0.065, by the amount, $28.00. 

Sales tax = 65% of 28.00 
= 0.065(28.00) = 1.82 


The sales tax is $1.82. The total bill is the cost of the meal + the sales tax. 
Total bill = cost of meal + sales tax 

28.00 + 1.82 = 29.82 

Thus, the bill, including sales tax, is $29.82. 

To find 10% of any number, we can multiply the number by 0.10. 


10% of pretax cost = 0.10(28.00) 
= 2.80 


b 


ma 


A simple way to find 10% of any number is to simply move the decimal point in 
the number one place to the left. Moving the decimal point in $28.00 one place 
to the left gives $2.80, the same answer we obtained by our calculations. 


To find 15% of $28.00, multiply as follows. 
15% of 28.00 = 0.15(28.00) = 4.20 
Thus, 15% of $28.00 is $4.20. A second method to find a 15% tip is to find 


10% of the cost, as in part (b), then add to it half that amount. Following this 
procedure, we get 


QO 
wm 


2.80 
$2.80 + “ = $2.80 + $1.40 = $4.20 


In most cases, tips are rounded. If the service is excellent, some people leave 
a 20% tip. Can you give two methods to determine a 20% tip on $28.00? 
Determine the 20% tip now. rT] 


Example By A Recipe for 6 


The chart at the top of page 25 shows the amount of each ingredient recommended 
to make 2, 4, and 8 servings of Potato Buds. Determine the amount of each ingredi- 
ent necessary to make 6 servings of Potato Buds by using the following procedures. 


a) Multiply the amount for 2 servings by 3.* 
b) Add the amounts for 2 servings to the amounts for 4 servings. 
c) Find the average of the amounts for 4 servings and for 8 servings. 


*Addition, subtraction, multiplication, and division of fractions are discussed in detail in Section 5.3. 


MATHEMATICS TODAY 


Decisions, Decisions 


e deal with problem solving 

daily. Can we afford to take 
that vacation in the mountains? 
Which vehicle should | purchase? 
What shall | major in in college? 
The list of questions we ask our- 
selves daily goes on and on. To 
make decisions, we often need to 
consider and weigh many factors. 

Often, different branches of 
mathematics are involved in our 
decision-making process. For ex- 
ample, we frequently use statistical 
data and consider the probability 
(or chance) of an event occurring or 
not occurring when we make deci- 
sions. Probability and statistics are 
two branches of mathematics cov- 
ered in later chapters of the book. 

For many people, problem 
solving is a recreational activity, 
as is evident by the great number 
of crossword puzzles and puzzle 
books sold daily. 

Today, as you go about your 
daily business, keep a record of all 
the problem-solving decisions you 
need to make! If you do this consci- 
entiously, you will be amazed at the 
outcome. 


This is Important There 
are aspects of problem solving to 
almost every decision we make. 
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d) Subtract the amounts for 2 servings from the amounts for 8 servings. 


e) Compare the answers for parts (a) through (d). Are they the same? If not, 
explain why not. 


f) Which is the correct procedure for obtaining 6 servings? 


Water z cup es cups 2% cups 
Milk 2 tbsp ; cup 2 cup 
Butter or margarine 1 tbsp 2 tbsp 4 tbsp 
Salt* i tsp 4 tsp 1 tsp 
Potato Buds > cup 1} cups 2% cups 


*Less salt can be used if desired. 


a) We multiply the amounts for 2 servings by 3. 
Water: 3(}) = 2 cups 
Milk: 3(2) = 6 tablespoons (tbsp) 
Butter or margarine: 3(1) = 3 tbsp 
Salt: 3(+) = 3 teaspoon (tsp) 
Potato Buds: 3(}) = 2 cups 
b) We find the amount of each ingredient by adding the amount for 2 and 4 servings. 
Water: 5 cup + 14 cups = 2 cups 
Milk: 2 tbsp + + cup 
To add these two amounts, we must convert one of them so that both 
ingredients have the same units. By looking in a cookbook or a book of 


conversion factors, we see that 16 tbsp = 1 cup. The milk in part (a) was 
given in tablespoons, so we convert 5 cup to tablespoons to compare answers. 
One-third cup equals ¥(16) = 1g or 53 tbsp. Therefore, 

Milk: 2 tbsp + 55 tbsp = Ty tbsp 
Let’s continue with the rest of the ingredients: 

Butter: | tbsp + 2 tbsp = 3 tbsp 

Salt: } tsp + }tsp = } tsp 

Potato Buds: = cup + 1} cups = 2 cups 

c) We compute the amounts of the ingredients by finding the average of the 

amounts for 4 and 8 servings. We do so by adding the amounts for each 
ingredient and dividing the sum by 2. 


1} cups + 24 cups _ 4 cups 


Water 5 5 = 2 cups 
1 2 
3 cup + = cu 1 cu 
Milk: 2 E 5 ue 5 ae 5 cup (or 8 tbsp) 
2 tbsp + 4 tbs 6 tbs 
Butter: 5 De P= 3 tbsp 


_ tsp + | tsp ' 3 tsp Hi 
eS esas 
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14 cups + 22 cups 4 cups 
Potato Buds: — : 5 z = a = 2 cups 


d) We obtain the amounts of ingredients by subtracting the amounts for 2 servings 
from the amounts for 8 servings. 


Water: 2 cups — 2 cup = 2 cups 
Milk: 3 cup — 2 tbsp = 3(16) tbsp — 2 tbsp 

= oa = g ee 
= = tbsp, or 83 tbsp 

Butter: 4 tbsp — 1 tbsp = 3 tbsp 

Salt iitspl itsp = i tsp 

Potato Buds: 22 cups — F cup = 2 cups 

e) Comparing the answers in parts (a) through (d), we find that the amounts 
of all ingredients, except milk, are the same. For milk, we get the following 


results. 
Part (a): Milk = 6 tbsp Part (c): Milk = 8 tbsp 
Part (b): Milk = 7; tbsp Part (d): Milk = 83 tbsp 


Why are all these answers different? After rechecking, we find that all our 
calculations are correct, so we must look deeper. Note that milk is the only 
ingredient that has different units for 2 servings and 4 servings. Let’s check 
the relationship between 2 tbsp and 5 cup. In going from 2 servings to 4 
servings, we would expect that i cup should be twice 2 tbsp. We know that 
1 cup = 16 tbsp, so 


+ cup = 4(16) = Ba 55 tbsp 


Therefore, instead of the 4 tbsp of milk we expected for 4 servings, we get 
55 tbsp. This change causes all our calculations for milk to be different. 


f) Which is the correct answer? Because all our calculations for milk are correct, 
there is no single correct answer. All our answers are correct. Using 8% tbsp in- 
stead of 6 tbsp might make the Potato Buds a little thinner. When we cook, we 
generally do not add the exact amount recommended. We rely on experience to 
alter the recommended amounts according to individual taste. a 


Many real-life problems, such as the one in Example 6, can be solved by using 
proportions. A proportion is a statement of equality between two ratios (or fractions.)* 


Example [@ Spraying Weed Killer 


The instructions on the Ortho Weed-B-Gon lawn weed killer indicate that to cover 

1000 square feet (ft?) of lawn, 20 teaspoons (tsp) of the weed killer should be 

mixed in 5 gallons (gal) of water. Ron Haines wishes to spray his lawn with the 

weed killer using his pressurized sprayer. 

a) How much weed killer should be mixed with 8 gal of water to get a solution of 
the proper strength? 

b) How much weed killer is needed to cover an area of 2820 ft? of lawn? 


a) Use the information that 20 teaspoons of weed killer is to be mixed with 5 gal of 
water. 


*Proportions are discussed in greater detail in Section 6.2. 


RECREATIONAL MATH 


East Meets West: Magic 
Squares 


Chinese myth says that in 

about 2200 B.C., a divine 
tortoise emerged from the Yellow 
River. On his back was a special 
diagram of numbers from which 
all mathematics was derived. The 
Chinese called this diagram Lo 
Shu. The Lo Shu diagram is the first 
known magic square. 

Arab traders brought the Chinese 
magic square to Europe during the 
Middle Ages, when the plague was 
killing millions of people. Magic 
squares were considered strong 
talismans against evil, and posses- 
sion of a magic square was thought 
to ensure health and wealth. For 
more magic square problems, see 
Exercises 53-55 on page 33. 
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§ ; { 20 tsp 2? tsp < ltem to be found 
Given tao) \ =p 
5 gal water 8 gal <— Other information given 


Notice in the proportion that teaspoons and gallons are placed in the same 
relative positions. Often, the unknown quantity is replaced with an x. The 
proportion may be written as follows and solved using cross-multiplication. 


aes 
sues 
20(8) = 5x Cross multiplication 
160 = 5x 
160 3x 
es = 5 Divide both sides of the equation by 5 to solve for x. 
32 =x 


Thus, Ron must mix 32 tsp [or 103 tablespoons (tbsp) or 3 cup] of the weed 
killer with 8 gal of water. This answer seems reasonable because we would 
expect to get an answer greater than 20 tsp. 

b) To answer this question, we use the same procedure discussed in part (a). This 
time, we will use the information that 1000 ft? requires 20 tsp of weed killer. 
The areas may be placed either on the top or the bottom of the fraction, as long 
as they are placed in the same relative position. 


1000 sqft | 2820 sqft |< Other information given 


Given ratio { 20 tsp tsp 


<— ltem to be found 


Now replace the question mark with an x and solve the proportion. 


1000 2820 
ie Be 
1000(x) = 20(2820) Cross multiplication 
1000x = 56,400 


1000x eS 56,400 Divide both sides of the equation by 
1060 1000 1000 to solve for x. 
x = 56.4 


Thus, about 56.4 tsp are needed. This answer is reasonable because we would 
expect the answer to be more than twice the 20 tsp required for 1000 ft. | 


Most of the problems solved so far have been practical ones. Many people, 
however, enjoy solving brainteasers. One example of such a puzzle follows. 


Example §@ Magic Squares 


A magic square is a square array of numbers such that the numbers in all rows, col- 
umns, and diagonals have the same sum. Use the digits 1, 2, 3, 4, 5, 6, 7, 8, and 9 to 
construct a magic square. 


The first step is to create a figure with nine cells, as in Fig.1.2(a) on 
page 28. We must place the nine numbers in the cells so that the same sum is 
obtained in each row, column, and diagonal. Common sense tells us that 7, 8, 
and 9 cannot be in the same row, column, or diagonal. We need some small and 
large numbers in the same row, column, and diagonal. To see a relationship, we 
list the numbers in order: 


i}, 253, 4,6, 7,8, 2 
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Note that the middle number is 5 and the smallest and largest numbers are 1 and 9, 
respectively. The sum of 1, 5, and 9 is 15. If the sum of 2 and 8 is added to 5, the 
sum is 15. Likewise 3, 5, 7, and 4, 5, 6 have sums of 15. We see that in each group 
of three numbers the sum is 15 and 5 is a member of the group. 


Figure 1.2 


Because 5 is the middle number in the list of numbers, place 5 in the center square. 
Place 9 and | to the left and right of 5, as in Fig. 1.2(a). Now we place the 2 and the 

8. The 8 cannot be placed next to 9 because 8 + 9 = 17, which is greater than 15. 
Place the smaller number 2 next to the larger number 9. We elected to place the 2 in the 
lower left-hand cell and the 8 in the upper right-hand cell, as in Fig. 1.2(b). The sum 

of 8 and 1 is 9. To arrive at a sum of 15, we place 6 in the lower right-hand cell, as in 
Fig. 1.2(c). The sum of 9 and 2 is 11. To arrive at a sum of 15, we place 4 in the upper 
left-hand cell as in Fig. 1.2(c). Now the diagonals 2, 5, 8, and 4, 5, 6 have sums of 15. 
The numbers that remain to be placed in the empty cells are 3 and 7. Using arithmetic, 
we can see that 3 goes in the top middle cell and 7 goes in the bottom middle cell, as in 
Fig. 1.2(d). A check shows that the sum in all the rows, columns, and diagonals is 15. @ 


The solution to Example 7 is not unique. Other arrangements of the nine numbers 
in the cells will produce a magic square. Also, other techniques of arriving at a solu- 
tion for a magic square may be used. In fact, the process described will not work if the 
number of squares is even, for example, 16 instead of 9. Magic squares are not limited 


to the operation of addition or to the set of counting numbers. 


SECTION 1.3 © : 
elite Exercises 


Practice the Skills/Problem Solving 


1. 


N 


Reading a Map The scale on a map is 1 inch = 12 miles. 
How long a distance is a route on the map if it measures 
5.75 in.? 


. Blueprints Tony Schmidt, an architect, is designing a new 


enclosure for the elephants at a zoo. The scale of his plan 
is | in. = 2.5 yd. He draws a 20.1-in. line on the blueprint 
to represent the northern boundary of the enclosure. What 
actual distance does this boundary line represent? 


. Height of a Tree Ata given time of day, the ratio of the 


height of an object to the length of its shadow is the same 
for all objects. If a 3-ft stick in the ground casts a shadow 
of 1.2 ft, find the height of a tree that casts a shadow that 
is 19.36 ft. 


. Grass Seed A bag of Turf Builder Sun and Shade Mix 


grass seed covers an area of 4000 ft’. How many bags are 
needed to cover an area of 35,000 ft”? 


. College Tuition Cost According to the College Board, the 


average tuition at a public four-year college increased by 


6.4% from 2009 to 2010. The average tuition at a public 
four-year college in 2009 was $7605. Determine the aver- 
age tuition at a public four-year college in 2010. Round 
your answer to the nearest dollar. 


6. Hotel Room Rate The average price of a hotel room in 


Las Vegas decreased by 30% from 2008 to 2009. The 
average price of a hotel room in Las Vegas in 2008 was 
$117. Determine the average price of a hotel room in Las 
Vegas in 2009. 


. How Americans Spend Their Money The circle 


graph at the top of page 29 shows the percent of 
Americans’ net monthly income spent on housing, 
entertainment/miscellaneous, transportation, food, 
insurance/retirement, and healthcare. Patricia Peck has 
a net monthly income of $1750. Assuming this graph 
applies to Patricia’s spending, 


a) how much more money per month does Patricia spend 
on entertainment/miscellaneous than on food? 


b) how much more money per month does Patricia spend 
on housing than on transportation? 


How Americans Spend 
Their Money 


Healthcare 
5.9% 


Insurance/ 
Retirement 
11.1% 


Transportation Entertainment/Misc. 
17.0% 19.4% 


Source: U.S. Bureau of Labor Statistics 


8. Experience Level of U.S Teachers The circle graph be- 


low shows the percent of U.S. teachers with 0-3, 4-10, 
11-20, and more than 21 years of teaching experience. In 
2009, there were 6.2 million elementary and secondary 
teachers in the United States. 


a) How many more teachers had 11—20 years of teaching 
experience than 0-3 years? 


b) How many more teachers had 4—10 years of teaching 
experience than | 1—20 years? 


Years of Experience 
of U.S. Teachers 
0-3 
16% 


More than 21 
26% 


Source: Scholastic 


9. Housing Market The following tables show where the 


average U.S. house prices have increased the most and 
decreased the most during 2004-2009. The tables also 


show the percent change from 2008-2009 for those areas. 


Where House Prices Have Increased the Most = : 

ae: © %eChange —%Change 

See 2004-2009 2008-2009 
Wenatchee, WA 66.86 = ps} 
Coeur-d’ Alene, ID 61.40 ley) 
Virginia Beach, VA 55.24 1.255 
Spokane, WA 55.14 — 146 
Honolulu, HI 54.46 — 1.06 
Flagstaff, AZ 53.26 = 85 
Bellingham, WA 52139 —1.04 


10. 


11. 


12. 


13. 
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ite _ Where House Prices Have Decreased the Most igi 


; a hes es -% Change — % Change | 
vied yas 2004-2009 - 


bee seve oa 2008-2009 
Merced, CA =29.13 8.33 
Stockton, CA Sites S22 
Detroit, MI — 19.80 2.90 
Modesto, CA — 18.83 3.30 
Vallejo, CA — 16.64 —0.23 


Source: Federal Housing Finance Agency 


a) If a house in Honolulu, HI, cost $200,000 in 2004, how 
much did a similar house cost in 2009? 


b) If a house in Detroit, MI, cost $180,000 in 2008, how 
much did a similar house cost in 2009? 


c) From 2008 to 2009, how much more did a $200,000 
house in Flagstaff, AZ, decrease in price than a 
$200,000 house in Bellingham, WA? 


Subway Cost Chandler Heisinger buys a monthly 
MetroCard, which entitles him to unlimited subway 

travel in New York City, for $81 per month. Without the 
Metrocard, each subway ride costs $2.00. How many rides 
per month would Chandler have to take so that the cost of 
the rides with the MetroCard is less than the cost of the 
rides without the MetroCard? 


Buying a Computer Emily Putnam wants to purchase a 
computer that sells for $1250. She can either pay the total 
amount at the time of purchase or she can agree to pay the 
store $120 down and $80 a month for 15 months. How 
much money can she save by paying the total amount at 
the time of purchase? 


Flu Shots The price of a flu shot at Maxim Health 
Systems increased by 20% from 2006 to 2009. In 2006, 
Maxim Health Systems charged $25 for a flu shot. If 
Maxim Health sold flu shots to 2 million people in 
2006 and to 2 million people in 2009, how much more 
money did they earn from selling flu shots in 2009 than 
in 2006? 


Buying a House The Browns want to purchase a 
house that costs $140,000. They plan to take out a 
$100,000 mortgage on the house and put $40,000 as 
a down payment. The bank informs them that with a 
15-year mortgage their monthly payment would be 
$777.83 and with a 30-year mortgage their monthly 
payment would be $521.65. Determine the amount 
they would save on the cost of the house if they 
selected the 15-year mortgage rather than the 30-year 
mortgage. 


30 


14. 


iS: 


16. 


CHAPTER1 Critical Thinking Skills 


Getting an 80 Average On four exams, Wallace 
Memmer’s grades were 79, 93, 91, and 68. What grade 
must he obtain on his fifth exam to have an 80 average? 


Playing a Lottery In one state lottery game, you must 
select four-digits (digits may be repeated). If your num- 
ber matches exactly the four-digits selected by the lottery 
commission, you win. 


a) How many different numbers may be chosen? 


b) If you purchase one lottery ticket, what is your chance 
of winning? 


Energy Value and Energy Consumption The table gives 
the approximate energy values of some foods, in kilojoules 
(kJ), and the energy requirements of some activities. 


a) How soon would you use up the energy from a fried 
egg by swimming? 


b) How soon would you use up the energy from a ham- 
burger by walking? 


c) How soon would you use up the energy from a piece of 
strawberry shortcake by cycling? 


d) How soon would you use up the energy from a hamburger 
and a chocolate milkshake by running? 


17. 


18. 


1 


Energy Energy 
Value Consumption 
Food (kJ) Activity (kJ/min) 

Chocolate milkshake 2200 Walking 25 
Fried egg 460 Cycling 35 
Hamburger 1550 Swimming 50 
Strawberry shortcake 1400 Running 80 
Glass of skim milk 350 


Gas Mileage Wendy Weisner fills her gas tank completely 
and makes a note that the odometer reads 38,451.4 miles. 
The next time she put gas in her car, filling the tank took 
12.6 gal and the odometer read 38,687.0 miles. Determine 
the number of miles per gallon that Wendy’s car got on 
this tank of gas. 


Saving for a Stereo Fernando Diez works 40 hours per 
week and makes $8.50 per hour. 


a) How much money can he expect to earn in 1 year 
(52 weeks)? 


b) If he saves all the money he earns, how long will he have 
to work to save for a stereo receiver that costs $1275? 


Mail-Order Purchase Mary Liotta purchased 4 tires by mail 
order. She paid $52.80 per tire plus $5.60 per tire for shipping 
and handling. There is no sales tax on this purchase because 
the tires were purchased out of state. She also had to pay 


$8.56, including tax, per tire for mounting and balancing. At 
a local tire store, her total for the 4 tires with mounting and 
balancing would be $324 plus an 8% sales tax. How much 
did Mary save by purchasing the tires through the mail? 


20. Computer Technician Dave Maliwauki, a computer 


technician, charges a $25 flat rate plus $30 per hour to 
repair computers. During one month, his total income 
from repairing 15 computers was $885. How many hours 
did he spend repairing computers? 


21. Rain or Snow A plane is flying at an altitude of 15,000 ft, 


where the temperature is —6°F. The nearby airport, at 
an altitude of 3000 ft, is reporting precipitation. If the 
temperature increases 2.4°F for every 1000-ft decrease 
in altitude, will the precipitation at the airport be rain or 
snow? Assume that rain changes to snow at 32°F. 


22. Profit Margins The following chart shows retail stores’ 


average percent profit margin on certain items. 


Product Category Average Pre fit Margin (%) oH 
Video equipment 12 

Audio components 14 

Stereo speakers 20-25 

Extended warranties 50-60 


Source: Consumer Reports 


a) Determine the average profit of a store that has the list 
price of $620 on a camcorder. 


b) Determine the average profit of a store that has a list 
price of $1200 on a pair of speakers (use a 22% profit 
margin). 


c) If you negotiate and get the salesperson to sell the 
speakers for $1000, find the store’s profit (use a 22% 
profit margin). 


23. Income Taxes The federal income tax rate schedule for a 


joint return in 2010 is illustrated in the table. If Steve and 
Maureen Tomlin paid $13,365 in federal taxes, find the 
family’s adjusted gross income. 


Adjusted GrossIncome Taxes 


$0-$16,750 10% of income 
$16,750-$68,000 ee 15% of amount over 
$68,000-$137,300 at + 25% of amount over 
$137,300-$209,250 ee ee of amount 
a 
$373,650 and above ons Mee 35% of amount 


24. Leaking Faucet A faucet is leaking at a rate of one drop 


25. 


26. 


27. 


of water per second. Assume that the volume of one drop 
of water is 0.1 cubic centimeter (0.1 cm?). 


a) Determine the volume of water in cubic centimeters 
lost in 1 year. 


b) How many days would it take to fill a rectangular basin 
30 cm by 20 cm by 20 cm? 


Wasted Water A faucet leaks 1 oz of water per minute. 


a) How many gallons of water are wasted in a year? 
(A gallon contains 128 oz.) 


b) If water costs $11.20 per 1000 gal, how much additional 
money is being spent on the water bill? 


Airport Parking The chart shows parking rates at John 
F. Kennedy (JFK) Airport in New York, New York, as of 
August 1, 2011. 


\\: Short-termRates © lr eras ete uee eae ites 
2) tea Bach Additional ots gic 5 


_JEK Airport Parking Rates 1 


First d i 
half _-Half Hour After Daily 
hour }hour-1hour the FirstHour Maximum 


$3 $6 $3 $33 
Long-term Rates af ban eae abe TRg LES aS cll 
Daily Additional Day 0-8 Hours 
$18 $6 


a) Jeff Grace is going out of town for 5 full days. How 
much will he save by parking in the long-term lot rather 
than the short-term lot? 


b) What is the cost of parking in the short-term lot for 
4 hours? 


c) If Jeff plans to park at the airport for 5 hours, is it 
cheaper to park in short-term or long-term parking? 
How much is the difference? 


Tire Pressure When a car’s tire pressure is 30 pounds 
per square inch (psi), it averages 20.8 mpg of gasoline. If 
the tire pressure is increased to 35 psi, the car averages 
21.6 mpg of gasoline. 


a) If Mr. Levy drives an average of 20,000 mi per year, 
how many gallons of gasoline will he save in a year by 
increasing his tire pressure from 30 to 35 psi? 


b) If gasoline costs $3.00 per gallon, how much will he 
save in a year? 


c) If we assume that there are about 140 million cars in 
the United States and that these changes are typical 
of each car, how many gallons of gasoline would be 
saved if all drivers increased their cars’ tire pressure ? 
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28. Toys and Games The table illustrates the 10 countries 


29. 


30. 


31. 


that spent the most money, per person, on toys and games 
in 2008. The table also shows the total amount of money 
spent on toys and games for each country. 


Amount Spent Total Amount Spent 

_ Country =—sipe person ($) =—(in millions $)_ 
United Kingdom 184.90 MPH) 
Australia 177.89 3633.20 
United States 151.40 45,592.59 
France 147.30 9385.96 
Netherlands 130.70 2165.70 
Sweden 120.60 1089.02 
Belgium 113.70 1181.34 
Canada 105.80 3532.66 
Spain 93.40 3778.03 
Italy 85.70 4983.46 


Source: Euromonitor International 


a) By looking at the data provided, is it possible to determine 
the population of each country? If so, explain how to do so. 


b) Using the procedure you gave in part (a), determine the 
population of the United States. 


c) Using the procedure you gave in part (a), determine the 
population of the United Kingdom. 


Adjusting for Inflation Assume that the rate of inflation 
is 6% per year for the next 2 years. What will the price of 
a dishwasher be 2 years from now if the dishwasher costs 
$799 today? 


Investing You place $1000 in a mutual fund. The first 
year, the value of the fund increases by 10%. The second 
year, the value of the fund decreases by 10%. Determine 
the value of the fund at the end of the second year. Is it 
greater than, less than, or equal to your initial investment? 


X-rays With a certain medical insurance policy, the cus- 
tomer must first pay an annual $100 deductible, and then 
the policy covers 80% of the cost of x-rays. The first insur- 
ance claims for a specific year submitted by Yungchen 
Cheng are for two x-rays. The first x-ray cost $640, and 
the second x-ray cost $920. How much, in total, will 
Yungchen need to pay for these x-rays? 
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32. Buying a Yacht Four partners decide to share the cost of 
a yacht equally. By bringing in an additional partner, they 
can reduce the cost to each of the five partners by $3000. 
What is the total cost of the yacht? 


33. Making Cream of Wheat The following amounts 
of ingredients are recommended to make vari- 
ous servings of Nabisco Instant Cream of Wheat. 
Note: 16 tbsp = 1 cup. 


Ingredient 


he Serving 2 Servings 4 Servings | 
Mix water or milk ; 1 cup 2 oe 33 cups 
With salt (optional) + tsp L tsp 5 tsp 
| Add Cream of 3 tbsp 4 cup i cups 
Wheat 


Determine the amount of each ingredient needed to make 
3 servings using the following procedures. 


a) Multiply the amounts for | serving by 3. 
b) Find the average of the amounts for 2 and 4 servings. 


c) Subtract the amounts for | serving from the amounts 
for 4 servings. 


d) Compare the answers obtained in parts (a) through (c) 
and explain any differences. 


34. Making Rice Following are the amounts of ingredients 
recommended to make various servings of Uncle Ben’s 
Original Converted Rice. Note: 1 tbsp = 3 tsp. 


| 2 AG See G el, 

. Ingredient Servings Servings Servings Servings 
| Rice (Cae) eee 

1 L 1 

| Water (cups) iG Ds 33 6 

| Salt (teaspoons) i j 3 rey 


| Butter 1 tsp 2 tsp 1 tbsp 2 tbsp 


Determine the amount of each ingredient needed to make 
8 servings using the following procedures. 


a) Multiply the amount for 2 servings by 4. 
b) Multiply the amount for 4 servings by 2. 


c) Add the amounts for 2 and 6 servings. 


d) Subtract the amount for 4 servings from the amount for 


12 servings. 


e) Compare the answers obtained in parts (a) through (d) 
and explain any differences. 


35. Purchasing DVDs The manager of the video department 
at Target plans to purchase a large number of DVDs of 
the movie Toy Story 3. One supplier is selling boxes of 
20 DVD movies for $240, and a second supplier is selling 
boxes of 12 DVD movies for $180. Only complete boxes 
of DVD movies can be purchased. 


a) If the manager can purchase boxes of DVD movies 
from either or both suppliers, determine the maximum 
number of DVD movies that can be purchased for 
$425. Indicate how many boxes of 20 and how many 
boxes of 12 will be purchased. 


b) How much will the DVD movies cost? 


36. Who Will Win? Steve Kilner and Mark Ernsthausen ran a 
100-yard race. Mark won by 5 yards, which means Steve had 
run only 95 yards when Mark crossed the finish line. They 
decided to race again, with Mark starting 5 yards behind the 
starting line. Assuming both runners run the second race at 
the same pace as the first race, who will win? 


37. One Square Foot How many square inches, | in. by 1 in., 
fit in an area of | square foot, | ft by 1 ft? 


38. Cubic Inches How many cubic inches fit in 1 cubic foot? 


39. Rectangle If the length and width of a rectangle each 
double, what happens to the area of the rectangle? 


40. A Square Partition A 20 ft by 20 ft carpet is partitioned 
into 5 ft by 5 ft squares. How many squares will there be? 


41. Cube If the length, width, and height of a cube all double, 
what happens to the volume of the cube? 


42. Pole ina Lake A pole is in the middle of a small lake. 
One half of the pole is in the ground. One third of the pole 
is covered by water. Eleven feet, or one sixth, of the pole 
are out of water. What is the length of the pole? 


43. Buying Candy How much do 10 pieces of candy cost if 
1000 pieces cost $10? 


44. 


46. 


47 


48. 


49, 


50. 


A Balance On the balance below, where should the 

one missing block @ be placed so that the balance 

would balance on the triangle (the fulcrum). Assume that 
each block has the same weight. 


Fa 
pe pp tpt tt 
=6> =§) =4 23 22) FA esi 6 


. Ties, Ties, Ties \ have at least three ties. All my ties are 


red except two. All my ties are blue except two. All my 
ties are brown except two. How many ties do I have? 


Palindromes A palindrome is a number (or word) that 
reads the same forward and backward. The numbers 1991 
and 43234 are examples of palindromes. How many palin- 
dromes are there between the numbers 2000 and 3000? List 
them. 


. Supermarket Display The figure shows grapefruits in a 


supermarket display stacked in a square pyramid (the base 
is a Square). 


a) How many grapefruits are in the pyramid shown if the 
base has 4 grapefruits by 4 grapefruits? 


b) How many grapefruits would be in a square pyramid if 
the base has 7 grapefruits by 7 grapefruits? 


Balancing a Scale If you have a balance scale and only the 
four weights 1 gram (g), 3 g, 9 g, and 27 g, explain how you 
could show that an object had the following weights. (Hint: 
Weights must be added to both sides of the balance scale.) 
a) 5g b) 16g 

Numbers in Circles Place the numbers | through 6 in the 
circles below so that the sum along each of the three straight 
lines is the same. Each number must be used exactly once. 
(Note: There is more than one correct answer.) 


Cuts in Cheese If you make the three complete cuts in the 
cheese as shown, how many pieces of cheese will you have? 
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51. Magic Square Create a magic square by using the num- 
bers 2, 4, 6, 8, 10, 12, 14, 16, and 18. The sum of the num- 
bers in every column, row, and diagonal must be 30. 


52. Magic Square Create a magic square by using the num- 
bers 3, 4, 5, 6, 7, 8, 9, 10, and 11. The sum of the numbers 
in every column, row, and diagonal must be 21. 


In Exercises 53-55, use the three magic squares illustrated 


to obtain the answers. 
3 2 7 10 | 9 14 
8 4 0 Sey et df 
1 6 5) 8 | TS eee: | 


53. Magic Square Examine the 3 by 3 magic squares and find 
the sum of the four corner entries of each magic square. 
How can you determine the sum by using a key number in 
the magic square? 


54. Magic Square For a3 by 3 magic square, how can you 
determine the sum of the numbers in any particular row, 
column, or diagonal by using a key value in the magic 
square? 


55. Magic Square For a3 by 3 magic square, how can you de- 
termine the sum of all the numbers in the square by using a 
key value in the magic square? 


56. Stack of Cubes Identical cubes are stacked in the corner of 
a room as shown. How many of the cubes are not visible? 


57. Dominos Consider a domino with six dots as shown. Two 
ways of connecting the three dots on the left with the three 
dots on the right are illustrated. Using three lines, in how 
many ways can the three dots on the left be connected with 
the three dots on the right? 


58. Handshakes All Around Five salespeople gather for a 
sales meeting. How many handshakes will each person 
make if each must shake hands with each of the four 
others? 
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59, Consecutive Digits Place the digits 1 through 8 in the eight 


60. 


61. 


boxes so that each digit is used exactly once and no two con- 
secutive digits touch horizontally, vertically, or diagonally. 


A Digital Clock Digital clocks display numerals by light- 
ing all or some of the seven parts of the pattern shown. If 
each digit 0 through 9 is displayed once, which of the seven 
parts is used least often? Which part is used most often? 


A Grid Place five 1’s, five 2’s, five 3’s, five 4’s, and five 
5’sina5 X 5 grid so that each digit—that is, 1, 2, 3, 4, 
5—appears exactly once in each row and exactly once in 
each column. 


Challenge Problems/Group Activities 


62. 


63. 


Insurance Policies Ray Kelley owns two cars (a Ford Mus- 
tang and a Ford Focus), a house, and a rental apartment. He 
has auto insurance for both cars, a homeowner’s policy, and 
a policy for the rental property. The costs of the policies are 

Mustang: $1648 per year 

Focus: $1530 per year 

Homeowner’s: $640 per year 

Rental property: $750 per year 


Ray is considering taking out a $1 million personal um- 
brella liability policy. The annual cost of the umbrella pol- 
icy would be $450. If he has the umbrella policy, he can 
lower the limits on parts of his auto policies and still have 
equal or better protection. If Ray purchases the umbrella 
policy, he can reduce his premium on the Mustang by $90 
per year and his premium on the Focus by 12%. If he pur- 
chases the umbrella policy and reduces the amount he pays 
for auto insurance, what is the net amount he is actually 
paying for the umbrella policy? 


A Sports Puzzle Peter, Paul, and Mary are three sports pro- 
fessionals. One is a tennis player, one is a golfer, and one 
is a skier. They live in three adjacent houses on City View 
Drive. From the following information, determine which is 
the professional skier. (Hint: A table may be helpful.) 
Mary does not play tennis. 
Peter skis and plays tennis, but does not golf. 
The golfer and the skier live next to each other. 
Three years ago, Paul broke his leg skiing and has 
not tried it since. 


Mary lives in the last house. 
The golfer and the tennis player share a common 
backyard swimming pool. 


64. Counting Triangles How many triangles are in the figure? 


65. 


66. 


67. 


Finding the Area Rectangle ABCD is made up entirely 
of squares. The black square has a side of 1 unit. Find the 
area of rectangle ABCD. 


Spending Money Samantha Smith went into a store and 
spent half her money and then spent $20 more. Saman- 
tha then went into a second store and spent half her re- 
maining money and then spent $20 more. After spending 
money in the second store, Samantha had no money left. 
How much money did she have when she went into the 
first store? 


Boxes of Fruit There are three boxes on a table, each 
with a label. Thomas Abernathy knows that one box 
contains grapes, one box contains cherries, and the third 
box contains both grapes and cherries. He also knows 
that the three labels used—grapes, cherries, and grapes 
and cherries—were mixed up and that none of the boxes 
received the correct label. He opens just one box and, 
without looking into the box, takes out one piece of fruit. 
He looks at the fruit and immediately labels all the boxes 
correctly. Which box did Thomas open? How did he know 
how to correctly label the boxes? 


Internet/Research Activities 


68. 


Puzzles Many fun and interesting puzzle books and maga- 
zines are available. Using this chapter and puzzle books 

as a guide, construct five of your own puzzles and present 
them to your instructor. 
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Important Facts and Concepts Examples and Discussion 
Section 1.1 

| The natural numbers or counting numbers are 1, 2, 3, 4,.... Examples 1, 2, 4,5, pages 2-4 

| A conjecture is a prediction based on specific observations. Example 4, page 3 


A counterexample is a special case that satisfies all the conditions of a conjecture,| Discussion page 4 
but proves the conjecture false. 


Inductive reasoning is the process of reasoning to a general conclusion through Examples | and 2, pages 2-3 
observations of specific cases. 


Deductive reasoning is the process of reasoning to a specific conclusion from a Example 6, pages 4—5 
general statement. 


Section 1.2 


Estimation is the process of arriving at an approximate Examples 1-7, pages 9-13 
answer to a question. 


Section 1.3 


Guidelines for Problem Solving 


Discussion page 22 
1. Understand the problem. 


: Examples 1-7, pages 20-28 
2. Devise a plan to solve the problem. 


3. Carry out the plan. 
4. Check the results. 


ne OOO 
In Exercises 1-8, use inductive reasoning to predict the eleje/e| 
next three numbers or figures in the pattern. 

ee aos 

25 2,5, LO Ieee 

3, 3,6, 10 ae Se e|@ @|®e 
4. 5,7, 10, 14, 19,... 6|e ee, (eje| (ele 

a) b) c) d) 


CB a 2 AP eh a8 
tes 10. Pick any number and multiply the number by 10. Add 5 
6. 6, 3,5; 4-3 to the product. Divide the sum by 5. Subtract 1 from the 


quotient. 
1,O8B O88... 
a) What is the relationship between the number you 
8. gw ; {a} p wl , on ; gH. vee started with and the final number? 
9. Pattern Examine the grid above and to the right for b) Arbitrarily select some different numbers and repeat the 
a pattern and then select the answer which completes process. Record the original number and the results. 


the pattern. (Hint: Think about rotating groups of four 


. c) Make a conjecture about the original number and the 
squares at a time.) 


final number. 


d) Prove, using deductive reasoning, the conjecture you 
made in part (c). 


+The number in color indicates the section in which the material is covered. 
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11. Pick any number between | and 20. Add 5 to the number. 
Multiply the sum by 6. Subtract 12 from the product. Divide 
the difference by 2. Divide the quotient by 3. Subtract the 
number you started with from the quotient. What is your 
answer? Try this process with a different number. Make a 
conjecture as to what your final answer will always be. 


12. Counterexample Find a counterexample to the statement 
“The sum of two squares is an even number.” 


1.2 


In Exercises 13-25, estimate the answer. Your answers may 
vary from those given in the back of the book, depending on 
how you round to arrive at the answer, but your answers 
should be something near the answers given. 


13. 210,302 * 2002 
14: 215.9 - 1285/52743 3:6 Sole 92, 
15. 19% of 1025 


16. Distance Estimate the distance from your wrist to your 
elbow and estimate the length of your foot. Which do you 
think is greater? With the help of a friend, measure both 
lengths to determine which is longer. 


17. Cost Estimate the cost of 52 shovels if the cost is $99.97 
per shovel. 


18. Sales Tax Estimate the amount of a 7% sales tax on an 
Oriental rug that costs $1999. 


19. Walking Speed Estimate your average walking speed in 
miles per hour if you walked 1.1 mi in 22 min. 


20. Groceries Estimate the total cost of six grocery items that 
cost $2.49, $0.79, $1.89, $0.10, $2.19, and $6.75. 


21. A Walking Path The scale of the map is rin. = 0.1 mit 
Estimate the distance of the walking path indicated 
in red, 


HISTORIC PHILADELPHIA 


a 
Independence baie ame 


In Exercises 22 and 23, refer to the following graph, which 
illustrates the number of registered nurses (RNs) needed 
(demand) and the number of RNs available (supply) from 
2000 to 2010. The graph also illustrates the projected 
number of RNs needed and the projected number of RNs 
available from 2011 to 2020. 


Registered Nurses 


Number of Nurses (millions) 


2000 2010 2020 
Source: U.S. Bureau of Health Professions 


22. Estimate the difference in the number of RNs needed and 
the number of RNs available in 2010. 


23. Estimate the difference in the projected number of RNs 
needed and the projected number of RNs available in 
2020. 


24. Estimating an Area If each square represents one square 
unit, estimate the size of the shaded area. 


25. Railroad Car Estimation The scale of a model railroad 
is 1 in. = 12.5 ft. Estimate the size of an actual box car if 
this drawing is the same size as the model box car. 


1.3 
Solve the following problems. 
26. Buying a Copy Machine David Stewart can buy a copier 


from Staples for $500 that prints, copies, and scans. He 
can either pay the total amount at the time of purchase, or 


27 


28. 


29. 


30. 


31. 


he can agree to pay the store $50 down and $40 a month 
for 12 months. How much money can he save by paying 
the total amount at the time of purchase? 


. Buying in Quantity A six-pack of cola costs $2.69. A 


carton of 4 six-packs costs $9.60. How much will be 
saved by purchasing the carton rather than 4 individual 
six-packs? 


Renting a Post Hole Digger The cost to rent a gas- 
powered post hole digger from Taylor Rental is $45 for 8 
hours, and the cost from Admar Rental is $8 per hour. If 
Justin Calhoun plans to rent a post hole digger for 6 hours, 
which is the better deal, and by how much? 


Fishing Charter Sam Stevens and four other friends want 
to schedule a 6-hour fishing trip on Lake Ontario with 
Reel Easy Sport Fishing. The cost for five people is $445. 
The cost for six people is $510. How much money per per- 
son will Sam and each of his friends save if they can find 
one more friend to go on their fishing trip? Assume that 
they will split the total cost equally. 


Applying Fertilizer Ron Williams needs to apply fertilizer 
to his lawn on his farm. A 30-pound bag of fertilizer will 
cover an area of 2500 square feet. 


a) How many pounds are needed to cover an area of 
24,000 square feet? 


b) If Ron has only 150 pounds of fertilizer, how many 
square feet can he fertilize? 


Auto Insurance Most insurance companies reduce premi- 
ums by 10% until age 25 for people who successfully pass 
a driver’s education course. A particular driver’s education 
course costs $60. Patrick Flanigan, who just turned 18, 
has auto insurance that costs $1030 per year. By taking 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 
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the driver’s education course, how much would he save in 
auto insurance, including the cost of the course, from the 
age of 18 until the age of 25? 


Pediatric Dosage If 1.5 milligrams of a medicine is to 
be given for 10 lb of body weight, how many milligrams 
should be given to a child who weighs 47 |b? 


Qualifying for a Mortgage Banks will usually grant an 
applicant a mortgage if the monthly payments are not 
greater than 28% of the person’s take-home pay. What is 
the maximum monthly mortgage payment you can make 
if your gross salary is $5000 a month and your payroll 
deductions are 30% of your gross salary? 


Flying West New York City is on eastern standard time, 

St. Louis is on central standard time (1 hr earlier than 
eastern standard time), and Las Vegas is on Pacific standard 
time (3 hr earlier than eastern standard time). A flight leaves 
New York City at 9 A.M. eastern standard time, stops for 

50 min in St. Louis, and arrives in Las Vegas at 1:35 P.M. 
Pacific time. How long is the plane actually flying? 


Crossing Time Zones The international date line is an 
imaginary line of longitude (from the North Pole to the 
South Pole) on Earth’s surface between Japan and Hawaii 
in the Pacific Ocean. Crossing the line east to west adds a 
day to the present date. Crossing the line west to east sub- 
tracts a day. At 3:00 P.M. on July 25 in Hawaii, what is the 
time and date in Tokyo, Japan, which is four time zones to 
the west? 


a) If one mile = 5280 feet, what is 1 mile per hour equal 
to in feet per second? 


b) What is 55 miles per hour equal to in feet per second? 


Dot Pattern If the following pattern is continued, how 
many dots will be in the hundredth figure? 


Magic Square The following magic square uses each num- 
ber from 6 to 21 exactly once. Complete the magic square by 
using the unused numbers from 6 through 21 exactly once. 


Magic Square Create a magic square by using the num- 
bers 13, 15, 17, 19, 21, 23, 25, 27, and 29. The sum of the 
numbers in every row, column, and diagonal must be 63. 


Microbes ina Jar A colony of microbes doubles in number 
every second. A single microbe is placed in a jar, and in an 
hour the jar is full. When was the jar half full? 
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41. Brothers and Sisters Jim Carraway has four more broth- 49. Palindromes How many three-digit numbers greater than 
ers than sisters. How many more brothers than sisters does 100 are palindromes? 
his sister Mary have? : NL AD 2 
50. Figures Describe the fifth figure. 
42. A Missing Dollar Three friends check into a single room 
in a motel and pay $10 apiece. The room costs $25 instead [al] @ © © 
of $30, so a clerk is sent to the room to give $5 back. The KOK IK) gots 
friends each take back $1, and the clerk is given $2 for his é : : : 
trouble. Now each of the friends paid $9, a total of $27, 51. Patterns How many orange tiles will be required to build 
and the clerk received $2. What happened to the missing the sixth figure in this pattern? 
ar? 
dollar? a Red 
43. The Average Weight Four women in a room have an ZB = = 
average weight of 130 lb. A fifth woman who weighs oes an 
180 Ib enters the room. Find the average weight of all five -s 
women. o a 
a 
44. Change for a Dollar Could a person have $1.15 worth of 
change in his pocket and still not be able to give someone 52. Sum of Numbers Place the numbers | through 12 in the 12 
change for a dollar bill? If so, what coins might he have? circles so that the sum of the numbers in each of the six rows 
is 26. Use each number from | through 12 exactly once. 
45. Volume of a Cube Here is a flat pattern for a cube to be 
formed by folding. The sides of each square are 6 cm. Find 
the volume of the cube. 
53. People in a Line People stand in a line at movies, the 
46. The Heavier Coin You have 13 coins, which all look Brocery Store, and hy Ge 
alike. Twelve coins weigh exactly the same, but the other ae : : 
t le stand line? 
one is heavier. You have a pan balance. Tell how to find a). In how many ways candwe people siaudau a line 
the heavier coin in just three weighings. b) In how many ways can three people stand in a line? 
47. The Sum of Numbers Find the sum of the first 500 count- c) In how many ways can four people stand in a line? 
ing numbers. (Hint: Group in pairs.) 
1 d) In how many ways can five people stand in a line? 
48. Balancing a Scale On a balance scale, three green balls 


balance six blue balls, two yellow balls balance five blue 
balls, and six blue balls balance four white balls. How 
many blue balls are needed to balance four green, two 
yellow, and two white balls? 


e) Using the results from parts (a) through (d), make a 
conjecture about the number of ways in which n people 
can stand in a line. 


In Exercises I and 2, use inductive reasoning to deter- 
mine the next three numbers in the pattern. 


1,3, 9; 15721 2. Ly Ftp. os 


b) Arbitrarily select some different numbers and repeat 


the process. Record the original number and the 
results. 


c) Make a conjecture about the relationship between the 
3. Pick any number, multiply the number by 5, and add 10 to the original number and the final answer. 
number, Divide the sum by 5. Subtract 1 from the quotient. 
d) Prove, using deductive reasoning, the conjecture 
a) What is the relationship between the number you made in part (c). 


started with and the final answer? 


In Exercises 4 and 5, estimate the answers. 


4. 0.21 X 82,000 


175,000 
5. 0.09 


6. Estimating Area If each square represents one square 
unit, estimate the area of the shaded figure. 


7. Body Mass Index The federal government gives a pro- 
cedure to determine if a child is overweight. To make 
this decision, first determine the child’s body mass index 


(BMI). Then compare the BMI with one of the two charts, 


one for boys and one for girls, provided by the govern- 
ment. Below, we give the chart for boys up to age 20. To 
determine a child’s BMI: 


1) Divide the child’s weight (in pounds) by the child’s 
height (in inches). 


2) Divide the results from part | by the child’s height again. 


3) Multiply the result from part 2 by 703. 


Richard is a 14-year-old boy who weighs 130 Ib and is 
63 in. tall. 


a) Determine his BMI. 


b) Does he appear to be at risk for being overweight, or 
is he overweight? Explain. 


© Overweight Gi See RL ee le 
: fut ees asics Sule 
325 Ml At risk for Percentile: 97th 


; ; 
30 being overweight ye 2s a 


10 Dif ee 20" 
Age ; 
Rod LittlkR-USN&WR. 
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8. Holding Multiple Jobs The following graph shows 
the number of American men and women who held 
multiple jobs, as of July 2009. 


The Number of Americans Who 


Hold Multiple Jobs 
a 
fe) 
a 4p 
= 
g 3b 
re 
o 
Zot 
S) 
3 
in | 
a a l 


Source: U.S. Bureau of Labor Statistics 


a) Estimate the number of American men who held 
multiple jobs. 


b) Estimate the difference between the number of 
American women and American men who held 
multiple jobs. 


9. Cell Phone Cost Verizon Wireless charges $59.99 
for its Basic Plan for cell phones, which includes 
900 minutes of call time. The company charges $0.40 
for each additional minute. If the Smiths’ cell phone 
bill for December was $85.99, how many additional 
minutes did they use during that month? 


10. Cans of Soda At a local store a six-pack of soda 
costs $2.59 and individual cans cost $0.80. What is 
the maximum number of cans of soda that can be 
purchased for $15? 


11. Cutting Wood How much time does it take Carla 
Knab, a carpenter, to cut a 10-ft length of wood into 
four equal pieces, if each cut takes at min? 


12. Determining Size In this photo of Sunflowers, an 1889 
painting by Vincent van Gogh, | in. equals 15.8 in. on 
the actual painting. Find the dimensions of the actual 
painting. 


& Sunflowers by Vincent van Gogh 
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13. Payment Shortfall Monica Wilson gets $12.75 per hour 
with time and a half for any time over 40 hours per week. 
If she works a 50-hr week and gets paid $652.25, by how 
much was she underpaid? 


14. Magic Square Create a magic square by using the 
numbers 5, 10, 15, 20, 25, 30, 35, 40, and 45. The sum 
of the numbers in every row, column, and diagonal 
must be 75. 


IMiysEuS=® 
yy is 274 


. A Drive to the Beach Mary Chin drove from her home 
to the beach that is 30 mi from her house. The first 15 mi 
she drove at 60 mph, and the next 15 mi she drove at 30 
mph. Would the trip take more, less, or the same time if 49, Byying Plants David Mackin wants to purchase nine 
she traveled the entire 30 mi at a steady 45 mph? herb plants. Countryside Nursery has herbs that are on 
sale at three for $3.99. David has a coupon for 25% 
off an unlimited number of herb plants at the original 
price of $1.75 per plant. 


16. Chili Recipe Three essen equal one tablespoon. A 
recipe for chili calls for > teaspoon of salt for 2 pounds 
of ground beef. How many tablespoons of salt are needed 


for 6 pounds of ground beef? a) Determine the cost of purchasing nine plants at the 


17. Area of a Concrete Walkway A 10 meter by 12 meter — 


rectangular lawn has a concrete walkway 1 meter wide 
around the outside of the lawn. What is the area of the 
walkway? 


b) Determine the cost of purchasing nine plants if the 
coupon is used. 


c) Which is the least expensive way to purchase the 


18. Jelly Bean Guess One guess is off by 9, another guess is nine plants, and by how much? 


off by 17, and yet another guess is off by 31. How many 
jelly beans are in the jar above and to the right? 20. Arranging Letters In how many different ways can 
four letters, A, B, C, D, be arranged? 


Holiday Shopping stock. What type of reasoning did John use in arriving 
1. It is December | and John needs to begin his holiday at his conclusion? Explain. 
shopping. He intends to purchase gifts for three people: : 
his girlfriend, Melissa; his mother, Ruth; and his father, d) John finds an equivalent set of wrenches at a True 
Don. He doesn’t want to spend more than a total of $325, Value hardware store. The set he is considering is a 
including the 7% sales tax. combination set that contains both standard U.S. size 
and metric size wrenches. The store’s regular price 
a) If John were to spend the $325 equally among the before tax is $62 for the set, but it is selling them for 
three people, approximate the amount that would be 10% off the regular price. He can also purchase the 
spent on each person. same wrenches by purchasing two separate sets, one for 
standard U.S. size wrenches and the other for metric 
b) If John were to spend the $325 equally among the sizes. Each of these sets has a regular price, before tax, 
three people, determine the maximum amount, before of $36, but both are on sale for 20% off their regular 
tax, that he could spend on each person and not prices. Can John purchase the combination set or the 
exceed the maximum of $325, including tax. two individual sets less expensively? 
c) John decides to get a new set of wrenches for his e) How much will John save, after tax, by using the less 
father. He sees the specific set he wants on sale at expensive method? 
Sears. He calls four Sears stores to see if they have 
the set of wrenches in stock. They all reply that the Going on Vacation 
set is out of stock. He decides that calling additional 2. Bob and Kristen Williams decide to go on a vacation. 
Sears stores is useless because he believes that they They live in San Francisco, California, and plan to drive to 


will also tell him that the set of wrenches is out of New Orleans, Louisiana. 


a) 


b) 


c) 


d) 


e) 


f) 


g) 


h) 


Obtain a map that shows routes that they may take from 
San Francisco to New Orleans. Write directions for them 
from San Francisco to New Orleans via the shortest 
distance. Use major highways whenever possible. 


Use the scale on the map to estimate the one-way distance 
to New Orleans. 


If the Williams estimate that they will average 50 mph 
(including comfort stops), estimate the travel time, in 
hours, to New Orleans. 


If the Williams want to travel about 400 miles per day, 
locate a town in the vicinity of where they will stop 
each evening. 


If they begin each segment of the trip each day at 
9 A.M., at about what time will they look for a hotel 
each evening? 


Use the information provided in parts (a) through (e) 
to estimate the time of day they will arrive in New Or- 
leans. 


Estimate the mileage of a typical midsized car and 

the cost per gallon of a gallon of regular unleaded gaso- 
line. Then estimate the cost of gasoline for the Wil- 
liams’ trip. 


Estimate the cost of a typical breakfast, a typical lunch, 
and a typical dinner for two adults, and the cost of a 
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typical motel room. Then estimate the total cost, in- 
cluding meals, gas, and lodging, for the Williams’ trip 
from San Francisco to New Orleans (one way). 


Problem Solving 
3. Four acrobats who bill themselves as the “Tumbling 

Tumbleweeds” finish up their act with the amazing “Hu- 
man Pillar,” in which the acrobats form a tower, each one 
standing on the shoulders of the one below. Each acrobat 
(Ernie, Jed, Tex, and Zeke Tumbleweed) wears a different 
distinctive item of western garb (chaps, holster, Stetson 
hat, or leather vest) in the act. Can you identify the mem- 
bers of the “Human Pillar,” from top to bottom, by name 
and apparel? 


a) 


b) 
c) 
d) 


ORDER 


Jed Tumbleweed is not on top, but he is somewhere 
above the man in the Stetson. 


Zeke Tumbleweed does not wear the holster. 
The man in the vest is not on top. 


The man in the chaps is somewhere above Tex but 
somewhere below Zeke. 


NAME APPAREL 


<4 Children learn how to classify sets, such as 
shapes and colors, at a very early age. 


What You Will Learn 


Methods to indicate sets, equal 
sets, and equivalent sets 
Subsets and proper subsets 
Venn diagrams 


Set operations such as 
complement, intersection, union, 
difference, and Cartesian product 


Equality of sets 
Applications of sets 
Infinite sets 


This is Important 


A basic human impulse is to sort 
or classify things. As you will see 
in this chapter, putting elements 
into sets helps you order and 
arrange your world. It allows 

you to deal with large quantities 
of information. Set building is a 
learning tool that helps answer 
the question, What are the 
characteristics of this group? For 
example, when students read 

a college catalog to determine 
which courses fulfill their degree 
requirements, they are looking for 


Studying sets is also important 
because sets underlie other 
mathematical topics such as logic 
and abstract algebra. 


courses that are in a particular set. 
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SECTION 2.1 | Set Concepts 


Ba Ea 


<a Ss 


A Many different restaurant 
categories include McDonald's 


Profile in Mathematics — 


Georg Cantor 


eorg Cantor (1845-1918), 

born in St. Petersburg, Russia, 
is recognized as the founder of set 
theory. Cantor's creative work in 
mathematics was nearly lost when 
his father insisted that he become 
an engineer rather than a math- 
ematician. His two major books on 
set theory, Foundations of General 
Theory of Aggregates and Con- 
tributions to the Founding of the 
Theory of Transfinite Numbers, 
were published in 1883 and 1895, 
respectively. See the Profile in 
Mathematics on page 85 for more 
information on Cantor and Leopold 
Kronecker. 


Can you think of a few different categories or groups to which the restaurant 
McDonald's belongs? One way you could categorize McDonald's is as a fast food 
restaurant. Another way is as a restaurant selling hamburgers. A third way is as a 
restaurant selling breakfast. In this section, we will discuss ways to sort or classify 
objects. We will also discuss different methods that can be used to indicate col- 
lections of objects. 


This is Important Set classifications are important in a range of applications 
from placing students in courses to classifying stars in the universe. 


W:5: encounter sets in many different ways every day of our lives. A se? is a 
collection of objects, which are called elements or members of the set. For 
example, the United States is a collection, or set, of 50 states plus the District of 
Columbia. The 50 individual states plus the District of Columbia are the members or 
elements of the set that is called the United States. 

A set is well defined if its contents can be clearly determined. The set of U.S. 
presidents is a well-defined set because its contents, the presidents, can be named. 
The set of the three best movies is not a well-defined set because the word best is 
interpreted differently by different people. In this text, we use only well-defined sets. 

Three methods are commonly used to indicate a set: (1) description, (2) roster 
form, and (3) set-builder notation. 

The method of indicating a set by descripfion is illustrated in Example 1. 


Example {J Description of Sets 


Write a description of the set containing the elements Monday, Tuesday, Wednesday, 
Thursday, Friday, Saturday, Sunday. 


The set is the days of the week. & 


Listing the elements of a set inside a pair of braces, { _}, is called roster form. 
The braces are an essential part of the notation because they identify the contents as 
a set. For example, {1, De 3} is notation for the set whose elements are 1, 2, and 3, 
but (1, 2, 3) and [1, 2, 3] are not sets because parentheses and brackets do not indicate 
a set. For a set written in roster form, commas separate the elements of the set. The 
order in which the elements are listed is not important. 

Sets are generally named with capital letters. For example, the name commonly 
selected for the set of natural numbers or counting numbers is N. 


Definition: Natural Numbers 
Nie anand. Se} 


The three dots after the 5, called an ellipsis, indicate that the elements in the set continue 
in the same manner. An ellipsis followed by a last element indicates that the elements 
continue in the same manner up to and including the last element. This notation is 
illustrated in Example 2(b). 
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4 ie Neptune 


& Uranus 
q) 


ie Saturn 
4 


= Jupiter 


# Venus 


Mercury 


A The planets of Earth’s solar system. 


Example |¥4 Roster Form of Sets 


Express the following in roster form. 

a) Set A is the set of natural numbers less than 6. 

b) Set B is the set of natural numbers less than or equal to 80. 
c) Set P is the set of planets in Earth’s solar system. 


a) The natural numbers less than 6 are 1, 2, 3, 4, and 5. Thus, set A in roster form is 
A= 11,2:3745)) 

b) B = {1,2,3,4, ... , 80}. The 80 after the ellipsis indicates that the elements 
continue in the same manner up to and including the number 80. 

c) P = {Mercury, Venus, Earth, Mars, Jupiter, Saturn, Uranus, Neptune |e a 


Example |B} The Word Inclusive 


Express the following in roster form. 
a) The set of natural numbers between 7 and 12. 
b) The set of natural numbers between 7 and 12, inclusive. 


a) A = 18,9, 10,11} 
b) B = {7, 8,9, 10, 11, 12}. Note that the word inclusive indicates that the values 
of 7 and 12 are included in the set. a 


The symbol €, read, “is an element of,” is used to indicate membership in a 
set. In Example 3, because 8 is an element of set A, we write 8 € A. This may also be 
written 8 € {8, ONON Ail }. We may also write 6 € A, meaning that 6 is not an ele- 
ment of set A. 

Set-builder notation (sometimes called set-generator notation) may be used 
to symbolize a set. Set-builder notation is frequently used in algebra. The following 
example illustrates its form. 


D = { mi | Condition(s) } 
( i t t t t 
Set D is the all such the condition(s) 
set of elements that x must meet in 
x order to be a 


member of the set. 


Consider E = {x|x € Nand x > 10}. The statement is read: “Set E is the set 
of all the elements x such that x is a natural number and x is greater than 10.” The 
conditions that x must meet to be a member of the set are x € N, which means that x 
must be a natural number, and x > 10, which means that x must be greater than 10. 
The numbers that meet both conditions are the set of natural numbers greater than 10. 
Set E in roster form is 


Be 110.1314 ee 


Example 23 Using Set-Builder Notation 


a) Write set B = { 1 Pes ae 5} in set-builder notation. 
b) Write, in words, how you would read set B in set-builder notation. 


*In August 2006, Pluto was reclassified as a dwarf planet. 
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a) Because set B consists of the natural numbers less than 6, we write 
B= {x|x © Nandx < 6} 


Another acceptable answer is B = {x|x © Nandx =< 5}. 


b) Set B is the set of all elements x such that x is a natural number and x is less 
than 6. | 


Example ky Roster Form to Set-Builder Notation 


a) Write set C = { North America, South America, Europe, Asia, Australia, 
Africa, Antarctica } in set-builder notation. 


b) Write in words how you would read set C in set-builder notation. 


a) C = {x|xis acontinent }. 
b) Set C is the set of all elements x such that x is a continent. a 


Example [@ Set-Builder Notation to Roster Form 


Write set A = {x|x © Nand2 < x < 8} inroster form. 


Rea A = {2,3,4,5,6,7} as 


Example §@ Oldest Colleges in the United States 


The table shows the 10 oldest colleges in the United States. Let set C be the set of 
colleges that are located in Virginia that are among the 10 oldest colleges in the 
United States. Write set C in roster form. 


TeEson ees 


es in the United States tbe a "State ‘j ey Year Chartered 4 


Nr Mae 


Harvard University Massachusetts 1636 
College of William and Mary Virginia 1692 
Yale University Connecticut 1701 


& Harvard University 


University of Pennsylvania Pennsylvania 1740 
Moravian College Pennsylvania 1742 
Princeton University New Jersey 1746 
Washington and Lee University Virginia 1749 
Columbia University New York 1754 
Brown University Rhode Island 1764 
Rutgers New Jersey 1766 


Source: National Center for Education Statistics 


By examining the table, we find that two colleges located in Virginia appear 
in the table. They are College of William and Mary and Washington and Lee University. 
Thus, set C = {College of William and Mary, Washington and Lee University eee 


[ic 7" i Ree Sh a a a oc a aa a oe ae —aey| (a eae aa a a 
5 
eS 


A set is said to be finife if it either contains no elements or the number of 
elements in the set is a natural number. The set B = 42; 4, 6, 8, 10} is a finite set 
because the number of elements in the set is 5, and 5 is a natural number. A set that 
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is not finite is said to be infinite. The set of counting numbers is one example of an 
infinite set. Infinite sets are discussed in more detail in Section 2.6. 
Another important concept is equality of sets. 


Definition: Equal Sets 
Set A is equal to set B, symbolized by A = B, if and only if set A and set B 
contain exactly the same elements. 


For example, if set A = {1,2,3} and set B = {3, 1,2}, then A = B because they 
contain exactly the same elements. The order of the elements in the set is not impor- 
tant. If two sets are equal, both must contain the same number of elements. The num- 
ber of elements in a set is called its cardinal number. 


Definition: Cardinal Number 
The cardinal number of set A, symbolized by n(A), is the number of elements in 
set A. 


Both set A = {1, 2,3} and set B = { England, Brazil, Japan } have a cardinal 
number of 3; that is, n(A) = 3, and n(B) = 3. We can say that set A and set B both 
have a cardinality of 3. 

Two sets are said to be equivalent if they contain the same number of elements. 


Definition: Equivalent Sets 
Set A is equivalent to set B if and only if n(A) = n(B). 


Any sets that are equal must also be equivalent. Not all sets that are equivalent 
are equal, however. The sets D = {a,b,c} and E = {apple, orange, pear } are 
equivalent because both have the same cardinal number, 3. Because the elements 
differ, however, the sets are not equal. 

Two sets that are equivalent or have the same cardinality can be placed in one- 
to-one correspondence. Set A and set B can be placed in one-to-one correspondence 
if every element of set A can be matched with exactly one element of set B and every 
element of set B can be matched with exactly one element of set A. For example, 
there is a one-to-one correspondence between the student names on a class list and 
the student identification numbers because we can match each student with a student 
identification number. 

Consider set S, states, and set C, state capitals. 


= { North Carolina, Georgia, South Carolina, Florida } 
C = {Columbia, Raleigh, Tallahassee, Atlanta } 
Two different one-to-one correspondences for sets S and C follow. 


S = {North Carolina, Georgia, South Carolina, Florida } 
C = {Columbia, Raleigh, Tallahassee, Atlanta } 
§ = {North Carolina, Georgia, South Carolina, Florida } 


C = {Columbia, Raleigh, Tallahassee, Atlanta } 


Other one-to-one correspondences between sets S and C are possible. Do you 
know which capital goes with which state? 
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Null or Empty Set 


Some sets do not contain any elements, such as the set of zebras that live in your 
house. 


Definition: Empty Set 
The set that contains no elements is called the empty set or null set and is 
symbolized by { } or @. 


Note that {@} is not the empty set. This set contains the element @ and has a cardi- 
nality of 1. The set {0} is also not the empty set because it contains the element 0. It 
also has a cardinality of 1. 


Example EE] Natural Number Solutions 
Indicate the set of natural numbers that satisfies the equation x + 2 = 0. 


The values that satisfy the equation are those natural numbers that make 
the equation a true statement. Only the number —2 satisfies this equation. Because 
—2 is not a natural number, the solution set of this equation is { } or ©. zE 


Universal Set 


Another important set is a universal set. 


Definition: Universal Set 
A universal set, symbolized by U, is a set that contains all the elements for any 
specific discussion. 


When a universal set is given, only the elements in the universal set may be consid- 
ered when working the problem. If, for example, the universal set for a particular 
problem is defined as U = 41, DS NN eas 10}, then only the natural numbers 1 


through 10 may be used in that problem. 


SECTION 2.1 Evervitee 


Warm Up Exercises 


In Exercises 1-12, fill in the blank with an appropriate 
word, phrase, or symbol(s). 


1. A collection of objects is called a(n) 


2. Three dots placed in a set to show that the set continues in 


. Two sets that contain the same number of elements are 


Called aanScice 


. The number of elements in a set is called the 


number. 


the same manner is called a(n) 9. The set that contains no elements is called the 
set. 
3. The three ways a set can be written are _____, 
, and 10. The two ways to indicate an empty set are and 
4. A set that contains no elements or the number of elements in 
the set is a natural number is called a(n) ______ set. 11. A set that contains all the elements for any specific discus- 
sion is called a(n) Leet SCE: 
5. A aset that is not finite is called a(n) _______. set. 


6. Two sets that contain the same elements are called 
sets. 


12. 


Two sets that have the same cardinal number can be 
placed in a(n) ______ correspondence. 
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Practice the Skills 


In Exercises 13-18, determine whether each set ts well 
defined or not well defined. 


13. The set of the best colleges 
14. The set of the most interesting courses at your school 
15. The set of states that have a common border with Kansas 


16. The set of the four states in the United States having the 
largest population on January 1, 2010 


17. The set of astronauts who walked on the moon 


A Eugene A. Cernan on the moon 
18. The set of the most interesting teachers at your school 


In Exercises 19-24, determine whether each set is finite or 
infinite. 


19. <1 eS eee 

20. The set of multiples of 4 between 0 and 50 
21. The set of odd numbers greater than 25 
22. The set of fractions between 1 and 2 

23. The set of odd numbers greater than 15 


24. The set of apple trees in Gro-More Farms Orchards 


In Exercises 25-34, express each set in roster form. You 
may need to use the Internet or some other reference 
source. 


25. The set of states in the United States whose names begin 
with the letter M 


26. The set of countries in Europe whose names begin with S 


27. The set of natural numbers between 10 and 178 


28. C = {x|x +6 = 10} 


29. B 


Il 


{x |x © N and x is even } 


30. The set of states west of the Mississippi River that have a 
common border with the state of Florida 


31. The set of football players over the age of 70 who are still 
playing in the National Football League 


32. The set of states in the United States that have a common 
border with the state of Washington 


33. E = {x|x@ Nand 14 =x < 85} 


34. The set of states in the United States that are not in the 
contiguous 48 states 


In Exercises 35—38, use the following table, which shows 
the attendance, in millions, at the 10 most visited museums 
in the world in 2008. Let the 10 museums in the list 
represent the universal set. 


Attendance 
j Ads ‘ 


a. _ 


’ os Museum 8.50 


Pane Erance 


1 

2. British Museum 2:93 London, UK 

3. National Gallery of Art 4.96 Washington, DC 
4. Tate Modern 4.95 London, UK 

Se PRESTO Museum 482 New Verona 
6. Vatican Museums 4.44 Vatican City 

7. National Gallery 4.38 London, UK 

8. Musee d’ Orsay 3.03 Paris, France 
Braet Se ot a 98 Seep Face 


10. Museum of Modern Art 2.90 New York, NY 


Ai 


Source: The Art Newspaper 


Use the list to determine each set in roster form. 


35. The set of museums in which the attendance was more 
than 4.5 million 


36. The set of museums in which the attendance was less than 
3 million 


37. The set of museums in which the attendance was between 
2 million and 4 million 


38. The set of museums in which the attendance was between 
3.5 million and 5.5 million 


In Exercises 39-42, use the graph on page 49, which shows 
iPod sales, in millions, for the years 2003-2008. 


Use the graph to determine each set in roster form. 


39. The set of years in which iPod sales were more than 
52 million 


40. The set of years in which iPod sales were less than 8 million 


41. The set of years in which iPod sales were between 8 million 
and 60 million 


42. The set of years in which iPod sales were more than 


65 million 
iPod Sales 
70 ;- 
63.2 
60}- it 
| 
50\= eH 
= ical 
a eae 
Z bees 
3 40h fie 
=| ss 
a 32.0 pe, 
n (a 1 wal 
a 30 ie ws 
fhe o 
201+ ee L, 
Apa ee 
PRY 
10 8.3 ni koa 
—E #3 
TL 
Le ee 
= ise 


2003 2004 200. 2007 2008 


In Exercises 43-50, express each set in set-builder notation. 
43. B= (ie Soe 213i 


44. A 


(1003-4. 5°67. 889} 


45. C = 13,16, 9, 12.80} 


46..D = {5,10,.15520,.25}) 


47. Eis the set of odd natural numbers. 

48. A is the set of national holidays in the United States in July. 
49. C is the set of months that contain less than 30 days. 
50. F = {15, 16, 17,..., 100} 

In Exercises 51-58, write a description of each set. 

51. A = {1,2,3,4, 5,6, 7} 

52, D = 43.6, 0) 121 Se eee 

53. V = {a,e,i, 0, u} 


54. S = {Bashful, Doc, Dopey, Grumpy, Happy, Sleepy, 
Sneezy } 


A Snow White and the Seven Dwarfs 
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55. T = {oak, maple, elm, pine, ... } 
56. E = {x|x@Nand4 <x < 11} 
57. S = {spring, summer, fall, winter } 


58. B = {John Lennon, Ringo Starr, Paul McCartney, George 
Harrison } 


A The Beatles 


In Exercises 59-62, use the following list, which shows the 
10 countries with the most cellular subscribers, in millions, 
as of 2008. Let the 10 countries in the list represent the 
universal set. 


_Number of 
Country Subscribers 
1. China ; 649.70 
2. India 376.12 
3. United States 260.00 
4. Russia 172.00 
5. Brazil 151.90 
6. Indonesia 115.60 
7. Japan 102.98 
8. Germany 101.50 
9. Pakistan 91.40 
10. United Kingdom 70.00 


Source: CIA 


Use the list to determine each set in roster form. 


59. {x| xis a country with at least 250 million cellular 
subscribers } 


60. {x |x is a country with fewer than 100 million cellular 
subscribers } 


61. {x|x is a country with between 100 million and 200 million 
cellular subscribers } 


62. {x|x is a country with between 250 million and 500 million 
cellular subscribers } 
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In Exercises 63—66, use the following graph, which shows the 
cost of a 30-second commercial during the Super Bowl from 
1996 to 2011. Let the 16 years represent the universal set. 


Use the graph to represent each set in roster form. 


63. The set of years in which the cost of a Super Bowl 
commercial was more than $2.5 million 


64. The set of years in which the cost of a Super Bowl 
commercial was less than $2.0 million 


65. The set of years in which the cost of a Super Bowl 
commercial was between $2.0 million and $2.5 million 


66. The set of years in which the cost of a Super Bowl commer- 
cial was more than $2.5 million and less then $3 million 


Cost of a 30-Second Commercial 
During the Super Bowl 


Cost (millions of dollars) 


OS 
ya Ea a |e | 
96 °97 ’98 °99 °00 01 °02 °03 ’04 ’05 ’06 ’07 08 09 °10 *11 
Year 


Source: www.industry.bnet.com 


In Exercises 67-74, state whether each statement is true or 
false. If false, give the reason. 


67. {e} € {a,e,i,0,u} 

68. b € {a,b,c d,e,f} 

69.h € {a,b, c,d, e,f} 

70. Mickey Mouse € { characters created by Walt Disney } 
71.3 € {x|x © Nand x is odd } 

72. Amazon € {rivers in the United States } 


73. Titanic € {top 10 motion pictures with the greatest 
revenues } 


74, 2 © {x|x is an odd natural number } 


In Exercises 75-78, for the sets A = {2,4,6,8},B = {1,3, 
7,9,13,21},C={ },andD = {4,&,%,0,*}. 


75. Determine n(A). 


76. Determine n(B). 


77. Determine n(C). 


78. Determine n(D). 


In Exercises 79-84, determine whether the pairs of sets are 
equal, equivalent, both, or neither. 


79. A = {algebra, geometry, trigonometry }, 
B = { geometry, trigonometry, algebra } 


80. A = {7,910}, B = {a,.b,¢} 


81. A 
B 


{ grapes, apples, oranges }, 
grapes, peaches, apples, oranges } 


82. A is the set of Siamese cats. 
B is the set of cats. 


83. A is the set of letters in the word bank. 
B is the set of letters in the word post. 


84. A is the set of states. 
B is the set of state capitals. 


Problem Solving 


85. Set-builder notation is often more versatile and efficient 
than listing a set in roster form. This versatility is illus- 
trated with the following two sets. 


Il 


A 
B 


{x |x € Nand x > 2} 
(ela 2} 


a) Write a description of set A and set B. 


b) Explain the difference between set A and set B. 
(Hint: Is 43 € A? Is 44 € B?) 


c) Write set A in roster form. 


d) Can set B be written in roster form? Explain your 
answer. 


86. Consider sets A and B below 
A= {x|2=x= Sandx en} 
and 
B=Agige= a= 5) 


a) Write a description of set A and set B. 
b) Explain the difference between set A and set B. 
c) Write set A in roster form. 


d) Can set B be written in roster form? Explain your 
answer. 


A cardinal number answers the question “How many?” An 
ordinal number describes the relative position that an ele- 
ment occupies. For example, Molly’s desk is the third desk 
from the aisle. 


In Exercises 87-90, determine whether the number used is 
a cardinal number or an ordinal number. 


87. J. K. Rowling has written 7 Harry Potter books. 


A J. K. Rowling 


88. Study the chart on page 25 in the book. 
89. Lincoln was the sixteenth president of the United States. 


90. Emily paid $35 for her new blouse. 


Subsets 


RON 4 2. 2 


2.2 Subsets 51 


91. Describe three sets of which you are a member. 
92. Describe three sets that have no members. 


93. Write a short paragraph explaining why the universal set 
and the empty set are necessary in the study of sets. 


Challenge Problem/Group Activity 


94, a) In a given exercise, a universal set is not specified, but 
we know that actor Orlando Bloom is a member of the 
universal set. Describe five different possible universal 
sets of which Orlando Bloom is a member. 


b) Write a description of one set that includes all the 
universal sets in part (a). 


Internet/Research Activity 


95. Georg Cantor is recognized as the founder and a leader 
in the development of set theory. Do research and write 
a paper on his life and his contributions to set theory and 
to the field of mathematics. References include history of 
mathematics books, encyclopedias, and the Internet. 


sets of criteria. 


a The set of intercollegiate sports 
includes basketball. 


Consider the following sets. Set A = {baseball, basketball, hockey }. Set B = 
{ baseball, football, basketball, hockey, softball }. Note that each element of set A is 
also an element of set B. In this section, we will discuss how to illustrate the relationship 


between two sets, A and B, when each element of set A is also an element of set B. 


This is Important The relationship between sets is important throughout 
life. For example, to gain a promotion at work, you may need to fulfill different 


n our complex world, we often break larger sets into smaller, more manageable 


sets, called subsets. For example, consider the set of people in your class. Suppose 
we categorize the set of people in your class according to the first letter of their last 


name (the A’s, B’ 


s, C’s, etc.). When we do so, each of these sets may be considered a 


subset of the original set. Each of these subsets can be separated further. For example, 
the set of people whose last name begins with the letter A can be categorized as either 
male or female or by their age. Each of these collections of people is also a subset. A 
given set may have many different subsets. 


Definition: Subset — 


Set A is a subset of set B, symbolized by.A A CB, if and only if all the elements of 
set A are also elements of set B. 


The symbol A C B indicates that “set A is a subset of set B.” The symbol ¢ is 
used to indicate “is not a subset.” Thus, A ¢ B indicates that set A is not a subset of 
set B. To show that set A is not a subset of set B, we must find at least one element of 
set A that is not an element of set B. 
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Example J A Subset? 


Determine whether set A is a subset of set B. 
a) A = {rain, snow, sleet } 
B = {rain, snow, sleet, hail } 
b) A= i1q,48,t} 
B= {qr} 
c) A= {x|xisa yellow fruit } 
B = {x|xis ared fruit } 
d) A= { vanilla, chocolate, rocky road } 
B = { chocolate, vanilla, rocky road } 


a) All the elements of set A are contained in set B, so A C B. 

b) The elements s and ¢ are in set A but not in set B, so A ¢ B (A is not a subset of 
B). In this example, however, all the elements of set B are contained in set A; 
therefore, B C A. 

c) There are fruits, such as bananas, that are in set A that are not in set B, so A ¢ B. 

d) All the elements of set A are contained in set B, so A C B. Note also that B C A. 
In fact, set A = set B. a 


Did You Know? 


Rainbows 


Colors of primary rainbow 


Violet 


Indigo 


Colors of secondary rainbow 


Me rainbows we see are 
primary rainbows, but 
there are rare moments when 
a second, fainter rainbow can 
be seen behind the first. In this 
secondary rainbow, the light 
pattern has been reversed. 
Both rainbows contain the 
same set of colors, so each 
set of colors is a subset of the 
other. 


Proper Subsets 


Definition: Proper Subset 

Set A is a proper subset of set B, symbolized by A C B, if and only if all the ele- 
ments of set A are elements of set B and set A ¥ set B (that is, set B must contain 
at least one element not in set A). 


Consider the sets A = {red, blue, yellow } and B = {red, orange, yellow, green, 
blue, violet }. Set A is a subset of set B, A C B, because every element of set A is also 
an element of set B. Set A is also a proper subset of set B, A C B, because set A and 
set B are not equal. Now consider C = {car, bus, train} and D = { train, car, bus %. 
Set C is a subset of set D, C C D, because every element of set C is also an element 
of set D. Set C, however, is not a proper subset of set D, C ¢ D, because set C and set 
D are equal sets. 


Example 4 A Proper Subset? 


Determine whether set A is a proper subset of set B. 
a) A = {jazz, pop, hip hop } 

B = {classical, jazz, pop, rap, hip hop } 
b) A = {a,b,c, d} B= {a,c,b,d} 


a) All the elements of set A are contained in set B, and sets A and B are not equal; 
thus, A C B. 


b) Set A = set B, so A ¢ B. (However, A C B.) 5 


Every set is a subset of itself, but no set is a proper subset of itself. For all sets 
A, A CA, but A ¢ A. For example, if A = {1, 2,3}, then A C A because every ele- 
ment of set A is contained in set A, but A ¢ A because set A = set A. 
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Let A= { } and B= {1,2,3,4}. Is A C B? To show ACB, you must find 
at least one element of set A that is not an element of set B. Because this cannot be 
done, A C B must be true. Using the same reasoning, we can show that the empty set 


MATHEMATICS TODAY 


The Ladder of Life 


n biology, the science of clas- 

sifying all living things is called 
taxonomy. More than 2000 years 
ago, Aristotle formalized animal 
classification with his “ladder of 
life”: higher animals, lower animals, 
higher plants, lower plants. To- 
day, living organisms are classified 
into six kingdoms (or sets) called 
animalia, plantae, archaea, eubac- 
teria, fungi, and protista. Even more 
general groupings of living things 
are made according to shared char- 
acteristics. The groupings, from 
most general to most specific, are 
kingdom, phylum, class, order, 
family, genus, and species. For ex- 
ample, a zebra, Equus burchelli, is 
a member of the genus Equus, as 
is the horse, Equus caballus. Both 
the zebra and the horse are mem- 
bers of the universal set called the 
kingdom of animals and the same 
family, Equidae; they are members 
of different species (E. burchelli and 
E. caballus), however. 


This is lmportant Scientists 
use sets to classify and catorgize 
animals, plants, and all forms of life. 


is a subset of every set, including itself. 


Example [&§ Element or Subset? 


Determine whether the following are true or false. 
a) 3e {3,4,5} 

b) {3} © {3,4, 5} 

Vets StS 14k Oe 

d) {3} ¢ {3,45} 

e) 3C {3,4,5} 

£) iofoto 134553} 


a) BE 13, 4, 5} is a true statement because 3 is an element of the set {3, AS } : 

b) {3} © {3,4,5} isa false statement because {3} is a set, and the set {3} is 
not an element of the set {3, 4, 5}. 

c) {3} © { {3}, {4}, {5} } isa true statement because {3} is an element in 
the set. The elements of the set { {3 } +44 } . {5} } are themselves sets. 

d) {3} C {3,4,5} is a true statement because every element of the first set is an 
element of the second set. 

@) BE 133 Ale 5 } is a false statement because the 3 is not in braces, so it is not a set 
and thus cannot be a subset. The 3 is an element of the set as indicated in part (a). 

f) { } Cc {3,4,5} isa true statement because the empty set is a subset of 
every set. ] 


Number of Subsets 


How many distinct subsets can be made from a given set? The empty set has no ele- 
ments and has exactly one subset, the empty set. A set with one element has two 
subsets. A set with two elements has four subsets. A set with three elements has eight 
subsets. This information is illustrated in Table 2.1. 


Table 2.1 Number of Subsets 


_ Set ata Subsets nes re Number of Subsets 
Py Leh 1 = 2° 
{a} {a} 
ie 229) 
{a, b} {a, b} 
{a},{d} 
{ } 4=2x2=2 
{a, b, c} 
{a,b}, {a,c},{b, c} 
{a},{b},{c} 


Aa Se a xi De? 
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By continuing this table with larger and larger sets, we can develop a general 
expression for finding the number of distinct subsets that can be made from any 
given set. 


Number of Distinct Subsets 
The number of distinct subsets of a finite set A is on, where n is the number of 
elements in set A. 


Every set is a subset of itself, but no set is a proper subset of itself. Thus, 
the number of proper subsets will always be one less than the number of subsets 
that can be made from any given set. We summarize this concept in the following 
expression. 


Number of Distinct Proper Subsets - 
The number of distinct proper subsets of a finite set A is 2” — ih where 71 is the 
number of elements in set A. 


Example EQ Distinct Subsets 


a) Determine the number of distinct subsets for the set {S, LE. D } : 
b) List all the distinct subsets for the set 1S: aS) } é 
c) How many of the distinct subsets are proper subsets? 


 Soluition 


a) Since the number of elements in the set is 4, the number of distinct subsets is 
2 eae aN. 


HSE Dy) 4S. 8) tS.0 eS ee 
{SoLS Di Se alos 
{Sette TAS'D ieee Ee 
iL, Ey Dien 1B aD 
{L,D} 
{B, D} 


c) There are 15 proper subsets. Every subset except {S, L, E, D} is a proper subset. m= 


Example [k§ Car Options 


Brigette Martineau is ordering a new car. She can order some, all, or none of the 
following options: power windows, MP3 player port, leather interior, alarm system, 
sun roof, and navigation system. How many different variations of the set of 
options are possible? 


Brigette can order the car with no options, any one option, any two 
options, any three options, and so on, up to six options. One technique used in 
problem solving is to consider similar problems that you have solved previously. 
If you think about this problem, you will realize that it is the same as asking how 
many distinct subsets can be made from a set with six elements. The number of 
different variations of the set of options is the same as the number of possible 
subsets of a set that has six elements. There are 2°, or 64, possible subsets of a set 


with six elements. Thus, there are 64 possible variations of the set of options for 
the car. ] 
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SECTION 2.2 : 
Exercises 


Warm Up Exercises 


In Exercises I—4, fill in the blank with an appropriate 
word, phrase, or symbol(s). 


1. If all the elements of set A are also elements of set B, then 
set A is a(n) of set B. 


2. If all the elements of set A are also elements of set B, and 
setA # set B, then set A is a (n) subset of set B. 


3. The expression for determining the number of distinct 
subsets for a set with n distinct elements is 


4. The expression for determining the number of 
distinct proper subsets for a set with n distinct elements 
is 


Practice the Skills 


In Exercises 5-26, answer true or false. If false, give the 
reason. 


5. {book} C { magazine, newspaper, book } 
6. {Italy} C {Italy, Spain, France, Switzerland, Austria } 


De { McIntosh, Red Delicious } Se { Empire, Gala, Cortland, 
Red Delicious } 


8. { pepper, salt} C { salt, butter, mayonnaise } 


9. { motorboat, kayak } C {kayak, fishing boat, motorboat, 
sailboat } 


10. { polarbear, tiger, lion } C_{ tiger, lion, polar bear, penguin } 
11. {427 e447 

12. {c,a,7,t} C {it Tyan e+ 

13. Xbox 360 € {PSIII, Wii, Xbox 360 } 

14. LaGuardia € {JFK, LaGuardia, Newark } 

15. {swimming } € { sailing, water skiing, swimming } 
1600 Me (sea, 

17.5¢ {2,4,6} 

18. { } C {table, chair, sofa } 

19. {red} C {red, blue, green } 

20. {3,5,9} Z {3,9,5} 

at. { Pa 

22. D = { } 

23. {0} =2@ 


24.{ } ed } 


25.0 = { } 
2G ten 11h. 40 13h t 


In Exercises 27-34, determine whether A = B,A C B, 
BCA,A C B,B C A, or ifnone of these applies. (There 
may be more than one answer.) 


27. A = {penny, nickel, dime, quarter } 


B = {penny, quarter } 
28. A = {x|x@Nandx < 6} 
B= {x|x@Nand1 <x <5} 


29. Set A is the set of states that border the Atlantic Ocean. Set B 
is the set of states east of the Mississippi River. 


30 A= {1,3,5,7,9} 
B= 13,9, 5,7,.6} 
31. A = {x|x is a brand of soft drink } 
B = {A &W, Coca-Cola, Dr Pepper, Mountain Dew } 


32. A = {x|xisa sport that uses a ball } 
B { basketball, soccer, tennis } 


lI 


33. Set A is the set of natural numbers between 2 and 7. Set B 
is the set of natural numbers greater than 2 and less than 7. 


34. Set A is the set of all cars manufactured by General 


Motors. Set B is the set of sports cars manufactured by 
General Motors. 


In Exercises 35-38, list all the subsets of the sets given. 
35. D = © 
36. A = {o} 


37. B = {cow, horse } 
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38. C = {steak, pork, chicken } 
Problem Solving 
39. For set A = {a, Daa: d}, 

a) list all the subsets of set A. 


b) state which of the subsets in part (a) are not proper 
subsets of set A. 


40. A set contains nine elements. 
a) How many subsets does it have? 


b) How many proper subsets does it have? 


In Exercises 41-52, if the statement is true for all sets A 
and B, write “true.” If it is not true for all sets A and B, 
write “false.” Assume that A # ©, U # ©, and A C U. 


41. If A CB, then A CB. 42. IfA CB, then A CB. 


43.ACA 44,ACA 
45.0 A 46. CA 
47. ACU 48. 5 COD 
49.0 CU 50. UC@ 
51.5C@ 52. UCD 


53. Ordering a Pizza Jasmine Sullivan is ordering a pizza 
at Domino’s Pizza. She can add any of the following 
toppings: olives, pepperoni, sausage, onions, green 
peppers, mushrooms, anchovies, and ham. How many 
different variations of the pizza and toppings can be 
made? 


54. Building a House The Jacobsens are planning to build 
a house in a new development. They can either build 
the base model offered by the builder or add any of 
the following options: deck, hot tub, security system, 
hardwood flooring. How many different variations of the 
house are possible? 


55. Salad Toppings Donald Wheeler is ordering a salad at a 
Ruby Tuesday restaurant. He can purchase a salad con- 
sisting of just lettuce, or he can add any of the following 
items: cucumber, onion, tomato, carrot, green pepper, 
olive, mushroom. How many different variations of a 
salad are possible? 


56. Telephone Features A customer with Verizon can order 
telephone service with some, all, or none of the following 
features: call waiting, call forwarding, caller identification, 
three-way calling, voice mail, fax line. How many different 
variations of the set of features are possible? 


57. If E C F and F C E, what other relationship exists between 
E and F? 


58. How can you determine whether the set of boys is equiva- 
lent to the set of girls at a roller-skating rink? 


59. For the set D = {a, b, c} 
a) is aan element of set D? 
b) is c a subset of set D? 


c) is {a,b} asubset of set D? 


Challenge Problem/Group Activity 


60. Hospital Expansion A hospital has four members on 
the board of directors: Arnold, Benitez, Cathy, and 
Dominique. 


a) When the members vote on whether to add a wing to 
the hospital, how many different ways can they vote 
(abstentions are not allowed)? For example, Arnold— 
yes, Benitez—no, Cathy—no, and Dominique—yes is 
one of the many possibilities. 


b) Make a listing of all the possible outcomes of the vote. 
For example, the vote described in part (a) could be 
represented as (YNNY). 


c) How many of the outcomes given in part (b) would 
result in a majority supporting the addition of a wing to 
the hospital? That is, how many of the outcomes have 
three or more Y’s? 


Recreational Mathematics 


61. How many elements must a set have if the number of 
proper subsets of the set is 5 of the total number of subsets 
of the set? 


62. If A C B and B C C, must A C C? 
63. If AC Band B C C, must A C C? 
64. If AC Band B CC, must A C C? 


Internet/Research Activity 


65. On page 53, we discussed the ladder of life. Do research 
and indicate all the different classifications in the Linnaean 
system, from most general to the most specific, in which a 
koala belongs. 


2.3 Venn Diagrams and Set Operations aii 


SECTION 2.3. Venn Diagrams and Set Operations 


A Some Laptops have A 14-inch 
display, some laptops have 4 GB of 
memory, and some laptops have a 
14-inch display and 4 GB 
of memory. 


Figure 2.1 


(c) (d) 
Figure 2.2 


Figure 2.3 


Suppose you go to a store to purchase a new laptop and tell a computer sales- 
person that you wish to purchase a laptop with a 14-inch display and 4 GB of 
memory. The salesperson was a bit distracted and thought you said you wanted 
to purchase a laptop with a 14-inch display or 4 GB of memory. Which laptops 
are in the set of laptops with a 14-inch display and 4 GB of memory? Which lap- 
tops are in the set of laptops with a 14-inch display or 4 GB of memory? These 
two questions are quite different. The first involves laptops joined by the word 
and. The second involves laptops joined by the word or. In this section, you will 
learn how to illustrate these and other set relationships. 


| Why is Important Words such as and and or have important meaning in a 
variety of everyday applications, such as ordering from a menu or understanding 
the meaning of a legal document. 


useful technique for illustrating set relationships is the Venn diagram, named for 

English mathematician John Venn (1834-1923). Venn invented the diagrams and 
used them to illustrate ideas in his text on symbolic logic, published in 1881. 

In a Venn diagram, a rectangle usually represents the universal set, U. The items 
inside the rectangle may be divided into subsets of the universal set. The subsets are 
usually represented by circles. In Fig. 2.1, the circle labeled A represents set A, which 
is a subset of the universal set. 

Two sets may be represented in a Venn diagram in any of four different ways, as 
shown in Fig. 2.2. Two sets A and B are disjoint when they have no elements in com- 
mon. Two disjoint sets A and B are illustrated in Fig. 2.2(a). If set A is a proper subset 
of set B, A C B, the two sets may be illustrated as in Fig. 2.2(b). If set A contains 
exactly the same elements as set B, that is, A = B, the two sets may be illustrated 
as in Fig. 2.2(c). Two sets A and B with some elements in common are shown in 
Fig. 2.2(d), which is regarded as the most general form of a Venn diagram. 

If we label the regions of the diagram in Fig. 2.2(d) using I, I, IM, and IV, we can 
illustrate the four possible cases with this one diagram, Fig. 2.3. 


CASE 1: DISJOINT SETS When sets A and B are disjoint, they have no elements in 
common. Therefore, region II of Fig. 2.3 is empty. 


CASE 2: SUBSETS When A C B, every element of set A is also an element of set B. 
Thus, there can be no elements in region I of Fig. 2.3. If B C A, however, then region 
Il] of Fig. 2.3 is empty. 


CASE 3: EQUAL SETS When set A = set B, all the elements of set A are elements of 
set B and all the elements of set B are elements of set A. Thus, regions I and III of 
Fig. 2.3 are empty. 


CASE 4: OVERLAPPING SETS When sets A and B have elements in common, those 
elements are in region II of Fig. 2.3. The elements that belong to set A but not to set 
B are in region I. The elements that belong to set B but not to set A are in region III. 

In each of the four cases, any element belonging to the universal set but not be- 
longing to set A or set B is placed in region IV. 

Next we introduce set operations. Venn diagrams will be helpful in understand- 
ing set operations. The basic operations of arithmetic are +, —, X, and +. When we 
see these symbols, we know what procedure to follow to determine the answer. Some 
of the operations in set theory are ', (1, U , —, and X. They represent complement, 
intersection, union, difference, and Cartesian product, respectively. 
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Figure 2.6 


Complement 


In Fig. 2.4, the shaded region outside set A within the universal set represents the 
complement of set A, or A’. 


Example jf A Set and Its Complement 


Given 
U = {1, 2, 3, 4, 5, 6, 7,8} andAget plasty, 


find A’ and illustrate the relationship among sets U, A, and A’ in a Venn diagram. 


The elements in U that are not in set A are 2, 5, 6, 7, 8. Thus, 
A’ = 12) SONS } . The Venn diagram is illustrated in Fig. 2.5. r | 


Intersection 


The word intersection brings to mind the area common to two crossing streets. The 
red car in the figure is in the intersection of the two streets. The set operation intersec- 
tion is defined as follows. 


The shaded region, region II, in Fig. 2.6 represents the intersection of sets A 
and B. 


Example Sets with Overlapping Regions 


Let the universal set, U, represent the 50 states in the United States. Let set A 
represent the set of states with a population of more than 10 million people as 
of 2009. Let set B represent the set of states that have at least one city with a 
population of more than 1 million people, as of 2009 (see the table). Draw a 
Venn diagram illustrating the relationship between set A and set B. 


Source: Bureau of the U.S. Census 
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U First determine the intersection of sets A and B. The states common to 
A B both sets are California, Texas, New York, Illinois, and Pennsylvania. Therefore, 


JW = { California, Texas, New York, Illinois, Pennsylvania } 


Place these elements in region II of Fig. 2.7. Complete region I by determining the 
elements in set A that have not been placed in region II. Therefore, Ohio and Florida 
are placed in region I. Complete region III by determining the elements in set B that 
Remaining 42 States IV have not been placed in region II. Thus, Arizona is placed in region III. Finally, place 
those elements in U that are not in either set within the rectangle but are outside both 
circles. This group includes the remaining 42 states, which are placed inregion IV. m= 


Figure 2.7 


Example ¥ The Intersection of Sets 


Given 
U = 11,2) 3, 4,5,,6, 7, 8.9, 10} 
A=, 11,2,3,8} 
Boe 3. G01, 84 
Can 
find 


a) ANB. b) ANC. €) A’ (1B. d) (AY LB)” 


a) ANB = {1,2,3,8} 1 {1,3,6,7,8} = {1,3, 8}. The elements common 
to both set A and set B are 1, 3, and 8. 


b) ANC = {1,2,3,8} A { } = { }. There are no elements common to both 
set A and set C. 


c) To determine A’ {) B, we must first determine A’. 
A’= {4,5, 6, 7, 9, 10} 
ALB =. 1455. 6, 7, 9410},0) 11,,.3,.6, 7,8} 
= {6,7} 
d) To find (AM B)’, first determine A B. 
AMB = {1,3,8} from part (a) 
(ANS tte Sy Mr 0485 86) TE O10} " 


Union 


The word union means to unite or join together, as in marriage, and that is exactly 
what is done when we perform the operation of union. 


Definition: Union 
The union of set A and set B, symbolized by A U B, is the set containing all the 
elements that are members of set A or of set B (or of both sets). 


Figure 2.8 
The three shaded regions of Fig. 2.8, regions I, II, and III, together represent the 
union of sets A and B. If an element is common to both sets, it is listed only once in 
7 the union of the sets. 


Example Determining Sets from a Venn Diagram 

Use the Venn diagram in Fig. 2.9 to determine the following sets. 
IV a) U b) A c) B' d) AMB 
e) AUB fAn IB’ g) n(A UB) 


Figure 2.9 
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a) The universal set consists of all the elements within the rectangle, that is, the 
elements in regions I, II, III, and IV. Thus, U = {9, A,O, ©, 3,7,?,#, 8}. 

b) Set A consists of the elements in regions I and I. Thus, A = {9, Nell) ie 

c) B’ consists of the elements outside set B, or the elements in regions I and IV. 
Thus, B= 9 Ae 8 

d) Af) B consists of the elements that belong to both set A and set B (region II). 
Thus, AB = {0,0}. 

e) A U B consists of the elements that belong to set A or set B (regions I, II, or 
Ill). Thus, A U B= 19, A, 1, ©, 3,7, 7}. 

f) (A UB)' consists of the elements in U that are not in A U B. Thus, 
(AUB) = {#8}. 

g) n(A U B) represents the number of elements in the union of sets A and B. Thus, 
n(A U B) = 7, as there are seven elements in the union of sets A and B. a 


Example fey The Union of Sets 


Given 
Ul ae 1.1, 25 354, 55:6)7, 8,9, 10} 
A= 18456} 
B = {1,3/697-9} 
Ca) 
determine each of the following. 
a) AUB b) AUC Oy AY We) 78 d) (AUB)’ 


a) AU B= {12,4 6 11, 3) 6.7, Oe =P ean, axe aor 
by AU C= {1,2,4,6} Uf } = 41, 254, 6} Note that AU C =A, 
c) To determine A’ U B, we must determine A’. 
A Seon oF. bso, LON 
AY Bid eo 8: OREO STG, Jao 
= ieoe5. Gears, Oto} 
d) Determine (A U B)’ by first determining A U B, and then find the comple- 
ment of A U B. 
AUB = (1,2, 3,4, 6, 7,9} from part (a) 
(AUB) =i, 223)4,6)7, 9) = 4.5.8) 10 a 


Example [@ Union and Intersection 


Given 
U= {a, b, c, d, e, f, g} 
A = {a,b,e, g} 
Bi= {a ode} 
Ci=alb,e.f} 


determine each of the following. 


a), (AU B) 1) (AUC), by BI Cota 


Figure 2.10 
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a) (AUB)M (AUC) = {a,b,c,d,e,g}M {a,b,e, f, g} 


= {a,b,e, g 
baa Bic’ = {a,b,c dee} 1) {ac,d,g} 
= {a,c, d, g} 
c) A’ f)B’ = {cdf} f) {bf2t 
Saati a 


The Meaning of and and or 


The words and and or are very important in many areas of mathematics. We use these 
words in several chapters in this book, including Ch.12, Probability. The word and 
is generally interpreted to mean intersection, whereas or is generally interpreted to 
mean union. Suppose A = fis De ae On 8} and B = ies Bea eg 10}. The ele- 
ments that belong to set A and set B are | and 3. These are the elements in the inter- 
section of the sets. The elements that belong to set A or set B are 1, 2, 3, 4, 5, 6, 7, 8, 
9, and 10. These are the elements in the union of the sets. 


The Relationship Between n(A U B), n(A), n(B), 
and n(A M B) 


Having looked at unions and intersections, we can now determine a relationship be- 
tween n(A U B),n(A),n(B), and n(Af)B). Suppose set A has eight elements, 
set B has five elements, and A [1 B has two elements. How many elements are in 
A U B? Let’s make up some arbitrary sets that meet the criteria specified and draw a 
Venn diagram. If we let set A = {a, bac; delenit s. he then set B must contain five 
elements, two of which are also in set A. Let set B = {g,h, i,j,k}. We construct a 
Venn diagram by filling in the intersection first, as shown in Fig. 2.10. The number 
of elements in A U B is 11. The elements g and h are in both sets, and if we add 
n(A) + n(B), we are counting these elements twice. 

To find the number of elements in the union of sets A and B, we can add the number 
of elements in sets A and B and then subtract the number of elements common to both sets. 


The Number of Elements in A U B 
For any finite sets A and B, 
n(A UB) =n(A) + n(B) — n(ANMB) 


Example How Many Visitors Speak Spanish or French? 


The results of a survey of visitors at the Grand Canyon showed that 25 speak 
Spanish, 14 speak French, and 4 speak both Spanish and French. How many speak 
Spanish or French? 


If we let set A be the set of visitors who speak Spanish and let set B be the 
set of visitors who speak French, then we need to determine n(A U B). We can 
use the above formula to find n(A U B). 


n(A UB) =n(A) + n(B) — n(AMB) 
n(A UB) = 25 + 14-4 
= 35 
Thus, 35 of the visitors surveyed speak either Spanish or French. a 
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Figure 2.11 


Example [] The Number of Elements in Set A 


Of the homes listed for sale with RE/MAX, 39 have either a three-car garage or a 
fireplace, 31 have a fireplace, and 18 have both a three-car garage and a fireplace. 
How many of these homes have a three-car garage? 


If we let set A be the set of homes with a three-car garage and set B be the 
set of homes with a fireplace, we need to determine n(A). We are given the number 
of homes with either a three-car garage or a fireplace, which is n(A U B). We are 
also given the number of homes with a fireplace, n(B), and the number of homes 
that have both a three-car garage and a fireplace, n(A [ B). We can use the for- 
mula n(A UB) = n(A) + n(B) — n(A1)B) to solve for n(A). 


n(A UB) =n(A) + n(B) — n(ANB) 
39 = n(A) + 31 — 18 


39 = n(A) + 13 
ZI — 18) AA) ae 1s) = 118} 
26 = n(A) 
Thus, the number of homes listed for sale that have a three-car garage is 26. a 


Two other set operations are the difference of two sets and the Cartesian product. 
We will first discuss the difference of two sets. 


Difference of Two Sets 


Definition: Difference of Two Sets 
The difference of two sets A and B, symbolized A — B, is the set of elements that 
belong to set A but not to set B. 


Using set-builder notation, the difference of two sets A and B is indicated by A — B = 


{x|x € A and x ¢ B}. The shaded region, region I, in Fig. 2.11 represents the differ- 
ence of two sets A and B, or A — B. 


Example ] The Difference of Two Sets 


Given 
U = da, b,c, die, f, 2, h, i,j,k} 
= {b,d,e,f,g,h} 
B = {a,b,d,h,i} 
C= {b,e, 8} 
determine 
a) A-—B b) A-—C c) A'—B d) A-C' 


a) A — Bis the set of elements that are in set A but not set B. The elements that are 
in set A but not set B are e, f, and g. Therefore,A — B = fe, f, ete 


b) A — Cis the set of elements that are in set A but not set C. The elements that 
are in set A but not set C are d, f, and h. Therefore, A — C = {d,f,h}. 
c) To determine A’ — B, we must first determine A’. 
A’ = {a,c, i,j,k} 
A’ — Bis the set of elements that are in set A’ but not set B. The elements that 
are in set A’ but not set B are c, j, and k. Therefore, A’ — B = {c, j,k}. 
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d) To determine A — C’, we must first determine C’. 


= {aver d, fh, tf, cS 
A — C' is the set of elements that are in set A but not set C’. The elements that 
are in set A but not set C’ are b, e, and g. Therefore, A — C’ = {b, é, g} : a 


Next we discuss the Cartesian product. 


Cartesian Product 


eerie DS ia the an ats si 


To determine the ordered pairs in a Cartesian product, select the first element of 
set A and form an ordered pair with each element of set B. Then select the second ele- 
ment of set A and form an ordered pair with each element of set B. Continue in this 
manner until you have used each element of set A. 


Example [[@) The Cartesian Product of Two Sets 


Given A = { orange, banana, apple } and B= {1, 2}, determine the following. 
a) A X B b) BXA c) AXA d)BXB 


a) AXB { (orange, 1), (orange, 2) (banana, 1), (banana, 2), (apple, 1), (apple, 2) } 
b) BXA= 41, orange), (1, banana), (1, apple), (2, orange), (2, banana), (2, apple) } 
c) AX A = {(orange, orange), (orange, banana), (orange, apple), (banana, orange), 

(banana, banana), (banana, apple), (apple, orange), (apple, banana), (apple, apple) } 
d) BX B=. (1, 1);,(0s2)) (2,4), (2, 2) } a 


We can see from Example 10 that, in general, A X B # B X A. The ordered 
pairs in A X B are not the same as the ordered pairs in B X A because (orange, 1) # 
(1, orange). 

In general, if a set A has m elements and a set B has n elements, then the number 
of ordered pairs in A X B will be m X n. In Example 10, set A contains 3 elements 
and set B contains 2 elements. Notice that A X B contains 3 X 2 or 6 ordered pairs. 


SECTION 2.3 Exareiees 


Warm Up Exercises 3. The set containing all the elements that are common 
In exercises 1—8, fill in the blank with an appropriate word, 50 bor set d and set B isicalled the _——___—_ of set A 


d set B. 
phrase, or symbol(s). aes 
: ; 4. The set of elements that belong to set A, but not to set B, is 

1. The set of all the elements in the universal set that are not lled th f WG 

in set A is called the _______ of set A. CaM IRS aa — STANTON Se CIRCE 

ae 5. The set of all possible ordered pairs of the form (a, b), 

2. The set containing all the elements that are members of Be ae aire calisd the pboduct 

set A or of set B or of both sets is called the ____ of H eT 


A and set B of set A and set B. 
set A and set B. 
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. If set A has m elements and set B has n elements, 


the Cartesian product A X B has 
elements. 


. Two sets with no elements in common are called 


sets. 


. Ina Venn diagram with two overlapping sets there are 


regions. 


Practice the Skills 


In Exercises 9-13, use Fig. 2.2 as a guide to draw a Venn 
diagram that illustrates the situation described. 


uh 


10. 


11. 


12. 


13. 


14. 


iS: 


16. 


Set A and set B are disjoint sets. 


ACB 


Set A and set B are overlapping sets. 


Which set operation is the word or generally interpreted to 
mean? 


Which set operation is the word and generally interpreted 
to mean? 


Give the relationship between n(A U B), n(A), n(B), 
andn(AfB). 


Problem Solving 


17. 


18. 


Cellular Telephones For the sets U, A, and B, construct 
a Venn diagram and place the elements in the proper 
regions. 


U = {iPhone, Blackberry, LG, DROID, Samsung, Nokia, 
Motorola, Sony } 


A 


{ iPhone, Blackberry, LG, Motorola, DROID } 


B 


ll 


{LG, DROID, Nokia, Motorola } 
National Parks For the sets U, A, and B, construct 
a Venn diagram and place the elements in the proper 


regions. 


U 


ll 


{ Badlands, Death Valley, Glacier, Grand Teton, 


Mammoth Cave, Mount Rainier, North Cascades, 


Shenandoah, Yellowstone, Yosemite } 


A = {Badlands, Glacier, Grand Teton, Mount Rainier, 
Yellowstone } 


B = {Death Valley, Glacier, Mammoth Cave, Mount 
Rainier, Yosemite } 


4 Yellowstone National Park 


19. Occupations The following table shows the fastest- 


growing occupations for college graduates, based on 
employment in 2008 and the estimated employment in 
2016. Let the occupations in the table represent the uni- 
versal set. 


f ioe Fastest-Growing Occupations for Ben ag ; E 
College Graduates, 2008-2016 


ea 


chee _ Employment 
Oecunndos| j 2008 2016 
Biomedical engineers (BE) 16 28 
Network systems analysts (NSA) 292 448 
Financial examiners (FE) 27 38 
Medical scientists (MS) 109 154 
Physicians assistants (PA) 15 104 
Biochemists (B) 23 32 
Athletic trainers (AT) 16 22 
Dental hygienists (DH) 174 Dey) 
Veterinary technicians (VT) 80 108 
Computer software engineers (CSE) 515 690 


Source: U.S. Bureau of Labor Statistics 


Let A = the set of fastest-growing occupations for college 
graduates whose 2008 employment was at least 80,000. 


Let B = the set of fastest-growing occupations for college 
graduates whose estimated employment in 2016 is at least 
200,000. 


Using the abbreviations listed in the table for each occupation, 
construct a Venn diagram illustrating the sets. 


22. 


- Racing Standings The following table shows the 


2009 NASCAR Sprint Cup Series Final Standings, with 
the 10 drivers having the highest point total and the 
number of races won. Let the drivers in the table repre- 
sent the universal set. 


2009 NASCAR Sprint Cup Series Final Standings 

Driver Points = Wins 
Jimmie Johnson = 6652 i 
Mark Martin 6511 5 
Jeff Gordon 6473 1 

| Kurt Busch 6446 2 

| Denny Hamlin 6335 4 
Tony Stewart 6309 4 
Greg Biffle 6292 0 
Juan Montoya 6252 0 
Ryan Newman 6175 0 
Kasey Kahne 6128 2) 


Source: NASCAR 


Let A = the set of drivers with more than 6400 points 


Let B = the set of drivers with more than |] win 


Construct a Venn diagram illustrating the sets. Use the 
driver’s initials in the Venn diagram. 


. Let U represent the set of animals in U.S. zoos. Let 


A represent the set of animals in the San Diego zoo. 
Describe A’. 


>> SAN DIEGO <= 


A San Diego Zoo 


Let U represent the set of U.S. colleges and universities. 
Let A represent the set of U.S. colleges and universities in 
the state of Mississippi. Describe A’. 


2.3 Venn Diagrams and Set Operations 


In Exercises 23-28, 
U is the set of farms in the United States. 
A is the set of farms that produce corn. 


B is the set of farms that produce tomatoes. 


Describe each of the following sets in words. 
23. A’ 

24. B' 

25. AUB 

26.A NB 

27. AN B’ 


28. A U B’ 


In Exercises 29-34, 
U is the set of furniture stores. 
A is the set of furniture stores that sell mattresses. 
B is the set of furniture stores that sell outdoor furniture. 


C is the set of furniture stores that sell leather furniture. 


Describe the following sets. 
29. AUC 

30. ANB 

31. B' NC 

32. AN BNC 

33. AUBUC 

34. A’ UC’ 


In Exercises 35-42, use the Venn diagram in Fig. 2.12 to 
list the set of elements in roster form. 


Figure 2.12 
35. A 36. B 
37. ANB 38. U 


65 


66 CHAPTER2 Sets 


39. AUB 40. (A UB)’ 


41. A' MB’ 42. (AMB)' 


In Exercises 43—50, use the Venn diagram in Fig. 2.13 to 


list the set of elements in roster form. 


U 
4 B 

o ZY 
Figure 2.13 
43. A 44. B 
45. U 46. A{1B 
47. A' UB 48. A UB’ 
49. A' (1B 50. (AUB)’ 


In Exercises 51-60, let 


U = {1,2 3,4, 5, 6, 7,8 
A={1,2,4:5,0 4 
Bi= {2;3,5;6 
Determine the following. 
51.A UB SACS 
53. B’ 54. AU B’ 
55. (A UB)’ 56. A’ B’ 


57. (A UBB 
59, (BU A)’ (B' UA’) 60. A’ U (ANB) 


In Exercises 61—70, let 


i= {abi c,d, ef eh. tik 
A= {a,c, d,f, g,i} 

B= 1{b,c, df, 2) 

Cit A aeDyihaiater 


Determine the following. 


61. B’ 62. BUC 
63. ANC 64. A’ UB’ 
65. (AN C)' 66. (ANB) UC 


67. AU (CMB)’ 68. A U (C’ UB’) 


69. (A, UC) U (ANB) 70. (CNB) (A'NB) 


58. (AUB) M (A UB)’ 


In Exercises 71—78, let 


Ut AV D488) 56, 7850010} 
A=o{1,2;4)6)9} 

B= {1,3)4,5,8} 

C= {4,5,9} 


Determine the following. 


thi Bi = Pa Mh C 
TER AN = 8Y 74, A'’—C 
7155(Ag= 1B) 76:,\(A 2B) sae ©. 
(1G Ay 18. (GC — Ay —B 


In Exercises 79-84, let 


A= {a, b,c} 
B= {1,2} 


79. Determine A X B. 


80. Determine B X A. 


81. Does A X B = B X A? 


82. Determine n(A X B). 


83. Determine n(B X A). 


84. Does n(A X B) = n(B X A)? 


Problem Solving 
In Exercises S5—98, let 


U = {x|x €Nandx < 10} 
A = {x|x © Nand xis odd andx < 10} 
B = {x|x © Nand x is even and x < 10} 
C = {x|x€ Nandx < 6} 


Determine the following. 


85. 
87. 
89. 
91. 
J), 
95. 
OT. 
98. 
99. 


ANB 86. AUB 
A'UB 88.0 (BiG). 
Ame 90. AM B’ 
(BNC)! 92. (AUC) OB 
(C'UA)N 94. (CNB) UA 
(ATYBYoUrC 96. (A’UC) MB 
(A’UB')NC 

(A'NC) U (ANB) 


When will a set and its complement be disjoint? Explain 
and give an example. 
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100. When will n(A MB) = 0? Explain and give an In Exercises 105-114, let U = {0, 1, 2, 3, 4, 5,... }, 
example. Ae ee ee B= 4 Sc 2) 16a, wand, 


101. Pet Ownership The results of a survey of customers at C= {2,4,6,8,... }. Determine the following, 


PetSmart showed that 27 owned dogs, 38 owned cats, 105. AUB 
and 16 owned both dogs and cats. How many people 
owned either a dog or a cat? 106. AB 
107. BUC 
108. BIVC 
109. AMC 
110. A’ NC 
102. Student Council and Intramurals At Madison High 1. B’ IC 


School, 46 students participated in student council or , 
intramurals, 30 participated in student council, and 4 112. (BUC) Uc 
participated in student council and intramurals. How 113. (AMC) MB" 
many students participated in intramurals? : 


114. U’' (A UB) 


Challenge Problems/Group Activities 


In Exercises 115-122, determine whether the answer is ©, 
A, or U. (Assume A # ©, A # U.) 


115.A MA’ 

116. A UA’ 

117.AU@ 

103. Consider the formula 118. A 
n(A UB) = n(A) + n(B) —n(ANMB) 119.A' UU 

a) Show that this relation holds for A = {a, b,c, d} 120.A lM U 

and B = {b,d,e,f,g,h}. 

121.AUU 


b) Make up your own sets A and B, each consisting of 
at least six elements. Using these sets, show that the 122. ANIA 
relation holds. 


By ices camiiageenantlenpleiky tiny ibe ncloaon In Exercises 123-128, determine the relationship between 


holds for any two sets A and B. set A and set B if 
104. The Venn diagram in Fig. 2.14 shows a technique of 123.A 1 B= B. 
labeling the regions to indicate membership of elements 1244.AUB=B. 
in a particular region. Define each of the four regions 
with a set statement. (Hint: A ™ B’ defines region I.) 125. ANB=@. 
U 126.AUB=A. 
127.ANB=A. 
128.A UB =@. 


xe A’ and xe B’ 


Figure 2.14 
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SECTION 2.4 


Sry 


« Venn diagrams can be used to 
answer questions regarding the 
number of people participating in 
an intramural activity at a college. 


Venn Diagrams with Three Sets and 
Verification of Equality of Sets 


Suppose a college offers intramurals in basketball, flag football, and softball. Is 
there a way the director of intramurals can determine which students participate 
in all three activities or which students participate in exactly two of these activi- 
ties? The answer is yes by using a Venn Diagram. A Venn diagram that can be 
used to convey important information quickly and efficiently. 


This is Important Classifying sets using diagrams often helps us understand 
the relationship among various sets. 


n Section 2.3, we learned how to use Venn diagrams to illustrate two sets. Venn 
diagrams can also be used to illustrate three sets. 

For three sets, A, B, and C, the diagram is drawn so the three sets overlap (Fig. 2.15), 
creating eight regions. The diagrams in Fig. 2.16 emphasize selected regions of three 
intersecting sets. When constructing Venn diagrams with three sets, we generally start 
with region V and work outward, as explained in the procedure given on page 69. 


ANBOAC 


ANB AE BinvE AUB 
Regions V, VI Regions I, IT, II, IV, V, VI 


AUC BUC AUBUC (AUBUC)' 
Regions I, H, IV, V, VI, VII Regions II, HI, Iv, Regions I, If, HI, TV, Region VIII 
V VI, VI V, VI, Vil 


Figure 2.16 


Figure 2.17 
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PYYeleantliam GENERAL PROCEDURE FOR CONSTRUCTING VENN 
DIAGRAMS WITH THREE SETS, A, B, AND C 


1. Determine the elements to be placed in region V by finding the elements that are 
common to all three sets, AM BM C. 


2. Determine the elements to be placed in region II. Find the elements in A M B. 
The elements in this set belong in regions II and V. Place the elements in the set 


A  B that are not listed in region V in region II. The elements in regions IV 
and VI are found in a similar manner. 


3. Determine the elements to be placed in region I by determining the elements in 
set A that are not in regions I, IV, and V. The elements in regions II and VII 
are found in a similar manner. 


4. Determine the elements to be placed in region VIII by finding the elements in 
the universal set that are not in regions I through VII. 


Example | illustrates the general procedure. 


Example 1 Constructing a Venn Diagram for Three Sets 


Construct a Venn diagram illustrating the following sets. 
Uae 3 43506 778,19; 10, 11, 12; 13804, 15) 
Aes. 9.10, 12 ¢ 

{2, 4, 5, 9, 10, 13} 

{1)5.3,:44:8,.9; 11 } 


B 
G 


First find the intersection of all three sets. Because the elements 4 and 9 
are in all three sets, A BMC = {4,9}. The elements 4 and 9 are placed in 
region V in Fig.2.17. Next complete region II by determining the intersection of 
sets A and B. 


AM B= {4,9, 10} 


A) B consists of regions II and V. The elements 4 and 9 have already been placed 
in region V, so 10 must be placed in region II. 
Now determine what numbers go in region IV. 


Alc = {1,4,8,9} 


Since 4 and 9 have already been placed in region V, place the | and 8 in region IV. 
Now determine the numbers to go in region VI. 


BNc= {4,9} 


Since both the 4 and 9 have been placed in region V, there are no numbers to be placed 
in region VI. Now complete set A. The only element of set A that has not previously 
been placed in regions II, IV, or V is 12. Therefore, place the element 12 in region I. 
The element 12 that is placed in region I is only in set A and not in set B or set C. Us- 
ing set B, complete region III using the same general procedure used to determine the 
numbers in region I. Using set C, complete region VII by using the same procedure 
used to complete regions I and II. To determine the elements in region VIII, find the 
elements in U that have not been placed in regions I-VII. The elements 6, 7, 14, and 

15 have not been placed in regions I-VI, so place them in region VIII. 5 


Venn diagrams can be used to illustrate and analyze many everyday problems. 
One example follows. 
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O- 


Figure 2.18 


Example —4 Blood Types 


Human blood is classified (typed) according to the presence or absence of the 
specific antigens A, B, and Rh in the red blood cells. Antigens are highly specified 
proteins and carbohydrates that will trigger the production of antibodies in the blood 
to fight infection. Blood containing the Rh antigen is labeled positive, +, while blood 
lacking the Rh antigen is labeled negative, —. Blood lacking both A and B antigens 
is called type O. Sketch a Venn diagram with three sets A, B, and Rh and place each 
type of blood listed in the proper region. A person has only one type of blood. 


Positive blood Negative blood 
(no Rh antigen) 
Red blood 


AB+ (no A or B 
B antigen antigens) 


As illustrated in Chapter 1, the first thing to do is to read the question carefully and 
make sure you understand what is given and what you are asked to find. There are 
three antigens A, B, and Rh. Therefore, begin by naming the three circles in a Venn 
diagram with the three antigens; see Fig. 2.18. 

Any blood containing the Rh antigen is positive, and any blood not containing 
the Rh antigen is negative. Therefore, all blood in the Rh circle is positive, and all 
blood outside the Rh circle is negative. The intersection of all three sets, region V, 
is AB+. Region II contains only antigens A and B and is therefore AB—. Region I 
is A— because it contains only antigen A. Region III is B—, region IV is A+, and 
region VI is B+. Region VII is O+, containing only the Rh antigen. Region VIII, 
which lacks all three antigens, is O—. a 


Verification of Equality of Sets 


In this chapter, for clarity we may refer to operations on sets, such as A U B’ or 
A) BC, as statements involving sets or simply as statements. Now we discuss 
how to determine if two statements involving sets are equal. 

Consider the question: Is A’ U B = A' (1) B for all sets A and B? For the specific 
sets I=) (1,2; 9545) Arenas and B= 1274.5); is AO BAB? 
To answer the question, we do the following. 


Find A’U B Find A' OB 
| preety cams Are 12,454 
Bet{orags} =i} 2405) 


AUB EDA Sy A’ B= 12,4, 5} 


For these sets, A’ U B = A’ (1B, because both set statements are equal to 
{2, 4,5}. At this point you may believe that A’ U B = A’) B for all sets A and B. 
If we select the sets U = {1,2,3,4,5},A = {1,3,5}, and B = {2,3}, we 
see that A’ U B = {2,3,4} and A’ 1B = {2}. Forthiscase,A’ UB ¥ A'NB. 


oO) 


Figure 2.19 


Figure 2.20 
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Thus, we have proved that A’ U B # A’ (1B for all sets A and B by using a coun- 
terexample. A counterexample, as explained in Chapter 1, is an example that shows a 
statement is not true. 

In Chapter 1, we explained that proofs involve the use of deductive reasoning. 
Recall that deductive reasoning begins with a general statement and works to a spe- 
cific conclusion. To verify, or determine whether set statements are equal for any two 
sets selected, we use deductive reasoning with Venn diagrams. Venn diagrams are 
used because they can illustrate general cases. To determine if statements that contain 
sets, such as (A UB)’ and A’) B’, are equal for all sets A and B, we use the regions 
of Venn diagrams. If both statements represent the same regions of the Venn diagram, 
then the statements are equal for all sets A and B. See Example 3. 


Example —¥ Equality of Sets 
Determine whether (A U B)' = A’) B’ for all sets A and B. 


Draw a Venn diagram with two sets A and B, as in Fig. 2.19. Label the 
regions as indicated. 


Find (A U B)’ Find A’ (™) B’ 
peeaiy of Corresponding ; if _ Corresponding — 
oo Set: Regions Set Regions 
A I, I A’ Il, IV 
I, UW, 
ee ee ae me Al (GB! IV 


Both statements are represented by the same region, IV, of the Venn diagram. 
Thus, (A U B)'’ = A’ 1) B’ forall sets A and B. | 


In Example 3, when we proved that (A U B)’ = A’ (1 B’, we started with two 
general sets and worked to the specific conclusion that both statements represented 
the same regions of the Venn diagram. We showed that (A U B)'’ = A’ B' for 
all sets A and B. No matter what sets we choose for A and B, this statement will 
be true. For example, let U = {1, 2, 3, 4,5, 6,7, 8,9, 10},A = {3, 4,6, 10}, and 
Bel 254,5,.6,8 \. 

(AU B)' =A'()B' 
tie? 4. 5-6, 5, 107 13,4, 6, 107 1 11 1, 2.4, 5, 6, 8 
17,9} .= 4 152.5, 7, 8,9} 0 13, 7, 910} 


{7.9}, St 7.95 


We can also use Venn diagrams to prove statements involving three sets. 


Example £¥ Equality of Sets 
Determine whether A U (BMC) = (A U B) f(A U OC) for all sets, A, B, and C. 


Because the statements include three sets, A, B, and C, three circles must 
be used. The Venn diagram illustrating the eight regions is shown in Fig. 2.20. 

First we will find the regions that correspond to A U (BM ©), and then we 
will find the regions that correspond to (A U B)/ (A U C). If both answers are 
the same, the statements are equal. 
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Find A U (B11 C) Find (A U B)M (AUC) 
MATHEMATICS TODAY = a _ 
_ Corresponding A cee ee Corresponding 
Using Venn Diagrams ESS) SOP ESR ERIS RIES || DMA figtOe Save peeememeaais, COSIOUS Hee 
A TSI a Vi AUB Lea LVS Vin Vil 
Financial Planning Services anes. 
AKC. We Wil AUE 1, VY, V, Vi Vil 
PAOLO ANG). IE MEIN, WY, WAL CWA) 12 TANTO) cE ING Wg WA 


(\ Retirement 


College 
Planning 


The regions that correspond to A U (B11 C) are I, I, IV, V, and VI, and the 
regions that correspond to (A U B) (A U C) are also I, II, IV, V, and VI. The 
results show that both statements are represented by the same regions, namely, I, 

IL, IV, V, and VI, and therefore A U (B(1 C) = (AU B)M(A U OC) for all 

sets A, B, and C. | 


ree ae aed In Example 4, we proved that A U (Bf C) = (A U B) 1 (A U ©) for all sets 
ee ee Ruka eet: A, B, and C. Show that this statement is true for the specific sets U = { LSS Sy 


to illustrate the financial planning 
services ikiohene Smiter cian 6,7, 8,9, 10},A = 11, 2,3, 7},.B =-412, 304, 5,7, 9} and C = 41,4, 7, 8, 10). 


we can see that this company 
offers advice in an “intersection” of ; 
the areas investment, retirement, De Morgan s Laws 
and college planning, the intersec- 


tion ofall threat In set theory, logic, and other branches of mathematics, a pair of related theorems 


We categorize items on a daily known as De Morgan’s laws make it possible to transform statements and formulas 
basis. Children are taught how to into alternative and often more convenient forms. In set theory, De Morgan’s laws are 
categorize items at an early age symbolized as follows. 


when they learn how to classify 
items according to color, shape, 


’ 
and size. Biologists categorize De Morgan's Laws 


items when they classify organisms 1. (ANB) =A' UB’ 

according to shared characteristics. 2. (AUB)! =A'NB' 

This is Important A Venn 

diagram is a very useful tool to help Law 2 was verified in Example 3. We suggest that you verify law | at this time. 
order and arrange items and to pic- The laws were expressed verbally by William of Ockham in the fourteenth century. 
ture the relationship between sets. In the nineteenth century, Augustus De Morgan expressed them mathematically. 


De Morgan’s laws will be discussed more thoroughly in Chapter 3, Logic. 


SECTION 2.4 ; 
Exercises 


Warm Up Exercises 3. Complete DeMorgan’s laws: 
In Exercises 1-4, fill in the blank with an appropriate a) (AUB) = 
word, phrase, or symbol(s). 
j b) (AM B)' = 
1. The number of regions created when constructing a Venn 
diagram with three overlapping sets is _________. 4. When using Venn diagrams to verify or determine 
f whether set statements are equal we use — ___ rea- 
2. a) When constructing a Venn diagram with three overlap- soning. 
ping sets, region ______ is generally completed 
esa Practice the Skills/Problem Solving 
b) When constructing a Venn diagram with three overlap- 5. A Venn diagram contains three sets, A, B, and C, as in 
ping sets, after completing region V, the next regions Fig. 2.15 on page 68. If region V contains 4 elements and 
generally completed are I, IV, and _______. there are 12 elements in B / C, how many elements be- 


long in region VI? Explain. 


10. 


11. 
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. A Venn diagram contains three sets, A, B, and C, as in 


Fig. 2.15 on page 68. If region V contains 4 elements and 


there are 9 elements in A [) B, how many elements belong 


in region II? Explain. 


.a) ForU = {1,2,3,4,5},A4 = {1,4,5}, and 


B= {1,4,5},doesAUB=A!MB? 


b) By observing the answer to part (a), can we conclude 
that A U B = A) B for all sets A and B? Explain. 


c) Using a Venn diagram, determine if AU B = AMB 
for all sets A and B. 


. Construct a Venn diagram illustrating the following sets. 


Wa "abe d.eF eis} 
A= {ed,e,g,hi} 

B= { a, c,d, g} 

CaN ity 


- Construct a Venn diagram illustrating the following sets. 


U = { Cinderella, Pinocchio, Ratatouille, Fantasia, 
Dumbo, Bambi, Pocahontas, Hercules, Mulan, 
Tarzan, Cars } 


= {Bambi, Hercules, Pocahontas, Tarzan } 
B = {Ratatouille, Bambi, Mulan, Hercules } 


C = {Pocahontas, Cinderella, Bambi, Ratatouille, 
Fantasia } 


A Bambi 


Construct a Venn diagram illustrating the following sets. 


U = {microwave oven, freezer, dishwasher, refrigerator, 
washer, dryer, toaster, blender, food processor, iron } 


A = {toaster, blender, iron, dishwasher, washer, dryer } 
B= { dishwasher, iron, freezer } 


C= { washer, dryer, iron, freezer, microwave oven } 


Construct a Venn diagram illustrating the following sets. 


U = {American Eagle, Best Buy, Wal-Mart, Kmart, 
Target, Sears, JCPenney, Costco, Kohl’s, Gap, 
Gap Kids, Foot Locker, Old Navy, Macy’s } 


A = {American Eagle, Wal-Mart, Target, JCPenney, 
Old Navy } 


B = {Best Buy, Target, Costco, Old Navy, Macy’s } 
C = {Target, Sears, Kohl’s, Gap, JCPenney } 


12. Construct a Venn diagram illustrating the following sets. 


13. 


14. 


= { Louis Armstrong, Glenn Miller, Stan Kenton, 
Charlie Parker, Duke Ellington, Benny Goodman, 
Count Basie, John Coltrane, Dizzy Gillespie, Miles 
Davis, Thelonius Monk } 


A= { Stan Kenton, Count Basie, Dizzy Gillespie, Duke 
Ellington, Thelonius Monk } 


= {Louis Armstrong, Glenn Miller, Count Basie, Duke 
Ellington, Miles Davis } 


C = {Count Basie, Miles Davis, Stan Kenton, Charlie 
Parker, Duke Ellington } 


Olympic Medals Consider the following table, which 
shows countries that won at least 25 medals in the 2008 
Summer Olympics. Let the countries in the table represent 
the universal set. 


: Gold _— Silver _— Bronze Total 
Country Medals Medals Medals Medals 
Gwe States 36 38 36 110 
China 51 Dl 28 100 
Russia 23 21 28 72 
Great Britain 19 13 15 47 
Australia 14 15 17 46 
Germany 16 10 15 4] 
France fi 16 17 40 
South Korea 13 10 8 ail 
Italy 8 10 10 28 
Ukraine oi >) 15 27 
Japan 9 6 10 DS 


Source: United States Olympic Committee. 


Let A = set of countries that won at least 30 gold medals. 
Let B = set of countries that won at least 15 silver medals. 
Let C = set of countries that won at least 10 bronze medals. 


Construct a Venn diagram that illustrates the sets A, B, 
and C. 


Popular TV Shows Construct a Venn diagram illustrating 
the following sets. 


= { American Idol (AI), CSI, Dancing with the Stars 
(DWS), Family Guy (FG), Gossip Girl (GG), 
Monday Night Football (MNF), NCIS, Sunday 
Night Football (SNF ), Survivor (S) }. 


A = {AI, CSI, DWS, SNF, NCIS } 
B = {AlI, DWS, SNF, NCIS, MNF } 
C = {Al CSI, SNF, NCIS, MNF, S} 
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Rankings of Fruit-Producing Countries For Exercises 
15-20, use the following table, which shows the top 

10 countries for production of apples, oranges, and nuts, 
The universal set is the set of countries listed in the world. 


U 
Apples Oranges 
eg va 
Figure 2.21 
Ranking of Fruit-Producing countries 
Apples Oranges Nuts ae 
1. China 1. Brazil 1. United States 
2. United States 2. United States 2. Indonesia 
3. Iran 3. Mexico 3. Mexico 
4. Turkey 4. India 4. Ethiopia 
5. Russia 5. China 5. China 
6. Italy 6. Spain 6. Australia 
| 7. India 7. Indonesia 7. Guatemala 
| 8. France 8. Iran 8. Portugal 
| 9. Chile 9. Italy 9. Thailand 
| 10. Argentina 10. Egypt 10. Philippines 


Source: Food and Agriculture of the United Nations 


Indicate in which region, I-VIII in Fig. 2.21, each of the 
following countries belongs. 


15. Italy 16. United States 
17. Canada 18. Portugal 
19. Spain 20. Mexico 


Figures In Exercises 21—32, indicate in Fig. 2.22 the 
region in which each of the figures would be placed. 


U Figures that 
measure less 


Blue than ; in. 


figures 


Figure 2.22 


21.@ 


24. oy) 


27.@ 28. 


30. ha 31. © 32. @ 


Senate Bills During a session of the U.S. Senate, three bills 
were voted on. The votes of six senators are shown below the 
figure. Determine in which region of Fig. 2.23 each senator 
would be placed. The set labeled Bill 1 represents the set of 
senators who voted yes on Bill 1, and so on. 


i 


29. A 


25, @ 


Figure 2.23 
SENATOR BILL1 BILL2 BILL3 
33. Hutchinson yes no no 
34. Kerry no no yes 
35. McCain no no no 
36. Mikulski yes yes yes 
37. Rand no yes yes 
38. Reid no yes no 


In Exercises 39-52, use the Venn diagram in Fig. 2.24 to 
list the sets in roster form. 


Figure 2.24 
39. A 40. U 
41.B 42. C 
43. AM B 44. AMC 
45. (BI C)' 46. AN BNC 
47. AUB 48. BUC 
49, (A UC)’ 50. AN (BUC) 


51. A’ §2.(AUBUO)’ 


In Exercises 53-60, use Venn diagrams to determine 
whether the following statements are equal for all 
sets A and B. 


53. (AM B)', AB! 
54. (AMB)', A'UB 
Cay ML ANB 
56. (A UB)’, (AM By’ 
57, AUR", (A UB)’ 
58. A' MB’, AUB’ 
59. (A' MB)’, AUB’ 
60. A' OB’, (A'™ B’)’ 


In Exercises 61—70, use Venn diagrams to determine 
whether the following statements are equal for all sets 
A, B, and C. 


61. AN (BU), (ANB)UC 
62. AU(BNO), (BAC) UA 
63. AN (BU), (BUOQNA 
64. AU (BNO), AV (BLU C) 
65. AN(BUO), (ANB)U(ANG 


66. A U(BN CO), AUBNAUG 


67. AU(BUO), AiG Aare. 
68. AUB) N(BUO, BU(NO 
69. (AU B)'NC, A’ U CMB" Ue) 


70. (CM B)' U(ANB)’, AM (BNC) 


In Exercises 71—74, use set statements to write a description 
of the shaded area. Use union, intersection and complement 


as necessary. More than one answer may be possible. 


72. \ii 
A B 
73.|U 74. |u 
A B A B 
C C 


TS: 


76. 


I Ife 


78. 
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et 
Deis 209) AV5K6 275809, 10} 
yal ae le i 
B= 13,67 % 
Cas /4.6; 75.9} 


a) Show that (A U B) 1 C = (AMC U (BNO for 


these sets. 


b) Make up your own sets A, B, and C. Verify that 
(AU B)MC = (AMC) U (BNO) for your sets A, 
B, and C. 


c) Use Venn diagrams to verify that (A U B) 1 C = 
(A 1 C) U (B11 C) for all sets A, B, and C. 


Let 
U = {a,b, c,d, e, f, g, h, i} 
A. =, 1a, .c.d,e, £} 
BS herdt 
C= {a, b, c, d, e} 


a) Determine whether (A U C)’ 1 B = (AM C)' NB 
for these sets. 


b) Make up your own sets, A, B, and C. Determine 
whether (A U C)’ 1 B = (A!) C)' 1B for your sets. 


c) Determine whether (A U C)'M B= (AM C)'MB 
for all sets A, B, and C. 


Blood Types A hematology text gives the following in- 
formation on percentages of the different types of blood 
worldwide. 


= 
A ic 


__Type Positive Blood, % Negative Blood, %_ 


ae 


A aii) 6 
oO 32 6.5, 
B 11 2 
AB =) 0.5 


Construct a Venn diagram similar to the one in Example 2 
and place the correct percentage in each of the eight 
regions. 


Define each of the eight regions in Fig. 2.25 using sets A, 
B, and C and a set operation. (Hint: A B' (1 C’ defines 
region I.) 


Figure 2.25 
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79. Categorizing Contracts J & C Mechanical Contractors will contain each of the following: n(A), n(B), n(C), 
wants to classify its projects. The contractors categorize nAMBMNC’), nAMB' MO), n(A' 11 BM ©), and 
set A as construction projects, set B as plumbing projects, 2n(A 11 BM) C). 


and set C as projects with a budget greater than $300,000. z 2 

Ba : Recreational Mathematics 

a) Draw a Venn diagram that can be used to categorize the —_ 1. a) Construct a Venn diagram illustrating four sets, A, B, 
company projects according to the listed criteria. C, and D. (Hint: Four circles cannot be used, and you 


; , ; ith ist ions.) Have fun! 
b) Determine the region of the diagram that contains con- Bhould end up ee eet 


struction projects and plumbing projects with a budget b) Label each region with a set statement (see Exercise 78). 
greater than $300,000. Describe the region using sets A, Check all 16 regions to make sure that each is distinct. 
B, and C with set operations. Use union, intersection, 

and complement as necessary. Internet/Research Activity 


82. The two Venn diagrams below illustrate what happens 
when colors are added or subtracted. Do research in an art 
text, an encyclopedia, the Internet, or another source and 
write a report explaining the creation of the colors in the 
Venn diagrams, using such terms as union of colors and 
subtraction (or difference) of colors. 


c) Determine the region of the diagram that contains 
plumbing projects with a budget greater than $300,000 
that are not construction projects. Describe the region 
using sets A, B and C with set operations. Use union, in- 
tersection, and complement as necessary. 


d) Determine the region of the diagram that contains con- Red 
struction projects and nonplumbing projects whose bud- 
get is less than or equal to $300,000. Describe the region 
using sets A, B, and C with set operations. Use union, 
intersection, and complement as necessary. 


Green 


cA 


Additive color mixing 


Challenge Problem/Group Activity 


80. We were able to determine the number of elements in the 
union of two sets with the formula 


n(A U B) = n(A) + n(B) — n(AMB). 


Can you determine a formula for finding the number of 
elements in the union of three sets? In other words, write a 


formula to determine n(A U B U C). [Hint: The formula Subtractive color mixing 


The members of a health club were surveyed about taking fitness classes at the 
club. Suppose the results of the survey show how many members took a yoga 
class, how many members took a spinning class, and how many members took 
a class in yoga and a class in spinning. How can the manager of the club use this 
information to determine how many members took only a yoga class? In this sec- 
tion, we will learn how to use Venn diagrams to answer this type of question. 


4 We can use a Venn diagram to LD This is important As you read through this section, you will see many real- 
determine how many members of a 
health club took a particular fitness 
class. 


life applications of set theory. 


W e can solve practical problems involving sets by using the problem-solving pro- 
cess discussed in Chapter 1: Understand the problem, devise a plan, carry out 
the plan, and then examine and check the results. First determine: What is the prob- 
lem? or What am I looking for? To devise the plan, list all the facts that are given and 
how they are related. Look for key words or phrases such as “only set A,” “set A and 
set B,” “set A or set B,” “set A and set B and not set C.” Remember that and means 
intersection, or means union, and not means complement. The problems we solve in 


U_ Raspberry 
cheesecake 


13 


Figure 2.26 


2.5 Applications of Sets a 


this section contain two or three sets of elements, which can be represented in a Venn 
diagram. Our plan will generally include drawing a Venn diagram, labeling the dia- 
gram, and filling in the regions of the diagram. 

Whenever possible, follow the procedure in Section 2.4 for completing the Venn 
diagram and then answer the questions. Remember: When drawing Venn diagrams, 
we generally start with the intersection of the sets and work outward. 


Example i Yogurt Taste Test 


A yogurt company wishes to introduce a new yogurt flavor. The company is 
considering two flavors: raspberry cheesecake (R) and orange creme (QO). In a sur- 
vey of 250 people it was found that 

180 people liked raspberry cheesecake. 

139 people liked orange creme. 

82 people liked both flavors. 


Of those surveyed, how many people 

a) did not like either raspberry cheesecake or orange creme? 
b) liked raspberry cheesecake, but not orange creme? 

c) liked orange creme, but not raspberry cheesecake? 

d) liked either raspberry cheesecake or orange creme? 


The problem provides the following information. 
The number of people surveyed is 250: n(U) = 250. 
The number of people surveyed who liked raspberry cheesecake is 180: n(R) = 180. 
The number of people surveyed who liked orange creme is 139: n(O) = 139. 


The number of people surveyed who liked both raspberry cheesecake and 
orange creme is 82: n(R/ O) = 82. 


We illustrate this information on the Venn diagram shown in Fig. 2.26. We al- 
ready know that R  O corresponds to region II. Because n(R [ O) = 82, we write 82 
in region II. Set R consists of regions I and II. We know that set R, the number of peo- 
ple who liked raspberry cheesecake, contains 180 people. Therefore, region I contains 
180 — 82 = 98 people. We write the number 98 in region I. Set O consists of regions 
I and If. Because n(O) = 139, the total in these two regions must be 139. Region II 
contains 82, leaving 139 — 82, or 57, for region III. We write 57 in region III. 

The total number of people surveyed who liked raspberry cheesecake or 
orange creme is found by adding the numbers in regions I, II, and III. Therefore 
n(R U O) = 98 + 82 + 57 = 237. The number in region IV is the difference be- 
tween n(U) and n(R U O). There are 250 — 237, or 13, members in region IV. 


a) The people surveyed who did not like either raspberry cheesecake or orange 
creme are those people in the universal set who are not contained in set R or set O. 
The 13 people in region IV did not like raspberry cheesecake or orange creme. 

b) The 98 people in region I are those people surveyed who liked raspberry 
cheesecake, but not orange creme. 

c) The 57 people in region II are those people surveyed who liked orange creme, 
but not raspberry cheesecake. 

d) The people in regions I, I, or III are those people surveyed who liked either 
raspberry cheesecake or orange creme. Thus, 98 + 82 + 57, or 237, people 
surveyed liked either raspberry cheesecake or orange creme. Notice that the 
82 people in region II who like both flavors are included in those people 
surveyed who liked either raspberry cheesecake or orange creme. 7] 


Similar problems involving three sets can be solved, as illustrated in Example 2. 
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Figure 2.27 


Example 4 Software Purchases 


CompUSA has recorded recent sales for three types of computer software: games, 
educational software, and utility programs. The following information regarding 
software purchases was obtained from a survey of 893 customers. 


545 purchased games. 

497 purchased educational software. 

290 purchased utility programs. 

297 purchased games and educational software. 

196 purchased educational software and utility programs. 
205 purchased games and utility programs. 

157 purchased all three types of software. 


Use a Venn diagram to answer the following questions. How many customers purchased 
a) none of these types of software? 

b) only games? 

c) at least one of these types of software? 

d) exactly two of these types of software? 


Begin by constructing a Venn diagram with three overlapping circles. 
One circle represents games, another educational software, and the third utilities. 
See Fig 2.27. Label the eight regions. 

Whenever possible, work from the center of the diagram outward. First fill in 
region V. Since 157 customers purchased all three types of software, we place 157 
in region V. Next determine the number to be placed in region II. Regions II and 
V together represent the customers who purchased both games and educational 
software. Since 297 customers purchased both of these types of software, the sum 
of the numbers in these regions must be 297. Since 157 have already been placed 
in region V, 297 — 157 = 140 must be placed in region Il. Now we determine 
the number to be placed in region IV. Since 205 customers purchased both games 
and utility programs, the sum of the numbers in regions [TV and V must be 205. 
Since 157 have already been placed in region V, 205 — 157 = 48 must be placed 
in region IV. Now determine the number to be placed in region VI. A total of 196 
customers purchased educational software and utility programs. The numbers in 
regions V and VI must total 196. Since 157 have already been placed in region V, 
the number to be placed in region VI is 196 — 157 = 39. 

Now that we have determined the numbers for regions V, I, TV, and VI, we can 
determine the numbers to be placed in regions I, III, and VII. We are given that 545 
customers purchased games. The sum of the numbers in regions I, II, [V, and V must be 
545. To determine the number to be placed in region I, subtract the amounts in regions 
II, IV, and V from 545. There must be 545 — 140 — 48 — 157 = 200 in region I. 
Determine the numbers to be placed in regions III and VII in a similar manner. 


Region III = 497 — 140 — 157 — 39 = 161 
Region VII = 290 — 48 — 157 — 39 = 46 


Now that we have determined the numbers in regions I through VII, we can 
determine the number to be placed in region VIII. Adding the numbers in regions 
I through VII yields a sum of 791. The difference between the total number of 
customers surveyed, 893, and the sum of the numbers in regions I through VII 
must be placed in region VIII. 


Region VIII = 893 — 791 = 102 


Now that we have completed the Venn diagram, we can answer the questions. 


a) One hundred two customers did not purchase any of these types of software. 
These customers are indicated in region VIII. 


When constructing a Venn diagram, 
the most common mistake made 
by students is forgetting to subtract 
the number in region V from the re- 
spective values in determining the 
numbers to be placed in regions Il, 
IV, and VI. 


A Hawaii 


Disney 
World 


AN 
: Se = 


Figure 2.28 
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b) Region I represents those customers who purchased only games. Thus, 200 cus- 
tomers purchased only games. 


c) The words at least one mean “one or more.” All those in regions I through VII 
purchased at least one of the types of software. The sum of the numbers in regions I 
through VII is 791, so 791 customers purchased at least one of the types of software. 


d) The customers in regions II, IV, and VI purchased exactly two of the types of 
software. Summing the numbers in these regions 140 + 48 + 39 we find that 
227 customers purchased exactly two of these types of software. Notice that we 
did not include the customers in region V. Those customers purchased all three 
types of software. a 


The procedure to work problems like those given in Example 2 is generally the 
same. Start by completing region V. Next complete regions II, IV, and VI. Then com- 
plete regions I, III, and VIL. Finally, complete region VIII. When you are constructing 
Venn diagrams, be sure to check your work carefully. 


Example §§ Travel Packages 


Liberty Travel surveyed 125 potential customers. The following information was 
obtained. 


68 wished to travel to Hawaii. 

53 wished to travel to Las Vegas. 

47 wished to travel to Disney World. 

34 wished to travel to Hawaii and Las Vegas. 

26 wished to travel to Las Vegas and Disney World. 
23 wished to travel to Hawaii and Disney World. 

18 wished to travel to all three destinations. 


Use a Venn diagram to answer the following questions. How many of those surveyed 
a) did not wish to travel to any of these destinations? 

b) wished to travel only to Hawaii? 

c) wished to travel to Disney World and Las Vegas, but not to Hawaii? 

d) wished to travel to Disney World or Las Vegas, but not to Hawaii? 

e) wished to travel to exactly one of these destinations? 


The Venn diagram is constructed using the procedures we outlined in 
Example 2. The diagram is illustrated in Fig. 2.28. We suggest you construct the 
diagram by yourself now and check your diagram with Fig. 2.28. 

a) Twenty-two potential customers did not wish to travel to any of these destina- 
tions (see region VIII). 

b) Twenty-nine potential customers wished to travel only to Hawaii (see region I). 

c) Those potential customers in region VI wished to travel to Disney World 
and Las Vegas, but not to Hawaii. Therefore, eight customers satisfied the 
criteria. 

d) The word or in this type of problem means one or the other or both. All the 
potential customers in regions II, III, 1V, V, VI, and VII wished to travel to 
Disney World or Las Vegas. Those in regions II, IV, and V also wished to 
travel to Hawaii. The potential customers that wished to travel to Disney 
World or Las Vegas, but not to Hawaii, are found by adding the numbers in 
regions III, VI, and VII. There are 16 + 8 + 11 = 35 potential customers 
who satisfy the criteria. 

e) Those potential customers in regions I, III, and VII wished to travel to exactly 
one of the destinations. Therefore, 29 + 16 + 11 = 56 customers wished to 
travel to exactly one of these destinations. a 
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SECTION 2.5 
Exercises 


Practice The Skills/Problem Solving 


In Exercises 1-15, draw a Venn diagram to obtain the 
answers. 


1. Market Purchases During the fall festival at Wambach’s 


Farmer’s market, 200 customers made the following 
purchases. 


109 purchased pumpkins. 
98 purchased pies. 
61 purchased both pumpkins and pies. 


Of those surveyed, 
a) how many purchased only pumpkins? 
b) how many purchased only pies? 


c) how many did not purchase either of these items? 


2. Landscape Purchases Agway Lawn and Garden collected 
the following information regarding purchases from 130 of 


its customers. 
74 purchased shrubs. 
70 purchased trees. 
41 purchased both shrubs and trees. 


Of those surveyed, 

a) how many purchased only shrubs? 

b) how many purchased only trees? 

c) how many did not purchase either of these items? 


3. Real Estate The Maiellos are moving to Wilmington, 


Delaware. Their real estate agent located 83 houses listed 


for sale, in the Wilmington area, in their price range. Of 
these houses listed for sale, 


47 had a family room. 
42 had a deck. 
30 had a family room and a deck. 


How many had 

a) a family room but not a deck? 
b) a deck but not a family room? 
c) either a family room or a deck? 


4. Racing Fleet Foot Racing interviewed 150 long- 
distance runners to determine the type of races in 
which they participated. The following information 
was determined. 

102 participated in a marathon. 
93 participated in a triathlon. 
55 participated in both a marathon and a triathlon. 


How many 

a) participated in only a marathon? 

b) participated in only a triathlon? 

¢) participated in either a marathon or a triathlon? 


d) had not participated in either a marathon or a triathlon? 


. Cultural Activities Thirty-three U.S. cities were researched 


to determine whether they had a professional sports team, a 
symphony, or a children’s museum. The following informa- 
tion was determined. 


16 had a professional sports team. 

17 had a symphony. 

15 had a children’s museum. 

11 had a professional sports team and a symphony. 


7 had a professional sports team and a children’s 
museum. 


9 had a symphony and children’s museum. 
5 had all three activities. 


How many of the cities surveyed had 
a) only a professional sports team? 


b) a professional sports team and a symphony, but not a 
children’s museum? 


c) a professional sports team or a symphony? 


d) a professional sports team or a symphony, but not a 
children’s museum? 


e) exactly two of the activities? 


6. Amusement Parks In a survey of 85 amusement parks, it 


was found that 
24 had a hotel on site. 
55 had water slides. 
38 had a wave pool. 
13 had a hotel on site and water slides. 
10 had a hotel on site and a wave pool. 
19 had water slides and a wave pool. 
7 had all three features. 


How many of the amusement parks surveyed had 
a) only water slides? 

b) exactly one of these features? 

c) at least one of these features? 

d) exactly two of these features? 

e) none of these features? 


7. Book Purchases A survey of 85 customers was taken at 
Barnes & Noble regarding the types of books purchased. 
The survey found that 


44 purchased mysteries. 
33 purchased science fiction. 
29 purchased romance novels. 
13 purchased mysteries and science fiction. 
5 purchased science fiction and romance novels. 
11 purchased mysteries and romance novels. 
2 purchased all three types of books. 


How many of the customers surveyed purchased 

a) only mysteries? 

b) mysteries and science fiction, but not romance novels? 
c) mysteries or science fiction? 

d) mysteries or science fiction, but not romance novels? 
e) exactly two types? 


8. Movies A survey of 350 customers was taken at Regal 
Cinemas in Austin, Texas, regarding the type of mov- 
ies customers liked. The following information was 
determined. 


196 liked dramas. 
153 liked comedies. 
88 liked science fiction. 
59 liked dramas and comedies. 
37 liked dramas and science fiction. 


32 liked comedies and science fiction. 


21 liked all three types of movies. 


Of the customers surveyed, how many liked 


10. 


11. 
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a) none of these types of movies? 

b) only dramas? 

c) exactly one of these types of movies? 
d) exactly two of these types of movies? 


e) dramas or comedies? 


. Jobs at a Restaurant Panera Bread compiled the 


following information regarding 30 of its employees. 
The following was determined. 


8 cooked food. 
9 washed dishes. 

18 operated the cash register. 
4 cooked food and washed dishes. 
5 washed dishes and operated the cash register. 
3 cooked food and operated the cash register. 
2 did all three jobs. 


How many of the employees 
a) only cooked food ? 
b) only operated the cash register? 


c) washed dishes and operated the cash register but did 
not cook food? 


d) washed dishes or operated the cash register but did not 
cook food? 


e) did at least two of these jobs? 


Electronic Devices In a survey of college students, it was 
found that 


356 owned an iPod. 

293 owned a laptop. 

285 owned a gaming system. 

193 owned an iPod and a laptop. 

200 owned an iPod and a gaming system. 

139 owned a laptop and a gaming system. 
68 owned an iPod, a laptop, and a gaming system. 
26 owned none of these devices. 


a) How many college students were surveyed? 

Of the college students surveyed, how many owned 
b) an iPod and a gaming system, but not a laptop? 

c) a laptop, but neither an iPod nor a gaming system? 
d) exactly two of these devices? 

e) at least one of these devices? 


Homeowners’ Insurance Policies A committee of the 
Florida legislature decided to analyze 350 homeowners’ 
insurance policies to determine if the consumers’ homes 
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were covered for damage due to sinkholes, mold, and 
floods. The following results were determined. 


170 homes were covered for damage due to sinkholes. 

172 homes were covered for damage due to mold. 

234 homes were covered for damage due to floods. 

105 homes were covered for damage due to sinkholes 
and mold. 


115 homes were covered for damage due to mold and 
floods. 


109 homes were covered for damage due to sinkholes 
and floods. 
78 homes were covered for damage due to all three 
conditions. 


How many of the homes 


a) were covered for damage due to mold but were not 
covered for damage due to sinkholes? 


b) were covered for damage due to sinkholes or mold? 


c) were covered for damage due to mold and floods but 
were not covered for damage due to sinkholes? 


d) were not covered for damage due to any of the three 
conditions? 


12. Appetizers Survey Da Tulio’s Restaurant hired Dennis 


Goldstein to determine what kind of appetizers customers 
liked. He surveyed 100 people, with the following results: 
78 liked shrimp cocktail, 56 liked mozzarella sticks, and 
35 liked both shrimp cocktail and mozzarella sticks. Every 
person interviewed liked one or the other or both kinds of 
appetizers. Does this result seem correct? Explain your 
answer. 


13. Discovering an Error An immigration agent sampled cars 


going from the United States into Canada. In his report, he 
indicated that of the 85 cars sampled, 


35 cars were driven by women. 

53 cars were driven by U.S. citizens. 

43 cars had two or more passengers. 

27 cars were driven by women who are U.S. citizens. 


25 cars were driven by women and had two or more 
passengers. 

20 cars were driven by U.S. citizens and had two or 
more passengers. 

15 cars were driven by women who are U.S. citizens 
and had two or more passengers. 


After his supervisor reads the report, she explains to the agent 
that he made a mistake. Explain how his supervisor knew that 
the agent’s report contained an error. 


Challenge Problems/Group Activities 


14. 


15. 


Parks A survey of 300 parks showed the following. 
15 had only camping. 
20 had only hiking trails. 
35 had only picnicking. 
185 had camping. 
140 had camping and hiking trails. 
125 had camping and picnicking. 
210 had hiking trails. 


Determine the number of parks that 
a) had at least one of these features. 
b) had all three features. 

c) did not have any of these features. 


d) had exactly two of these features. 


Surveying Farmers A survey of 500 farmers in a midwestern 
state showed the following. 


125 grew only wheat. 
110 grew only corn. 

90 grew only oats. 

200 grew wheat. 

60 grew wheat and corn. 
50 grew wheat and oats. 
180 grew corn. 


Determine the number of farmers who 
a) grew at least one of the three. 

b) grew all three. 

c) did not grow any of the three. 


d) grew exactly two of the three. 
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16. Family Reunion When the Montesano family members Recreational Mathematics 
discussed where their annual reunion should take place, 


they found that of all the family members, 17. Number of Elements A universal set U consists of 


12 elements. If sets A, B, and C are proper subsets of U 


8 would not go to a park. and n(U) = 12, (AMB) = nANC) = nBNO = 6, 
7 would not go to a beach. n(A (1B) C) = 4, and n(A U B U ©) = 10, determine 
11 would not go to the family cottage. 

: a) n(A U B) 
3 would go to neither a park nor a beach. 
4 would go to neither a beach nor the family cottage. b) n(A’ UC) 
6 would go to neither a park nor the family cottage. 

c) n(A MB)! 


2 would not go to a park or a beach or to the family 
cottage. 


1 would go to all three places. 


What is the total number of family members? 


SECTION2.6 Infinite Sets 


Which set is larger, the set of integers or the set of even integers? One might 
argue that because the set of even integers is a subset of the set of integers, 
the set of integers must be larger than the set of even integers. Yet both sets 
are infinite sets, so how can we determine which set is larger? This question 
puzzled mathematicians for centuries until 1874, when Georg Cantor devel- 
oped a method of determining the cardinal number of an infinite set. In this 
section, we will discuss infinite sets and how to determine the number of ele- 
ments in an infinite set. 


LD this is lmportant The concept of infinity and which sets contain more ele- 
ments has led to the expansion and understanding of many mathematical and 
scientific concepts. 


A Georg Cantor, founder of set theory 


O; page 45, we state that a finite set is a set in which the number of elements is zero or 
the number of elements can be expressed as a natural number. On page 46, we define 
a one-to-one correspondence. To determine the number of elements in a finite set, we can 
place the set in a one-to-one correspondence with a subset of the set of counting numbers. 
For example, the set A = {#, ?, $ } can be placed in one-to-one correspondence with set 
B= { le 23} } , a subset of the set of counting numbers. 


A= (8, 2, $} 
Yidd 
Boe eee 


Because the cardinal number of set B is 3, the cardinal number of set A is also 3. Any 
two sets, such as set A and set B, that can be placed in a one-to-one correspondence 
must have the same number of elements (therefore the same cardinality) and must be 
equivalent sets. Note that (A) and n(B) both equal 3. 

German mathematician Georg Cantor (1845-1918), known as the father of set 
theory, thought about sets that were not bounded. He called an unbounded set an infi- 
nite set and provided the following definition. 
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Definition: Infinite Set 
An infinite set is a set that can be placed in a one-to-one correspondence with a 
proper subset of itself. 


In Example 1, we use Cantor’s definition of an infinite set to show that the set of 
counting numbers is infinite. 


Example §§ The Set of Natural Numbers 
Show that N = {1, 2, 3,4,5,...,7,... } is an infinite set. 


To show that the set N is infinite, we establish a one-to-one correspond- 
ence between the counting numbers and a proper subset of itself. By removing the 
first element from the set of counting numbers, we get the set {2, 3, 4,5, 6,... }, 
which is a proper subset of the set of counting numbers. Now we establish the 
one-to-one correspondence. 


Counting numbers = {1,2,3,4,5,...,  ,.-. } 
Vbiv vy y) 
Proper subset = (2,3. 4,5,6,....1 + vee 


Note that for any number, n, in the set of counting numbers, its corresponding 
number in the proper subset is one greater, or n + 1. We have now shown the 
desired one-to-one correspondence, and thus the set of counting numbers is 
infinite. a 


Note in Example | that we showed the pairing of the general terms n — (n + 1). 
Showing a one-to-one correspondence of infinite sets requires showing the pairing of 
the general terms in the two infinite sets. 

In the set of counting numbers, n represents the general term. For any other set 
of numbers, the general term will be different. The general term in any set should be 
written in terms of n such that when | is substituted for n in the general term, we get 
the first number in the set; when 2 is substituted for n in the general term, we get the 
second number in the set; when 6 is substituted for n in the general term, we get the 
sixth number in the set; and so on. 

Consider the set {4, 9, 14, 19, ... }. Suppose we want to write the general term 
for this set (or sequence) of numbers. What would the general term be? The numbers 
differ by 5, so the general term will be of the form 5” plus or minus some number. 
Substituting 1 for n yields 5(1), or 5. Because the first number in the set is 4, we need 
to subtract 1 from the 5. Thus, the general term is 5n — 1. Note that when n = 1, 
the value is 5(1) — 1 or 4; when n = 2, the value is 5(2) — 1 or 9; when n = 3, the 
value is 5(3) — 1 or 14; and so on. Therefore, we write the set of numbers with the 
general term as 


{4,9,14, 19,...,5n — 1,... } 


Now that you are aware of how to determine the general term of a set of numbers, 
we can do some more problems involving sets. 


Example —4 The Set of Even Numbers 


Show that the set of even counting numbers {2, 4, 6, 8,...,2n,... } is an infinite 
Set. 
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First create a proper subset of the set of even counting numbers by re- 
moving the first number from the set. Then establish a one-to-one correspondence. 


Profile In Mathen 


Leopold Kronecker 


Even counting numbers: es Al (Oy Grp noon PU flix se } 
bY vv v 
Proper subset: {4,6,8,/10, ...,2n + 2,... + 


A one-to-one correspondence exists between the two sets, so the set of even count- 
ing numbers is infinite. r 


Example The Set of Multiples of Five 
Show that the set oe MOE 20) cans Sey ooe } is an infinite set. 


Given set: 15, TOs on 20258 Sn ss 
Vvydv vv v 
Proper subset: {10, Se 20) PSs, KO ase 5S See } 
Therefore, the given set is an infinite set. r 
| oboe Leopold Kro- 
necker (1823-1891), Cantor's 
former mentor, ridiculed Cantor’s Countable Sets 


theories and prevented Cantor from 
gaining a position at the University 
of Berlin. Although Cantor's work 
on infinite sets is now considered 
a masterpiece, it generated heated 
controversy when originally pub- 
lished. Cantor's claim that the infi- 
nite set was unbounded offended 
the religious views of the time that 
God had created a complete uni- 
verse that could not be wholly com- 
prehended by humans. Eventually 
Cantor was given the recognition 
due him, but by then the criticism 
had taken its toll on his health. He 
had several nervous breakdowns 
and spent his last days in a mental 
hospital. See the Profile in Math- 
ematics on page 43 for more infor- 
mation on Cantor. 


In his work with infinite sets, Cantor developed ideas on how to determine the cardi- 
nal number of an infinite set. He called the cardinal number of infinite sets “transfi- 
nite cardinal numbers” or “transfinite powers.” He defined a set as countable if it is 
finite or if it can be placed in a one-to-one correspondence with the set of counting 
numbers. All infinite sets that can be placed in a one-to-one correspondence with the 
set of counting numbers have cardinal number aleph-null, symbolized Xo (the first 
Hebrew letter, aleph, with a zero subscript, read “null’”’). 


Example 4 The Cardinal Number of the Set of Even Numbers 


Show that the set of even counting numbers has cardinal number No. 


In Example 2, we showed that the set of even counting numbers is infinite 
by setting up a one-to-one correspondence between the set and a proper subset of it- 
self. 

Now we will show that it is countable and has cardinality No by setting up a 
one-to-one correspondence between the set of counting numbers and the set of even 
counting numbers. 


Counting numbers: INS Sl Die se eae } 
bid v 
Even counting numbers: E = 42,4, 6,8,...,2n,. } 


For each number 7 in the set of counting numbers, its corresponding number is 2n. 
Since we found a one-to-one correspondence between the set of counting numbers and 
the set of even counting numbers, the set of even counting numbers is countable. Thus, 
the cardinal number of the set of even counting numbers is No; that is, n(E) = No. As 
we mentioned earlier, the set of even counting numbers is an infinite set, since it can 
be placed in a one-to-one correspondence with a proper subset of itself. Therefore, the 
set of even counting numbers is both infinite and countable. a 


Definition: Cardinal Number of Infinite Sets 
Any set that can be placed in a one-to-one correspondence with the set of counting 
_ numbers has cardinal number (or cardinality) Xo and is infinite and is countable. 


86 CHAPTER2 Sets 


Example The Cardinal Number of the Set of Odd Numbers 


Show that the set of odd counting numbers has cardinality No. 


To show that the set of odd counting numbers has cardinality No, we 
need to show a one-to-one correspondence between the set of counting numbers 
and the set of odd counting numbers. 


1 iene n cag 
) v v 
Odd counting numbers: O = {Lees 541 Oe ie ete 


Counting numbers: N = (1,2, 3,4, 
Vid 


Since there is a one-to-one correspondence, the odd counting numbers have cardinality 
No; that is, 1(O) = No. z 


We have shown that both the odd and the even counting numbers have cardinal- 
ity No. Merging the odd counting numbers with the even counting numbers gives the 
set of counting numbers, and we may reason that 


No + No = No 


This result may seem strange, but it is true. What could such a statement mean? Well, 
consider a hotel with infinitely many rooms. [f all the rooms are occupied, the hotel is, 
of course, full. If more guests appear, wanting accommodations, will they be turned 
away? The answer is no, for if the room clerk were to reassign each guest to a new 
Welcome to room with a room number twice that of the present room, all the odd-numbered rooms 


HOTEL 


would become unoccupied and there would be space for infinitely many more guests! 

Cantor showed that there are different orders of infinity. Sets that are countable and 

have cardinal number Xo are the lowest order of infinity. Cantor showed that the set of 

I N KF I N I T Y integers and the set of rational numbers (fractions of the form p/q, where g # 0) are 

infinite sets with cardinality No. He also showed that the set of real numbers (discussed 

in Chapter 5) could not be placed in a one-to-one correspondence with the set of counting 
numbers and that they have a higher order of infinity. 


a ... where there’s always room for 
one more. . . 


SECTION 2.6 Ey oreee 


Warm Up Exercises Bae ie Ss Gueee o 


In exercises 1-2, fill in the blank with an appropriate word, 4 {20,21 30 as ae 
phrase, or symbol(s). 
52°£3,5, 7,9, Titway 
1. A set that can be placed in a one-to-one 
correspondence with a proper subset of itself is called a(n) 6. {20, DY DVN OG ORR. sn } 
els 
TE USOt 18e HIDL,L.. } 
2. A set that is finite or can be placed in a one-to-one 


correspondence with the set of counting numbers is called $46, Lele 2186, ....| 
AT) Eee ee Sete se 
9. 12) 406 8 10+ J 
Practice the Skills Eeibeia 
a 10. sehen } 
In Exercises 3-12, show that the set is infinite by placing i seen 
it in a one-to-one correspondence with a proper subset of 1. {ip ip tp ip ip } 
itself. Be sure to show the pairing of the general terms in Gy iS eS aG) 
itself. Pp g of the g 12. Tide ae tat ee 


the sets. 


In Exercises 13-22, show that the set has cardinal number 
No by establishing a one-to-one correspondence between 
the set of counting numbers and the given set. Be sure to 
show the pairing of the general terms in the sets. 


1301/3,0,9) 12.1552 14. {40, 41, 42, 43, 44,... } 
15. 14,6, 81012 fen} 16., (0:2, 4,.6,8,... } 
17, (Os Se Geta ac 
19. G4bh4...} 
21. {3.55 @t-} 
Challenge Problems/Group Activities 


In Exercises 23-26, show that the set has cardinality Xo by 
establishing a one-to-one correspondence between the set 
of counting numbers and the given set. 


18.0 tS 009, 98,533 t 


23. ANG 4, 91 G.05y ae) BAS OVA, 816, 32,...2 


25. {3, 9,27, 81, 243,...} 26 {ti 448... } 


Recreational Mathematics 


In Exercises 27-31, insert the symbol < , > , or = in the 
shaded area to make a true statement. 


27 NameNG ENG DS. ON eed Na > Ne 
29 ON ean 30 Ngee Xo eS 
31. n(N) No 
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32. There are a number of paradoxes (a statement that ap- 
pears to be true and false at the same time) associated 
with infinite sets and the concept of infinity. One of these, 
called Zeno’s Paradox, is named after the mathematician 
Zeno, born about 496 B.c. in Italy. According to Zeno’s 
paradox, suppose Achelles starts out 1 meter behind a 
tortoise. Also, suppose Achelles walks 10 times as fast as 
the tortoise crawls. When Achelles reaches the point where 
the tortoise started, the tortoise is 1/10 of a meter ahead of 
Achelles; when Achelles reaches the point where the tor- 
toise was 1/10 of a meter ahead, the tortoise is now 1/100 
of a meter ahead; and so on. According to Zeno’s Paradox, 
Achelles gets closer and closer to the tortoise but never 
catches up to the tortoise. 


a) Do you believe the reasoning process is sound? If not, 
explain why not. 


b) In actuality, if this situation were real, would Achelles 


ever pass the tortoise? 


Internet/Research Activities 
33. Do research to explain how Cantor proved that the set of 
rational numbers has cardinal number No. 


34. Do research to explain how it can be shown that the real 
numbers do not have cardinal number No. 


Important Facts and Concepts 
— 


Section 2.1 
Description 

Roster Form 
Set-Builder Notation 


Symbol Meaning 

€ is an element of 

E is not an element of 

n(A) number of elements in set A 
© or { } the empty set 


U the universal set 


Examples and Discussion 


Example 1, page 43 
Examples 2-3, 5—7 pages 44, 45 
Examples 4-6, pages 44-45 


Examples 4-6, pages 44-45 
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Section 2.2 
Ss is a subset of Examples 1 and 3, pages 52-53 
¢g is not a subset of 
Ec is a proper subset of 
¢ is not a proper subset of 
Number of distinct subsets of a finite set with n elements is 2”. Examples 4 and 5, pages 54 
Section 2.3 
: complement Examples 1, 3-6, pages 57, 58-61 
ia) intersection Examples 2, 3, 6, pages 58-61 
U union Examples 4-6, pages 57-61 
= difference of two sets Example 9, page 62 
x cartesian product Example 10, page 63 
And is generally interpreted to mean intersection. Examples 7 and 8, pages 61-62 
Or is generally interpreted to mean union. Examples 7 and 8, pages 61-62 
For any sets A and B, Examples 7 and 8, pages 61-62 


mA U B) = n(A) + n(B) — n(A MB) 


Section 2.4 
(A 1B)’ =A’ UB’ Example 3, page 71 
(A U B)' =A'()B' 
Section 2.6 
An infinite set is a set that can be placed in a one-to-one Examples 1-5, pages 84-86, Discussion 
correspondence with a proper subset of itself. pages 83-84 
No aleph-null Examples 4-5, pages 85-86 
Countable sets Examples 4-5, pages 85-86 
Lal 2elaeea eels 2.6 Is { purple, green, yellow } = { green, pink, yellow } 
In Exercises 1 14, state whether each statement is true or 8. { apple, orange, banana, pear} is equivalent to 
false. If false, give a reason. { tomato, corn, spinach, radish } . 
1. The set of cities located in the state of Indiana is a A= fa, e, i, 0, u} then n(A) = 5. 
well-defined set. 
ae : 10. A = {1,3,5,7,... } is a countable set. 
2. The set of the three best movies is a well-defined set. 
11. A = {1,4,7, 10,...,31} isa finite set. 
3. maple € {oak, elm, maple, sycamore } 
12) {2.5.7} GHaesee io 
4 {}co } 
a: 13. {x| x Nand3 < x < 9} isa set in set-builder 
B05 5.0, 9,12, coup OD, 4.2,,4,/0,.8,0 } are disjoint notation. 
sets. 


14, {x ee Nand? < x= 12} G41 2)3,4;5,, 20} 


Nn 


tab, 2, 1,2 } is an example of a set in roster form. 


In Exercises 15-18, express each set in roster form. 


15. Set A is the set of odd natural numbers between 
5 and 16. 


16. Set B is the set of states that border Kansas. 


17. C = {x|x @ Nandx < 162} 


18. D = {x|x@ Nand8 < x = 80} 


In Exercises 19-22, express each set in set-builder notation. 


19. Set A is the set of natural numbers between 50 and 150. 
20. Set B is the set of natural numbers greater than 42. 
21. Set C is the set of natural numbers less than 7. 


22. Set D is the set of natural numbers between 27 and 51, 
inclusive. 


In Exercises 23-26, express each set with a written 
description. 


23. A = {x|x is a capital letter of the English alphabet from 
E through M inclusive } 


24. B = { penny, nickel, dime, quarter, half-dollar } 
25. C = {a,b,c} 


26. D = {413 22%< 9} 


In Exercises 27-36, let 
U= {1,2,3,4,...,10} 


7 Naa i Wa 
B= {3,7,9710} 
C = {197% 10} 


Determine the following. 
27. ANB 

28. AU B’ 

29. A' MB 

30. (A UB)’ UC 
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31 Al— 8 

32 Aca On 

3374-X 6 

34.B XA 

35. The number of subsets of set B 

36. The number of proper subsets of set A 


37. For the following sets, construct a Venn diagram and place 
the elements in the proper region. 
U = {lion, tiger, leopard, cheetah, puma, lynx, panther, 
jaguar } 


{ tiger, puma, lynx } 
{lion, tiger, jaguar, panther } 


= {tiger, lynx, cheetah, panther } 


A 
B 
G 


Figure 2.29 
38. AUB 39. AM B’ 
40. AUBUC 
41. ANBNC 42. (AUB)MNC 


43. (ANB)UC 


Construct a Venn diagram to determine whether the 
following statements are true for all sets A, B, and C. 


44. (A'U B')’ =ANMB 
45. (AUB) UAUC) =AU(BNO’ 
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In Exercises 46-51, use the following table, which 

shows the amount of sugar, in grams (g) and caffeine, in 
milligrams (mg), in an 8-0z serving of selected beverages. 
Let the beverages listed represent the universal set. 


Sugar Caffeine 
Beverage (grams, g) Gnilligrams, mg) 
Mountain Dew 31 37 
Coca-Cola Di 23 
Pepsi PA) 25 
Sprite 26 0 
Brewed coffee 0 108 
Brewed tea 0 47 
Orange juice 24 0 
Grape juice 40 0 
Gatorade 14 0 
Red Bull 26 76 
Vitamin Water 3) 17 
Water 0 0 


Source: International Food Information Council 
Let A be the set of beverages that contain at least 20 g of sugar. 


Let B be the set of beverages that contain at least 20 mg of 
caffeine. 


Indicate in Fig 2.30 in which region, I-IV, each of the 
following beverages belongs. 


U 


> 
& 


Figure 2.30 


46. Pepsi 47. Brewed coffee 


48. Orange juice 49. Vitamin Water 


50. Gatorade 51. Mountain Dew 


52. Red Bull 


25 


53. Pizza Survey A pizza chain was willing to pay $1 to each 
person interviewed about his or her likes and dislikes of 
types of pizza crust. Of the people interviewed, 200 liked 
thin crust, 270 liked thick crust, 70 liked both, and 50 did not 
like pizza at all. What was the total cost of the survey? 


54. Shopping Preferences Visitors to a shopping mall 
in Atlanta, Georgia, were surveyed to determine their 
preference for shopping in wholesale warehouse stores. 
The following information was determined. 


SB) 


58 shopped in BJ’s Wholesale Club. 
49 shopped in Sam’s Club. 


45 shopped in Costco. 

15 shopped in BJ’s Wholesale Club and Sam’s Club. 
16 shopped in BJ’s Wholesale Club and Costco. 

12 shopped in Sam’s Club and Costco. 

5 shopped in all three stores. 

17 did not shop in any of the three stores. 


Construct a Venn diagram and then determine how many 
people 


a) completed the survey. 
b) shopped only in BJ’s Wholesale Club. 


c) shopped in BJ’s Wholesale Club and Sam’s Club, but 
not Costco. 


d) shopped in BJ’s Wholesale Club or Costco, but not 
Sam’s Club. 


TV Choices TV Guide surveyed 510 subscribers asking 
which of the following three crime investigation shows 
they watched on a regular basis: CS/:Crime Scene Inves- 
tigation, CSI:Miami, and CSI:NY. The results of the 510 
questionnaires that were returned showed that 


175 watched CSI:NY. 

227 watched CSI:Miami. 

285 watched CSI:Crime Scene Investigation. 
100 watched CSI:NY and CSI:Miami. 


96 watched CSI:NY and CSI:Crime Scene 
Investigation. 


87 watched CS/:Miami and CSI: Crime Scene 
Investigation. 


59 watched all three shows. 
Construct a Venn diagram and determine how many people 
a) watched only CSI:NY. 
b) watched exactly one of these shows. 


c) watched CSI:Miami and CSI:Crime Scene Investiga- 
tion, but not CSI:NY. 


d) watched CSI:NY or CSI:Crime Scene Investigation, but 
not CS/:Miami. 


e) watched exactly two of these shows. 


A Actors from CSI:NY 
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2.6 In Exercises 58 and 59, show that each set has cardinal 
number Xo by setting up a one-to-one correspondence 


In Exercises 56 and 57, show that the sets are infinite by : % 
between the set of counting numbers and the given set. 


placing each set in a one-to-one correspondence with a 
proper subset of itself. 58. 1548) L1014,.47 00} 


5651204,6,8.10...0) 59. {4,9, 14, 19, 24,... } 
57, (3) Seo ora 


In Exercises 1-8, state whether each is true or false. If the 19. Water Activities A survey of 155 residents of Lake 


statement is false, explain why. Placid were asked what kind of water activities they 
participated in on a daily basis during the summer 
1. {2, y, A, $} is equivalent to {p, #,4,O}. months. The following information was determined. 


107 swam. 
90 sailed. 
. {star, moon, sun} C {star, moon, sun, planet } 76 water skied. 


. (3,5, 9b} = 49:5, 3,7} 


2 
3 
i 7} e {x |x € Nand x < 7} 57 swam and sailed. 
54 swam and water skied. 
5. {p.q,r,s} has 15 subsets. 52 sailed and water skied. 
6 
if 
8 


. IF ANB = { }, then A and B are disjoint sets. 35 swam, sailed, and water skied. 


. For any setA, AU A’ = { }. Construct a Venn diagram and then determine the 
number of residents who participated in 
. For any setA, AM U = A. a) exactly one of these activities. 
b) none of these activities. 
In Exercises 9 and 10, use set c) at least two of these activities. 
A= {x|x@Nandx < 10} d) swimming and sailing, but not water skiing. 


9. Write set A in roster form. e) swimming or sailing, but not water skiing. 


f) only water skiing. 
10. Write a description of set A. 


In Exercises 11—16, use the following information. 


Ui 435557, 9) te 18154 


A. eh SSO 
B = {7,9, 11,13} 
¢ = {3,.11, 15} 


Determine the following. 


11. ANB 12M e! 
13. AN(BNC’) 14. n(A MB’) 
15.A—B 16.4 XC 


20. Show that the following set is infinite by setting up a 


17. Using the sets provided for Exercises 11-16, draw a Venn one-to-one correspondence between the set and a proper 
diagram illustrating the relationship among the sets. subset of itself. 


18. Use a Venn diagram to determine whether {7, 8,9, 10,... } 


AN(BUC’) =(ANB)U(ANC') 
for all sets A, B, and C. Show your work. 
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Selecting a Family Pet d) Order 
1. The Wilcox family is considering buying a dog. They ‘ 

have established several criteria for the family dog: It e) Family 

must be one of the breeds listed in the table, must not icone 

shed, must be less than 16 in. tall, and must be good 

with children. g) Species 

a) Using the information in the table,* construct a Venn Who Lives Where 
diagram in which the universal set is the dogs listed. 
Indicate the set of dogs to be placed in each region of 3. On Diplomat Row, an area of Washington, DC, there are 


the Venn diagram. five houses. Each owner is a different nationality, each 


has a different pet, each has a different favorite food, each 
has a different favorite drink, and each house is painted a 
different color. 


The green house is directly to the right of the ivory 


b) From the Venn diagram constructed in part (a), de- 
termine which dogs will meet the criteria set by the 
Wilcox family. Explain. 


house. 
_ Less thon Good with The Senegalese has the red house. 
Breed Zs phone in : Bildren The dog belongs to the Spaniard. 
Airedale no no no The Afghanistani drinks tea. 
Basset hound yes yes yes The person who eats cheese lives next door to the fox. 
Beagle yes yes yes The Japanese eats fish. 
Bocienterren ae yes yes Milk is drunk in the middle house. 
: : Apples are eaten in the house next to the horse. 
Cairn terrier no yes no ; ‘ 
: Ale is drunk in the green house. 
Boe ee Ra The Norwegian lives in the first house. 
Collie yes ee Ung: The peach eater drinks whiskey. 
Dachshund yes yes no Apples are eaten in the yellow house. 
Poodle, miniature no yes no The banana eater owns a snail. 
Schnauzer, miniature no yes no The Norwegian lives next door to the blue house. 
Scottish terrier no yes no For each house find 
Wirehaired fox terrier no yes no a) the color. 
Classification of the Domestic Cat by thie mamonality O8 neocon, 


2. Read the Mathematics Today feature on page 53. c) the owner's favorite food. 


Do research and indicate the name of the following 


: d) th ’s favorite drink. 
groupings to which the domestic cat belongs. ) aie owner's Tavouteigiin’ 


e) the owner’s pet. 


a) Kingdom 

f) Finally, the crucial question is: Does the zebra’s owner 
b) Phylum drink vodka or ale? 
c) Class 


*The information is a collection of the opinions of an animal psychologist, 
Dr. Daniel Tortora, and a group of veterinarians. 


What You Will Learn 


= Statements, quantifiers, and 
compound statements 


= Statements involving the words 
not, and, or, if... then..., and if and 
only if 

= Truth tables for negations, 
conjunctions, disjunctions, 
conditional statements, and 
biconditional statements 


 Self-contradictions, tautologies, 
and implications 


a Equivalent statements, De 
Morgan’s laws, and variations of 
conditional statements 


= Symbolic arguments and standard 
forms of arguments 


a Euler diagrams and syllogistic 
arguments 


= Using logic to analyze switching 
circuits 


This is Important 


The study of logic enables us to 
communicate effectively, make 
more convincing arguments, and 
develop patterns of reasoning for 
decision making. Logic is also used 
in the programming of modern 
electronic devices such as cell 
phones and digital cameras. 


< Logic is used in the programming of cell 
phones and digital cameras. 
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SECTION 3.1 Statements and Logical Connectives 


A “Melts in your mouth, not in your 
hands.” Logic symbols can be used 
to help us analyze statements made 
by advertisers. 


Advertisements often rely on spoken or written statements that are used to favorably 
portray the advertised product and form a convincing argument that will persuade us to 
purchase the product. Some familiar advertising statements are: Don’t leave home with- 
out it; It takes a licking and keeps on ticking; Sometimes you feel like a nut, sometimes you 
don’t; When it rains it pours; and Melts in your mouth, not in your hands. \n this section, 
we will learn how to represent statements using logic symbols that may help us bet- 
ter understand the nature of the statement. We will use these symbols throughout the 
chapter to analyze more complicated statements. 


This is Important Statements appear in everyday life—for example, in legal docu- 
ments, product instructions, and game rules in addition to advertising. 


History 


he ancient Greeks were the first people to systematically analyze the way humans 

think and arrive at conclusions. Aristotle (384-322 B.c.) organized the study of 
logic for the first time in a work called Organon. As a result of his work, Aristotle 
is called the father of logic. The logic from this period, called Aristotelian logic, has 
been taught and studied for more than 2000 years. 

Since Aristotle’s time, the study of logic has been continued by other great 
philosophers and mathematicians. Gottfried Wilhelm Leibniz (1646-1716) had a deep 
conviction that all mathematical and scientific concepts could be derived from logic. As 
a result, he became the first serious student of symbolic logic. One difference between 
symbolic logic and Aristotelian logic is that in symbolic logic, as its name implies, 
symbols (usually letters) represent written statements. A self-educated English math- 
ematician, George Boole (1815-1864), is considered to be the founder of symbolic 
logic because of his impressive work in this area. Among Boole’s publications are The 
Mathematical Analysis of Logic (1847) and An Investigation of the Law of Thought 
(1854). Mathematician Charles Dodgson, better known as Lewis Carroll, incorporated 
many interesting ideas from logic into his books Alice’s Adventures in Wonderland 
and Through the Looking Glass and his other children’s stories. 

Logic has been studied through the ages to exercise the mind’s ability to reason. 
Understanding logic will enable you to think clearly, communicate effectively, make more 
convincing arguments, and develop patterns of reasoning that will help you in making 
decisions. It will also help you to detect the fallacies in the reasoning or arguments of 
others such as advertisers and politicians. Studying logic has other practical applications, 
such as helping you to understand wills, contracts, and other legal documents. 

The study of logic is also good preparation for other areas of mathematics. If you 
preview Chapter 12, on probability, you will see formulas for the probability of A or B 
and the probability of A and B, symbolized as P(A or B) and P(A and B), respectively. 
Special meanings of common words such as or and and apply to all areas of math- 
ematics. The meaning of these and other special words is discussed in this chapter. 


Logic and the English Language 


In reading, writing, and speaking, we use many words such as and, or, and if... then... 
to connect thoughts. In logic we call these words connectives. How are these words in- 
terpreted in daily communication? A judge announces to a convicted offender, “I hereby 
sentence you to five months of community service and a fine of $100.” In this case, we 


A The Brooklyn Bridge in New York 
City 
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normally interpret the word and to indicate that both events will take place. That is, the 
person must perform community service and must also pay a fine. 

Now suppose a judge states, “I sentence you to six months in prison or 10 months 
of community service.” In this case, we interpret the connective or as meaning the 
convicted person must either spend the time in jail or perform community service, but 
not both. The word or in this case is the exclusive or. When the exclusive or is used, 
one or the other of the events can take place, but not both. 

In a restaurant, a waiter asks, “May I interest you in a cup of soup or a sand- 
wich?” This question offers three possibilities: You may order soup, you may order 
a sandwich, or you may order both soup and a sandwich. The or in this case is the 
inclusive or. When the inclusive or is used, one or the other, or both events can take 
place. In this chapter, when we use the word or in a logic statement, it will mean the 
inclusive or unless stated otherwise. 

If-then statements are often used to relate two ideas, as in the bank policy state- 
ment “If the average daily balance is greater than $500, then there will be no service 
charge.” If—then statements are also used to emphasize a point or add humor, as in the 
statement “If the Cubs win, then I will be a monkey’s uncle.” 

Now let’s look at logic from a mathematical point of view. 


Statements and Logical Connectives 


A sentence that can be judged either true or false is called a statement. Labeling a 
statement true or false is called assigning a truth value to the statement. Here are 
some examples of statements. 


1. The Brooklyn Bridge goes over San Francisco Bay. 
2. Disney World is in Idaho. 
3. The Mississippi River is the longest river in the United States. 


In each case, we can say that the sentence is either true or false. Statement | is false 
because the Brooklyn Bridge does not go over San Francisco Bay. Statement 2 is 
false because Disney World is in Florida. By looking at a map or reading an almanac, 
we can determine that the Mississippi River is the longest river in the United States; 
therefore, statement 3 is true. 

The three sentences discussed above are examples of simple statements because 
they convey one idea. Sentences combining two or more ideas that can be assigned a truth 
value are called compound statements. Compound statements are discussed shortly. 


Quantifiers 


Sometimes it is necessary to change a statement to its opposite meaning. To do so, we 
use the negation of a statement. For example, the negation of the statement “Emily is 
at home” is “Emily is not at home.” The negation of a true statement is always a false 
statement, and the negation of a false statement is always a true statement. We must 
use special caution when negating statements containing the words al/, none (or no), 
and some. These words are referred to as quantifiers. 

Consider the statement “All lakes contain fresh water.” We know this statement 
is false because the Great Salt Lake in Utah contains salt water. Its negation must 
therefore be true. We may be tempted to write its negation as “No lake contains fresh 
water,” but this statement is also false because Lake Superior contains fresh water. 
Therefore, “No lakes contain fresh water” is not the negation of “All lakes contain 
fresh water.” The correct negation of “All lakes contain fresh water” is “Not all lakes 
contain fresh water” or “At least one lake does not contain fresh water” or “Some 
lakes do not contain fresh water.” These statements all imply that at least one lake 
does not contain fresh water, which is a true statement. 
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Did You Know? — 
Playing on Words 


eorge Boole, Augustus De 

Morgan, and other math- 
ematicians of the nineteenth 
century were anxious to make 
logic an abstract science that 
would operate like algebra but 
be applicable to all fields. One 
of the problems logicians faced 
was that verbal language could 
be ambiguous and could easily 
lead to confusion and contradic- 
tion. Comedians Bud Abbott and 
Lou Costello had fun with the 
ambiguity of language in their 
skit about the baseball players: 
“Who's on first, What's on sec- 
ond, | Don’t Know is on third— 
Yeah, but who’s on first?” 


Now consider the statement “‘No birds can swim.” This statement is false because 
at least one bird, the penguin, can swim. Therefore, the negation of this statement 
must be true. We may be tempted to write the negation as “All birds can swim,” but 
because this statement is also false it cannot be the negation. The correct negation 
of the statement is “Some birds can swim” or “At least one bird can swim,” each of 
which is a true statement. 

Now let’s consider statements involving the quantifier some, as in “Some students 
have a driver’s license.” This statement is true, meaning that at least one student has a 
driver’s license. The negation of this statement must therefore be false. The negation 
is “No student has a driver’s license,” which is a false statement. 

Consider the statement “Some students do not ride motorcycles.” This statement 
is true because it means “At least one student does not ride a motorcycle.” The 
negation of this statement must therefore be false. The negation is “All students ride 
motorcycles,” which is a false statement. 

The negation of quantified statements is summarized as follows: 


Form of statement Form of negation 


All are. Some are not. 
None are. Some are. 
Some are. None are. 
Some are not. All are. 


The following diagram might help you to remember the statements and their 
negations: 


All are. Nt None are. 
Some are. Some are not. 
The quantifiers diagonally opposite each other are the negations of each other. 


Example § Write Negations 


Write the negation of each statement. 
a) Some telephones can take photographs. 
b) All houses have two stories. 


a) Since some means “at least one,” the statement “Some telephones can take 
photographs” is the same as “At least one telephone can take photographs.” 
Because it is a true statement, its negation must be false. The negation is “No 
telephones can take photographs,” which is a false statement. 


b) The statement “All houses have two stories” is a false statement, since some 
houses have one story, some have three stories, and some may have more than 
three stories. Its negation must therefore be true. The negation may be written as 
“Some houses do not have two stories” or “Not all houses have two stories” or 
“At least one house does not have two stories.” Each of these statements is true. = 


Compound Statements 


Statements consisting of two or more simple statements are called compound state- 
ments. The connectives often used to join two simple statements are 


and, or, if, ...then ..., if and only if 


In addition, we consider a simple statement that has been negated to be a compound 
statement. The word not is generally used to negate a statement. 


RECREATIONAL MATH 


Sudoku 


ye puzzles requires us to 
use logic. Sudoku is a puzzle 
that originated in Japan and con- 
tinues to gain popularity world- 
wide. To solve the puzzle, you 
need to place every digit from 1 to 
9 exactly one time in each row, in 
each column, and in each of the 
nine 3 by 3 boxes. For more in- 
formation and a daily puzzle see 
www.websudoku.com. The solu- 
tion to the puzzle above can be 
found in the Answers section in 
the back of this book. For an ad- 
ditional puzzle see Exercise 86 on 
page 104. 
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To reduce the amount of writing in logic, it is common to represent each simple 
statement with a lowercase letter. For example, suppose we are discussing the simple 
statement “Leland is a farmer.” Instead of writing “Leland is a farmer” over and over 
again, we can let p represent the statement “Leland is a farmer.” Thereafter we can 
simply refer to the statement with the letter p. It is customary to use the letters p, q, 7, 
and s to represent simple statements, but other letters may be used instead. Let’s now 
look at the connectives used to make compound statements. 


Not Statements 


The negation is symbolized by ~ and read “not.” For example, the negation of the 
statement “Steve is a college student” is “Steve is not a college student.” If p repre- 
sents the simple statement “Steve is a college student,” then ~p represents the com- 
pound statement “Steve is not a college student.” For any statement p, ~(~p) = p. 
For example, the negation of the statement “Steve is not a college student” is “Steve 
is a college student.” 

Consider the statement “Inga is not at home.” This statement contains the word 
not, which indicates that it is a negation. To write this statement symbolically, we let 
p represent “Inga is at home.” Then ~ p would be “Inga is not at home.” We will use 
this convention of letting letters such as p, q, or r represent statements that are not 
negated. We will represent negated statements with the negation symbol, ~ . 


And Statements 


The conjunction is symbolized by A and read “and.” The A looks like an A (for 
And) with the bar missing. Let p and q represent the simple statements. 


p: Youwill perform 5 months of community service. 
q: You will pay a $100 fine. 


Then the following is the conjunction written in symbolic form. 


You will perform 5 months 


of community service and you will pay a $100 fine. 
oe os a ee eS 
t t t 
Pp I q. 


The conjunction is generally expressed as and. Other words sometimes used to 
express a conjunction are but, however, and nevertheless. 


Example B® Write a Conjunction 


Write the following conjunction in symbolic form. 
Green Day is not on tour, but Green Day is recording a new CD. 


Let ¢ and r represent the simple statements. 


t: Green Day is on tour. 
r: Green Day is recording a new CD. 


In symbolic form, the compound statement is ~f A r. a 


In Example 2, the compound statement is “Green Day is not on tour, but Green 
Day is recording a new CD.” This statement could also be represented as “Green Day 
is not on tour, but they are recording a new CD.” In this problem, it should be clear 
the word they means Green Day. Therefore, the statement “Green Day is not on tour, 
but they are recording a new CD” would also be symbolized as ~t A r. 
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Profile in Mathematics 


George Boole 


he self-taught English math- 
ematician George Boole 


(1815-1864) took the operations 
of algebra and used them to ex- 
tend Aristotelian logic. He used 
symbols such as x and y to repre- 
sent particular qualities or objects 
in question. For example, if x rep- 
resents all butterflies, then 1 — x 
represents everything else except 
butterflies. If y represents the color 
yellow, then (1 — x)(1 — y) repre- 
sents everything except butterflies 
and things that are yellow, or yel- 
low butterflies. This development 
added a computational dimension 
to logic that provided a basis for 
twentieth-century work in the field 
of computing. 


Or Statements 


The disjunction is symbolized by V and read “or.” The or we use in this book (ex- 
cept where indicated in the exercise sets) is the inclusive or described on page 95. 


Example Write a Disjunction 


et 
p: Maria will go to the circus. 


gq: Maria will go to the zoo. 


Write the following statements in symbolic form. 

a) Maria will go to the circus or Maria will go to the zoo. 

b) Maria will go to the zoo or Maria will not go to the circus. 

c) Maria will not go to the circus or Maria will not go to the zoo. 


ADAG ae D)) Go Nee Ds eC) sap) MW asag Ls 

Because or represents the inclusive or, the statement “Maria will go to the circus or 
Maria will go to the zoo” in Example 3(a) may mean that Maria will go to the circus, or 
that Maria will go to the zoo, or that Maria will go to both the circus and the zoo. The 
statement in Example 3(a) could also be written as “Maria will go to the circus or the zoo.” 

When a compound statement contains more than one connective, a comma can 
be used to indicate which simple statements are to be grouped together. When we 
write the compound statement symbolically, the simple statements on the same side 
of the comma are to be grouped together within parentheses. 

For example, “Pink is a singer (p) or Jennifer Aniston is an actress (j), and Dal- 
las is in Texas (d)” is written (p V j) A d. Note that the p and j are both on the 
same side of the comma in the written statement. They are therefore grouped together 
within parentheses. The statement “Pink is a singer, or Jennifer Aniston is an actress 
and Dallas is in Texas” is written p V (j /A d). In this case, j and d are on the same 
side of the comma and are therefore grouped together within parentheses. 


Example Understand How Commas Are Used to Group Statements 


Let 
p: Dinner includes soup. 
q: Dinner includes salad. 
r: Dinner includes the vegetable of the day. 


Write the following statements in symbolic form. 
a) Dinner includes soup, and salad or the vegetable of the day. 
b) Dinner includes soup and salad, or the vegetable of the day. 


a) The comma tells us to group the statement “Dinner includes salad” with 
the statement “Dinner includes the vegetable of the day.” Note that both 
statements are on the same side of the comma. The statement in symbolic 
form is p A (q V 1). 
In mathematics, we always evaluate the information within the parentheses 
first. Since the conjunction, /\, is outside the parentheses and is evaluated Jast, 
this statement is considered a conjunction. 


b) The comma tells us to group the statement “Dinner includes soup” with the 
statement “Dinner includes salad.” Note that both statements are on the same 
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side of the comma. The statement in symbolic form is (p A q) V r. Since the 
disjunction, V, is outside the parentheses and is evaluated J/ast, this statement is 
considered a disjunction. a 


The information provided in Example 4 is summarized below. 


Symbolic 
Statement representation Type of statement 
Dinner includes soup, and salad or DING N 1) conjunction 
the vegetable of the day. 
Dinner includes soup and salad, or (Ga UN eh) We disjunction 
the vegetable of the day. 


A negation symbol has the effect of negating only the statement that directly 
follows it. To negate a compound statement, we must use parentheses. When a 
negation symbol is placed in front of a statement in parentheses, it negates the entire 
statement in parentheses. The negation symbol in this case is read, “It is not true that 

fee SOE MtStalse thateee © 


Example Change Symbolic Statements into Words 
Let 


p: The house 1s for sale. 
gq: Wecan afford to buy the house. 


Write the following symbolic statements in words. 
apres qeeeb) =p N gq  —¢) ~( pig) 


a) The house is for sale and we cannot afford to buy the house. 
b) The house is not for sale or we cannot afford to buy the house. 
c) It is false that the house is for sale and we can afford to buy the house. 5 


Recall that the word but may also be used in a conjunction. Therefore, Example 
5(a) could also be written “The house is for sale, but we cannot afford to buy the house.” 

Part (b) of Example 5 is a disjunction, since it can be written (~p) V (~4q). 
Part (c), whichis ~(p / 4q), is a negation since the negation symbol negates the en- 
tire statement within parentheses. The similarity of these two statements is discussed 
in Section 3.4. 

Occasionally, we come across a neifher—nor statement, such as “John is neither 
handsome nor rich.” This statement means that John is not handsome and John is not 
rich. If p represents “John is handsome” and g represents “John is rich,” this statement 
is symbolized by ~p A ~dq. 


lf-Then Statements 


The conditional is symbolized by — and is read “if-then.” The statement p — q is 
read “If p, then g.”* The conditional statement consists of two parts: the part that pre- 
cedes the arrow is the antecedent, and the part that follows the arrow is the consequent.’ 
In the conditional statement p — q, the p is the antecedent and the g is the consequent. 


"Some books indicate that p — gq may also be read “‘p implies g.” Many higher-level mathematics books, 
however, indicate that p — q may be read “p implies q” only under certain conditions. Implications are 
discussed in Section 3.3. 


‘Some books refer to the antecedent as the hypothesis or premise and the consequent as the conclusion. 
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A Zoe by Beth Anderson 


In the conditional statement ~(p V g)—(p A q), the antecedentis ~(p V q) 
and the consequent is (p A q). An example of a conditional statement is “If you drink 
your milk, then you will grow up to be healthy.” A conditional symbol may be placed 
between any two statements even if the statements are not related. 

Sometimes the word then in a conditional statement is not explicitly stated. For 
example, the statement “If you get an A, I will buy you a car” is a conditional state- 
ment because it actually means “If you get an A, then I will buy you a car.” 


Example [4 Write Conditional Statements 
Let 
p: The portrait is a pastel. 
q: The portrait is by Beth Anderson. 
Write the following statements symbolically. 
a) If the portrait is a pastel, then the portrait is by Beth Anderson. 
b) If the portrait is by Beth Anderson, then the portrait is not a pastel. 
c) It is false that if the portrait is by Beth Anderson then the portrait is a pastel. 


ep Ge ND) G= =p c) (gp) a 


Example Use Commas When Writing a Symbolic Statement 
in Words 


Let 
p: Jorge is enrolled in calculus. 


qg: Jorge’s major is criminal justice. 

r: Jorge’s major is engineering. 
Write the following symbolic statements in words and indicate whether the state- 
ment is a negation, conjunction, disjunction, or conditional. 
a) =e p) NF b)g>(~pV r) 


The parentheses indicate where to place the commas in the sentences. 


a) “If Jorge’s major is criminal justice then Jorge is not enrolled in calculus, or 
Jorge’s major is engineering.” This statement is a disjunction because V is 
outside the parentheses. 


b) “If Jorge’s major is criminal justice, then Jorge is not enrolled in calculus or 
Jorge’s major is engineering.” This statement is a conditional because — is 
outside the parentheses. a 


If and Only if Statements 


The biconditional is symbolized by <> and is read “if and only if.” The phrase if and 
only if is sometimes abbreviated as “iff.” The statement p <> q is read “‘p if and only if g.” 


Example E] Write Statements Using the Biconditional 
Lehi 


p: Alex plays goalie on the lacrosse team. 
q: The Titans win the Champion’s Cup. 
Write the following symbolic statements in words. 
a) pg c) qeoo~p b) ~(pe~q) 
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a) Alex plays goalie on the lacrosse team if and only if the Titans win the Cham- 
pion’s Cup. 

b) The Titans win the Champion’s Cup if and only if Alex does not play goalie on 
the lacrosse team. 

c) Itis false that Alex plays goalie on the lacrosse team if and only if the Titans do 
not win the Champion’s Cup. a 


You will learn later that p <> q means the same as (p > gq) A (q—p). There- 
fore, the statement “I will go to college if and only if I can pay the tuition” has the 
same logical meaning as “If I go to college then I can pay the tuition, and if I can pay 
the tuition then I will go to college.” 

A summary of the connectives discussed in this section is given in Table 3.1. 


Table 3.1 Logical Connectives 


Formal Name _____ Symbol Read — -————s« Symbolic Form 
Negation Be “Not” =p 
Conjunction A “And” pq 
Disjunction V BOL JO Weg 
Conditional = “Tf-then” pig 
Biconditional - “Tf and only if” pg 


SECTION 3.1 : 
Exercises 


Warm Up Exercises d) The conditional is symbolized by — and is read 


“ 


In exercises 1-8, fill in the blanks with an appropriate 
word, phrase, or symbol(s). e) The biconditional is symbolized by <> and is read 


“ ” 


1. A sentence that can be judged either true or false is called 


—————— 6. The negation of the statement Some cars are hybrids is: 
cars are hybrids. 


2. A statement that conveys only one idea is called a 
statement. 


3. A statement that consists of two or more simple statements 
is called a _______ statement. 


4. Words such as all, none (or no), and some are examples of 


5. a) The negation is symbolized by ~ and is read 


“ 


b) The conjunction is symbolized by / and is read 7. The negation of the statement A// golf courses are green 
¥ ” is: golf courses are not green. 
c) The disjunction is symbolized by V and is read 8. The negation of the statement Some drivers are not safe is: 


“ec > 


drivers are safe. 


102 CHAPTER3 Logic 


Practice the Skills/Problem Solving 


In Exercises 9-18, indicate whether the statement is a sim- 
ple statement or a compound statement. If it is a compound 
statement, indicate whether it is a negation, conjunction, 
disjunction, conditional, or biconditional by using both the 
word and its appropriate symbol (for example, “a nega- 
WON =); 


9. John Waters is scuba diving. 


10. If you have a cold, then you should eat some chicken soup. 


11. Time will go backwards if and only if you travel faster 
than the speed of light. 


12. Louis Armstrong did not play the drums. 


13. Bobby Glewen joined the Army and he got married. 


14. The book was neither a novel nor an autobiography. 


15. If Cathy Smith walks 4 miles today, then she will be sore 
tomorrow. 


16. Inhibor Melendez will be admitted to law school if and 
only if he earns his bachelor’s degree. 


17. It is false that Jeffery Hilt is a high school teacher and a 
grade school teacher. 


18. The hurricane did $400,000 worth of damage to DeSoto 
County. 


In Exercises 19-28, write the negation of the statement. 


19. All butterflies are insects. 


20. All houses are wired using parallel circuits. 
21. Some turtles do not have claws. 

22. No teachers made the roster. 

23. No bicycles have three wheels. 

24. All horses have manes. 

25. Some pedestrians are in the crosswalk. 

26. Some dogs with long hair do not get cold. 


27. No Holsteins are Guernseys. 


28. Some vitamins contain sugar. 


In Exercises 29-34, write the statement in symbolic form. 


Let 
p: A panther has a long tail. 
q: A bobcat can purr. 


29. A panther does not have a long tail. 
30. A panther has a long tail and a bobcat can purr. 
31. A bobcat cannot purr or a panther does not have a long tail. 


32. A bobcat cannot purr if and only if a panther does not have 
a long tail. 


33. If a panther does not have a long tail, then a bobcat cannot 
purr. 


34. A bobcat cannot purr, but a panther has a long tail. 


In Exercises 35-40, write the statement in symbolic form. 


Let 
p: The chili is spicy. 
q. The sour cream is cold. 


35. The chili is not spicy, but the sour cream is cold. 

36. Neither is the chili spicy nor is the sour cream cold. 

37. The sour cream is not cold if and only if the chili is spicy. 
38. If the chili is spicy, then the sour cream is not cold. 

39. It is false that the chili is spicy or the sour cream is cold. 


40. It is false that if the sour cream is not cold then the chili is 
spicy. 


In Exercises 41—50, write the compound statement in words. 


Let 
p: Joe has an iPad. 
q: Brie has a MacBook. 


AW 200) 42. ~p 

43.p Aq 44.q V p 

45. ~p—q 46. ~p~q 
4] DIN ig 48. ~(q V p) 
49. ~(p Aq) S50 pen —g 


In Exercises 51—60, write the statements in symbolic form. 


Let 
p: The temperature is 90°. 
q: The air conditioner is working. 
r: The apartment is hot. 


51. The temperature is 90° and the air conditioner is not 
working, and the apartment is hot. 


52. The temperature is not 90° and the air conditioner is 
working, but the apartment is hot. 


53. The temperature is 90° and the air conditioner is working, 
or the apartment is hot. 
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54, If the apartment is hot and the air conditioner is working, 
then the temperature is 90°. 


55. If the temperature is 90°, then the air conditioner is 
working or the apartment is not hot. 


56. The temperature is not 90° if and only if the air conditioner 
is not working, or the apartment is not hot. 


57. The apartment is hot if and only if the air conditioner is 
working, and the temperature is 90°. 


58. It is false that if the apartment is hot then the air condi- 
tioner is not working. 


59. If the air conditioner is working, then the temperature is 
90° if and only if the apartment is hot. 


60. The apartment is hot or the air conditioner is not working, 
if and only if the temperature is 90°. 


In Exercises 61—70, write each symbolic statement in words. 


Let 

p: The water is 70°. 

q: The sun is shining. 

r: We go swimming. 
61.(p Vg) A~r 62.(p Aq) Vr 
63. ~p A (qV 71) 64. (gp) Vr 
65. ~r—(q A p) 66. (¢ \r)—p 
67. (qr) Ap 68. ~p—>(q V rv) 
69. (gp) Ar 70. q> (p< nr) 


Dinner Menu In Exercises 71—74 on page 104, use the 
following information to arrive at your answers. Many 
restaurant dinner menus include statements such as the 
following. All dinners are served with a choice of: Soup or 
Salad, and Potatoes or Pasta, and Carrots or Peas. Which 
of the following selections are permissible? If a selection 
is not permissible, explain why. See the discussion of the 
exclusive or on page 95. 
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71. Soup, salad, and peas 
72. Salad, pasta, and carrots 
73. Soup, potatoes, pasta, and peas 


74. Soup, pasta, and potatoes 


In Exercises 75—83, (a) select letters to represent the simple 
statements and write each statement symbolically by using 
parentheses and (b) indicate whether the statement is a nega- 
tion, conjunction, disjunction, conditional, or biconditional. 


75. | bought the watch in Tijuana and I did not pay $100. 


76. If the conference is in Las Vegas, then we can see Blue 
Man Group or we can play poker. 


2 + 


ae 


fs C= Sb 


A Blue Man Group 
77. It is false that if your speed is below the speed limit then 
you will not get pulled over. 


78. If dinner is ready then we can eat, or we cannot go to the 
restaurant. 


79. If the food has fiber or the food has vitamins, then you will 
be healthy. 


80. If Corliss is teaching then Faye is in the math lab, if and 
only if it is not a weekend. 


81. You may take this course, if and only if you did not fail 
the previous course or you passed the placement test. 


82. If the car has gas and the battery is charged, then the car 
will start. 


83. The classroom is empty if and only if it is the weekend, or 
itis 7 A.M. 


Challenge Problems/Group Activities 


84. An Ancient Question If Zeus could do anything, could 
he build a wall that he could not jump over? Explain your 
answer. 


85. a) Make up three simple statements and label them p, q, 
and r. Then write compound statements to represent 
(p V q) A rand pV(g A 1). 


b) Do you think that the statements for (p V gq) A rand 
p \V (q 4 r) mean the same thing? Explain. 


Recreational Mathematics 


86. Sudoku Refer to the Recreational Mathematics on 
page 96. Complete the following Sudoku puzzle. 


Internet/Research Activities 


87. Legal Documents Obtain a legal document such as a 
will or rental agreement and copy one page of the docu- 
ment. Circle every connective used. Then list the number 
of times each connective appeared. Be sure to include 
conditional statements from which the word then was 
omitted from the sentence. Give the page and your listing 
to your instructor. 


88. Write a report on the life and accomplishments of George 
Boole, who was an important contributor to the develop- 
ment of logic. In your report, indicate how his work even- 
tually led to the development of the computer. References 
include encyclopedias, history of mathematics books, and 
the Internet. 


SECTION 3.2 
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Truth Tables for Negation, Conjunction, 


and Disjunction 


A Under what conditions is the 
statement Subway sells the most 
sandwiches or Taco Bell sells the 
most burritos true? 


Table 3.2 Negation 


See <p 

Case 1 ak F 

Case 2 F ay 
Table 3.3 


Table 3.4 Conjunction 


Consider the following statement: Subway sells the most sandwiches or Taco Bell sells 
the most burritos. Under what conditions can the statement be considered true? Under 
what conditions can the statement be considered false? In this section, we will introduce 
a tool used to help us analyze such statements. 


iN) This is Important Understanding when logical statements are true is essential to 
many different applications in everyday life. 


truth table is a device used to determine when a compound statement is true or 
false. Five basic truth tables are used in constructing other truth tables. Three are dis- 
cussed in this section (Tables 3.2, 3.4, and 3.7), and two are discussed in the next section. 
Section 3.5 uses truth tables in determining whether a logical argument is valid or invalid. 


Negation 


The first truth table is for negation. If p is a true statement, then the negation of p, 
“not p,” is a false statement. If p is a false statement, then “not p” is a true statement. 
For example, if the statement “The shirt is blue” is true, then the statement “The shirt 
is not blue” is false. These relationships are summarized in Table 3.2. For a simple 
statement, there are exactly two true—false cases, as shown. 

If a compound statement consists of two simple statements p and q, there are four 
possible cases, as illustrated in Table 3.3. Consider the statement “The test is today 
and the test covers Chapter 5.” The simple statement “The test is today” has two pos- 
sible truth values, true or false. The simple statement “The test covers Chapter 5” also 
has two truth values, true or false. Thus, for these two simple statements there are four 
distinct possible true—false arrangements. Whenever we construct a truth table for a 
compound statement that consists of two simple statements, we begin by listing the 
four true—false cases shown in Table 3.3. 


Conjunction 


To illustrate the conjunction, consider the following situation. You have recently 
purchased a new house. To decorate it, you ordered a new carpet and new furniture 
from the same store. You explain to the salesperson that the carpet must be delivered 
before the furniture. He promises that the carpet will be delivered on Thursday and 
that the furniture will be delivered on Friday. 

To help determine whether the salesperson kept his promise, we assign letters to 
each simple statement. Let p be “The carpet will be delivered on Thursday” and q be 
“The furniture will be delivered on Friday.” The salesperson’s statement written in 
symbolic form is p / q. There are four possible true—false situations to be considered 
(Table 3.4). 


CASE 1: p is true and q is true. The carpet is delivered on Thursday and the furniture 
is delivered on Friday. The salesperson has kept his promise and the compound state- 
ment is true. Thus, we put a T in the p A g column. 


CASE 2: p is true and q is false. The carpet is delivered on Thursday but the furniture 
is not delivered on Friday. Since the furniture was not delivered as promised, the 
compound statement is false. Thus, we put an F in the p A g column. 
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Civil Technician 


Municipal program for redevelopment 
seeks on-site technician. The applicant 


must have a two-year college degree in |_ 


civil technology or five years of 


related experience. Interested candidates | _ 


please call 555-1234. 


Table 3.5 Disjunction 


CASE 3: p is false and gq is true. The carpet is not delivered on Thursday but the 
furniture is delivered on Friday. Since the carpet was not delivered on Thursday as 
promised, the compound statement is false. Thus, we put an F in the p A g column. 


CASE 4: p is false and q is false. The carpet is not delivered on Thursday and the fur- 
niture is not delivered on Friday. Since the carpet and furniture were not delivered as 
promised, the compound statement is false. Thus, we put an F in the p / g column. 

Examining the four cases, we see that in only one case did the salesperson keep 
his promise: in case 1. Therefore, case | (T, T) is true. In cases 2, 3, and 4, the sales- 
person did not keep his promise and the compound statement is false. The results are 
summarized in Table 3.4, the truth table for the conjunction. 


The conjunction p /\ q is true only when both p and gq are true. 


Disjunction 


Consider the job description in the margin that describes several job requirements. 
Who qualifies for the job? To help analyze the statement, translate it into symbolic 
form. Let p be “A requirement for the job is a two-year college degree in civil 
technology” and q be “A requirement for the job is five years of related experience.” 
The statement in symbolic form is p V q. For the two simple statements, there are 
four distinct cases (see Table 3.5). 


CASE 1: p is true and q is true. A candidate has a two-year college degree in civil 
technology and five years of related experience. The candidate has both requirements 
and qualifies for the job. Consider qualifying for the job as a true statement and not 
qualifying as a false statement. Since the candidate qualifies for the job, we put a T in 
the p V q column. 


CASE 2: p is true and q is false. A candidate has a two-year college degree in civil tech- 
nology but does not have five years of related experience. The candidate still qualifies 
for the job with the two-year college degree. Thus, we put a Tin the p V q column. 


CASE 3: p is false and q is true. The candidate does not have a two-year college degree 
in civil technology but does have five years of related experience. The candidate still 
qualifies for the job with the five years of related experience. Thus, we put a T in the 
p V qcolumn. 


CASE 4: p is false and q is false. The candidate does not have a two-year college 
degree in civil technology and does not have five years of related experience. The 
candidate does not meet either of the two requirements and therefore does not qualify 
for the job. Thus, we put an F in the p V g column. 

In examining the four cases, we see that there is only one case in which the can- 
didate does not qualify for the job: case 4. As this example indicates, an or statement 
will be true in every case, except when both simple statements are false. The results 
are summarized in Table 3.5, the truth table for the disjunction. 


The disjunction p V q is true when either p is true, q is true, or both p and q 
are true. 


The disjunction p V q is false only when p and g are both false. 


Constructing Truth Tables 


We will now construct additional truth tables for statements involving the negation, 
conjunction, and disjunction. We summarize these compound statements on page 107. 
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Negation, Conjunction, and Disjunction 

¢ Negation ~ p is read “not p.” If p is true, then ~ p is false; if p is false, then ~p is 
true. In other words, ~p will always have the opposite truth value of p. 

¢ Conjunction p / q is read “p and qg.” p / qis true only when both p and g are true. 

¢ Disjunction p V q is read “p org.” p V q is true when either p is true, q is true, or 
both p and q are true. In other words, p V q is false only when both p and g are false. 


We will discuss two methods for constructing truth tables. Although the two 
methods produce tables that will look different, the answer columns will be the same 
regardless of which method you use. 


Example {J Construct a Truth Table 
Construct a truth table for p\ ~q. 


Because there are two statements, p and g, construct a truth table with 
four cases; see Table 3.6(a). Then write the truth values under the p in the compound 
statement and label this column 1, as in Table 3.6(b). Copy these truth values 
directly from the p column on the left. Write the corresponding truth values under 
the g in the compound statement and call this column 2, as in Table 3.6(c). Copy the 
truth values for column 2 directly from the g column on the left. Now find the truth 
values of ~ q by negating the truth values in column 2 and call this column 3, as in 


Table 3.6 
(a) (c) 

Be Mee Men Wotton) Page py erg 
(Cage dO SUE ed ail © ‘AD 
Case2 T Dig ele eal F 
Case 3 F Bs il 
Case4 F Fol Ba EB 18 

1 2 


Table 3.6(d). Use the conjunction table, Table 3.4, and the entries in the columns 
labeled 1 and 3 to complete the column labeled 4, as in Table 3.6(e). The results in 
column 4 are obtained as follows: 


Row 1: T A Fis F. Row 2: T A Tis T. 
Row 3: F A FisF. Row 4: F A Tis F. 


The answer is always the last column completed. The columns labeled 1, 2, and 3 
are only aids in arriving at the answer labeled column 4. | 
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When constructing truth tables it is 
very important to keep your entries 
in neat columns and rows. If you 

are using lined paper, put only one 
row of the table on each line. If you 
are not using lined paper, using a 
straightedge may help you correctly 
enter the information into the truth 
table’s rows and columns. 


Table 3.7 


dS es 
oS SS ie 
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The statement p A ~q in Example | actually means p / (~gq). In the fu- 
ture, instead of listing a column for q and a separate column for its negation, 
we will make one column for ~gq, which will have the opposite values of those 
in the g column on the left. Similarly, when we evaluate ~p, we will use the 
opposite values of those in the p column on the left. This procedure is illustrated 
in Example 2. 

In Example 1, we spoke about cases and also columns. Consider Table 3.6(e) on 
page 107. This table has four cases indicated by the four different rows of the two 
left-hand (unnumbered) columns. The four cases are TT, TF, FT, and FF. In every 
truth table with two letters, we list the four cases (the first two columns) first. Then 
we complete the remaining columns in the truth table. In Table 3.6(e), after complet- 
ing the two left-hand columns, we complete the remaining columns in the order indi- 
cated by the numbers below the columns. We will continue to place numbers below 
the columns to show the order in which the columns are completed. 

In discussion of the truth table in Example 2, and all following truth tables, if we 
say column 1, it means the column labeled 1. Column 2 will mean the column labeled 
2, and so on. 


Example 4 Construct and Interpret a Truth Table 


a) Construct a truth table for the following statement: Jo is not an artist and Jo is 
not a musician. 


b) Under which conditions will the compound statement be true? 


c) Suppose “Jo is an artist’ is a false statement and “Jo is a musician” is a true 
statement. Is the compound statement given in part (a) true or false? 


a) First write the simple statements in symbolic form by using simple nonnegated 
statements. 


Let 


p: Jo is an artist. 
g: Jo is amusician. 


Therefore, the compound statement may be written ~p A ~q. Now construct a 
truth table with four cases, as shown in Table 3.7. 


Fill in the column labeled 1 by negating the truth values under p on the far 
left. Fill in the column labeled 2 by negating the values under q in the second 
column from the left. Fill in the column labeled 3 by using the columns labeled 
1 and 2 and the definition of conjunction. 


In the first row, to determine the entry for column 3, we use false for ~ p 
and false for ~q. Since false / false is false (see case 4 of Table 3.4 on page 
105), we place an F in column 3, row 1. In the second row, we use false for ~ p 
and true for ~ q. Since false / true is false (see case 3 of Table 3.4), we place 
an F in column 3, row 2. In the third row, we use true for ~p and false for ~ q. 
Since true /\ false is false (see case 2 of Table 3.4), we place an F in column 3, 
row 3. In the fourth row, we use true for ~ p and true for ~g. Since true / true 
is true (see case 1 of Table 3.4), we place a T in column 3, row 4. 


b) The compound statement in part (a) will be true only in case 4 (circled in blue) 
when both simple statements, p and gq, are false, that is, when Jo is not an artist 
and Jo is not a musician. 


c) Weare told that p, “Jo is an artist,” is a false statement and that g, “Jo is a musician,” 
is a true statement. From the truth table (Table 3.7), we can determine that when p is 
false and gq is true, the compound statement, case 3 (circled in red), is false. | 
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Table 3.8 Example ] Truth Table with a Negation 


Construct a truth table for ~(~q V p). 


First construct the standard truth table listing the four cases. Then work 
within parentheses. The order to be followed is indicated by the numbers below the 
columns (see Table 3.8). Under ~ qg, column 1, write the negation of the g column. 
Then, in column 2, copy the values from the p column. Next, complete the or 
column, column 3, using columns | and 2 and the truth table for the disjunction 

(see Table 3.5 on page 106). The or column is false only when both statements are 
false, as in case 3. Finally, negate the values in the or column, column 3, and place 
these negated values in column 4. By examining the truth table you can see that the 
compound statement ~(~g V p) is true only in case 3, that is, when p is false 

and q is true. | 


4 ole 410) am) CONSTRUCTING TRUTH TABLES 


1. Study the compound statement and determine whether it is a negation, conjunc- 
tion, disjunction, conditional, or biconditional statement, as was done in Sec- 
tion 3.1. The answer to the truth table will appear under ~ if the statement is a 
negation, under /\ if the statement is a conjunction, under V if the statement is 
a disjunction, under — if the statement is a conditional, and under <> if the 
statement is a biconditional. 


. Complete the columns under the simple statements, p, g, r, and their negations, 
~p, ~q, ~r, within parentheses, if present. If there are nested parentheses 
(one pair of parentheses within another pair), work with the innermost pair first. 


. Complete the column under the connective within the parentheses, if present. You 
will use the truth values of the connective in determining the final answer in step 5. 


. Complete the column under any remaining statements and their negations. 


5. Complete the column under any remaining connectives. Recall that the answer 
will appear under the column determined in step 1. If the statement is a conjunction, 
disjunction, conditional, or biconditional, you will obtain the truth values for 
the connective by using the last column completed on the left side and on the 
right side of the connective. If the statement is a negation, you will obtain the 
truth values by negating the truth values of the last column completed within the 
grouping symbols on the right side of the negation. Be sure to circle or highlight 
your answer column or number the columns in the order they were completed. 


Example [9 Use the General Procedure to Construct a Truth Table 


Table 3.9 Construct a truth table for the statement (~p V q) A ~p. 
We will follow the general procedure outlined in the box. This statement 
PUG TCR Se Gd eee, is a conjunction, so the answer will be under the conjunction symbol. Complete 
7 7] BP ne ee columns under ~p and q within the parentheses and call these columns 1 and 2, 
respectively (see Table 3.9). Complete the column under the disjunction, V, using 
TIF) EF BF ter 
the truth values in columns | and 2, and call this column 3. Next complete the 
Leh ae tale rT oY wt column under ~ p, and call this column 4. The answer, column 5, is determined 
FLE!| Tf Tf FP gee from the definition of the conjunction and the truth values in column 3, the last 
1 3" Sessa column completed on the left side of the conjunction, and column 4. a 


So far, all the truth tables we have constructed have contained at most two 
simple statements. Now we will explain how to construct a truth table that con- 
sists of three simple statements, such as (p (A q) \ r. When a compound statement 
consists of three simple statements, there are eight different true—false possibilities, 
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Table 3.10 as illustrated in Table 3.10. To begin such a truth table, write four Ts and four Fs 
in the column under p. Under the second statement, q, pairs of Ts alternate with 
pairs of Fs. Under the third statement, r, T alternates with F. This technique is not 
the only way of listing the cases, but it ensures that each case is unique and that no 
cases are omitted. 


Example [ky Construct a Truth Table with Eight Cases 


a) Construct a truth table for the statement “Santana is home and he is not at his 
desk, or he is sleeping.” 


b) Suppose that “Santana is home” is a false statement, that “Santana is at his 
desk” is a true statement, and that “Santana is sleeping” is a true statement. Is 
the compound statement in part (a) true or false? 


a) First we will translate the statement into symbolic form. 


Let 


Pp 
Bk 
ip 
1D 
au 
iF 
F 
F 
I: 


teal Heol Fete tech tas| Staal i te falta: |ey|'—: 
all Woe Meer sl dane les| Aol nal aee[s) 


p: Santana is home. 

q: Santana is at his desk. 

r: Santana is sleeping. 
In symbolic form, the statement is (p A ~q) V r. 

Since the statement is composed of three simple statements, there are eight 
cases. Begin by listing the eight cases in the three left-hand columns; see 
Table 3.11. By examining the statement, you can see that it is a disjunction. 
Therefore, the answer will be in the V column. Fill out the truth table by 
working in parentheses first. Place values under p, column 1, and ~ gq, column 
2. Then find the conjunctions of columns 1 and 2 to obtain column 3. Place the 
values of r in column 4. To obtain the answer, column 5, use columns 3 and 4 
and the information for the disjunction contained in Table 3.5 on page 106. 


Table 3.11 


= 


AmmmHAaHH Hs 
vt an Ga ams 
Ald 8 mH 4m als 


inate Mna| J) Asef lash leaf ISP ep 
‘e3) Bas) eal Sleelsall Toleleciis Tohy =: 


—Io Dm mHAHHHA HTS 
oT Re oe ese vi Se 9 Le 
Nig Amma HAH TD i, 


b) Weare given the following: 


p: Santana is home—false. 
q: Santana is at his desk—true. 
r: Santana is sleeping—true. 


We need to find the truth value of the following case: false, true, true. In case 5 
of the truth table, p, g, and r are F, T, and T, respectively. Therefore, under these 
conditions, the original compound statement is true (as circled in the table). e 
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We have learned that a truth table with one simple statement has two cases, a 
truth table with two simple statements has four cases, and a truth table with three sim- 
ple statements has eight cases. In general, the number of distinct cases in a truth table 
with n distinct simple statements is 2". The compound statement (p V q) V (r A ~s) 
has four simple statements, p, g, r, s. Thus, a truth table for this compound statement 
would have a” or 16, distinct cases. 

When we construct a truth table, we determine the truth values of a compound 
statement for every possible case. If we want to find the truth value of the compound 
statement for any specific case when we know the truth values of the simple state- 
ments, we do not have to develop the entire table. For example, to determine the truth 
value for the statement 


2+3=5 and i l= 3 


we let p be 2 + 3 = 5 and q be 1 + 1 = 3. Now we can write the compound state- 
ment as p / q. We know that p is a true statement and q is a false statement. Thus, 
we can substitute T for p and F for qg and evaluate the statement: 


pA@q 
WA 7 
lg 


Therefore, the compound statement 2 + 3 = 5 and 1 + 1 = 3 isa false statement. 


Alternate Method for Constructing Truth Tables 


We now present an alternate method for constructing truth tables. We will use the 
alternate method to construct truth tables for the same statements we analyzed in 
Examples 1, 2, and 3. 


Example [ Use the Alternate Method to Construct a Truth Table 
Construct a truth table for p A ~q. 


We begin by constructing the first two columns of a truth table with four 
cases, as shown in Table 3.12 (a). We will add additional columns to Table 3.12(a) 
to develop our answer column. Since we wish to find the truth table for the com- 
pound statement p /\ ~q, we need to be able to compare the truth values for p 
with the truth values for ~ g. Table 3.12(a) already has a column showing the truth 
values for p. We next add a column showing the truth values for ~ g, as shown in 
Table 3.12(b). Recall that the values of ~ q are the opposite of those for q. 

Finally, we add the answer column for the compound statement p / ~ q, as 
shown as shown in Table 3.12(c). To determine the truth values for the p \ ~ q 
column, use the p column and the ~ g column, and the conjunction table, Table 3.4, 


Table 3.12 


(a) (c) 


Case 1 


Use these columns to t 
determine the answer column 
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Table 3.15 


Take the opposite 
of this column 
to get the answer column 


column of Table 3.6(e) on page 107. r 


ie page 105. Note that the answer column of Table 3.12(c) is the same as the answer 


Example Use the Alternate Method to Construct a Truth Table 


Construct a truth table for ~p A ~q. 


Begin by constructing a truth table with four cases, as shown in Table 3.13(a). 
Since we wish to find the truth table for the compound statement ~ p A ~ g, we 
will add a column for ~ p and a column for ~ g, as shown in Table 3.13(b). 


Table 3.13 


ate 


Erie 


es 


Use these columns to i 
determine the answer column 


Finally, we add our answer column for the compound statement ~p A\~q. To 
determine the truth values for the ~p /\ ~q column, use the ~ p column and the ~q 
column, and the conjunction table, Table 3.4, on page 105. Note that the answer col- 
umn of Table 3.13(c) is the same as the answer column of Table 3.7 on page 108. a 


Example [Eq Use the Alternate Method to Construct a Truth Table 


Construct a truth table for ~(~g V p). 


Begin by constructing a truth table with four cases, as shown in 

Table 3.14(a). To complete the truth table, we will work within parentheses first. 
Thus, we next add a column for ~ g, as shown in Table 3.14(b). We then will 
construct a column for the expression within parentheses ~q V p by using the 
~ q column and the p column, and the disjunction table, Table 3.5, on page 106. 


Table 3.14 


Use these columns to 
determine the ~q V p column 


Finally, we add the answer column for the compound statement, ~(~q V p), as 
shown in Table 3.15. To determine the truth values for the ~(~q V _ p) column, 
take the opposite values of those shown in the ~q V p column. Note that the answer 
column of Table 3.15 is the same as the answer column of Table 3.8 on page 109. = 
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We have demonstrated two methods for constructing truth tables. Unless your 
instructor indicates otherwise, you may use either method. Although both methods 
will always lead to the correct answer, the alternate method gets more cumbersome 
and takes up more space as we construct truth tables with more statements. /n the 
remainder of this chapter, we will demonstrate the construction of truth tables using 
only the first method. 


Determine Truth Values Without Constructing 
a Truth Table 


In the remaining examples in this section, we will determine the truth values of com- 
pound statements without constructing a truth table. 


Example [] Determine the Truth Value of a Compound Statement 


Determine the truth value for each simple statement. Then, using these truth values, 
determine the truth value of the compound statement. 


a) 15 is less than or equal to 9. 


b) George Washington was the first U.S. president or Abraham Lincoln was the 
second U.S. president, but there has not been a U.S. president born in Antarctica. 


a) Let 


p: 151s less than 9. 
q: 151s equal to 9. 


The statement “15 is less than or equal to 9” means that 15 is less than 9 or 15 is 
equal to 9. The compound statement can be expressed as p V g. We know that 
both p and q are false statements, since 15 is greater than 9, so we substitute F for 
p and F for q and evaluate the statement: 


pV q 
i We 
F 
Therefore, the compound statement “15 is less than or equal to 9” is a false 
statement. 
b) Let 


p: George Washington was the first U.S. president. 

gq: Abraham Lincoln was the second U.S. president. 

r: There has been a U.S. president who was born in Antarctica. 
The compound statement can be written in symbolic form as (p V gq) A ~r. 
Recall that but is used to express a conjunction. We know that p is a true state- 
ment and that q is a false statement. We also know that r is a false statement 
since all U.S. presidents must be born in the United States. Thus, since ris a 
false statement, the negation, ~r, is a true statement. So we will substitute 
T for p, F for g, and T for ~r and then evaluate the statement: 


Ola) Ter 
TV) AT 
Te eT: 
rT 


Therefore, the original compound statement is a true statement. r ] 
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Example [{@ Pet Ownership in the United States 


The number of pets owned in the United States in 2009 is shown in Figure 3.1. Use 
this graph to determine the truth value of the following statement: There are more 
dogs owned than cats and there are fewer reptiles owned than birds, or the most 
numerous pets owned are not fish. 


Pets Owned in the United States 
(millions) 


Reptile, 
13.6 


Other, 
15.9 


Source: American Pet Products Manufacturing Association 


Figure 3.1 


Let 


p: There are more dogs owned than cats. 


q: There are fewer reptiles owned than birds. 
The most numerous pets owned are fish. 


The given compound statement can be written in symbolic form as (p A q) V ~r. 
From Fig. 3.1, we see that statement p is false: There are actually more cats owned 
than dogs. We also see that statement g is true: There are fewer reptiles owned than 
birds. We also see that statement 7 is true: The most numerous pets owned are fish. 
Since r is true, its negation, ~, is false. Therefore, we substitute F for p, T for g, 
and F for ~r, which gives 


(PNQ)V =F 
(FAT) VF 
FVF 
F 


Thus, the original compound statement is a false statement. 7 


SECTION 3.2 : 
Exercises 


Warm Up Exercises 


In Exercises 1—4, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


1. The negation ~ p will always have the ____ truth 
value of p. 


2. The conjunction p / q is true only when both p and q 
are 


3. The disjunction p V q is false only when both p and q are 


4. A truth table for a compound statement with 
a) one distinct simple statement will have ____—_—__cases. 
b) two distinct simple statements will have cases. 


c) three distinct simple statements will have 
cases. 


Practice the Skills/Problem Solving 


In Exercises 5—18, construct a truth table for the statement. 


5.pA\~p 6. pV ~p 

te @ I =p 8. pp \ —g 
9.~pV ~q 10. ~(p V ~q) 
Ll. (pK ~@) 127 —(—p A ~@) 
13. ~¢g V (pA r) 14.(pV ~qg) Ar 
ES 2 WD ~@) 16. (¢¥ \ gq) \ ~p 
WEG VY <p) iN ~G 18. ~p A (q Vr) 


In Exercises 19-26, write the statement in symbolic form 
and construct a truth table. 


19. Train recorded Hey, Soul Sister and The Black Eyed Peas 
recorded Where Is the Love? 


A The Black Eyed Peas 


20. We can eat at McDonald’s, but we cannot eat breakfast. 
21. I have worked all week, but I have not been paid. 


22. It is false that Robert A. Farinelli is the president or that 
Pauline Chow is the treasurer. 


23. It is false that Jasper Adams is a tutor and Mark Russo is a 
secretary. 


24. Mike made pizza and Dennis made a chef salad, but Gil 
burned the lemon squares. 


25. The copier is out of toner, or the lens is dirty or the corona 
wires are broken. 


26. Iam hungry, and I want to eat a healthy lunch and I want 
to eat in a hurry. 


In Exercises 27-36, determine the truth value of the 
statement if 


a) pis true, q is false, and r is true. 


b) p is false, q is true, and r is true. 
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Pk (a i ap) IN ir 

28. p V (¢q A ~7n) 

PBL (ya i\ a) emir 

30) pe Gagne) 
Sea ~@) iN (a Aa) 
SYS Ga\ ~G)) WI 

BBE? /\ ja) Wag 

34. ~q V (r J p) 

35. (~p V ~g) V(r V gq) 


Shih (47 A a) IN (ir WD) 

In Exercises 37-44, determine the truth value for each 
simple statement. Then use these truth values to deter- 
mine the truth value of the compound statement. (You 


may have to use a reference source such as the Internet 
or an encyclopedia. ) 


37. 8 + 7 = 20'— 5 and 63 = 7 =3-3 
38. 0 < —30r5 = 10 
39. Florida is in Canada or Texas borders Mexico. 


40. Washington, DC is west of the Mississippi River and 
Virginia is an island in the Pacific Ocean. 


41. Quentin Tarantino is a movie director and Zac Efron is an 
actor, but Scarlett Johansson is not an actress. 


A Scarlett Johansson 


42. Quebec is in Texas or Toronto is in California, and Cedar 
Rapids is in lowa. 


43. Iraq is in Africa or Iran is in South America, and Syria is 
in the Middle East. 
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44. Holstein is a breed of cattle and collie is a breed of dogs, 
or beagle is not a breed of cats. 


Number of Movies Produced In Exercises 45—48, use the 
table to determine the truth value of each simple statement. 
Then determine the value of the compound statement. 


Countries with the Highest Number 
of Feature Films Produced in 2008 
Country Number of Films 
India 1325 
United States 520 
Japan 418 
China 406 
France 240 


Source: Screen Digest Magazine 


45. India produced more feature films than the United States 
and China produced more feature films than Japan. 


46. India produced more than twice as many feature films as 
the United States and India produced more feature films 
than Japan, China, and France combined. 


47. The United States produced more feature films than Japan, 
but Japan produced more feature films than China. 


48. The United States produced more than twice as many 
feature films as France or Japan produced more feature 
films than India. 


Sleep Time In Exercises 49-52, use the graph, which 
shows the number of hours Americans sleep, to determine 
the truth value of each simple statement. Then determine 
the truth value of the compound statement. 


Hours of Sleep 


5 hours, 4 or fewer, 


9% 


49. It is false that 30% of Americans get 6 hours of sleep each 
night and 9% get 5 hours of sleep each night. 


50. Twenty-five percent of Americans get 6 hours of sleep 
each night, and 30% get 7 hours of sleep each night or 9% 
do not get 5 hours of sleep each night. 


51. Thirteen percent of Americans get 5 or fewer hours of sleep 
each night or 32% get 6 or more hours of sleep each night, 
and 30% get 8 or more hours of sleep each night. 


52. Over one-half of all Americans get 7 or fewer hours of 
sleep each night, and over one-quarter get 6 or fewer hours 
of sleep each night. 


In Exercises 53—56, let 


p: Tanisha owns a convertible. 
gq: Joan owns a Volvo. 


Translate each statement into symbols. Then construct 
a truth table for each compound statement and indicate 
under what conditions the compound statement is true. 


53. Tanisha owns a convertible and Joan does not own a 
Volvo. 


54. Tanisha does not own a convertible, but Joan owns a 
Volvo. 


55. Tanisha owns a convertible or Joan does not own a 
Volvo. 


56. Tanisha does not own a convertible or Joan does not own a 
Volvo. 


In Exercises 57-60 on page 117, let 
p: The house is owned by an engineer. 
q: The heat is solar generated. 
r: The car is run by electric power. 


Translate each statement into symbols. Then construct a 
truth table for each and indicate under what conditions the 
compound statement is true. 


57. The car is run by electric power or the heat is solar gener- 
ated, but the house is owned by an engineer. 


58. The house is owned by an engineer and the heat is solar 
generated, or the car is run by electric power. 


59. The heat is solar generated, or the house is owned by an 
engineer and the car is not run by electric power. 


60. The house is not owned by an engineer, and the car is not 
run by electric power and the heat is solar generated. 


Obtaining a Loan In Exercises 61 and 62, read the require- 
ments and each applicant’s qualifications for obtaining a loan. 


a) Identify which of the applicants would qualify for the loan. 


b) For the applicants who do not qualify for the loan, 
explain why. 


61. To qualify for a loan of $40,000, an applicant must have 

a gross income of $28,000 if single, $46,000 combined 

income if married, and assets of at least $6,000. 
Mrs. Rusinek, married with three children, earns 
$42,000. Mr. Rusinek does not have an income. The 
Rusineks have assets of $42,000. 
Mr. Duncan is not married, works in sales, and earns 
$31,000. He has assets of $9000. 
Mrs. Tuttle and her husband have total assets of $43,000. 
One earns $35,000, and the other earns $23,500. 


62. To qualify for a loan of $45,000, an applicant must have 

a gross income of $30,000 if single, $50,000 combined 

income if married, and assets of at least $10,000. 
Mr. Argento, married with two children, earns $37,000. 
Mrs. Argento earns $15,000 at a part-time job. The 
Argentos have assets of $25,000. 
Ms. McVey, single, has assets of $19,000. She works in 
a store and earns $25,000. 
Mr. Siewert earns $24,000 and Ms. Fox, his wife, earns 
$28,000. Their assets total $8000. 


63. Airline Special Fares An airline advertisement states, “To 
get the special fare you must purchase your tickets between 
January 1 and February 15 and fly round trip between 
March 1 and April 1. You must depart on a Monday, Tuesday, 
or Wednesday, and return on a Tuesday, Wednesday, or 
Thursday, and stay over at least one Saturday.” 


a) Determine which of the following individuals will 
qualify for the special fare. 


b) If the person does not qualify for the special fare, 
explain why. 
Wing Park plans to purchase his ticket on January 
15, depart on Monday, March 3, and return on 
Tuesday, March 18. 
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Gina Vela plans to purchase her ticket on February 1, 
depart on Wednesday, March 12, and return on 
Thursday, April 3. 

Kara Shavo plans to purchase her ticket on February 14, 
depart on Tuesday, March 4, and return on Monday, 
March 19. 

Christos Supernaw plans to purchase his ticket on 
January 4, depart on Monday, March 10, and return on 
Thursday, March 13. 

Alex Chang plans to purchase his ticket on January 1, 
depart on Monday, March 3, and return on Monday, 
March 10. 


A See Exercise 63 


Problem Solving/Group Activities 


In Exercises 64 and 65, construct a truth table for the 
symbolic statement. 


64. ~[(~(PV g)) V (aq An) 
5 (CAN SN (in VY Sal WG) Yaa) 


66. On page 111, we indicated that a compound statement con- 
sisting of n simple statements had 2” distinct true—false cases. 


a) How many distinct true—false cases does a truth table 
containing simple statements p, q, r, and s have? 


b) List all possible true—false cases for a truth table 
containing the simple statements p, g, r, and s. 


c) Use the list in part (b) to construct a truth table for 
(Qin p)V Cr N\5). 


d) Construct a truth table for 
(Sie WS) WN (aa Wah 


67. Must (p A ~q) V rand (gq A ~r) V p have the same 
number of trues in their answer columns? Explain. 


Internet/Research Activities 


68. Do research and write a report on each of the following. 


a) The relationship between negation in logic and 
complement in set theory. 


b) The relationship between conjunction in logic and 
intersection in set theory. 


c) The relationship between disjunction in logic and union 
in set theory. 
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Truth Tables for the Conditional 


SECTION 3.3 


and Biconditional 


A Under what conditions is the 
statement If you get an A, then 
| will buy you a car true? 


Table 3.16 Conditional 


Suppose | said to you, “If you get an A, then | will buy you a car.” As we discussed in 
Section 3.1, this statement is called a conditional statement. In this section, we will dis- 
cuss under what conditions a conditional statement is true and under what conditions a 
conditional statement is false. 


LD This is Important Understanding when conditional statements are true is essen- 
tial to understanding logic and real-life documents such as wills, trusts, and contracts. 


Conditional 


In Section 3.1, we mentioned that the statement preceding the conditional symbol 
is called the antecedent and that the statement following the conditional symbol is 
called the consequent. For example, consider (p V gq) >[~(q (A 1r)]. In this state- 
ment, (p V q) is the antecedent and [~(q / r)] is the consequent. 

To develop a truth table for the conditional statement, consider the statement “If 
you get an A, then I will buy you a car.” Assume this statement is true except when I 
have actually broken my promise to you. 


Let 
p: YougetanA. 


q: Ibuy you acar. 


Translated into symbolic form, the statement becomes p — q. Let’s examine the four 
cases shown in Table 3.16. 


CASE1:(T,T) You get an A, and I buy a car for you. I have met my commitment, and 
the statement is true. 


CASE 2:(T, F) You get an A, and I do not buy a car for you. I have broken my prom- 
ise, and the statement is false. 


What happens if you don’t get an A? If you don’t get an A, I no longer have a 
commitment to you, and therefore I cannot break my promise. 


CASE 3:(F,T) You do not get an A, and I buy you a car. I have not broken my prom- 
ise, and therefore the statement is true. 


CASE 4: (F, F) You do not get an A, and I don’t buy you a car. I have not broken my 


promise, and therefore the statement is true. 


The conditional statement is false when the antecedent is true and the consequent 
is false. In every other case the conditional statement is true. 


The conditional statement p — q is true in every case except when p is a true 
_ statement and q is a false statement. 


Example §§) A Truth Table with a Conditional 
Construct a truth table for the statement ~ p > ~ q. 


Because this statement is a conditional, the answer will lie under the > . 
Fill out the truth table by placing the appropriate truth values under ~ p, column 1, 


Table 3.17 


Table 3.18 


| 


Pj Tip gn 
ESE els yale Bie = Eres Ti 
ET PO Beg. Sh a 
A Atwell i ea eae 
AID aed Sis hay 1 eee err paleo ale! 
Poe aie Ee SE 
BOT Eo emi. aE) Ber 
Ree Sake ee gel 
| Vl al fl st hl ln) 10° et etal ee Bi 

4S 1 She 
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and under ~ qg, column 2 (see Table 3.17). Then, using the information given in the 
truth table for the conditional (Table 3.16 on page 118) and the truth values in col- 
umns | and 2, determine the solution, column 3. In row 1, the antecedent, ~ p, is 
false and the consequent, ~ q, is also false. Row | is FF, which according to 
row 4 of Table 3.16, is T. Likewise, row 2 of Table 3.17 is F— T, which is T. Row 
3 is T —F, which is F. Row 4 is TT, which is T. | 


Example Jj A Conditional Truth Table with Three Simple Statements 
Construct a truth table for the statement p > (~q / 7r). 


Because this statement is a conditional, the answer will lie under the — . 
Work within the parentheses first. Place the truth values under ~ q, column 1, and 
r, column 2 (Table 3.18). Then take the conjunction of columns | and 2 to obtain 
column 3. Next, place the truth values under p in column 4. To determine the 
answer, column 5, use columns 3 and 4 and the information of the conditional 
statement given in Table 3.16. Column 4 represents the truth values of the 
antecedent, and column 3 represents the truth values of the consequent. 

Remember that the conditional is false only when the antecedent is true and 

the consequent is false, as in cases (rows) 1, 2, and 4 of column 5. w 


Example |B} Examining an Advertisement 


An advertisement for Perky Morning coffee makes the following claim: “If you 
drink Perky Morning coffee, then you will not be sluggish and you will have a great 
day.” Translate the statement into symbolic form and construct a truth table. 


Let 


p: You drink Perky Morning coffee. 
q: You will be sluggish. 
r: You will have a great day. 


In symbolic form, the claim is 
p= (@@ Ar) 


This symbolic statement is identical to the statement in Table 3.18, and the truth 
tables are the same. Column 3 represents the truth values of (~g A r), which 
corresponds to the statement “You will not be sluggish and you will have a great 
day.” Note that column 3 is true in cases (rows) 3 and 7. In case 3, since p is 

true, you drank Perky Morning coffee. In case 7, however, since p is false, you 

did not drink Perky Morning coffee. From this information we can conclude that 

it is possible for you to not be sluggish and for you to have a great day without 
drinking Perky Morning coffee. | 


A truth table cannot by itself determine whether a compound statement is true 


or false. However, a truth table does allow us to examine all possible cases for com- 
pound statements. 


Biconditional 


The biconditional statement p <> q means that p— q and q—p, or, symbolically, 


(p > q) \ (¢—p). To determine the truth table for p <> q, we will construct the 


truth table for (p > q) A (q — p) (Table 3.19 on page 120). Table 3.20 on page 120 
shows the truth values for the biconditional statement. 
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Table3.20 Biconditional 


Table 3.19 
p ay 
T Le aie, 
T EMG ea FTE 
F T Tie oT PF OF 
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From Table 3.20 we see that the biconditional statement is true when the antecedent 
and the consequent have the same truth value and false when the antecedent and 
consequent have different truth values. 


The biconditional statement p< gq is true only when p and q have the same 
truth value, that is, when both are true or both are false. 


Example £§ A Truth Table Using a Biconditional 


Construct a truth table for the statement ~p <> (~q— 1). 


Since there are three letters, there must be eight cases. The parentheses 
indicate that the answer must be under the biconditional, as shown in Table 3.21. 
Use columns | and 4 to obtain the answer in column 5. When columns | and 4 have 
the same truth values, place a T in column 5. When columns | and 4 have different 
truth values, place an F in column 5. 


Table 3.21 
pila a 
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In Section 3.2, we showed that finding the truth value of a compound statement 
for a specific case does not require constructing an entire truth table. Examples 5 and 6 
illustrate this technique for the conditional and the biconditional. 


Example Determine the Truth Value of a Compound Statement 


Determine the truth value of the statement (~p <> gq) > (~q <r) when p is false, 
q is true, and r is false. 


Substitute the truth value for each simple statement: 
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Gps a= eg) 
(TT) > (FF) 


TP —> T 
At 
For this specific case, the statement is true. r 


Example [4 Determine the Truth Value of a Compound Statement 


Determine the truth value for each simple statement. Then use the truth values to 
determine the truth value of the compound statement. 


a) If 15 is an even number, then 29 is an even number. 


b) Vanderbilt University is in Tennessee and Wake Forest University is in Alaska, 
if and only if Syracuse University is in Alabama. 


a) Let 
p: 15 is an even number. 
q: 29 is an even number. 


Then the statement “If 15 is an even number, then 29 is an even number” can 
be written p — q. Since 15 is not an even number, p is a false statement. Also, 
since 29 is not an even number, q is a false statement. We substitute F for p and 
F for g and evaluate the statement: 


Diered. 
Bh 
el 


Therefore, “If 15 is an even number, then 29 is an even number’ is a true statement. 


b) Let 


p: Vanderbilt University is in Tennessee. 
q: Wake Forest University is in Alaska. 
r: Syracuse University is in Alabama. 


The original compound statement can be written (p /\ gq) <r. By checking the 
Internet or other references we can find that Vanderbilt University is in Tennesee, 
Wake Forest University is in North Carolina, and Syracuse University is in 

New York. Therefore, p is a true statement, but g and r are false statements. We 
will substitute T for p, F for g, and F for r and evaluate the compound statement: 


(pN\q<eor 

(T A F)<°F 

F <—F 
ie 


Therefore, the original compound statement is true. | 


a Vanderbilt University 


Example Using Real Data in Compound Statements 


The graph in Fig. 3.2 on page 122 represents the student population by age group in 
2009 for the State College of Florida (SCF). Use this graph to determine the truth 
value of the following compound statements. 
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Satisfiability Problems 


Gere you are hosting a din- 
ner party for seven people: 
Yasumasa, Marie, Albert, Stephen, 
Leonhard, Karl, and Emmy. You 
need to develop a seating plan 
around your circular dining room 
table that would satisfy all your 
guests. Albert and Emmy are great 
friends and must sit together. Ya- 
sumasa and Karl haven't spoken to 
each other in years and cannot sit 
by each other. Leonhard must sit by 
Marie or by Albert, but he cannot sit 
by Karl. Stephen insists he sit by Al- 
bert. Can you come up with a plan 
that would satisfy all your guests? 
Now imagine the difficulty of such 
a problem as the list of guests, and 
their demands, grows. 

Problems such as this are known 
as satisfiability problems. The sym- 
bolic logic you are studying in this 
chapter allows computer scientists 
to represent these problems with 
symbols and solve the problems 
using computers. Even with the 
fastest computers, some satisfi- 
ability problems take an enormous 
amount of time to solve. 

One solution to the problem 
posed above is shown upside down 
below. Exercises 79 and 80 on 
page 127 have other satisfiability 
problems. 


pieyuooyT == aEey] 


esvunse x prey 


Aung uaydayg 


uoqry 


a) 


b) 


State College of Florida Population 
by Age Group 


Older than 50, 


Source: www.scf.edu 


Figure 3.2 


If 37% of the SCF population is younger than 21 or 26% of the SCF population 
is age 21-30, then 13% of the SCF population is age 3140. 

3% of the SCF population is older than 50 and 8% of the SCF population is 

age 41-50, if and only if 19% of the SCF population is age 21-30. 


a) 


b) 


eet 


p: 37% of the SCF population is younger than 21. 
q: 26% of the SCF population is age 21-30. 
r: 13% of the SCF population is age 31-40. 


Then the original statement can be written (p V g) = r. We can see from 
Fig. 3.2 that both p and r are true statements and that q is a false statement. 
Substitute T for p, F for g, and T for r and evaluate the statement: 


(pV q)—>r 

(TV F)>T 

T —-T 
a. 


Therefore, “If 37% of the SCF population is younger than 21 or 26% of the SCF 
population is age 21-30, then 13% of the SCF population is age 31-40” is a true 
statement. 


Let 


p: 3% of the SCF population is older than 50. 
q: 8% of the SCF population is age 41-50. 
r: 19% of the SCF population is age 21—30. 


Then the original statement can be written (p A q)<>r. We can see from 
Fig. 3.2 that p and q are both true statements and r is a false statement. Substi- 
tute T for p, T for g, and F for r and evaluate the statement: 


(PIO <a 
(T A T)<>F 
T <&F 

F 


Therefore, the original statement, “3% of the SCF population is older than 50 
and 8% of the SCF population is age 41-50, if and only if 19% of the SCF 
population is age 21-30,” is a false statement. a 


Table 3.22 


A “Heads | win, tails you lose.” Do 
you think that this statement is a 
tautology, self-contradiction, or 
neither? See Exercise 77 on page 126. 
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Self-Contradictions, Tautologies, and Implications 


Two special situations can occur in the truth table of a compound statement: The 
statement may always be false, or the statement may always be true. We give such 
statements special names. 


Definition: Self-contradiction 
A self-contradiction is a compound statement that is always false. 


When every truth value in the answer column of the truth table is false, then the 
statement is a self-contradiction. 


Example —q All Falses, a Self-Contradiction 
Construct a truth table for the statement (p <> gq) A (p<? ~ 9). 


See Table 3.22. In this example, the truth values are false in each case of 
column 5. This statement is an example of a self-contradiction or a logically false 
statement. a 


Definition: Tautology 
A tautology is a compound statement that is always true. 


When every truth value in the answer column of the truth table is true, the 
statement is a tautology. 


Example §] All Trues, a Tautology 
Construct a truth table for the statement (p A gq) —>(p V r). 


The answer is given in column 3 of Table 3.23. The truth values are true 
in every case. Thus, the statement is an example of a tautology or a logically true 
statement. 


Table 3.23 
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The conditional statement (p A g)—(p V 1) is a tautology. Conditional state- 
ments that are tautologies are called implications. In Example 9, we can say that 
Pp (\ qimplies p V r. 
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Definition: Implication 
An implication is a conditional statement that is a tautology. 


In any implication the antecedent of the conditional statement implies the conse- 
quent. In other words, if the antecedent is true, then the consequent must also be true. 
That is, the consequent will be true whenever the antecedent is true. 


Table 3.24 
Example [J@ An Implication? 


Determine whether the conditional statement [(p A g) A p]—q is an implication. 


If the conditional statement is a tautology, the conditional statement is an 
implication. Because the conditional statement is a tautology (see Table 3.24), the 
conditional statement is an implication. The antecedent [(p A q) A p] implies the 
consequent g. Note that the antecedent is true only in case | and that the consequent 
is also true in case 1. a 


SECTION 3.3 Exercises 


Warm Up Exercises 9 Ape 1g) 
In Exercises 1-6, fill in the blanks with an appropriate 10. ~(~poq) 
word, phrase, or symbol(s). 
ll. ~g<-p 
1. The conditional statement p— q is _______ only when 
p is true and q is false. 12. (pgp 
2. In the conditional statement p — q, 13. p<>(q V p) 


a) The lower-case letter p represents the 14 Gp) = 4 


b) The lower-case letter g represents the pad eer 2) 


16. 
3. The biconditional statement p<> gq is_______ only ppg) ke) 


when p and g have the same truth value. 
P q In Exercises 17-24, construct a truth table for the 


4. A compound statement that is always true is known as a statement. 
Is SoG IN) 


5. A compound statement that is always false is known as a 18. ¢ V (p> ~n) 
7 ; , 19. (¢q V ~rn)<-~p 
6. A conditional statement that is a tautology is known as an 
20. (p Ar) (@ V rn) 


Practice the Skills ZL TV 9) > p 
In Exercises 7-16, construct a truth table for the statement. 22. [r \ (q V ~p)|<>~p 
a Ap 2d 23. (p> q) <> (~q-> ~7) 


Bed lama a | LANDA 1G) 9G <> 7) 


In Exercises 25-30, write the statement in symbolic form. 
Then construct a truth table for the symbolic statement. 


25. If it is raining, then the baseball game is canceled and we 
can eat dinner together. 


26. We advance in the tournament if and only if Max plays, or 
Pondo does not show up. 


27. The election was fair if and only if the polling station 
stayed open until 8 P.M., or we will request a recount. 


28. If the dam holds then we can go fishing, if and only if the 
pole is not broken. 


map: 
fas 


29. If Mary Andrews does not send me an e-mail then we can 
call her, or we can write to Mom. 


30. It is false that if Eileen Jones went to lunch, then she 
cannot take a message and we will have to go home. 


In Exercises 31-36, determine whether the statement is a 
tautology, self-contradiction, or neither. 


31.~p—p 

32. (~p V > ~ 

BRB Hp) IWWCRS SG) 

34. (p \ ~q)—>4q 

35. G—p) Wg 

36. (pg) VriepAg>r] 


In Exercises 37-42, determine whether the statement is an 
implication. 


Whe 6 

38. p— (p V 4) 

39. = p— —(p' g) 
40.(pVqg—-(PV ~n 

41. [(p>g \a>plr eg 


42. [((p V gq) Ar] > (PV Q) 
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In Exercises 43-52, if p is true, q is false, and r is true, find 
the truth value of the statement. 


43. p> (q> 7") 

44.(p \ ~q)>~r 

45. (p Ng (GV r) 

46. r>(~p~9@) 

47. (~p\~q)V~r 

48. ~[p? qn] 

49. (~p<r) V (~Ge7n) 

50. (r= ~p) A (q>~n) 
51.~[(p V de (p> ~~) 

52. RS ag (pi ar) gq 


Problem Solving 


In Exercises 53—60, determine the truth value for each 
simple statement. Then, using the truth values, determine 
the truth value of the compound statement. 


53. If V'25 = 5, then V49 = 7. 
54. If 5 < 1, then 7 > 10. 
55. If a cat has whiskers or a fish can swim, then a dog lays eggs. 


56. If Dallas is in Texas and St. Louis is in Missouri, then 
Detroit is in California. 


57. Apple makes computers, if and only if Nike makes sports 
shoes or Rolex makes watches. 


ee Nl : Lala 


58. Spike Lee is a movie director, or if Halle Berry is a 
school teacher then George Clooney is a circus clown. 


59. Mother’s Day is in May and Father’s Day is in December, 
if and only if Thanksgiving is in April. 


60. Honda makes automobiles or Honda makes motorcycles, if 
and only if Toyota makes cereal. 
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In Exercises 61—64, use the information provided about 

the moons for the planets Jupiter and Saturn to determine 
the truth values of the simple statements. Then determine the 
truth value of the compound statement. 


@ Tethys 


@ Metis © Leda © Pan ® Telesto 

® Adrastea Q Himalia © Atlas © Calypso 

@ Amalthea Q Lysithea @ Prometheus @ Dione 

© Thebe © Elara @ Pandora © Helene 

@ Io © Ananke @ Epimetheus ©) Rhea 
Europa © Carme Q Janus @ Titan 
Ganymede © Pasiphae @ Mimas @ Hyperion 

@ Callisto © Sinope Q Enceladus QO Iapetus 

@ Phoebe 

Diameter of moons: May have: 

®@ 6-49 miles Water ice 

© 50-499 miles Atmosphere 


Q 500-999 miles 
Q1000-3,161 miles 


Both 


61. Jupiter’s Moons Io has a diameter of 1000-3161 miles or 
Thebe may have water, and Io may have atmosphere. 


Source: Data from Time Magazine 


62. Moons of Saturn Titan may have water and Titan may have 
atmosphere, if and only if Janus may have water. 


63. Moon Comparisons Phoebe has a larger diameter than 
Rhea if and only if Callisto may have water ice, and 
Calypso has a diameter of 6-49 miles. 


64. Moon Comparisons If Jupiter has 16 moons or Saturn 
does not have 18 moons, then Saturn has 7 moons that may 
have water ice. 


College Credits In Exercises 65 and 66, use the graph to 
determine the truth value of each simple statement. Then 
determine the truth value of the compound statement. 


The following graph shows the number of credits in various 
categories needed by Jose Silva to earn his Associate in 
Arts degree from Keiser University. 


Credits Needed for 
an A.A. Degree 


Communications, 


Cultural 
issues, 
6 


Humanities, 


Social Mathematics, 
sciences, 
6 Natural 
sciences, 

6 


65. The number of communications credits needed is more than 
the number of mathematics credits needed and the number 
of cultural issues credits needed is equal to the number of 
humanities credits needed, if and only if the number of social 
sciences credits needed is more than the number of natural 
sciences credits needed. 


66. If the number of elective credits needed is 21 or the 
number of communications credits needed is 15, then 
the number of humanities credits needed is equal to the 
number of mathematics credits needed. 


In Exercises 67-72, suppose both of the following statements 
are false. 


p: Muhundan spoke at the teachers’ conference. 
q: Muhundan received the outstanding teacher award. 


Find the truth values of each compound statement. 


67. If Muhundan received the outstanding teacher award, then 
Muhundan spoke at the teachers’ conference. 


68. If Muhundan spoke at the teachers’ conference, then 
Muhundan did not receive the outstanding teacher 
award. 


69. If Muhundan did not receive the outstanding teacher award, 
then Muhundan spoke at the teachers’ conference. 


70. Muhundan did not receive the outstanding teacher award if 
and only if Muhundan spoke at the teachers’ conference. 


71. Muhundan received the outstanding teacher award if and 
only if Muhundan spoke at the teachers’ conference. 


72. If Muhundan did not receive the outstanding teacher 
award, then Muhundan did not speak at the teachers’ 
conference. 


73. A New Computer Your parents make the following 
statement to your sister, “If you get straight A’s this 
semester, then we will buy you a new computer.” At the 
end of the semester your parents buy your sister a new 
computer. Can you conclude that your sister got straight 
A’s? Explain. 


74. Job Interview Consider the statement “If your interview 
goes well, then you will be offered the job.” If you are in- 
terviewed and then offered the job, can you conclude that 
your interview went well? Explain. 


Challenge Problems/Group Activities 


In Exercises 75 and 76, construct truth tables for the 
symbolic statement. 


TOP VAG 7) <> (pi =) 
76. ((r > ~q)—>~p] V (qeo~r) 


77. Is the statement “Heads I win, tails you lose” a tautology, a 
self-contradiction, or neither? Explain your answer. 


80. 


78. Construct a truth table for 


a) (pV g(r 5). 


b) ¢q>~p) V (res). 


Recreational Mathematics 


79. Satisfiability Problem Refer to the Recreational Math- 
ematics box on page 122 and then solve the following 
satisfiability problem. Allen, Booker, Chris, and Dennis 
all were born in the same year—one in January, one in 
February, one in March, and one in April. Chris was born 
before Dennis. Dennis was born two months after Booker. 
Booker was born after Allen, but before Chris. Find out 
who was born in each month. 


four cats. The parents are Tiger and Boots, and the kit- 
tens are Sam and Sue. Each cat insists on eating out of its 
own bowl. To complicate matters, each cat will eat only 
its own brand of cat food. The colors of the bowls are red, 
yellow, green, and blue. The different types of cat food 
are Whiskas, Friskies, Nine Lives, and Meow Mix. Tiger 
will eat Meow Mix if and only if it is in a yellow bowl. If 
Boots is to eat her food, then it must be in a yellow bowl. 


Cat Puzzle Solve the following puzzle. The Joneses have 


81. 
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Mrs. Jones knows that the label on the can containing 
Sam’s food is the same color as his bowl. Boots eats Whis- 
kas. Meow Mix and Nine Lives are packaged in a brown 
paper bag. The color of Sue’s bow] is green if and only if 
she eats Meow Mix. The label on the Friskies can is red. 
Match each cat with its food and the bowl of the correct 
color. 


The Youngest Triplet The Barr triplets have an annoying 
habit: Whenever a question is asked of the three of them, 
two tell the truth and the third lies. When I asked them 
which of them was born last, they replied as follows. 


Mary: Katie was born last. 
Katie: | am the youngest. 
Annie: Mary is the youngest. 


Which of the Barr triplets was born last? 


Internet/Research Activity 


82. Select an advertisement from the Internet, a newspaper, or 


a magazine that makes or implies a conditional statement. 
Analyze the advertisement to determine whether the con- 
sequent necessarily follows from the antecedent. Explain 
your answer. (See Example 3.) 


SECTION 3.4 


Equivalent Statements 


Suppose your friend makes the following statements: 
If it is sunny, then we go to the beach. 
If we go to the beach, then it is sunny. 
If it is not sunny, then we do not go to the beach. 
If we do not go to the beach, then it is not sunny. 


Are these statements all saying the same thing, or does each one say something com- 


& Which statement is equivalent to If pletely different from the others? In this section, we will study how we can answer this 


it is sunny, then we goto the beach? — question by using logic symbols and truth tables. We also will learn to identify variations 


of conditional statements. 
This is Important Understanding when two statements are equivalent is impor- 


tant to understanding advertisers’ claims, political statements, and legal documents. 


FE quivalent statements are an important concept in the study of logic. 


Definition: Equivalent 
Two statements are equivalent, symbolized <—,* if both statements have exactly 
the same truth values in the answer columns of the truth tables. 


Sometimes the words /ogically equivalent are used in place of the word 
equivalent. 


“The symbol = is also used to indicate equivalent statements. 
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Table 3.26 
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Table 3.27 
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To determine whether two statements are equivalent, construct a truth table for 
each statement and compare the answer columns of the truth tables. If the answer 
columns are identical, the statements are equivalent. If the answer columns are not 
identical, the statements are not equivalent. 


Example §§ Equivalent Statements 


Determine whether the following two statements are equivalent. 


pA (qVr) 
(pA qQV (par) 


Construct a truth table for each statement (see Table 3.25). 


Table 3.25 
Bal rp. A V (An 
Tie eee TOU? ah ik a 
1 ae FT ay T E 
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Because the truth tables have the same answer (column 3 for both tables), the 
statements are equivalent. Therefore, we can write 


PAN\GVNS(PAQV (PAD) P| 


Example — Are the Following Equivalent Statements? 


Determine whether the following statements are equivalent. 


a) If your homework is finished and you have washed the dishes, then you can 
watch television. 


b) If your homework is not finished or you have not washed the dishes, then you 
cannot watch television. 


First write each statement in symbolic form, then construct a truth table 
for each statement. If the answer columns of both truth tables are identical, then the 
statements are equivalent. If the answer columns are not identical, then the state- 
ments are not equivalent. 


Let 
p: Your homework is finished. 
q: You have washed the dishes. 
r: You can watch television. 
In symbolic form, the statements are 
a) (Dp Ag) = 7a yb) pee igs i 
The truth tables for these statements are given in Tables 3.26 and 3.27, respectively. 


The answers in the columns labeled 5 are not identical, so the statements are not 
equivalent. nN 


Table 3.28 
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Example Which Statements Are Logically Equivalent? 


Determine which statement is logically equivalent to “It is not true that the tire is 
both out of balance and flat.” 

a) If the tire is not flat, then the tire is not out of balance. 

b) The tire is not out of balance or the tire is not flat. 

c) The tire is not flat and the tire is not out of balance. 

d) If the tire is not out of balance, then the tire is not flat. 


To determine whether any of the choices are equivalent to the given state- 
ment, first write the given statement and the choices in symbolic form. Then con- 
struct truth tables and compare the answer columns of the truth tables. 


Let 


p: The tire is out of balance. 
q: The tire is flat. 


The given statement may be written “It is not true that the tire is out of balance and 
the tire is flat.” The statement is expressed in symbolic formas ~ (p A q). Using 
p and q as indicated, choices (a) through (d) may be expressed symbolically as 


Vee Ga Dp. D) Ste PV Gage) ig IN <p. nd) p= org 


Now construct a truth table for the given statement (Table 3.28) and for each 
statement (a) through (d), given in Table 3.29 (a) through (d). By examining the 
truth tables, we see that the given statement, ~ (p / q), is logically equivalent to 
choice (b), ~p V ~gq. Therefore, the correct answer is “The tire is not out of bal- 
ance or the tire is not flat.” This statement is logically equivalent to the statement 
“Tt is not true that the tire is both out of balance and flat.” 


Table 3.29 (a) (b) (c) (d) 


De Morgan’s Laws 


Example 3 showed that a statement of the form ~(p / q) is equivalent to a statement 
of the form ~p V ~q. Thus, we may write ~(p A q) = ~p V ~q. This equiva- 
lent statement is one of two special laws called De Morgan’s laws. The laws, named 
after Augustus De Morgan, an English mathematician, were first introduced in Sec- 
tion 2.4, where they applied to sets. 
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Profile In Mathematics 
Charles Dodgson 


@: of the more interesting and 
well-known students of logic 
was Charles Dodgson (1832-1898), 
better known to us as Lewis Car- 
roll, the author of Alice’s Adven- 
tures in Wonderland and Through 
the Looking-Glass. Although the 
books have a child’s point of view, 
many argue that the audience best 
equipped to enjoy them is an adult 
one. Dodgson, a mathematician, 
logician, and photographer (among 
other things), uses the naiveté of 
a 7-year-old girl to show what can 
happen when the rules of logic are 
taken to absurd extremes. 


“You should say what you mean,” 
the March Hare went on. 

"| do,” Alice hastily replied; “at 
least—at least | mean what | say— 
that’s the same thing, you know.” 

“Not the same thing a bit!” said 
the Hatter. “You might as well say 
that ‘| see what | eat’ is the same 
thing as ‘| eat what | see’!” 


You can demonstrate that De Morgan’s second law is true by constructing and 
comparing truth tables for ~(p V gq) and ~p A ~q. Do so now. 

When using De Morgan’s laws, if it becomes necessary to negate an already ne- 
gated statement, use the fact that ~ (~ p) is equivalent to p. For example, the negation 
of the statement “Today is not Monday” is “Today is Monday.” 


Example £3 Use De Morgan’s Laws 


Select the statement that is logically equivalent to “I do not have investments, but I 
do not have debts.” 


a) I do not have investments or I do not have debts. 
b) It is false that I have investments and I have debts. 
c) It is false that I have investments or I have debts. 
d) I have investments or I have debts. 


To determine which statement is equivalent, write each statement in 
symbolic form. 


Let 
p: Ihave investments. 


q: Ihave debts. 


The statement “TI do not have investments, but I do not have debts” written 
symbolically is ~p /( ~gq. Recall that the word but means the same thing as and. 
Now, write parts (a) through (d) symbolically. 


ae N= ge TTD) =p NG eye (p Vg) a) epaavieg, 
De Morgan’s law shows that ~p A ~q is equivalent to ~(p V q). Therefore, the 
answer is (c): “It is false that I have investments or I have debts.” a 


Example Using De Morgan’s Laws to Write an Equivalent Statement 


Write a statement that is logically equivalent to “It is not true that tomatoes are 
poisonous or eating peppers cures the common cold.” 


Let 


p: Tomatoes are poisonous. 
q: Eating peppers cures the common cold. 


The given statement is of the form ~(p V q). Using the second of De Morgan’s 
laws, we see that an equivalent statement in symbols is ~p A ~q. Therefore, an 
equivalent statement in words is “Tomatoes are not poisonous and eating peppers 
does not cure the common cold.” a 


Consider ~(p A g)<~p V ~q, one of De Morgan’s laws. To go from 
~(p ( q) to ~p V ~gq, we negate both the p and the g within parentheses; change 
the conjunction, /\, to a disjunction, V; and remove the negation symbol preceding 
the left parentheses and the parentheses themselves. We can use a similar procedure 
to obtain equivalent statements. For example, 


(SPQ). Vea 

ADIN Gg) =p YG 
We can use a similar procedure to obtain equivalent statements when a disjunction is 
within parentheses. Note that 


~(-PVQepA~q 
(Dp Vig) <p! ING 


A Taylor Swift 


Profile In Mathem 
Augustus De Morgan 


ugustus De Morgan (1806- 

1871), the son of a member of 
the East India Company, was born 
in India and educated at Trinity 
College, Cambridge (UK). One of 
the great reformers of logic in the 
nineteenth century, De Morgan 
made his greatest contribution to 
the subject by realizing that logic 
as it had come down from Aristotle 
was narrow in scope and could be 
applied to a wider range of argu- 
ments. His work laid the foundation 
for modern, symbolic logic. 
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Example [4 Using De Morgan’s Laws to Write an Equivalent Statement 


Use De Morgan’s laws to write a statement logically equivalent to “Taylor Swift 
did not win an Academy of Country Music award, but she had a top-selling record.” 


Let 


p: Taylor Swift won an Academy of Country Music award. 
q: Taylor Swift had a top-selling record. 


The statement written symbolically is ~p / q. Earlier we showed that 
PAP ING Pip NG") 


Therefore, the statement “It is false that Taylor Swift won an Academy of Country 
Music award or Taylor Swift did not have a top-selling record” is logically equiva- 
lent to the given statement. B 


There are strong similarities between the topics of sets and logic. We can see them 
by examining De Morgan’s laws for sets and logic. 

De Morgan’s laws: set theory 
(AM By)’ = A’ UB’ ~PAQSer~PVv ~|d 

(A UB)’ =A'()B' ~(pVQeS~PA~|g 

The complement in set theory, ’, is similar to the negation, ~, in logic. The intersection, 
(1, is similar to the conjunction, /\; and the union, U, is similar to the disjunction, V. 


If we were to interchange the set symbols with the logic symbols, De Morgan’s laws 
would remain, but in a different form. 


De Morgan’s laws: logic 


Both ’ and ~ can be interpreted as not. 


Both { and ( can be interpreted as and. 


Both U and V can be interpreted as or. 


For example, the set statement A’ U B can be written as a statement in logic as ~a V b. 


Statements containing connectives other than and and or may have equivalent 
statements. To illustrate this point, construct truth tables for p — q and for ~p V q. 
The truth tables will have the same answer columns and therefore the statements are 
equivalent. We summarize this as follows. 


The Conditional Statement Written As a Disjunction 
Dag pep G 


With these equivalent statements, we can write a conditional statement as a dis- 
junction or a disjunction as a conditional statement. For example, the statement “If the 
game is polo, then you ride a horse” can be equivalently stated as “The game is not 
polo or you ride a horse.” 

To change a conditional statement to a disjunction, negate the antecedent, change 
the conditional symbol to a disjunction symbol, and keep the consequent the same. To 
change a disjunction statement to a conditional statement, negate the first statement, 
change the disjunction symbol to a conditional symbol, and keep the second state- 
ment the same. 


Example 4 Rewriting a Disjunction as a Conditional Statement 


Write a conditional statement that is logically equivalent to “The Oregon Ducks 
will win or the Oregon State Beavers will lose.” Assume that the negation of win- 
ning is losing. 
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Let 


p: The Oregon Ducks will win. 
q: The Oregon State Beavers will win. 


The original statement may be written symbolically as p V ~q. To write an equiv- 
alent conditional statement, negate the first statement, p, change the disjunction 

symbol to a conditional symbol, and keep the second statement the same. Symboli- 
cally, the equivalent statement is ~p — ~ q. The equivalent statement in words is 


“Tf the Oregon Ducks lose, then the Oregon State Beavers will lose.” P| 


Negation of the Conditional Statement 


Now we will discuss how to negate a conditional statement. To negate a conditional 
statement we use the fact that p > q <= ~p V q and De Morgan’s laws. Examples 8 


and 9 show the process. 


Example FE] The Negation of a Conditional Statement 
Determine a statement equivalent to ~(p — q). 


Begin with p > q = ~p V q, negate both statements, and use 
De Morgan’s laws. 


1 igh ae ARETE! 
~(p—>q) eS ~(pVv gq Negate both statements. 
Sp ING: De Morgan's laws 


Therefore, ~(p — q) is equivalent to p A ~q. 


We summarize the result of Example 8 as follows. 


The Negation of the Conditional Statement Written As a Conjunction 
CAD g) an DIN ead, 


Example ] Write an Equivalent Statement 


Write a statement that is equivalent to “It is false that if you hang the picture then it 
will be crooked.” 


Let 


p: You hang the picture. 
q: The picture will be crooked. 


The given statement can be represented symbolically as ~(p — q). We illustrated 
in Example 8 that ~ (p — q) is equivalent to p \ ~q. Therefore, an equivalent 
statement is “You hang the picture and the picture will not be crooked.” fa 


Using the fact that ~(p — q) = p A ~q, can you determine what ~ (p — ~q) 
is equivalent to as a conjunction? If you answered p (A gq you answered correctly. 


The contrapositive statement is 
always equivalent to the original 
conditional statement. 


4 A sitar. 
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Variations of the Conditional Statement 


We know that p — q is equivalent to ~p V q. Are any other statements equivalent 
to p—q? Yes, there are many. Now let’s look at the variations of the conditional 
statement to determine whether any are equivalent to the conditional statement. The 
variations of the conditional statement are made by switching and/or negating the 
antecedent and the consequent of a conditional statement. The variations of the con- 
ditional statement are the converse of the conditional, the inverse of the conditional, 
and the contrapositive of the conditional. 

Listed here are the variations of the conditional with their symbolic form and the 
words we say to read each one. 


Variations of the Conditional Statement 


Name Symbolic form Read 
Conditional D=20) “Tf p, then q” 
Converse of the conditional q—>p “Tf q, then p” 
Inverse of the conditional i> 1G “Tf not p, then not qg” 
Contrapositive of the conditional aa “Tf not g, then not p” 


To write the converse of the conditional statement, switch the order of the ante- 
cedent and the consequent. To write the inverse, negate both the antecedent and the 
consequent. To write the contrapositive, switch the order of the antecedent and the 
consequent and then negate both of them. 

Are any of the variations of the conditional statement equivalent? To determine 
the answer, we can construct a truth table for each variation, as shown in Table 3.30. 
It reveals that the conditional statement is equivalent to the contrapositive statement 
and that the converse statement is equivalent to the inverse statement. 


Table 3.30 


Converse 
ee aba 


Inverse 
ESL 


ahs Conditional Contrapositive 
HOTT re PEE Y ian Ovtigt 78 


aL 4p 
Ze Tr 
13 13 
ig 4b 


Example The Converse, Inverse, and Contrapositive 

For the conditional statement “If the song contains sitar music, then the song was 
written by George Harrison,” write the 

a) converse. b) inverse. c) contrapositive. 


a)eet 


p: The song contains sitar music. 
q: The song was written by George Harrison. 


The conditional statement is of the form p — gq, so the converse must be of the 
form g — p. Therefore, the converse is “If the song was written by George Har- 
rison, then the song contains sitar music.” 
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RECREATIONAL MATH 


Kakuro 
| ike Sudoku (see the Recreational 

Mathematics box on Sudoku on 
page 97), Kakuro is a puzzle that re- 
quires logic. The puzzle resembles a 
crossword puzzle but uses numbers 
for clues instead of words. The aim 
of the game is to fill all the blank 
squares in the grid with only the 
digits 1-9 so that the numbers you 
enter add up to the corresponding 
clues. For example, in the puzzle 
shown below, the 17 near the upper 
left corner of the puzzle is a clue that 
indicates that the two numbers that 
you place in the two squares to the 
right of the 17 must add up to equal 
17. The 9 near the upper left corner 
of the puzzle is a clue that indicates 
that the two numbers that you place 
in the two squares below the 9 must 
add up to equal 9. 

In addition, you may not repeat 
any digits in any given “word” or 


string of numbers. 


For more information and more 
puzzles, see www.kakuro.com. The 
solution to the above puzzle can 
be found in the answer section in 
the back of this book. For an ad- 
ditional puzzle, see Exercise 83 on 
page 140. 


b) The inverse is of the form ~p — ~q. Therefore, the inverse is “If the 
song does not contain sitar music, then the song was not written by George 
Harrison.” 


c) The contrapositive is of the form ~ q — ~p. Therefore, the contrapositive is 
“Tf the song was not written by George Harrison, then the song does not contain 
sitar music.” a 


Example fj) Determine the Truth Values 


Let 
p: The number is divisible by 10. 


gq: The number is divisible by 5. 


Write the following statements and determine which are true. 
a) The conditional statement, p — q 

b) The converse of p > q 

c) The inverse of p > q 

d) The contrapositive of p > q 


a) The conditional statement in symbols is p — q. Therefore, in words the condi- 
tional statement is [f the number is divisible by 10, then the number is divisible 
by 5. This statement is true. A number divisible by 10 must also be divisible by 
5, since 5 is a divisor of 10. 

b) The converse of the conditional statement in symbols is g — p. Therefore, in 
words the converse 1s If the number is divisible by 5, then the number is divisible 
by 10. This statement is false. For example, 15 is divisible by 5, but 15 is not di- 
visible by 10. 

c) The inverse of the conditional statement in symbols is ~ p — ~ q. Therefore, in 
words the inverse is [f the number is not divisible by 10, then the number is not 
divisible by 5. This statement is false. For example, 25 is not divisible by 10, but 
25 is divisible by 5. 

d) The contrapositive of the conditional statement in symbols is ~ g — ~ p. There- 
fore, in words the contrapositive is [f the number is not divisible by 5, then the 
number is not divisible by 10. This statement is true. Any number that is not 
divisible by 5 cannot be divisible by 10, since 5 is a divisor of 10. a 


Because the contrapositive statement is always equivalent to the original 
conditional statement, in Example 11 d) we should have expected the answer 
to be a true statement because the original conditional statement was also a true 
statement. 


Example Use the Contrapositive 


Use the contrapositive to write a statement logically equivalent to “If you don’t eat 
your meat, then you can’t have any pudding.” 


Let 


p: You do eat your meat. 
q: Youcan have any pudding. 


The given statement written symbolically is 


GOEL 


MATHEMATICS TODAY 


Fuzzy Logic 


M any modern computers work 


solely with two values, 1 or 0. 
This constraint makes it difficult for 
a computer to evaluate vague con- 
cepts that human beings deal with 
on a regular basis, such as bright, 
slow, and light. More and more 
computers are becoming more ca- 
pable of handling such vague con- 
cepts, thanks to the introduction of 
fuzzy logic. Unlike the traditional 
computer logic, fuzzy logic is based 
on the assignment of a value be- 
tween 0 and 1, inclusively, that can 
vary from setting to setting. For ex- 
ample, a camera using fuzzy logic 
may assign bright a value of 0.9 on 
a sunny day, 0.4 on a cloudy day, 
and 0.1 at night. Fuzzy logic also 
makes use of logical statements 
like those studied in this chapter. 
One such statement is “If X and Y, 
then Z." For example, a computer 
chip in a camera programmed with 
fuzzy logic may use the rule “If the 
day is bright and the film speed is 
slow, then let in less light.” Fuzzy 
logic is discussed further in Exer- 
cises 81 and 82 on page 139. 


This is Important Fuzzy 
logic is increasingly used in many 
devices that are part of everyday 
life. 
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The contrapositive of the statement is 
q~pP 


Therefore, an equivalent statement is “If you can have any pudding, then you do eat 
your meat.” a 


The contrapositive of the conditional is very important in mathematics. Consider 
the statement “If a? is not a whole number, then a is not a whole number.” Is this 
statement true? You may find this question difficult to answer. Writing the state- 
ment’s contrapositive may enable you to answer the question. The contrapositive is 
“Tf a is a whole number, then a7 is a whole number.” Since the contrapositive is a true 
statement, the original statement must also be true. 


Example Which Are Equivalent? 


Determine which, if any, of the following statements are equivalent. You may use 
De Morgan’s laws, the fact that p > g <= ~p V gq, information from the variations 
of the conditional, or truth tables. 


a) If you leave by 9 A.M., then you will get to your destination on time. 

b) You do not leave by 9 A.M. or you will get to your destination on time. 

c) Itis false that you will get to your destination on time or you did not leave by 9 A.M. 
d) If you do not get to your destination on time, then you did not leave by 9 A.M. 


Let 


p: You leave by 9 A.M. 
q: You will get to your destination on time. 


In symbolic form, the four statements are 
ONE ae Gee) Dp Vig. © ae)ine (gi ~p). 


Which of these statements are equivalent? Earlier in this section, you learned that 
P— q is equivalent to ~p V q. Therefore, statements (a) and (b) are equivalent. 
Statement (d) is the contrapositive of statement (a). Therefore, statement (d) is also 
equivalent to statement (a) and statement (b). Statements (a), (b), and (d) all have 
the same truth table (Table 3.31). 


Oy Gt Gia p. 


Table 3.31 (a) (b) (d) 


Now let’s look at statement (c). To determine whether ~(g V ~p) is equivalent to 
the other statements, we will construct its truth table (Table 3.32) and compare the 
answer column with the answer columns in Table 3.31. 


Table 3.32 
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None of the three answer columns of the truth table in Table 3.31 is the same 
as the answer column of the truth table in Table 3.32. Therefore ~(q V ~p) is 
not equivalent to any of the other statements. Therefore, only statements (a), (b), 
and (d) are equivalent to each other. @ 


SECTION 3.4 Evarcicee 


Warm Up Exercises 


In Exercises 1-8, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


1. 


Statements that have exactly the same truth values in the 
answer columns of their truth tables are called 
statements. 


. DeMorgan’s laws state that 


a) ~(p A q) is equivalent to , and 


b) ~(p V q) is equivalent to 


. The conditional statement p — q is equivalent to the fol- 


lowing disjunction statement: 


. The negation of the conditional statement ~(p — q) 


is equivalent to the following conjunction statement: 


. Given the conditional statement p — q, the converse of 


the conditional statement in symbolic form is 


. Given the conditional statement p — q, the inverse of the 


conditional statement in symbolic form is 


. Given the conditional statement p — q, the contra- 


positive of the conditional statement in symbolic form is 


. Of the converse, inverse, and contrapositive, only the con- 


trapositive of the conditional statement is to the 


conditional statement. 


Practice the Skills 


In Exercises 9-18, use De Morgan’s laws to determine 
whether the two statements are equivalent. 


Mb AUD IND ek DS Gi 
10.~(pAq),~p V ~4 
Wi GaN Ae IS SC) 
a ( PY g), Pp Vo mg 
B.=(—-p9@).p \ ~@ 


14. 
15. 
16. 
17. 
18. 


gan) pV ig 

(2p N= Gg) 2 F. (Daa ete 
AWN Sal S72 I 
Dae) PANG 


AAD MD, al \ 2G] 


In Exercises 19-30, use a truth table to determine whether 
the two statements are equivalent. 


19. 
20. 
21. 
22. 
23. 
24. 
25. 


Dk ID XS Gl 
ADS IN 2G 

IG Pe DS = AG 

ame NE TG) 
(PVQVrpV@Vn 
DPMGEN BE AIAG AND) 


PAN@Vn,pAqQgvVr 


Bis) Vino Y OA 7 
-(p>q) \ (Gp), (Pq) 
28. 


I~(p>Q@]1 A I~ @>pD)l ~D—®@ 


Problem Solving 


In Exercises 29-34, use De Morgan’s laws to write an 
equivalent statement for the sentence. 


29. 


30. 


31. 
32. 
33. 


It is false that Oregon borders the Atlantic Ocean and 
Delaware borders the Pacific Ocean. 


It is false that Greg Dietrich selects formulas or Moana 
Karsteter applies concepts. 


The dog was neither a bulldog nor was the dog a boxer. 
The pot roast is hot, but it is not well done. 


If Ashley Tabai takes the new job, then she will not move 
or she will buy a new house in town. 


34. If Phil Murphy buys us dinner, then we will not go to the 
top of the CN Tower but we will be able to walk to the 
Red Bistro Restaurant. 


In Exercises 35—40, use the fact that p — q is equivalent to 
~p V q to write an equivalent form of the given statement. 


35. If Janette Campbell buys a new car, then she sells her old 
car. 


36. Byron Dyce did not walk to the meeting or we started late. 


37. Bob the Tomato visited the nursing home or he did not 
visit the Cub Scout meeting. 


38. If Joanne Ernst goes to the Lightning game, then she will 
not go to the Rays game. 


39. Chase is not hiding or the pitcher is broken. 


40. If Weezer is not on the radio, then Tim Ollendick is 
working. 


In Exercises 41-46, use the fact that ~ (p — q) is equivalent 
to p /\ ~gq to write the statement in an equivalent form. 


41. It is false that if we go to Chicago, then we will go to Navy 
Pier 


4 Navy Pier in Chicago 


42. It is false that if General Electric makes the telephone, then 
the telephone is made in the United States. 


43. I am cold and the heater is not working. 


44. The Badgers beat the Nittany Lions and the Bucks beat the 
76ers. 


45. It is not true that if Amazon has a sale then we will buy 
$100 worth of books. 


46. Thompson is sick today but Allen didn’t go to school. 


47. John Deere will hire new workers and the city of Dubuque 
will retrain the workers. 


48. My cell phone is not a Blackberry but my cell phone has a 
keyboard. 
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In Exercises 49-54, write the converse, inverse, and con- 
trapositive of the statement. (For Exercise 54, use De Mor- 
gan’s laws.) 


49. If Nanette Berry teaches macramé, then she needs extra 
yarn. 


50. If the water is running, then Linus is getting a drink. 
51. If I go to Mexico, then I buy silver jewelry. 
52. If Bob Dylan records a new CD, then he will go on tour. 


53. If that annoying paper clip shows up on my computer 
screen, then I will scream. 


54. If the sun is shining, then we will go down to the marina 
and we will take out the sailboat. 


In Exercises 55-60, write the contrapositive of the 
statement. Use the contrapositive to determine whether 
the conditional statement is true or false. 


55. If a natural number is divisible by 14, then the natural num- 
ber is divisible by 7. 


56. If the quadrilateral is a parallelogram, then the opposite 
sides are parallel. 


57. If a natural number is divisible by 3, then the natural num- 
ber is divisible by 6. 


58. If 1/n is not a natural number, then 7 is not a natural num- 
ber. 


59. If two lines do not intersect in at least one point, then the 


two lines are parallel. 


oo) a , , 
60. If —— # -,, then mis not a counting number. 
m:b b 


In Exercises 61—74, determine which, if any, of the three 


statements are equivalent (see Example 13). 


61. a) If the ball lands in foul territory, then the runner returns 
to the base. 


b) If the runner returns to the base, then the ball lands in 
foul territory. 


c) The runner does not return to the base or the ball lands 
in foul territory. 
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62. 


63. 


64. 


65. 


66. 
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a) If Fido is our dog’s name, then Rex is not our dog’s name. 


b) It is false that Fido is our dog’s name and Rex is not 
our dog’s name. 


c) Fido is not our dog’s name or Rex is our dog’s name. 


a) The office is not cool and the copier is jammed. 
b) If the office is not cool, then the copier is not jammed. 


c) It is false that the office is cool or the copier is not 
jammed. 


a) The test is not written or the review sheet is not ready. 
b) If the test is written, then the review sheet is ready. 


c) It is false that the review sheet is ready and the test is 
not written. 


a) Today is not Sunday or the library is open. 
b) If today is Sunday, then the library is not open. 
c) If the library is open, then today is not Sunday. 


a) If you are fishing at | p.M., then you are driving a car at 
1 P.M. 


b) You are not fishing at 1 P.M. or you are driving a car at 
1 P.M. 


c) It is false that you are fishing at 1 P.M. and you are not 
driving a car at | P.M. 


67. 


68. 


69. 


70. 


71. 


72. 


a) The grass grows and the trees are blooming. 
b) If the trees are blooming, then the grass does not grow. 
c) The trees are not blooming or the grass does not grow. 


a) Johnny Patrick is chosen as department chair if and 
only if he is the only candidate. 


b) If Johnny Patrick is chosen as department chair then he 
is the only candidate, and if Johnny Patrick is the only 
candidate then he is chosen as department chair. 


c) Johnny Patrick is not chosen as department chair and he 
is not the only candidate. 


a) If the corn bag goes in the hole, then you are awarded 
three points. 


b) It is false that the corn bag goes in the hole and you are 
awarded three points. 


c) The corn bag does not go in the hole and you are not 
awarded three points. 


a) Fitz and the Tantrums will not go on tour if and only if 
James King does not play the saxophone. 


b) It is false that Fitz and the Tantrums will go on tour if 
and only if James King does not play the saxophone. 


c) If Fitz and the Tantrums go on tour, then James King 
plays saxophone. 


a) If the pay is good and today is Monday, then I will take 
the job. 


b) If I do not take the job, then it is false that the pay is 
good or today is Monday. 


c) The pay is good and today is Monday, or I will take the job. 


a) If you are 18 years old and a citizen of the United 
States, then you can vote in the presidential election. 


b) You can vote in the presidential election, if and only 
if you are a citizen of the United States and you are 
18 years old. 


c) You cannot vote in the presidential election, or you are 
18 years old and you are not a citizen of the United 
States. 


73. 


74. 


a) The package was sent by Federal Express, or the pack- 
age was not sent by United Parcel Service but the pack- 
age arrived on time. 


b) The package arrived on time, if and only if it was sent 
by Federal Express or it was not sent by United Parcel 
Service. 


c) If the package was not sent by Federal Express, then 
the package was not sent by United Parcel Service but 
the package arrived on time. 


80. 


$1. 
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Determine whether ~[~(p V ~q)] =p V ~q. Explain 
the method(s) you used to determine your answer. 


In an appliance or device that uses fuzzy logic, a change in 
one condition causes a change in a second condition. For 
example, in a camera, if the brightness increases, the lens 
aperture automatically decreases to get the proper expo- 
sure. Name at least 10 appliances or devices that make use 
of fuzzy logic and explain how fuzzy logic is used in each 
appliance or device. See the Mathematics Today box on 
page 135. 


a) The mortgage rate went down, if and only if Tim 
purchased the house and the down payment was 10%. 


b) The down payment was 10%, and if Tim purchased the 
house then the mortgage rate went down. 


c) If Tim purchased the house, then the mortgage rate 
went down and the down payment was not 10%. 


Concept/Writing Exercises 


1Bt 


76. 


We 


78. 


If p and q represent two simple statements, and if p > q 
is a false statement, what must be the truth value of the 
converse, q — p? Explain. 


If p and g represent two simple statements, and if p — q 
is a false statement, what must be the truth value of the 
inverse, ~ p —> ~ q? Explain. 


If p and q represent two simple statements, and if p > q 
is a false statement, what must be the truth value of the 
contrapositive, ~ g — ~p? Explain. 


If p and q represent two simple statements, and if p > q 


is a true statement, what must be the truth value of the con- 


trapositive, ~ gq — ~ p? Explain. 


Challenge Problems/Group Activities 


TR 


We learned that p> q<~p V gq. Determine a con- 
junction that is equivalent to p — q. (Hint: There are 
many answers.) 


*Absolute values are discussed in Section 13.8. 


82. 


In symbolic logic, a statement is either true or false 
(consider true to have a value of | and false a value of 
0). In fuzzy logic, nothing is true or false, but everything 
is a matter of degree. For example, consider the state- 
ment “The sun is shining.” In fuzzy logic, this statement 
may have a value between 0 and | and may be constantly 
changing. For example, if the sun is partially blocked by 
clouds, the value of this statement may be 0.25. In fuzzy 
logic, the values of connective statements are found as 
follows for statements p and q. 
Not p has a truth value of 1 — p. 
p 4 q has a truth value equal to the lesser of p and q. 
p V qhas a truth value equal to the greater of p and q. 
P— q has a truth value equal to the lesser of 1 and 
il Syarsr ig 
p< q has atruth value equal to 1 — |p — ql, that is, 
1 minus the absolute value* of p minus q. 


Suppose the statement “p: The sun is shining” has a truth 
value of 0.25 and the statement “gq: Mary is getting a tan” 
has a truth value of 0.20. Find the truth value of 


a) ~p b) ~q 
c) p Ag d) pV q 
e) pq f) pq 
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Recreational Exercises 


Internet/Research Activities 


83. Kakuro Refer to the Recreational Mathematics box on 84. Do research and write a report on fuzzy logic. 
page 134. Complete the following Kakuro puzzle. 


85. Read one of Lewis Carroll’s books and write a report on 
how he used logic in the book. Give at least five specific 
examples. 


86. Do research and write a report on the life and achieve- 
ments of Augustus De Morgan. Indicate in your report his 


contributions to sets and logic. 


SECTION 3.5 Symbolic Arguments 


& The Who plays during halftime of 
Super Bowl XLIV. 


Consider the following statements. 
If Carrie Underwood sings the national anthem, then The Who will play at halftime. 
Carrie Underwood sings the national anthem. 


If you accept these two statements as true, then what logical conclusion could you 
draw? Do you agree that you can logically conclude that The Who will play at halftime? 
In this section, we will use our knowledge of logic to study the structure of such state- 
ments to draw logical conclusions. 


This is Important Drawing logical conclusions from a given set of statements is 
an important application of logic. Also, we use logic daily in decision making after con- 
sidering all the facts we know to be true. 


P reviously in this chapter, we used symbolic logic to determine the truth value of a 
compound statement. We now extend those basic ideas to determine whether we 
can draw logical conclusions from a set of given statements. Consider once again the 
two statements. 


If Carrie Underwood sings the national anthem, then The Who will play at 
halftime. 


Carrie Underwood sings the national anthem. 


These statements in the following form constitute what we will call a symbolic argument. 


Premise 1: If Carrie Underwood sings the national anthem, then The 
Who will play at halftime. 


Premise 2: Carrie Underwood sings the national anthem 
Conclusion: The Who will play at halftime. 


Did You Know. 


The Dog Did Nothing 


i 


n the case of the disappearance 

of the racehorse Silver Blaze, 
Sherlock Holmes demonstrated that 
sometimes the absence of a clue 
is itself a clue. The local police 
inspector asked him, “Is there any 
point to which you would wish 
to draw my attention?” Holmes 
replied, “To the curious incident 
of the dog in the nighttime.” The 
inspector, confused, asked: “The 
dog did nothing in the nighttime.” 
“That was the curious incident,” 
remarked Sherlock Holmes. From 
the lack of the dog’s bark, Holmes 
concluded that the horse had been 
“stolen” by a stablehand. How did 
Holmes reach his conclusion? 
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A symbolic argument consists of a set of premises and a conclusion. It is called 
a symbolic argument because we generally write it in symbolic form to determine its 
validity. 


_ Definition: Valid and Invalid Arguments 
An argument is valid when its conclusion necessarily follows from a given set of 
premises. : 

_ An argument is invalid or a fallacy when the conclusion does not necessarily fol- 
low from the given set of premises. 


An argument that is not valid is invalid. The argument just presented is an exam- 
ple of a valid argument, as the conclusion necessarily follows from the premises. Now 
we will discuss a procedure to determine whether an argument is valid or invalid. We 
begin by writing the argument in symbolic form. To write the argument in symbolic 
form, we let p and q be 


p: Carrie Underwood sings the national anthem. 
gq. The Who will play at halftime. 


Symbolically, the argument is written 


Premise 1: =2G) 
Premise 2: Pp 
Conclusion ..q (The three-dot-triangle is read “therefore.”) 


Write the argument in the following form. 


If [premise 1 and  premise2| then conclusion 
(p> 4) A P| id q 


Then construct a truth table for the statement [(p — gq) A p] — q (Table 3.33). If 
the truth table answer column is true in every case, then the statement is a tautology, 
and the argument is valid. If the truth table is not a tautology, then the argument is 
invalid. Since the statement is a tautology (see column 5), the conclusion necessarily 
follows from the premises and the argument is valid. 


Table 3.33 


IS) jh task tect SI 
Aim 8m AIS 


Once we have demonstrated that an argument in a particular form is valid, all 
arguments with exactly the same form will also be valid. In fact, many of these forms 
have been assigned names. The argument form just discussed, 


pq 
p 


“g 


is called the law of detachment, or modus ponens. 
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Example Determining Validity Without a Truth Table 


Determine whether the following argument is valid or invalid. 
If Canada is north of the United States, then Alaska is in Mexico. 
Canada is north of the United States. 


. Alaska is in Mexico. 
Translate the argument into symbolic form. 
Let 


c: Canada is north of the United States. 
a: Alaska is in Mexico. 
In symbolic form, the argument is 


Coad 


This argument is also the law of detachment. Therefore, it is a valid argument. | 


Note that the argument in Example | is valid even though the conclusion, “Alaska 
is in Mexico,” is a false statement. It is also possible to have an invalid argument in 
which the conclusion is a true statement. When an argument is valid, the conclusion 
necessarily follows from the premises. It is not necessary for the premises or the con- 
clusion to be true statements in an argument. 


ele see] TO DETERMINE WHETHER AN ARGUMENT IS VALID 


. Write the argument in symbolic form. 


. Compare the form of the argument with forms that are known to be valid 
or invalid. If there are no known forms to compare it with, or you do not 
remember the forms, go to step 3. 


. If the argument contains two premises, write a conditional statement of the form 


[(premise 1) A (premise 2)] — conclusion 


. Construct a truth table for the statement in step 3. 


5. If the answer column of the truth table has all trues, the statement is a tautology, and 
the argument is valid. If the answer column does not have all trues, the 
argument is invalid. 


Examples | through 4 contain two premises. When an argument contains more 
than two premises, step 3 of the procedure will change slightly, as will be explained 
shortly. 


Example 4 Determining the Validity of an Argument With a Truth Table 
Determine whether the following argument is valid or invalid. 


If you watch Good Morning America, then you see Robin Roberts. 
You did not see Robin Roberts. 


«. You did not watch Good Morning America. 


A Robin Roberts 
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We first write the argument in symbolic form. 


Let 
p: You watch Good Morning America. 


g. You see Robin Roberts. 


In symbolic form, the argument is 

[DAG] 

~q 

<p 

As we have not tested an argument in this form, we will construct a truth table to 
determine whether the argument is valid or invalid. We write the argument in the 
form [(p — q) \ ~q]— ~p, and construct a truth table (Table 3.34). Since the 
answer, column 5, has all T’s, the argument is valid. 


Table 3.34 


The argument form in Example 2 is an example of the Jaw of contraposition, or 
modus tollens. 


Example [Ej Another Symbolic Argument 


Determine whether the following argument is valid or invalid. 


The grass is green or the grass is full of weeds. 
The grass is not green. 


.. The grass is full of weeds. 


Let 


p: The grass is green. 
q: The grass is full of weeds. 


In symbolic form, the argument is 


pV 4 
=P 


q 


As this form is not one of those we are familiar with, we will construct a truth 
table. We write the argument in the form [(p V q) A ~p]—q. Next we construct 
a truth table, as shown in Table 3.35 on page 144. The answer to the truth table, 
column 5, is true in every case. Therefore, the statement is a tautology, and the 
argument is valid. 
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MATHEMATICS TODAY 


Freedom of Speech or 
Misleading Advertising? 


he first amendment to the 


United States Constitution 
guarantees that Americans have 
the freedom of speech. There are, 
however, limits to what we may 
say or write. For example, com- 
panies are limited in what they 
can say or write to advertise their 
products. The Federal Trade Com- 
mission (FTC) states that “ads must 
be truthful and not misleading; 
that advertisers must have evi- 
dence to back up their assertions; 
and that ads cannot be unfair.” 
Although most advertisements are 
truthful and fair, some enter into a 
“gray area” of truthfulness. Some 
of these breaches of fairness may 
be found in logical fallacies either 
made directly or implicitly by the 
context of the ad’s wording or 
artwork. The FTC has the respon- 
sibility to take action against com- 
panies they believe are violating 
their policies. For more information 
regarding actions taken by the FTC 
against fraudulent advertisers, go 
to www.ftc.gov. 


This is Important Asacon- 
sumer you need to be able to de- 
termine if a conclusion made by a 
company necessarily follows from 
the information given, or if the 
company is providing you with a 
misleading conclusion. 


Table 3.35 


nod soe 


ee ee ee 
Alm Am 4/8 


The argument form in Example 3 is an example of a disjunctive syllogism. Other 


standard forms of arguments are given in the following chart. 


Standard Forms of Arguments 


Valid Law of Law of Law of Disjunctive 
Arguments Detachment Contraposition Syllogism Syllogism 

Daa Diag Dimes pVq 

P =Y U lge ae 

ag Sea) ap fo G) 
Invalid Fallacy of Fallacy of 
Arguments the Converse the Inverse 

[pa | Pq 

q =D. 

Rup eG, 


As we saw in Example 1, it is not always necessary to construct a truth table to 


determine whether or not an argument is valid. The next two examples will show how 
we can identify an argument as one of the standard arguments given in the chart above. 


Example LY Identifying a Standard Argument 


Determine whether the following argument is valid or invalid. 


If you are on Facebook, then you see my pictures. 
If you see my pictures, then you know I have a dog. 


.. If you are on Facebook, then you know I have a dog. 


Let 


p: You are on Facebook. 
q: You see my pictures. 
r: You know I have a dog. 


In symbolic form, the argument is 


pq 
aga 


Rie 


The argument is in the form of the law of syllogism. Therefore, the argument is 
valid, and there is no need to construct a truth table. ] 


If you are not sure whether an argu- 
ment with two premises is one of 
the standard forms or if you do not 
remember the standard forms, you 
can always determine whether a 
given argument is valid or invalid by 
using a truth table. To do so, follow 
the boxed procedure on page 142. 
In Example 5(b), if you did not 
recognize that this argument was of 
the same form as the fallacy of the 
inverse you could construct the truth 
table for the conditional statement 


[Cp > @)  ~pli— ~g¢ 


The true—false values under the 
conditional column, — , would be 

T, T, F, T. Since the statement is not a 
tautology, the argument is invalid. 
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Example Identifying Common Fallacies in Arguments 


Determine whether the following arguments are valid or invalid. 


a) 
If it is snowing, then we put salt on the driveway. 
We put salt on the driveway. 
. It is snowing. 

b) 


If it is snowing, then we put salt on the driveway. 
It is not snowing. 


.. We do not put salt on the driveway. 


a) Let 
p:  Itis snowing. 
g: We put salt on the driveway. 
In symbolic form, the argument is 
Da) 
q 
PoP 
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This argument is in the form of the fallacy of the converse. Therefore, the argu- 


ment is a fallacy, or invalid. 


b) Using the same symbols defined in the solution to part (a), in symbolic form, the 


argument is 


pq 
eT | 


.~q 


This argument is in the form of the fallacy of the inverse. Therefore, the 
argument is a fallacy, or invalid. 


Now we consider an argument that has more than two premises. When an argu- 
ment contains more than two premises, the statement we test, using a truth table, is 
formed by taking the conjunction of all the premises as the antecedent of a conditional 
statement and the conclusion as the consequent of the conditional statement. One ex- 


ample is an argument of the form 


Weevaluate the truth table for[p,; A po A p3] > c. When weevaluate[p; A p2 A p3), 
it makes no difference whether we evaluate [(p; A p2) A p3] or [p1 A (p2 A p3)] 
because both give the same answer. In Example 6, we evaluate [p,; A p2 A p3] from 


left to right; that is, [(p; A po) A pal. 


146 


CHAPTER3 Logic 


Example [J An Argument with Three Premises 
Use a truth table to determine whether the following argument is valid or invalid. 


If my cell phone company is Verizon, then I can call you free of charge. 
I can call you free of charge or I can send you a text message. 
I can send you a text message or my cell phone company is Verizon. 


. My cell phone company is Verizon. 


This argument contains three simple statements. 
Let 


p: My cell phone company is Verizon. 
g: can call you free of charge. 
r: Ican send you a text message. 


In symbolic form, the argument is 


Write the argument in the form 
(p>-g AqVnACYV p)l—p. 


Now construct the truth table (Table 3.36). The answer, column 7, is not true in 
every case. Thus, the argument is a fallacy, or invalid. 


Table 3.36 


+ |woo save 


ia 
le 
4 


i ee) a) 
7A UMA HS Tm HB AIS 
7H mHemseasyA 


Sela 4H 4m m4 
welt 4a 4mm 4 
vit aaa te aA 
Ata ta mma al> 
AIM ATH HHA 
YS meme A 


UL , 


Let’s now investigate how we can arrive at a valid conclusion from a given set of 
premises. 


Example §@ Determine a Logical Conclusion 


Determine a logical conclusion that follows from the given statements. “If the price 
of gas is below $4.00 per gallon, then we will drive to the Offspring concert. We 
will not drive to the Offspring concert. Therefore ...” 


If you recognize a specific form of an argument, you can use your knowl- 
edge of that form to draw a logical conclusion. 


Let 
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p: The price of gas is below $4.00 per gallon. 


qd: 


We will drive to the Offspring concert. 


The argument is of the following form. 


PAG | 
ocd 
en 8 


If the question mark is replaced with a ~p, this argument is of the form of the law 
of contraposition. Thus, a logical conclusion is “Therefore, the price of gas is not 
below $4.00 per gallon.” = 


SECTION 3.5 ; 
Exercises 


Warm Up Exercises 


In Exercises 1-6, fill in the blanks with an appropriate 
word, phrase, or symbol(s). - 


1. When the conclusion of an argument necessarily follows 
from the given set of premises it is a(n) 
argument. 


2. When the conclusion of an argument does not necessarily 
follow from the given set of premises it is a(n) 
argument. 


3. An argument that is invalid is also known as a(n) 


4. To determine the validity of an argument with two prem- 
ises, construct a truth table for a conditional statement of the 
form [(premise 1) A (premise 2)] > 


5. If the conditional statement referred to in Exercise 4 
is a tautology, then the argument is a(n) 
argument. 


6. If the conditional statement referred to in Exercise 4 is 
not a tautology, then the argument is a(n) 
argument. 


For Exercises 7—12, identify the standard form of the 
argument. 


7.P~4 Fallacy of the 
“=P 
ad 
8. P 4 Lawof 
Pp 
°q 


Disjunctive 


10. pq Fallacy of the 


ll. pq Law of 


12. pq Law of 
weed 
Practice the Skills 


In Exercises 13-32, determine whether the argument is 
valid or invalid. You may compare the argument to a 
standard form, given on page 144, or use a truth table. 


13.a—b 14,.cVd 
~a ZG 
~b “d 

15.e—>f 16.g—h 
é hi 
Heo wg 

17.jVk 18. /—m 
onde ao 

j ~~ 

19. no 20 ii S 

O ie 
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Problem Solving 


In Exercises 33—48, (a) translate the argument into sym- 
bolic form and (b) determine if the argument is valid or 


invalid. You may compare the argument to a standard form 


or use a truth table. 


33. If the lighthouse works, then the boat can stay out late. 
The boat cannot stay out late. 


.. The lighthouse does not work. 


34. If the car is a Road Runner, then the car is fast. 
The car is fast. 


.. The car is a Road Runner. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


If the baby is a boy, then we will name him Alexander 
Martin. 


The baby is a boy. 


.. We will name him Alexander Martin. 


If I can get my child to preschool by 8:45 a.M., then I can 
take the 9:00 A.M. class. 


If I can take the 9:00 A.M. class, then I can be done by 2:00 P.M. 


.. If lcan get my child to preschool by 8:45 a.m., then I 
can be done by 2:00 P.M. 


If the guitar is a Les Paul model, then the guitar is made by 
Gibson. 


The guitar is not made by Gibson. 


.. The guitar is not a Les Paul model. 


We will go for a bike ride or we will go shopping. 
We will not go shopping. 


.. We will go for a bike ride. 


If we planted the garden by the first Friday in April, then 
we will have potatoes by the Fourth of July. 


We will have potatoes by the Fourth of July. 


.. We planted the garden by the first Friday in April. 


If you pass general chemistry, then you can take organic 
chemistry. 


You pass general chemistry. 


.. You can take organic chemistry. 


Erica Kane will marry Samuel Woods or Erica Kane will 
marry David Hayward. 


Erica Kane will not marry Samuel Woods. 


.. Erica Kane will marry David Hayward. 


If Nicholas Thompson teaches this course, then I will get a 
passing grade. 


I did not get a passing grade. 


.«. Nicholas Thompson did not teach this course. 


If it is cold, then graduation will be held indoors. 


If graduation is held indoors, then the fireworks will be 
postponed. 


.. If it is cold, then the fireworks will be postponed. 


44, 


45. 


46. 


47. 


48. 


If the canteen is full, then we can go for a walk. 
We can go for a walk and we will not get thirsty. 


.. If we go for a walk, then the canteen is not full. 


Marie works at the post office and Jim works for Target. 
If Jim works for Target, then Tommy gets an internship. 


-. If Tommy gets an internship, then Marie works at the 
post office. 


Vitamin C helps your immune system or niacin helps 
reduce cholesterol. 
If niacin helps reduce cholesterol, then vitamin E enhances 
your skin. 


.. Vitamin C helps your immune system and vitamin E 
enhances your skin. 


It is snowing and I am going skiing. 


If I am going skiing, then I will wear a coat. 


.. If itis snowing, then I will wear a coat. 


The garden has vegetables or the garden has flowers. 


If the garden does not have flowers, then the garden has 
vegetables. 


.. The garden has flowers or the garden has vegetables. 


In Exercises 49-58, translate the argument into symbolic 
form. Then determine whether the argument is valid or invalid. 


49. 


50. 


51. 


52. 


If you read The Order of the Phoenix then you can under- 
stand The Half-Blood Prince. You cannot understand The 
Half-Blood Prince. Therefore, you did not read The Order 
of the Phoenix. 


The printer has a clogged nozzle or the printer does not 
have toner. The printer has toner. Therefore, the printer 
has a clogged nozzle. 


Max is playing Game Boy with the sound off or Max is 
wearing headphones. Max is not playing Game Boy with 
the sound off. Therefore, Max is wearing headphones. 


If the cat is in the room, then the mice are hiding. The 
mice are not hiding. Therefore, the cat is not in the room. 


3.5 Symbolic Arguments 149 


53. The test was easy and I received a good grade. The test 
was not easy or I did not receive a good grade. Therefore, 
the test was not easy. 


54. If Bonnie passes the bar exam, then she will practice law. 
Bonnie will not practice law. Therefore, Bonnie did not 
pass the bar exam. 


55. The baby is crying but the baby is not hungry. If the baby 
is hungry then the baby is crying. Therefore, the baby is 
hungry. 


56. If the car is new, then the car has air conditioning. The car 
is not new and the car has air conditioning. Therefore, the 
car is not new. 


57. If you liked This Is Spinal Tap then you liked Best in 
Show. If you liked Best in Show then you did not like A 
Mighty Wind. Therefore, if you liked This Is Spinal Tap 
then you liked A Mighty Wind. 


58. The engineering courses are difficult and the chemistry 
labs are long. If the chemistry labs are long, then the art 
tests are easy. Therefore, the engineering courses are dif- 
ficult and the art tests are not easy. 


In Exercises 59-64, using the standard forms of argu- 
ments and other information you have learned, supply 
what you believe is a logical conclusion to the argument. 
Verify that the argument is valid for the conclusion you 
supplied. 


59. If you throw more than 60 pitches, then you must rest for 
three days. You throw more than 60 pitches. 
Therefore, ... 


60. If the temperature hits 100°, then we will go swimming. 
We did not go swimming. 
Therefore, ... 


61. I am stressed out or I have the flu. 
I do not have the flu. 
Therefore, ... 


62. If I can get Nick to his piano lesson by 3:30 P.M., then I 
can do my shopping. 
If I can do my shopping, then we do not need to order 
pizza again. 
Therefore, ... 


63. If you close the deal, then you will get a commission. 
You did not get a commission. 
Therefore, ... 
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64. If Katherine is at her ballet lesson, then Allyson will take Recreational Mathematics 
a nap. 
Katherine is at her ballet lesson. 
Therefore; s.- 


71. René Descartes was a seventeenth-century French math- 
ematician and philosopher. One of his most memorable 
statements is, “I think, therefore, I am.” This statement is 

rs : the basis for the following joke. 

Concept/Writing Exercises 

65. Is it possible for an argument to be invalid if its conclusion 
is true? Explain your answer. 


Descartes walks into an inn. The innkeeper asks Descartes 
if he would like something to drink. Descartes replies, “I 
think not,” and promptly vanishes into thin air! 


66. Is it possible for an argument to be valid if its conclusion 


is false? Explain your answer This joke can be summarized in the following argument: If 


I think, then I am. I think not. Therefore, I am not. 


67. Is it possible for an argument to be invalid if the premises 


: a) Represent this argument symbolically. 
are all true? Explain your answer. 


b) Is it a valid argument? 
68. Is it possible for an argument to be valid if the premises 
are all false? Explain your answer. c) Explain your answer using either a standard form of 
argument or using a truth table. 


Challenge Problems/Group Activities 
69. Determine whether the argument is valid or invalid. Internet/Research Activities 


72. Show how logic is used in advertising. Discuss several 
advertisements and show how logic is used to persuade the 
If Lynn is rich, then she will stop working. reader. 


If Lynn wins the contest or strikes oil, then she will be rich. 


.. If Lynn does not stop working, then she did not win the 


contest: 73. Find examples of valid (or invalid) arguments in printed 


matter such as newspaper or magazine articles. Explain 
why the arguments are valid (or invalid). 


70. Is it possible for an argument to be invalid if the conjunc- 
tion of the premises is false in every case of the truth 
table? Explain your answer. 


While trying to select a movie to watch, you think, “All Ben Stiller movies are com- 
edies. Ben Stiller is in the movie The Hardy Men. Therefore, The Hardy Men is a com- 
edy.” This type of argument will be discussed in this section. 


SPIRIT AvaRiewe 


iy 
| Why ue is Important Understanding arguments is an important part of the study of 
logic, and it is useful in making real-life decisions. 


|" Section 3.5, we showed how to determine the validity of symbolic arguments 
using truth tables and comparing the arguments to standard forms. This section 
presents another form of argument called a sy/logistic argument, better known by the 
a Ben Stiller shorter name sy//ogism. The validity of a syllogistic argument is determined by using 
Euler (pronounced “oiler”) diagrams, as is explained shortly. 

Syllogistic logic, a deductive process of arriving at a conclusion, was developed 
by Aristotle in about 350 B.c. Aristotle considered the relationships among the four 
types of statements that follow. 


All are 
No are 
Some are 


Profile In Mathematics 


Leonhard Euler 


Ss mathematician Leonhard 
Euler (pronounced = “oiler”; 
1707-1783) produced such a large 
volume of work that not all of it has 
yet been compiled. It has been esti- 
mated that a complete edition of his 
work would make up over 60 vol- 
umes. Although his greatest contri- 
bution was made in the field of mod- 
em analysis, his work also explored 
physics, astronomy, trigonometry, 
and calculus. Euler also had a great 
influence on the notation and sym- 
bolism of mathematics, and it was 
through his work that the symbols e 
and 7 came into common use. His 
facility for mental calculation and his 
uncommon memory allowed him to 
continue his prolific career even after 
he lost his vision in both eyes. 
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Examples of these statements are as follows: All doctors are tall. No doctors 
are tall. Some doctors are tall. Some doctors are not tall. Since Aristotle’s time, 
other types of statements have been added to the study of syllogistic logic, two of 
which are 


isa 
is nota 


Examples of these statements are as follows: Maria is a doctor. Maria is not a 
doctor. 

The difference between a symbolic argument and a syllogistic argument can be 
seen in the following chart. Symbolic arguments use the connectives and, or, not, 
if-then, and if and only if. Syllogistic arguments use the quantifiers all, some, and 
none, which were discussed in Section 3.1. 


Symbolic Arguments Versus Syllogistic Arguments 


Words or 
phrases used 


Method of 
determining validity 


and, or, not, if—then, 
if and only if 


Truth tables or by comparison with 
standard forms of arguments 


Symbolic 
argument 


all are, some are, none Euler diagrams 
are, some are not 


Syllogistic 
argument 


As with symbolic logic, the premises and the conclusion together form an argument. 
An example of a syllogistic argument is 


All German shepherds are dogs. 
All dogs bark. 


.. All German shepherds bark. 


This is an example of a valid argument. Recall from Section 3.5 that an argument 
is valid when its conclusion necessarily follows from a given set of premises. Recall 
that an argument in which the conclusion does not necessarily follow from the given 
premises is said to be an invalid argument or a fallacy. 

Before we give another example of a syllogism, let’s review the Venn diagrams 
discussed in Section 2.3 in relationship with Aristotle’s four statements. 


All As are Bs No As are Bs Some As are Bs Some As are not Bs 


OIG 


If an element isin If an element is There is at least There is at least 

set A, thenitisin inset A,thenitis one element that one element that is 

set B. not in set B. is in both set A in set A that is not 
and set B. in set B. 
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Figure 3.5 
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Figure 3.6 


One method used to determine whether an argument is valid or is a fallacy is by means 
of an Euler diagram, named after Leonhard Euler, who used circles to represent sets in 
syllogistic arguments. The technique of using Euler diagrams is illustrated in Example 1. 


Example iJ Using an Euler Diagram 
Determine whether the following syllogism is valid or invalid. 


All keys are made of brass. 
All things made of brass are valuable. 


.. All keys are valuable. 


To determine whether this syllogism is valid or not valid, we will con- 
struct an Euler diagram. We begin with the first premise, “All keys are made of 
brass.” As shown in Fig. 3.3, the inner blue circle labeled K represents the set of all 
keys and the outer red circle labeled B represents the set of all brass objects. The 
first premise requires that the inner blue circle must be entirely contained within 
the outer red circle. Next, we will represent the second premise, “All things made 
of brass are valuable.” As shown in Fig. 3.4, the outermost black circle labeled V 
represents the set of all valuable objects. The second premise dictates that the red 
circle, representing the set of brass objects, must be entirely contained within the 
black circle, representing the set of valuable objects. Now, examine the completed 
Euler diagram in Fig. 3.4. Note that the premises force the set of keys to be within 
the set of valuable objects. Therefore, the argument is valid since the conclusion, 
“All keys are valuable,” necessarily follows from the set of premises. a 


The syllogism in Example | is valid even though the conclusion, “All keys are 
valuable,” is not a true statement. Similarly, a syllogism can be invalid, or a fallacy, 
even if the conclusion is a true statement. 

When we determine the validity of an argument, we are determining whether the 
conclusion necessarily follows from the premises. When we say that an argument is 
valid, we are saying that if all the premises are true statements, then the conclusion 
must also be a true statement. 

The form of the argument determines its validity, not the particular statements. 
For example, consider the syllogism 


All Earth people have two heads. 
All people with two heads can fly. 


.. All Earth people can fly. 


The form of this argument is the same as that of the previous valid argument in Ex- 
ample |. Therefore, this argument is also valid. 


Example 4 Analyzing a Syllogism 
Determine whether the following syllogism is valid or invalid. 


All patriots are Americans. 
Betsy is a patriot. 


.. Betsy is an American. 


The statement “All patriots are Americans” is illustrated in Fig. 3.5. 

Note that the P circle must be completely inside the A circle. The second premise, 
“Betsy is a patriot,” tells us that Betsy must be placed in the inner circle labeled P 
(Fig. 3.6). The Euler diagram illustrates, that by placing Betsy inside the P circle, 
Betsy must also be inside the A circle. Therefore, the conclusion “Betsy is an 
American” necessarily follows from the premises and the argument is valid. a 


MATHEMATICS TODAY 


Boolean Algebra 


Ge or Boolean algebra, is 
used in every electronic device 


of modern society, including cell 
phones, computers, and GPS de- 
vices. These devices contain com- 
puter chips that are programmed 
using the not, and, or, if. . . then, 
and if and only if statements we are 
studying in this chapter. 


ND This is Important Logic 
has many applications that affect 
our everyday lives. 


aF 


Figure 3.8 


Note that in Example 4 if we placed 
Fletch in circle P, the argument would 
appear to be valid. Remember that 
whenever testing the validity of an 
argument, always try to show that the 
argument is invalid. lf there is any way 
of showing that the conclusion does 
not necessarily follow from the prem- 
ises, then the argument is invalid. 
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In both Example 1 and Example 2, we had no choice as to where the second prem- 
ise was to be placed in the Euler diagram. In Example 1, the set of brass objects had 
to be placed inside the set of valuable objects. In Example 2, Betsy had to be placed 
inside the set of patriots. Often when determining the truth value of a syllogism, a 
premise can be placed in more than one area in the diagram. We always try to draw the 
Euler diagram so that the conclusion does not necessarily follow from the premises. 
If that can be done, then the conclusion does not necessarily follow from the premises 
and the argument is invalid. If we cannot show that the argument is invalid, only then 
do we accept the argument as valid. We illustrate this process in Example 3. 


Example [§} Ballerinas and Athletes 


Determine whether the following syllogism is valid or is invalid. 


All ballerinas are athletic. 
Keyshawn is athletic. 


“. Keyshawn is a ballerina. 


The premise “All ballerinas are athletic” is illustrated in Fig. 3.7(a). The 
next premise, “Keyshawn is athletic,” tells us that Keyshawn must be placed in the 
set of athletic people. Two diagrams in which both premises are satisfied are shown 
in Fig. 3.7(b) and (c). By examining Fig. 3.7(b), however, we see that Keyshawn is 
not a ballerina. Therefore, the conclusion “Keyshawn is a ballerina” does not neces- 
sarily follow from the set of premises. Thus, the argument is invalid, or a fallacy. 


(a) 
Figure 3.7 Ls 


Example ZJ Parrots and Chickens 


Determine whether the following syllogism is valid or invalid. 


No parrots eat chicken. 
Fletch does not eat chicken. 


.. Fletch is a parrot. 


The first premise tells us that parrots and things that eat chicken are dis- 
joint sets—that is, sets that do not intersect. The diagram in Fig. 3.8 satisfies the 
two given premises and also shows that Fletch is not a parrot. Therefore, the argu- 
ment is invalid, or is a fallacy. a 


Example [ A Syllogism Involving the Word Some 
Determine whether the following syllogism is valid or invalid. 
All As are Bs. 
Some Bs are Cs. 


.. Some As are Cs. 
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@) 


Figure 3.9 


Figure 3.11 


The premise “All As are Bs” is illustrated in Fig. 3.9. The premise “Some 
Bs are Cs” means that there is at least one B that is a C. We can illustrate this set of 
premises in four ways, as illustrated in Fig. 3.10. 


U = U z U U 
B B 
wy Qh) @ 
£ S G C 
(a) (b) (c) (d) 


Figure 3.10 


In all four illustrations, we see that (1) all As are Bs and (2) some Bs are Cs. The 
conclusion is “Some As are Cs.” Since at least one of the illustrations, Fig. 3.10(a), 
shows that the conclusion does not necessarily follow from the given premises, the 
argument is invalid. a 


Example [(@ Fish and Cows 


Determine whether the following syllogism is valid or invalid. 


No fish are mammals. 
All cows are mammals. 


.. No fish are cows. 


The first premise tells us that fish and mammals are disjoint sets, as 
shown in Fig. 3.11. The second premise tells us that the set of cows is a subset of 
the set of mammals. Therefore, the circle representing the set of cows must go 
within the circle representing the set of mammals. 


Note that the set of fish and the set of cows cannot be made to intersect without 
violating a premise. Thus, the conclusion “No fish are cows” necessarily follows 
from the premises and the argument is valid. Note that we did not say that this con- 
clusion is true, only that the argument is valid. a 


SECTION 3.6 c 
Exercises 


Warm Up Exercises 


4. The following Euler diagram can represent the statement 


: : A 3 
In Exercises 1—6, fill in the blanks with an appropriate eas 
word, phrase, or symbol(s). U = 
1. The validity of a syllogistic argument can be determined ey 
using a(n) ___ diagram. 


2. If an Euler diagram can only be drawn in a way in which 


the conclusion necessarily follows from the premises, the 
syllogistic argument is a(n) 


5. The following Euler diagram can represent the statement 


argument. JN ere Je 


3. If an Euler diagram can be drawn in a way in which the con- U 
clusion does not necessarily follow from the premises, the 


syllogistic argument is a(n) 


argument. ee 


6. The following Euler diagram can represent the statement 
As are Bs. 


U 


oe 


Practice the Skills/Problem Solving 


In Exercises 7-28, use an Euler diagram to determine 
whether the syllogism is valid or invalid. 


7. All gingerbread men can sing. 


Gingy is a gingerbread man. 


.. Gingy can sing. 

8. All cats have whiskers. 
All things with whiskers are dogs. 
.. All cats are dogs. 

9. No PCs are Macs. 


All Dells are PCs. 
.. No Dells are Macs. 


10. All dolphins are mammals. 


All mammals are vertebrates. 


.. All dolphins are vertebrates. 


11. All fishermen wear boots. 
Percy wears boots. 
.. Percy is a fisherman. 
12. All golfers have rain gear. 
John Pearse has rain gear. 
.. John Pearse is a golfer. 
13. No horses buck. 


Palominos are horses. 


«. Palominos do not buck. 


14. No jockeys weigh more than 200 pounds. 
Deb Otto is not a jockey. 


.. Deb Otto weighs more than 200 pounds. 
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15. Some mushrooms are poisonous. 


A morel is a mushroom. 


.. A morel is poisonous. 


16. Some skunks are tame. 


Pepé is a skunk. 


.. Pepé is not tame. 


17. Some stamps are collectors’ items. 
Some collectors’ items are valuable. 


.. Some stamps are valuable. 


18. Some professional golfers give golf lessons. 


All people who belong to the PGA are professional golfers. 


.. All people who belong to the PGA give golf lessons. 


19. No lawn weeds are flowers. 


Sedge is not a flower. 


.. Sedge is a lawn weed. 


20. Some caterpillars are furry. 
All furry things are mammals. 


.. Some caterpillars are mammals. 


21. Some flowers love sunlight. 


All things that love sunlight love water. 


.. Some flowers love water. 


22. Some CD players are MP3 players. 
All iPods are MP3 players. 
“. Some CD players are iPods. 


23. No scarecrows are tin men. 


No tin men are lions. 


.. No scarecrows are lions. 
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24. All pilots can fly. 30. Can an argument be invalid if the conclusion is a true 
All astronauts can fly. statement? Explain. 


ey aaa Challenge Problem/Group Activity 
25. Some dogs wear glasses. 31. Sets and Logic Statements in logic can be translated 
Fido wears glasses. into set statements: For example, p /\ q is similar to 
pom aan P{1\Q;p V qis similar to P U Q; and p > q is equiva- 
lent to ~p V q, which is similar to P’ U Q. Euler dia- 
26. All rainy days are cloudy. grams can also be used to show that arguments similar to 
those discussed in Section 3.5 are valid or invalid. Use 
Euler diagrams to show that the following symbolic argu- 
ment is invalid. 


.. Fido is a dog. 


Today it is cloudy. 
.. Today is a rainy day. 


27. All sweet things taste good. P= 
All things that taste good are fattening. pVq 
All things that are fattening put on pounds. 
.. All sweet things put on pounds. aren 
28. All books have red covers. Internet/Research Activity 
All books that have red covers contain 200 pages. 32. Leonhard Euler is considered one of the greatest mathema- 
Some books that contain 200 pages are novels. ticians of all time. Do research and write a report on Euler’s 
.. All books that contain 200 pages are novels. life. Include information on his contributions to sets and to 
logic. Also indicate other areas of mathematics in which he 
Concept/Writing Exercises made important contributions. References include encyclo- 


ise paket pedias, history of mathematics books, and the Internet. 
29. Can an argument be valid if the conclusion is a false state- 


ment? Explain your answer. 


SECTION 3.7 Switching Circuits 


Suppose you are sitting at your desk and want to turn on a lamp so you can read a 

“ book. If a wall switch controls the power to the outlet that the lamp is plugged into 
Ai ~~ and the lamp has an on/off switch, what conditions must be true for the lamp’s bulb 
to light? The wiring in our homes can be explained and described using logic. 


| Why Ts is Important Analyzing electrical circuits is one of the most important applica- 
tions of logic. 


& What must be true for a lamp to 
produce light? 


Using Symbolic Statements to Represent Circuits 


A common application of logic is switching circuits. To understand the basic con- 
cepts of switching circuits, let us examine a few simple circuits that are common in 
most homes. The typical lamp has a cord, which is plugged into a wall outlet. Some- 
where between the bulb in the lamp and the outlet is a switch to turn the lamp on 
and off. A switch is often referred to as being on or off. When the switch is in the on 
position, the current flows through the switch and the bulb lights up. When the switch 
is in the on position, we can say that the switch is closed and that current will flow 
through the switch. When the switch is in the off position, the current does not flow 
through the switch and the bulb does not light. When the switch is in the off position, 
~~“ we can say that the switch is open, and the current does not flow through the switch. 
Figure 3.12 The basic configuration of a switch is shown in Fig. 3.12. 


Table 3.37 


Switch 


Lightbulb 
on (switch closed) 


off (switch open) 


Figure 3.13 
Outlet 
q 
Wall Lamp 
switch switch 
Figure 3.14 
Table 3.38 


Light 


on (T) 
off (F) 
off (F) 
off (F) 


Figure 3.15 


Table 3.39 


on (T) 
on (T) 
on (T) 
off (F) 


Am HyH\s 


3) Io) el eh) 
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Electric circuits can be expressed as logical statements. We represent switches 
as letters, using T to represent a closed switch (or current flow) and F to represent an 
open switch (or no current flow). This relationship is indicated in Table 3.37. 

Occasionally, we have a wall switch connected to a wall outlet and a lamp 
plugged into the wall outlet (Fig. 3.13). We then say that the wall switch and the 
switch on the lamp are in series, meaning that for the bulb in the lamp to light, both 
switches must be on at the same time (Fig. 3.14). On the other hand, the bulb will not 
light if either switch is off or if both switches are off. In either of these conditions, the 
electricity will not flow through the circuit. In a series circuit, the current can take 
only one path. If any switch in the path is open, the current cannot flow. 

To illustrate this situation symbolically, let p represent the wall switch and q the 
lamp switch. The letter T will be used to represent both a closed switch and the bulb 
lighting. The letter F will represent an open switch and the bulb not lighting. Thus, we 
have four possible cases. 


CASE 1: Both switches are closed; that is, p is T and q is T. The light is on, T. 


CASE 2: Switch p is closed and switch q is open; that is, p is T and q is F. The light 
is off, F. 


CASE 3: Switch p is open and switch gq is closed; that is, p is F and q is T. The light 
is off, F. 


CASE 4: Both switches are open; that is, p is F and q is F. The light is off, F. 


Table 3.38 summarizes the results. The on—off results are the same as the truth table 
for the conjunction p / q if we think of “on” as true and “off” as false. 


Series Circuits 
Switches in series will always be represented with a conjunction, /\. 


Another type of electric circuit used in the home is the parallel circuit, in which 
there are two or more paths that the current can take. If the current can pass through 
either path or both (see Fig. 3.15), the light will go on. The letter T will be used to 
represent both a closed switch and the bulb lighting. The letter F will represent an 
open switch and the bulb not lighting. Thus, we have four possible cases. 


CASE 1: Both switches are closed; that is, p is T and q is T. The light is on, T. 


CASE 2: Switch p is closed and switch q is open; that is, p is T and q is F. The light 
is on, T. 


CASE 3: Switch p is open and switch g is closed; that is, p is F and q is T. The light 
is on, T. 


CASE 4: Both switches are open; that is, p is F and gq is F. The light is off, F. 
Table 3.39 summarizes the results. The on-off results are the same as the p V q truth 


table if we think of “on” as true and “off” as false. 


Parallel Circuits 
Switches in parallel will always be represented with a disjunction, V. 


Sometimes it is necessary to have two or more switches in the same circuit 
that will both be open at the same time and both be closed at the same time. In 


158 CHAPTER3 Logic 


{a4 
q 


Figure 3.16 


Figure 3.17 


Table 3.40 


such circuits, we will use the same letter to represent both switches. For example, 
in the circuit shown in Fig. 3.16, there are two switches labeled p. Therefore, 
both of these switches must be open at the same time and both must be closed at 
the same time. One of the p switches cannot be open at the same time the other p 
switch is closed. 

We can now combine some of these basic concepts to analyze more circuits. 


Example i Representing a Switching Circuit with Symbolic Statements 


a) Write a symbolic statement that represents the circuit shown in Fig. 3.16. 


b) Construct a truth table to determine when the light will be on. 


a) In Fig. 3.16, there is a blue switch p on the left, and to the right there is a branch 
containing a red switch p and a switch qg. The current must flow through the 
blue switch p into the branch on its right. Therefore, the blue switch p is in se- 
ries with the branch containing the red switch p and switch q. After the current 
flows through the blue switch p it reaches the branch on its right. At this point, 
the current has the option of flowing into the red switch p, switch g, or both of 
these switches. Therefore, the branch containing the red switch p and switch 
q is a parallel branch. We say these two switches are in parallel. The entire 
circuit in symbolic form is p (A (p V _ q). Note that the parentheses are very 
important. Without parentheses, the symbolic statement could be interpreted as 
(p 4 p) V q. The diagram for (p /A p) V q is illustrated in Fig. 3.17. We 
shall see later in this section that the circuits in Fig. 3.16 and Fig. 3.17 are not 
the same. 

b) The truth table for the statement (Table 3.40) indicates that the light will be on 
only in the cases in which p is true or when switch p is closed. a 


Example Representing a Switching Circuit with Symbolic Statements 


a) Write a symbolic statement that represents the circuit in Fig. 3.18. 
b) Construct a truth table to determine when the light will be on. 


q v 


Figure 3.18 


a) The upper branch of the circuit contains two switches, p and q, in parallel. We 
can represent that branch with the statement p V q. The lower branch of the cir- 
cuit has two switches, qg and r, in series. We can represent that branch with the 
statement g / r. The upper branch is in parallel with the lower branch. Putting 
the two branches together, we get the statement (p V q) V (q A Pr). 


b) The truth table for the statement (Table 3.41 on page 159) shows that cases 7 
and 8 are false. Thus, the light will be off in these two cases and on in all the 
other cases. In examining the truth values, we see that the statement is false only 
in the cases in which both p and q are false, or when both switches p and gq are 
open. By examining the diagram or truth table, we can see that the current will 
flow if switch p is closed or switch gq is closed. 


Figure 3.19 


fy 2 
Figure 3.20 


Figure 3.21 


Figure 3.22 
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Table 3.41 
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Drawing Switching Circuits that Represent 
Symbolic Statements 


We will next study how to draw a switching circuit that represents a given symbolic 
statement. Suppose we are given the statement (p (A q) V rand are asked to construct a 
circuit corresponding to it. Remember that / indicates a series branch and V indicates 
a parallel branch. Working first within parentheses, we see that switches p and gq are in 
series. This series branch is in parallel with switch r, as indicated in Fig. 3.19. 

Occasionally, it is necessary to have two switches in the same circuit such that 
when one switch is open, the other switch is closed; and when one switch is closed, 
the other switch is open. Therefore, the two switches will never both be open to- 
gether and never be closed together. This situation can be represented by using p for 
one of the switches and p for the other switch. The switch labeled p corresponds 
to ~p in a logic statement. For example, in a series circuit, p  ~p would be rep- 
resented by Fig. 3.20. In this case, the light would never go on; the switches would 
counteract each other. When switch p is closed, switch p is open; and when p is 
open, p is closed. 


Example Representing a Symbolic Statement as a Switching Circuit 


Draw a switching circuit that represents [(p \ ~q) V (r V g)] A s. 


In the statement, p and ~q have / between them, so switches p and q 
are in series, as represented in Fig. 3.21. Also in the statement, r and g have V 
between them, so switches r and q are in parallel, as represented in Fig. 3.22. 
Because (p ( ~q) and (r V q) are connected with V, the two branches are in 
parallel with each other. The parallel branches are represented in Fig. 3.23. Finally, 
s in the statement is connected to the rest of the statement with /\. Therefore, 
switch s is in series with the entire rest of the circuit, as illustrated in Fig. 3.24. 


Figure 3.23 Figure 3.24 a 
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Applications of Logic 


eorge Boole provided the 

key that would unlock the 
door to modern computing. Not 
until 1938, however, did Claude 
Shannon, in his master’s thesis at 
MIT, propose uniting the on-off 
capability of electrical switches 
with Boole’s two-value system 
of O's and 1's. The operations 
AND, OR, and NOT and the rules 
of logic laid the foundation for 
computer gates. Such gates de- 
termine whether the current will 
pass. The closed switch (current 
flow) is represented as 1, and the 
open switch (no current flow) is 
represented as 0. For more infor- 
mation, see the Group Projects on 
page 168. 


AND Gate OR Gate 


So 
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= 


NOT Gate 
0 —-— 1 


As you can see from the ac- 
companying diagrams, the gates 
function in essentially the same 
way as a truth table. The gates 
shown here are the simplest ones, 
representing simple statements. 
There are other gates, such as 
the NAND and NOR gates, that 
are combinations of NOT, AND, 
and OR gates. The microprocess- 
ing unit of a computer uses thou- 
sands of these switches. 


i 
So 


Equivalent Circuits 


Sometimes two circuits that look very different will actually have the exact same 
conditions under which the light will be on. If we were to analyze the truth tables 
for the corresponding symbolic statements for such circuits, we would find that they 
have identical answer columns. In other words, the corresponding symbolic state- 
ments are equivalent. 


Definition: Equivalent Circuits 
Equivalent circuits are two circuits that have equivalent corresponding symbolic 
statements. 


To determine whether two circuits are equivalent, we will analyze the answer 
columns of the truth tables of their corresponding symbolic statements. If the answer 
columns from their corresponding symbolic statements are identical, then the circuits 
are equivalent. 


Example EQ Are the Circuits Equivalent? 


Determine whether the two circuits are equivalent. 


f v 
sees 
Tao 

q r 
The symbolic statement that represents the first circuit is p V (q A 1). 


The symbolic statement that represents the second circuit is (p V g) A (p V r). 
The truth tables for these statements are shown in Table 3.42. 


Table 3.42 
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Note that the answer columns for the two statements are identical. Therefore, 
p V (q 4 r) is equivalent to (p V qg) A (p V r) and the two circuits are 
equivalent. a 


Warm Up Exercises 
In Exercises 1-4, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


1. A conjunction, /, is used to represent switches in a(n) 
circuit. 


2. A disjunction, V, is used to represent switches in a(n) 
circuit. 


3. When a switch labeled as p is open, a switch labeled as p 


is 


4. Two circuits are equivalent if they have equivalent 
statements. 


Practice the Skills/Problem Solving 


In Exercises 5—12, (a) write a symbolic statement that 
represents the circuit and (b) construct a truth table to 


determine when the lightbulb will be on. That is, determine 


which switches must be open and which switches must be 
closed for the lightbulb to be on. 
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SECTION 3.7 : 
Exercises 


v 


In Exercises 13-20, draw a switching circuit that repre- 
sents the symbolic statement. 


13. 
14. 
15. 
16. 
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In Exercises 21-26, represent each circuit with a symbolic 
statement. Then use a truth table to determine if the circuits 
are equivalent. 
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Concept/Writing Exercises 
27. Explain why the lightbulb will never go on in the following 


circuit. v 
ee 


28. Explain why the lightbulb will always be on in the 
following circuit. D 9 


P 


Challenge Problems/Group Activities 


29. Design a circuit that can be represented by 
a) pq b) ~(p—@) 


(Hint: See Section 3.4.) 


30. Design two circuits that each involve switches labeled p, q, 
r, and s that appear to be different but are actually equiva- 
lent circuits. 


Internet/Research Activities 


31. Digital computers use gates that work like switches to per- 
form calculations. (See Did You Know? box on page 160.) 
Information is fed into the gates and information leaves the 
gates, according to the type of gate. The three basic gates 
used in computers are the NOT gate, the AND gate, and or 
OR gate. Do research on the three types of gates. 


a) Explain how each gate works. 


b) Explain the relationship between each gate and the cor- 
responding logic connectives not, and, and or. 


c) Illustrate how two or more gates can be combined to 
form a more complex gate. 


Important Facts and Concepts 


Examples 


Section 3.1 


Form of Statement Form of Negation 


All are. Some are not. 

None are. Some are. 

Some are. None are. 

Some are not. All are. 

Formal Name Symbol Read Symbolic Form 
Negation a not =p 
Conjunction x and pDAq 
Disjunction Vv or pVq 
Conditional = if-then D> @ 
Biconditional Oo if and only if peg 


Section 3.2 & Section 3.3 


Basic Truth Tables 


rome | 


Example 1, page 96 


Examples 2-8, pages 97-101 


Examples 1-10, pages 107-114 


Negation 


Examples 1-10, pages 118-124 


Conjunction Disjunction Conditional Biconditional 


Section 3.4 
—(p NG) = —~p Vv ~—¢ 
DIN Gg) DUNG 


Examples 4-6, pages 130-131 
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| Section 3.4 
Other Equivalent Forms Examples 7-9, pages 131-132 


(DASA MAG 
SRD eG) ae 

pqelpr7g A@7>?p) 
Variations of the Conditional Statement Examples 10-12, pages 133-135 
Name Symbolic Form Read 
Conditional Dig If p, then q. 
Converse of the q—>p If qg, then p. 

conditional 
Inverse of the ag Tf not p, then not q. 

conditional 
Contrapositive of ops 0) Tf not g, then not p. 


the conditional 


Section 3.5 
Standard Forms of Valid Arguments Examples 1-4, pages 142-144 
Law of Law of Disjunctive 
Law of Detachment Contraposition Syllogism Syllogism 
Pq Dg DRG pvVq 
P aad, Ciel te 
BG yp £37 Do 


Standard Forms of Invalid Arguments Example 5, page 145 


Fallacy of the Fallacy of the 


Converse Inverse 
Pree (men, 
q mp. 

SSNs, a) 
Section 3.5 & Section 3.6 


Symbolic Argument vs. Syllogistic Argument Examples 1—5, pages 142-145 


Wordgoe Method of Examples 1—6, pages 152-154 
Phrases Used Determining Validity 


Symbolic and, or, not, Truth tables or by 
argument if-then, if comparison with 
and only if standard forms of 
arguments 
Syllogistic allare,some _ Euler diagrams 
argument are, none 
are, some 
are not 
Section 3.7 


Switching Circuits as Symbolic Statements Examples 1—4, pages 158-160 


Switches in series will always be represented with a 
conjunction, /\. 

Switches in parallel will always be represented with a 
disjunction, V. 
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(cuarrers ) Review Exercises (iat aac 


BA 


In Exercises 1—4, write the negation of the statement. 


1. All Scions are Toyotas. 


2. No pets are allowed in this park. 

3. Some women are presidents. 

4. Some pine trees are not green. 
In Exercises 5—10, write each compound statement in 
words. 


p: The coffee is Maxwell House. 
q: The coffee is hot. 
r: The coffee is strong. 


5. pV q 6.~qAr 


IGG IK SD) 8. ponrr 


9, ~ pe(rA ~@q) LOND GQ) ak 


3.2 


In Exercises 11-16, use the statements for p, q, and r as in 
Exercises 5—10 to write the statement in symbolic form. 


11. The coffee is Maxwell House or the coffee is strong. 


12. If the coffee is strong, then the coffee is not Maxwell 
House. 


13. If the coffee is strong then the coffee is hot, or the coffee is 
not Maxwell House. 


14. The coffee is hot if and only if the coffee is Maxwell 
House, and the coffee is not strong. 


15. The coffee is strong and the coffee is hot, or the coffee is 
not Maxwell House. 


16. It is false that the coffee is strong and the coffee is 
hot. 


In Exercises 17-22, construct a truth table for the statement. 
17. (pV q) \~p 

18. q<>(p V ~@) 

19. (pV g)<(p V r) 

ADs DIN — @ SY 10) 

21 p> (GaN) 


PPA INO) 3 ir 


3:2,,5.3 


In Exercises 23-26, determine the truth value of the state- 
ment. You may need to use a reference such as the Internet 
or an encyclopedia. 


23. If ESPN is a sports network then CNN is a news network, 
if and only if Nickelodeon is a cooking network. 


24. President’s Day is in February, or Memorial Day is in May 
and Labor Day is in December. 


25. If Oregon borders the Pacific Ocean or California borders 
the Atlantic Ocean, then Minnesota is south of Texas. 


PAS Mle) = Ys 2 eeh ae C) 11S), eel) — 3) Ih 


3.3 


In Exercises 27-30, determine the truth value of the statement 
when p is T, q is F, and r is F. 


27. (~p—>q) \ ~@V r) 
28. (p<> q) > (~P V r) 
29 TN VG) <a 


30. ~[GA 7) — (~p Vv. I 


3.4 


In Exercises 31—34, determine whether the pairs of 
statements are equivalent. You may use De Morgan’s 
laws, the fact that (p — q) = (~p V 4q), the fact that 
~(p—>q)=(p AM ~ Q), truth tables, or equivalent forms 
of the conditional statement. 


Sie A QO AG) 
32. p V g;~p—q 
BBE a VY (CN i), (2 NY MIC VB) 


34. (~q>p) Np, ~—pogV p 

In Exercises 35-39, use De Morgan’s laws, the fact that 
(p7QgSCp V Q), or the fact that ~(p—>q) = 

(p ( ~@q), to write an equivalent statement for the given 
statement. 


35. Lady Gaga sang “Poker Face” and Jay-Z did not sing 
“Beamer, Benz, or Bentley.” 


36. Lynn Swann played for the Steelers or Jack Tatum played 
for the Raiders. 


37. It is not true that Altec Lansing only produces speakers or 
Harman Kardon only produces stereo receivers. 


38. Travis Tritt did not win an Academy Award and 
Randy Jackson does not do commercials for Milk 
Bone Dog Biscuits. 


39. If the temperature is not above 32°, then we will go ice 
fishing at O’ Leary’s Lake. 


In Exercises 40—44, write the (a) converse, (b) inverse, and 
(c) contrapositive for the given statement. 


40. If you listen to Jim Rome, then you know Jay Stu. 


41. If we take the table to Antiques Roadshow, then we will 
learn the table’s value. 


42. If you do not advertise, then you do not sell more doughnuts. 
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43. If the desk is made by Winner’s Only and the desk is in 
the Rose catalog, then we will not buy a desk at Miller’s 
Furniture. 


44. If you get straight A’s on your report card, then I will let 
you attend the prom. 


In Exercises 45—48, determine which, if any, of the three 
statements are equivalent. 


45. a) If you swim every day, then you lose five pounds. 
b) You do not swim every day or you lose five pounds. 


c) Itis false that you swim every day and you do not lose 
five pounds. 


46. a) The screwdriver is on the workbench if and only if the 
screwdriver is not on the counter. 


b) If the screwdriver is not on the counter, then the screw- 
driver is not on the workbench. 


c) It is false that the screwdriver is on the counter and the 
screwdriver is not on the workbench. 


47. a) If2 + 3 = 6,then3 + 1 =5. 
b) 2 + 3 = 6 ifandonlyif3 +14 5S. 
Qunsiae i= 5) then) 2) 4 35 6. 


48. a) If the sale is on Tuesday and I have money, then I will 
go to the sale. 


b) If I go to the sale, then the sale is on Tuesday and I 
have money. 


c) I go to the sale, or the sale is on Tuesday and I have 
money. 
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Eye 


In Exercises 49-52, determine whether the argument is 
valid or invalid. You may compare the argument to a stan- 
dard form or use a truth table. 


49. p—q 50. pA gq 
q dar 
co fe) do (=e 


51. If Jose Macias is the manager, then Kevin Geis is the 
coach. 


If Kevin Geis is the coach, then Tim Weisman is the umpire. 


.. If Jose Macias is the manager, then Tim Weisman is the 
umpire. 


52. If the astronaut visits the space station, then the astronaut 
uses the space shuttle. The astronaut uses the space shuttle 
or the astronaut uses the Soyuz spacecraft. Therefore, the 
astronaut does not use the Soyuz spacecraft. 


A The International Space Station 


3.6 


In Exercises 53—56, use an Euler diagram to determine 
whether the argument is valid or invalid. 


53. All registered nurses went to college. 
Some bookkeepers went to college. 


.. Some bookkeepers are registered nurses. 


54. All hackysack players are students. 
Joel Knutson is a hackysack player. 
.. Joel Knutson is a student. 

55. No Beatles are Rolling Stones. 


Some Rolling Stones are Small Faces. 


.. No Beatles are Small Faces. 


56. All bears are furry. 
Teddy is furry. 
.. Teddy is a bear. 


3.7 


57. a) Write the corresponding symbolic statement of the 
circuit shown. 


=r EAR 


b) Construct a truth table to determine when the lightbulb 
will be on. 


58. Construct a diagram of a circuit that corresponds to the 
symbolic statement (p V q) V (p A @q). 


59. Determine whether the circuits shown are equivalent. 


Le 


P q ? 
—— 


In Exercise 1-3, write the statement in symbolic form 


Phobos is a moon of Mars. 
Callisto is a moon of Jupiter. 
Rosalind is a moon of Uranus. 


A Callisto, a moon of Jupiter 


. Phobos is a moon of Mars and Rosalind is a moon of 
Uranus, or Callisto is not a moon of Jupiter. 


. If Rosalind is a moon of Uranus then Callisto is a moon 
of Jupiter, or Phobos is not a moon of Mars. 


. It is false that Rosalind is a moon of Uranus if and only if 


Callisto is not a moon of Jupiter. 


In Exercises 4 and 5, use p, q, and r as above to write 
each symbolic statement in words. 


4.(~pArn<ovr~g Bb (a VY Sel) 


In Exercises 6 and 7, construct a truth table for the given 
Statement. 


6. [~(p>n] Aq De (Geet) Vp 
In Exercises 8 and 9, find the truth value of the statement. 
8.2+6=8o0r7 — 12 =5. 


9. Harrison Ford is an actor or Gerald Ford was a president, 
if and only if the Mississippi is a river. 


In Exercises 10 and 11, given that p is true, q is false, and 
r is true, determine the truth value of the statement. 


10. (r V gq) (pA ~@) 


eee ep) ee (Gia) 
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12. Determine whether the pair of statements are equivalent. 


ONG ACN 2) 


In Exercises 13 and 14, determine which, if any, of the 
three statements are equivalent. 
13. a) If the bird is red, then it is a cardinal. 

b) The bird is not red or it is a cardinal. 

c) If the bird is not red, then it is not a cardinal. 


. a) It is not true that the test is today or the concert is 
tonight. 


b) The test is not today and the concert is not tonight. 


c) If the test is not today, then the concert is not tonight. 


. Translate the following argument into symbolic form. 
Determine whether the argument is valid or invalid by 
comparing the argument to a recognized form or by us- 
ing a truth table. 

If the soccer team wins the game, then Sue played 
fullback. If Sue played fullback, then the team is in 
second place. Therefore, if the soccer team wins the 
game, then the team is in second place. 


. Use an Euler diagram to determine whether the syllo- 
gism is valid or is a fallacy. 


All living things contain carbon. 
Roger contains carbon. 


.. Therefore, Roger is a living thing. 


In Exercises 17 and 18, write the negation of the statement. 
17. All highways are roads. 
18. Nick played football and Max played baseball. 


19. Write the converse, inverse, and contrapositive of the 
conditional statement “If the garbage truck comes, then 
today is Saturday.” 


20. Construct a diagram of a circuit that corresponds to 
(PAQV (~PV ~g 
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Computer Gates e) What values for J, and J; will give an output of 1 in the 

1. Gates in computers work on the same principles as figure in part (d)? Explain how you determined your 
switching circuits. The three basic types of gate are the answer. 
NOT gate, the AND gate, and the OR gate. Each is il- : , ; 
lustrated along with a table that indicates current flow f) Construct a truth table using 1’s and 0’s for the follow- 
entering and exiting the gate. If current flows into a NOT ing gate. Your truth table should have columns J,, /p, 
gate, then no current exits, and vice versa. Current exits and O and should indicate the four possible cases for 
an AND gate only when both inputs have a current flow. the inputs and each corresponding output. 
Current exits an OR gate if current flows through either, I 
or both, inputs. In the table, a 1 represents a current flow :_>_p— Output 


and a 0 indicates no current flow. For example, in the 
AND gate, if there is a current flow in input A (J, has a 
value of 1) and no current flow in input B (J; has a value 
of 0), there is no current flow in the output (O has a value 
of 0); see row 2 of the AND Gate table. 


Logic Game 


2. a) Shown is a photograph of a logic game at the Ontario 
Science Centre. There are 12 balls on top of the game 


NOT gate board, numbered from left to right, with ball 1 on the 
extreme left and ball 12 on the extreme right. On the 
Input —)>o— Output platform in front of the players are 12 buttons. Button 
1 corresponds to ball 1, button 2 corresponds to ball 2, 
NOT gate and so on. When 6 buttons are pushed, the 6 respec- 
tive balls are released. When 1 or 2 balls reach an and 
if O gate or an or gate, a single ball may or may not pass 
through the gate. The object of the game is to select a 
1 0 proper combination of 6 buttons that will allow 1 ball 
0 1 to reach the bottom. Using your knowledge of and and 


or, select a combination of 6 buttons that will result in 
a win. (There is more than one answer.) Explain how 
you determined your answer. 


b) Construct a game similar to this one where 15 balls are 
at the top and 8 balls must be selected to allow 1 ball to 
reach the bottom. 


c) Indicate all solutions to the game you constructed in 
part (c). 


a) If 1 is considered true and 0 is considered false, 
explain how these tables are similar to the not, and, 
and or truth tables. 

For the inputs indicated in the following figures 
determine whether the output is | or 0. 


b)y 2 
a Output 


Output 


— 
wT A 
on =) 


: = os Output 
1 |" > BD we 


What You Will Learn 

a Additive, multiplicative, and ci- 
phered systems of numeration 

a Place-value systems of numeration 

= Egyptian, Hindu-Arabic, Roman, 

Chinese, lonic Greek, Babylonian, 

and Mayan numerals 


= Converting base 10 numerals to 
numerals in other bases 


= Converting numerals in other 
bases to base 10 numerals 


Systems of 
Numeration 


= Performing addition, subtraction, 
multiplication, and division in 
other bases 


= Other computational methods such 
as duplation and mediation, the 
lattice method, and Napier’s rods 


This is Important 


The number system most of 

the world uses today, called the 
Hindu-Arabic system, is only one 
way to communicate numerically. 
In this chapter, we will study other 
systems of numeration. We will 
also study how to perform basic 
arithmetic in other bases and with 
methods other than those most 
of us were taught when we were 
children. 


<4 There are many ways that we can communica a 
numerically. Paneer oc 
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SECTION 4.1 


Additive, Multiplicative, and Ciphered Systems 


of Numeration 


| 
SUPER BOWL. 


‘a 


4 Roman numerals are used each year 
in The Super Bow! Logo. 


We are all familiar with the numerals we grew up with: 1, 2, 3, and so forth. Now think 
of another set of numerals. You may have thought of Roman numerals: |, Il, Ill, and so 
forth. Some common modern-day uses of Roman numerals include clock and watch 
numbers, the copyright year on movie and television credits, outlines, and page num- 
bers at the beginning of books. Perhaps an even more famous use of Roman numer- 
als is their use in the logo for the Super Bowl each year. In this section, we will study 


several sets of numerals besides our familiar 1, 2, 3, .... 


This is Important By studying other numerals, we can gain a better understand- 
ing of the underlying concepts used in many applications of mathematics. 


ust as the first attempts to write were made long after the development of speech, 
J the first representation of numbers by symbols came long after people had learned 
to count. A tally system using physical objects, such as scratch marks in the soil or 
on a stone, notches on a stick, pebbles, or knots on a vine, was probably the earliest 
method of recording numbers. 

In primitive societies, such a tally system adequately served the limited need for 
recording livestock, agriculture, or whatever was counted. As civilization developed, 
however, more efficient and accurate methods of calculating and keeping records 
were needed. Because tally systems are impractical and inefficient, societies devel- 
oped symbols to replace them. The Egyptians, for example, used the symbol n, and 
the Babylonians used the symbol < to represent the number we symbolize by 10. 

A number is a quantity, and it answers the question “How many?” A numeral 
is a symbol such as n, <, or 10 used to represent the number. We think a number but 
write a numeral. The distinction between number and numeral will be made here only 
if it is helpful to the discussion. 

In language, relatively few letters of the alphabet are used to construct a large num- 
ber of words. Similarly, in arithmetic, a small variety of numerals can be used to rep- 
resent all numbers. In general, when representing a number, we use as few numerals 
as possible. One of the greatest accomplishments of humankind has been the develop- 
ment of systems of numeration, whereby all numbers are “created” from a few symbols. 
Without such systems, mathematics would not have developed to its present level. 


Definition: System of Numeration 
A system of numeration consists of a set of numerals and a scheme or rule for 
combining the numerals to represent numbers. 


Four types of numeration systems used by different cultures are the topic of this chap- 
ter. They are additive (or repetitive), multiplicative, ciphered, and place-value systems. 
You do not need to memorize all the symbols, but you should understand the principles 
behind each system. By the end of this chapter, we hope that you better understand the 
system we use, the Hindu—Arabic system, and its relationship to other types of systems. 


Additive Systems 


An additive system is one in which the number represented by a particular set of 
numerals is simply the sum of the values of the numerals. The additive system of 
numeration is one of the oldest and most primitive types of numeration systems. One 


Did You 


The Rhind Papyrus 


uch of our knowledge of 

Egyptian mathematics and 
numeration comes from a roll of 
papyrus measuring 18 ft by 13 in. It 
was discovered in a shop in Luxor, 
Egypt, in 1858 by Henry Rhind, a 
Scottish lawyer turned archaeolo- 
gist. Unlike the straightforward ac- 
counting of property and events 
common to Egyptian tombs, the 
Rhind Papyrus has inscribed on it 
85 mathematical problems and so- 
lutions involving addition, subtrac- 
tion, multiplication, division, and 
geometry. 

The key to translation of the pa- 
pyrus was the Rosetta Stone, which 
had been discovered some 60 
years earlier by one of Napoleon’s 
officers. Both of these treasures 
now reside at the British Museum in 
London. 
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of the first additive systems, the Egyptian hieroglyphic system, dates back to about 
3000 B.c. The Egyptians used symbols for the powers of 10: 10° or 1, 10! or 10, 
10? or 10+ 10, 10° or 10+ 10+ 10, and so on. Table 4.1 lists the Egyptian hiero- 
glyphic numerals with the equivalent Hindu—Arabic numerals. 

To write the number 600 in Egyptian hieroglyphics, we write the numeral for 100 


six times: DO9O999, 


Table 4.1 Egyptian Hieroglyphics 


RET ES 1 
: 1 | Staff (vertical stroke) 
10 al Heel bone (arch) 
100 9) Scroll (coiled rope) 
1000 ff Lotus flower 
10,000 y Pointing finger 
100,000 os Tadpole (or whale) 
1,000,000 x Astonished person 


Example §§) From Egyptian to Hindu—Arabic Numerals 


Write the following numeral as a Hindu—Arabic numeral. 


WIOIOAIIII 


LOOOOF 0,000 10000-1004 100l-> LOO) 10 a th 1 
= 30,314 a 


Example 4 From Hindu—Arabic to Egyptian Numerals 
Write 43,628 as an Egyptian numeral. 


43,628 = 40,000 + 3000 + 600 + 20 + 8 
WW EF 999999N NII 4 


In the Egyptian hieroglyphic system, the order of the symbols is not important. 
For example, 50 n and ||99e4/ both represent 100,212. 

Users of additive systems easily accomplished addition and subtraction by com- 
bining or removing symbols. Multiplication and division were more difficult; they 
were performed by a process called duplation and mediation (see Section 4.5). The 
Egyptians had no symbol for zero, but they did have an understanding of fractions. 
The symbol = was used to take the reciprocal of a number; thus, mM meant 4 and m™ 
was i. Writing large numbers in the Egyptian hieroglyphic system takes longer than 
in other systems because so many symbols have to be listed. For example, 45 symbols 
are needed to represent 99,999, 

The Roman numeration system, a second example of an additive system, was 
developed later than the Egyptian system. Roman numerals (Table 4.2 on page 172) 
were used in most European countries until the eighteenth century. They are still 
commonly seen on buildings, on clocks, and in books. Roman numerals are selected 
letters of the Roman alphabet. 
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Did You Know? __ 


Roman Numerals 


Re numerals remained 
popular on large clock faces 
long after their disappearance from 
daily transactions because they are 
easier to read from a distance than 


Hindu—Arabic numerals. 


Table 4.2 Roman Numerals 


Roman numerals I V xX iE, cE D M 
Hindu—Arabic numerals 1 5 10 50 100 500 1000 


The Roman system has two advantages over the Egyptian system. The first is 
that it uses the subtraction principle as well as the addition principle. Starting from 
the left, we add each numeral unless its value is smaller than the value of the numeral 
to its right. In that case, we subtract its value from the value of the numeral to its 
right. Only the numbers 1, 10, 100, 1000, ... can be subtracted, and they can only be 
subtracted from the next two higher numbers. For example, C (100) can be subtracted 
only from D (500) or M (1000). The symbol DC represents 500 + 100, or 600, and 
CD represents 500 — 100, or 400. Similarly, MC represents 1000 + 100, or 1100, 
and CM represents 1000 — 100, or 900. 


Example From Roman Numerals to Hindu-Arabic Numerals 
Write MCCLXXXI as a Hindu—Arabic numeral. 


Since each numeral is larger than the one on its right, no subtraction is 
necessary. 


MECH XOST = 10005 lOO 00M 50 Fi eLO RS LOR Ome 


1281 a 


Example From Roman Numerals to Hindu—Arabic Numerals 
Write CMLXIV as a Hindu—Arabic numeral. 


As you read the numerals from left to right, you will note that C (100) 
has a smaller value than M (1000) and that C is to the left of M. Therefore, CM 
represents 1000 — 100, or 900. Also note that I (1) has a smaller value than V (5) 
and that I is to the left of V. Therefore, IV represents 5 — 1, or 4. The rest of the 
numerals can be added from left to right. 


CMLXIV = (1000 — 100) + 50 + 10 + (5 — 1) = 964 a 


Example BY Writing a Roman Numeral 


Write 439 as a Roman numeral. 


439 = 400 + 30 + 9 


To represent 400, we will subtract 100 (C) from 500 (D). We will place C to the 

left of D to indicate the subtraction (500 — 100). Likewise, to represent 9, we will 
subtract | (I) from 10 (X). We will place I to the left of X to indicate the subtrac- 
tion (10 — 1). To represent 30 we will simply write X three times. Therefore, 


439’ = 400) +- 30 + 9 = (00'— 100) + 10 + 10 = 10 -F (10)— 1) 
= CDXXXIxX a 


In the Roman numeration system, a symbol is not repeated more than three con- 
secutive times. For example, the number 646 would be written DCXLVI instead of 
DCXXXXVI. 


Did You Know? — 


An Important Discovery 


A Denise Schmandt-Besserat 


Ne Denise Schmandt- 
esserat made a breakthrough 
discovery about early systems of nu- 
meration. She realized that the little 
clay geometric objects that had 
been found in many archaeologi- 
cal sites had actually been used by 
people to account for their goods. 
Later in history, these tokens were 
impressed on a clay tablet to rep- 
resent quantities, the beginning of 
writing. 
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The second advantage of the Roman numeration system over the Egyptian numera- 
tion system is that it makes use of the multiplication principle for numerals greater than 
1000. A bar above a symbol or group of symbols indicates that the symbol or symbols are 
to be multiplied by 1000. Thus, V = 5 X 1000 = 5000, X= 10 x 1000 = 10,000, 
and CD = 400 X 1000 = 400,000. Other examples are VI = 6 X 1000 = 6000, 
OLX = 19.54.1000 = 19,000, and XCIV = 94 * 1000 — 94,000. This practice 
greatly reduces the number of symbols needed to write large numbers. 


Example Writing a Large Roman Numeral 


Write 12,345 as a Roman numeral. 


12,345 = (12 X 1000) + 300 + 40 + 5 
— WO ee x L000) == (00) 45 LOO S00) (50 = 10) aS 
= XTICCCXLV za) 


Multiplicative Systems 


Multiplicative numeration systems are more similar to our Hindu—Arabic sys- 
tem than are additive systems. In a multiplicative system, 642 might be written 
(6) (100) (4) (10) (2) or 


Note that no addition signs are needed in the representation. From this illustration, try 
to formulate a rule explaining how multiplicative systems work. 

The principal example of a multiplicative system is the traditional Chinese sys- 
tem. The numerals used in this system are given in Table 4.3. 


Table 4.3 Traditional Chinese Numerals 


Traditional Chinese numerals 


®l/—-|/=|/=S/a)/ze/x% 


c|rl|al+| # | 4 


Hindu—Arabic numerals 


0 1 2 3 4 S) 6 fi 8 9 


10 100 | 1000 


Chinese numerals are always written vertically. The numeral on top will be from 
1 to 9 inclusive. This numeral is to be multiplied by the power of 10 below it. Thus, 


20 is written 

= S, = 

+ } 2 10; = 20 
and 400 is written 


Flax 100 = 400 
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MATHEMATICS TODAY 


Hindu—Arabic Numerals 
Around the World 


License plate in Thailand. 


Ithough languages vary from 

country to country, most coun- 
tries currently use Hindu-Arabic 
numerals. Some countries use both 
Hindu-Arabic numerals and their 
own country’s numerals on signs 
and on automobile license plates. 
Above is a photo of a license plate 
in China and a photo of a license 
plate in Thailand. 


This is Important Although 
languages vary all over the world, 
most countries use the same nu- 
meration system—the Hindu-Arabic 
numeration system. 


Example @ A Traditional Chinese Numeral 


Write 538 as a Chinese numeral. 


§ sa 

es aes 

~s te { i 
538 30 = thee 
sg = 8 an 


Note that in Example 7 the units digit, the 8, is not multiplied by a power of the base. 

When writing Chinese numerals, there are some special cases that need to be 
considered. When writing a numeral between 11 and 19 it is not necessary to include 
the 1 before the 10. Thus, 18 would be written ~F rather than +: Another special 
case involves the use of zero. n n 

When more than one consecutive zero occurs (except at the end of a numeral) 
you need to write a zero, but only once for two or more consecutive zeros. Zeros are 
not included at the end of numerals. The top two illustrations that follow show how 
zeros are used within a numeral, and the bottom two show that zeros are not used at 
the end of a numeral. 


w Aes) 
\ 4 x 100 = 400 4. } 4X 1000 = 4000 
406 = 4006 = 
5B} 0 x 10= O =r eat eae 
x 10 =0 
x } 6 = 
ay = 6 


w w 
a x 100 = 400 4 4 X 1000 = 4000 
os 4600 = 
460 Be ; ss a 
L x 1@ = 4 = 
ee = 6 X 100 = 600 


Example [ Traditional Chinese Numerals 


Write the following as traditional Chinese numerals. 
a) 7080 b) 7008 


In part (a), there is one zero between the 7 and the 8. In part (b), there are 
two zeros between the 7 and the 8. As just mentioned, the symbol for zero is used 
only once in each of these numerals. 


= \, 1000 : } 
x 7 X 1000 
ae 100 oa i 0 x 100 
— A x x > 
IDS 8 cl ar ee 
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Notice the difference between our Hindu-Arabic numeration system, which is a positional nu- 
meration system, and the Chinese system, which is a multiplicative numeration system. Below 
we show how to write 5678 as a Chinese numeral if the Chinese system was a positional value 
system similar to ours. 


Multiplicative Positional Value 
Bz 5 BS 
F 1000 WH 6 
Ww 6 Sa 
BH 100 An 8 
h his eT 
+ 10 
TaN 8 


Note that the multiples of base 10 are removed when writing positional value numerals. We 
will discuss positional value systems in more detail shortly. 


Ciphered Systems 


A ciphered numeration system is one in which there are numerals for numbers up to 
and including the base and for multiples of the base. The numbers represented by a 
particular set of numerals is the sum of the values of the numerals. 

Ciphered numeration systems require the memorization of many different sym- 
bols but have the advantage that numbers can be written in a compact form. The ci- 
phered numeration system that we discuss is the Ionic Greek system (Table 4.4). The 
Ionic Greek system was developed in about 3000 B.c., and it used letters of the Greek 
alphabet for numerals. Other ciphered systems include the Hebrew, Coptic, Hindu, 
Brahmin, Syrian, Egyptian Hieratic, and early Arabic systems. 


Table 4.4 Ionic Greek Numerals 


1 a alpha 60 a xi 
D, B beta 70 ) omicron 
3 Y gamma 80 7 pl 
4 6 delta 90 o* koppa 
5 € epsilon 100 p rho 
6 ee digamma 200 o sigma 
di c zeta 300 T tau 
8 n eta 400 v upsilon 
5 0 theta 500 co) phi 
10 (i iota 600 x chi 
20 K kappa 700 a psi 
30 Xr lambda 800 0) omega 
40 im mu 900 D sampi 
50 v nu 


* Ancient Greek letters not used in the classic or modern Greek language. 


The classic Greek alphabet contains only 24 letters; however, 27 symbols were 
needed. Thus, the Greeks used three obsolete Greek letters—f, 9, and A—that are not 
part of the classic Greek alphabet. To distinguish words from numerals, the Greeks 
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would place a mark similar to our apostrophe to the right and above each letter that 
was used as a numeral. In this text, we will not use this mark because we will not be 
using Greek words and numerals together. 

We can write 45 as 40 + 5. When 45 is written as a Greek numeral, the plus sign 
is omitted: 


45 = pe 


Similarly, 768 written as a Greek numeral is wén. 
When the Greek letter iota, u, is placed to the left and above a numeral, it repre- 
sents the numeral multiplied by 1000. For example, 


‘a = 9 X 1000 = 9000 


‘ = 7 X 1000 = 7000 


Example ] The Ionic Greek System: A Ciphered System 
Write wA6@ as a Hindu—Arabic numeral. 


w = 800, A = 30, and 6 = 9. The sum is 839. 5 


Example [@) Writing an Ionic Greek Numeral 
Write 1654 as an Ionic Greek numeral. 
1654 = 1000 + 600 + 50 + 4 
= (1 X 1000) + 600 + 50 + 4 


='a x v re) 
=‘ayvd o 
SECTION 4.1 i 
Exercises 
Warm Up Exercises 7. The Chinese numeration system is an example of a 


In Exercises 1-8, fill in the blanks with an appropriate numeration system. 


word, phrase, or symbol(s). 8. The Ionic Greek numeration system is an example of a 


1. A number is a quantity, and it answers the question pny Set 


“ Bid i F 
Practice the Skills 

In Exercises 9-14, write the Egyptian numeral as a Hindu— 
Arabic numeral. 


2. A symbol used to represent a number is called a 


3. The system of numeration that we presently use is the 


plo 9. ONAN 
4. The Egyptian hieroglyphic system and the Roman numera- 10. £999) 
tion system are examples of ______ numeration sys- ; 
tems. 11. ££9999NNII 
5. As you read a Roman numeral from left to right, if a 12. WW £99N 
smaller number comes before a larger number, you should 
the smaller number from the larger number. 13. oe Wy £658 QONM I) 
6. A bar above a Roman numeral means to multiply that nu- 14. KX KSI502 Tavayall 


meral by 


In Exercises 15-20, write the numeral as an Egyptian 
numeral. 


15. 42 16. 153 
17. 2045 18. 1812 
19. 173,845 20. 3,235,614 


In Exercises 21-32, write the Roman numeral as a 
Hindu-—Arabic numeral. 


21. XVI 22. XIV 

23; CXC; 24. CDLXXXVIII 
25. MMDCXLII 26. MCMLXIV 

27. MMCMXLVI 28. MDCCXLVI 
29. XMMDCLXVI 30. LMCMXLIV 
31. IXCDLXIV 32. VMCCCXXXIII 


In Exercises 33-44, write the numeral as a Roman 
numeral. 


33. 24 34. 99 
354555 36. 744 
37. 1914 38. 4285 
39. 4793 40. 6274 
41. 9999 42. 14,315 
43. 20,644 44. 99,999 


In Exercises 45—52, write the Chinese numeral as a 
Hindu—Arabic numeral. 


45, 46. W 
F 1 
WwW — 

47.4 Sa 
; : 
2 : 
» + 
hs ne 

49. 50. 


+ fH of i A > 
+>] Bi 
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51. 


yp g 


In Exercises 53—60, write the numeral as a traditional 
Chinese numeral. 


Spb ios) 54. 178 

55. 378 56. 2001 
57. 4260 58. 6905 
59. 7056 60. 3009 


In Exercises 61—66, write the numeral as a Hindu—Arabic 
numeral. 


61. 7a 62. woB 
63. 000 64. De 
65. ‘Baw y 66. “FC vEE 


In Exercises 67—72, write the numeral as an Ionic Greek 
numeral. 


67. 33 68. 245 
69. 726 70. 2008 
71. 5005 72. 9999 


In Exercises 73—76, write the numeral as numerals in the 
indicated systems of numeration. 


73. &n M\ in Hindu—Arabic, Roman, traditional Chinese, and 
Greek 


74. MCMXXXVI in Hindu—Arabic, Egyptian, Greek, and 
traditional Chinese 


75. Z in Hindu—Arabic, Egyptian, Roman, and Greek 


76. vkB in Hindu—Arabic, Egyptian, Roman, and traditional 
Chinese 


Concept/Writing Exercises 


77. What is the difference between a number and a 
numeral? 


78. What is a system of numeration? 
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Challenge Problems/Group Activities 
79. Write the Roman numeral for 999,999. 


80. Make up your own additive system of numeration and 
indicate the symbols and rules used to represent numbers. 
Using your system of numeration, write 


a) your age. 


b) the year you were born. 


Internet/Research Activities 


84. Egypt, China, and Greece In this section, we discussed the 
numeration systems of Egypt, China, and Greece. Choose one 
of these countries and write a paper that does the following. 


a) State the current numerals used in your chosen country. 


b) Explain how that country’s current system of numera- 
tion works. If more than one system is used, discuss the 
system used most commonly. 


c) the current year. 


Recreational Mathematics 


$1. Without using any type of writing instrument, what can 
you do to make the following incorrect statement a correct 
statement? 


xXI+1=X 


82. Words and numerals that read the same both backward and 
forward are called palindromes. Some examples are the 
words CIVIC and RACECAR, and the numerals 121 and 
32523. Using Roman numerals, list the last year that was a 
palindrome. 


83. Which year in the past 2000 years required the most 
Roman numerals to write? Write out the year in Roman 
numerals. 


A Great Pyramid of Khufu in 
Giza, Egypt 


Have you ever watched the television game show The Price is Right? Chances are 


that you have seen one of the many games that require contestants to place digits in 
the correct order to guess the price of a car, appliance, or other fabulous prize. Such 
games require the contestant to have an understanding of the concept of place value 
that is used in our modern number system. In this section, we will study two other 
number systems that also rely on place value. 


This is Important By studying other place-value numeration systems, we will 
gain a better understanding of our own numeration system. 


A Place value is used in many games 
on The Price is Right. 


oday the most common type of numeration system is the place-value system. 

The Hindu—Arabic numeration system, used in the United States and many other 
countries, is an example of a place-value system. In a place-value system, which is 
also called a positional-value system, the value of the symbol depends on its position 
in the representation of the number. For example, the 2 in 20 represents 2 tens, and 
the 2 in 200 represents 2 hundreds. A true positional-value system requires a base and 
a set of symbols, including a symbol for zero and one for each counting number less 
than the base. Although any number can be written in any base, the most common 
positional system is the base 10 system which is called the decimal number system. 

The Hindus in India are credited with the invention of zero and the other symbols 
used in our system. The Arabs, who traded regularly with the Hindus, also adopted 


Eighteenth-century mathematician 
Pierre Simon, Marquis de Laplace, 
speaking of the positional principle, 
said: “The idea is so simple that this 
very simplicity is the reason for our 
not being sufficiently aware of how 
much attention it deserves.” 


Did You Know? _ 


Babylonian Numerals 


he form Babylonian numerals 

took is directly related to their 
writing materials. Babylonians used 
a reed (later a stylus) to make their 
marks in wet clay. The end could 
be used to make a thin wedge, 
Y, which represents a unit, or a 
wider wedge, <, which represents 
10 units. The clay dried quickly, so 
the writings tended to be short but 
extremely durable. 


Table 4.5 Babylonian Numerals 


Babylonian numerals 


Hindu—Arabic numerals 
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the system, thus the name Hindu—Arabic. Not until the middle of the fifteenth cen- 
tury, however, did the Hindu—Arabic numerals take the form we know today. 

The Hindu—Arabic numerals and the positional system of numeration revolu- 
tionized mathematics by making addition, subtraction, multiplication, and division 
much easier to learn and very practical to use. Merchants and traders no longer had 
to depend on the counting board or abacus. The first group of mathematicians who 
computed with the Hindu—Arabic system, rather than with pebbles or beads on a wire, 
were known as the “algorists.” 

In the Hindu—Arabic system, the symbols 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9 are called 
digits. The base 10 system was developed from counting on fingers, and the word 
digit comes from the Latin word for fingers. 

The positional values in the Hindu—Arabic system are 


eae (10)2,. 10) .,40)°, (10), 10.1 


To evaluate a numeral in the Hindu—Arabic system, we multiply the first digit on the 
right by 1. We multiply the second digit from the right by the base, 10. We multiply 
the third digit from the right by the base squared, 10° or 100. We multiply the fourth 
digit from the right by the base cubed, 10° or 1000, and so on. In general, we multi- 
ply the digit n places from the right by 10"~!. Therefore, we multiply the digit eight 
places from the right by 10’. Using the place-value rule, we can write a number in 
expanded form. In expanded form, 1234 is written 


1234 = (1 X 10°) + (2 x 10) + @ x 10) + 4 x 1) 


or 
(1 X 1000) + @ X 100) + @ X 10) + 4 


Babylonian Numerals 


The oldest known numeration system that resembled a place-value system was de- 
veloped by the Babylonians in about 2500 B.c. Their system resembled a place-value 
system with a base of 60, a sexagesimal system. It was not a true place-value system 
because it lacked a symbol for zero. The lack of a symbol for zero led to a great deal 
of ambiguity and confusion. Table 4.5 gives the Babylonian numerals. 

The positional values in the Babylonian system are 


..., (60), (60), 60, 1 


In a Babylonian numeral, a gap is left between the characters to distinguish between 
the various place values. From right to left, the sum of the first group of numerals is 
multiplied by 1. The sum of the second group is multiplied by 60. The sum of the 
third group is multiplied by (60)*, and so on. 


Example i] The Babylonian System: A Positional-Value System 
Write<< J <<< Vasa Hindu-Arabic numeral. 


<<] <<<] 


60’s units 


LO 101 OST O ys KOs all 


——— ee 


60’s units 


(21 X 60) + G1 X 1) 
1260 + 31 = 1291 a 
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Did You Know? — 


Baan er + 
Counting Boards 


Vead iaaaai |PSai 


aga toagedl an 


ne of the earliest counting 

devices, used in most an- 
cient civilizations, was the counting 
board. On such a board, each col- 
umn represents a positional value. 
The number of times a value occurs 
is represented by markers (beads, 
stones, sticks) in the column. An 
empty column signifies “no value.” 
The widespread use of counting 
boards meant that Europeans were 
already long accustomed to work- 
ing with positional values when 
they were introduced to Hindu- 
Arabic numerals in the fifteenth 
century. 


> 
The Babylonians used the symbol 1 to indicate subtraction. The numeral <7 YY 
represents 10 — 2, or 8. The numeral ¢ ¢ ¢ <¢ 1! YY tepresents 40 — 3, or 37 in 
base 10 or decimal notation. 


Example 4 From Babylonian to Hindu-Arabic Numerals 
WriteY? <¥ << 1! Y as a Hindu—Arabic numeral. 


The place value of these three groups of numerals from left to right is 


(60)*, 60, 1 
or 3600, 60, 1 


The numeral in the group on the right has a value of 20 — 2, or 18. The numeral in 
the center group has a value of 10 + 1, or 11. The numeral on the left represents 
1 + 1, or 2. Multiplying each group by its positional value gives 


(2 X 607) + (11 X 60) + (18 X 1) 
= (2 X 3600) + (11 X 60) + (18 X 1) 
= 7200 + 660 + 18 
= 7878 Py 


To explain the procedure used to convert from a Hindu—Arabic numeral to a 
Babylonian numeral, we will consider a length of time. How can we change 9820 
seconds into hours, minutes, and seconds? Since there are 3600 seconds in an hour 
(60 seconds to a minute and 60 minutes to an hour), we can find the number of hours 
in 9820 seconds by dividing 9820 by 607, or 3600. 


DY <— Hours 


3600)9820 
7200 
2620 


<— Remaining seconds 


Now we can determine the number of minutes by dividing the remaining seconds by 
60, the number of seconds in a minute. 


43 <— Minutes 


60)2620 


2400 
220 
180 


40 < Remaining seconds 


Since the remaining number of seconds, 40, is less than the number of seconds in a 
minute, our task is complete. 


9820 sec = 2 hr, 43 min, 40 sec 
The same procedure is used to convert a decimal (base 10) numeral to a Babylo- 
nian numeral or any numeral in a different base. 
Example From Hindu-Arabic to Babylonian Numerals 
Write 2519 as a Babylonian numeral. 
The Babylonian numeration system has positional values of 
..., 60°, 607, 60, 1 


Did You Know 
On the High Seas 


N/a of the Babylonian sexa- 
gesimal system are still with us 
today, especially in navigation. Nav- 
igators use degrees, minutes, and 
seconds of longitude and latitude 
and global positioning systems 
(GPS) to chart their course. If you 
look at a globe or world map, you 
will see that Earth is divided into 
360° of latitude and 360° of longi- 
tude. Each degree can be divided 
into 60 minutes, and each minute 
can be divided into 60 seconds. 

Early explorers had to have an 
easy means of computing angles 
as they guided their ships by the 
stars. Base 60 easily divides into 
halves, thirds, fourths, fifths, sixths, 
tenths, twelfths, fifteenths, twen- 
tieths, and thirtieths, making such 
computations easier. Hence, the 
use of a base 60 system became 
popular. 


4.2 Place-Value or Positional-Value Numeration Systems 181 


which can be expressed as 
..-, 216000, 3600, 60, 1 
The largest positional value less than or equal to 2519 is 60. To determine how 


many groups of 60 are in 2519, divide 2519 by 60. 


4] < Groups of 60 


60)2519 
240_ 
119 

60 


59 <— Units remaining 


Thus, 2519 + 60 = 41 with remainder 59. There are 41 groups of 60 and 59 units 
remaining. Because the remainder, 59, is less than the base, 60, no further division 
is necessary. The remainder represents the number of units when the numeral is 
written in expanded form. Therefore, 2519 = (41 X 60) + (59 X 1). When writ- 
ten as a Babylonian numeral, 2519 is 


KKKKY KK KK KKTT 5 


Example [J Using Division to Determine a Babylonian Numeral 
Write 6270 as a Babylonian numeral. 


Divide 6270 by the largest positional value less than or equal to 6270. 
That value is 3600. 


6270 + 3600 = | with remainder 2670 


There is one group of 3600 in 6270. Next divide the remainder 2670 by 60 to deter- 
mine the number of groups of 60 in 2670. 


2670 + 60 = 44 with remainder 30 
There are 44 groups of 60 and 30 units remaining. 
6270 = (1 X 60°) + (44 x 60) + (30 X 1) 


Thus, 6270 written as a Babylonian numeral is 


VY <<<<ITlt <<< a 


Example [Ey A Babylonian Numeral with a Blank Space 

Write 7223 as a Babylonian numeral. 

As we did in the last example, we begin by dividing 7223 by 3600. 
7223 + 3600 = 2 withremainder 23 


Therefore, there are two groups of 3600 in 7223. The next positional value in the 
Babylonian numeration system is 60. However, the remainder from the above 
division, 23, is less than 60. So there are zero groups of 60 in 7223 and 23 units re- 
maining. Therefore, we can write 7223 as follows: 


7223 = (2 X 60°) + (0 X 60) + (23 X 1) 
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; 
| 
} 


n addition to their base 20 nu- 

merals, the Mayans had a holy 
numeration system used by priests 
to create and maintain calendars. 
They used a special set of hiero- 
glyphs that consisted of pictograms 
of Mayan gods. For example, the 
number 3 was represented by the 
god of wind and rain, the number 4 
by the god of sun. 


Recall that the Babylonian numeration system does not contain a symbol for 0. 
Therefore, we will need to leave a larger blank space when writing the numeral. 
This larger blank space will indicate that there are no 60s present in 7223. 


7223 = (2 x 607) + (0 + 60) + (23 X 1) 
YY <<1N7 


The larger blank space here represents 0 groups of 60. | 


Mayan Numerals 


Another place-value system is the Mayan numeration system. The Mayans, who lived 
on the Yucatan Peninsula in present-day Mexico, developed a sophisticated numera- 
tion system based on their religious and agricultural calendar. The numerals in this 
system are written vertically rather than horizontally, with the units position on the 
bottom. In the Mayan system, the numeral in the bottom row is to be multiplied by 1. 
The numeral in the second row from the bottom is to be multiplied by 20. The numeral 
in the third row is to be multiplied by 18 X 20, or 360. You probably expected the 
numeral in the third row to be multiplied by 207 rather than 18 X 20. It is believed 
that the Mayans used 18 X 20 so that their numeration system would conform to their 
calendar of 360 days. The positional values above 18 X 20 are 18 X 207, 18 X 20°, 
and so on. 


Positional Values in the Mayan System 
san SOLOS 18 X (20), 18 X 20, 20; 1 
or ... 144,000, 7200, 360, 20, 1 


The digits 0, 1,2, 3, ..., 19 of the Mayan system are formed by a simple grouping of 
dots and lines, as shown in Table 4.6. 


Table 4.6 Mayan Numerals 


Example [4 The Mayan System: A Positional-Value System 


Write ,., as a Hindu—Arabic numeral. 


In the Mayan numeration system, the first three positional values are 
18 X 20 


20 
1 


= =11 X (18 X 20) = 3960 
re = 3X 20 = 60 
= =16X1 = 16 


ewe on 
Bay of Bengal a Was Thailand 


though most countries pres- 

ently use a place-value numera- 
tion system with base 10, the nu- 
merals used for the digits differ by 
country. For example, although the 
people of Myanmar use the tradi- 
tional Hindu-Arabic numerals, they 
also use the following numerals. 


O 

0 » 

9 © Qom @ 
5 6 9 ee ee) 


This is Important 
Although the numerals used 
will vary from culture to culture, 
the underlying concept of num- 
ber remains the same through- 
out the world. 
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Example From Mayan to Hindu—Arabic Numerals 


Write .,. as a Hindu—Arabic numeral. 


ee 1S 0) =a 400 
ose Se, (18S 200 are 2880. 
Se Say a 115920) 
core = 4X1 = 4 
17,504 a 


Example EE] From Hindu-Arabic to Mayan Numerals 
Write 4025 as a Mayan numeral. 
To convert from a Hindu—Arabic to a Mayan numeral, we use a proce- 


dure similar to the one used to convert to a Babylonian numeral. The Mayan posi- 
tional values are ..., 7200, 360, 20, 1. The greatest positional value less than or 
equal to 4025 is 360. Divide 4025 by 360. 
4025 + 360 = 11 with remainder 65 
There are 11 groups of 360 in 4025. Next, divide the remainder, 65, by 20. 
65 + 20 = 3 with remainder 5 
There are 3 groups of 20 with five units remaining. 
4025 = (11 X 360) + (3 X 20) + (5 X 1) 


4025 written as a Mayan numeral is 


11 X 360 2 
3 X 20 = eee 
5x1 — 7 


Notice that changing a numeral from the Babylonian or Mayan numeration system to the 
Hindu-Arabic (or decimal or base 10) system involves multiplication. Changing a numeral from 
the Hindu-Arabic system to the Babylonian or Mayan numeration system involves division. 


SECTION 4.2 : 
Exercises 


Warm Up Exercises 


2. In the numeral 234, the 2 represents 2 


In Exercises 1-12, fill in the blanks with an appropriate 3. In the numeral 234, the 3 represents 3 


word, phrase, or symbol(s). 


4. In the numeral 234, the 4 represents 4 


1. Another name for a place-value system is a(n) 


value system. 
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5. The most common positional system is the decimal num- 
ber system which uses a base of 


6. The base 10 system was developed from counting on 
7. When we write 789 as (7 X 107) + (8 X 10) + (9 X 1) 
the number is written in ____ form. 


8. The Babylonian system is not considered a true place-value 
system because it lacked a symbol for 


9. The base used in the Babylonian system is 
10. In the Babylonian numeration system, 
a) the symbol Y represents the numeral 
b) the symbol < represents the numeral 
c) the symbol T indicates 


11. It is believed that the Mayans used 18 x 20 instead of 207 
so that their numeration system would conform to their 
, which had 360 days. 


12. In the Mayan numeration system, 
a) the symbol @ represents the numeral 
b) the symbol « represents the numeral 
c) the symbol —— represents the numeral 


Practice the Skills 


In Exercises 13—24, write the Hindu—Arabic numeral in 
expanded form. 


13. 58 14. 93 
(S572 16. 562 

17. 897 18. 3769 

19. 4387 20. 23,468 
21. 16,402 22. 125,678 
23. 346,861 24. 3,765,934 


In Exercises 25—30, write the Babylonian numeral as a 
Hindu—Arabic numeral. 


25.<<<T! 
> 
1S) 


Dak, SAME MIA 
28.<1 <<Jriy 


29.) <<t <7 
30. < YY 


In Exercises 31-36, write the numeral as a Babylonian 
numeral. 


31. 41 32. 129 
33. 471 34. 512 
35. 3605 36. 12,435 


In Exercises 37-42, write the Mayan numeral as a Hindu— 
Arabic numeral. 


Siz 38: = 
39, = 40. 2% 
=> esse 
41. — LM, 
=) == 


In Exercises 43-48, write the numeral as a Mayan numeral. 


43. 18 44, 257 
45. 297 46. 406 
47. 2163 48. 17,708 


In Exercises 49 and 50, write the numeral in the indicated 
systems of numeration. 


49. in Hindu—Arabic and Babylonian 


50. <<< JYVJ in Hindu—Arabic and Mayan 
In Exercises 51 and 52, suppose a place-value numeration 


system has base Q), with digits represented by the symbols 
L\,0, |], and ©. Write each expression in expanded form. 


52, ek XO 


Concept/Writing Exercises 


Seno 


53. Describe two ways that the Mayan place-value system dif- 
fers from the Hindu—Arabic place-value system. 


54. a) The Babylonian system did not have a symbol for zero. 
Why did this lead to some confusion? 


b) Write 133 and 7980 as Babylonian numerals. 
Challenge Problems/Group Activities 
55. a) Write the Mayan numeral for 999,999. 


b) Write the Babylonian numeral for 999,999, 
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} In Exercises 56-59, first convert each numeral to a Hindu- Internet/Research Activities 
Ar abic numeral and then perform the indicated nee anon. 61. Investigate and write a report on the development of the 
Finally, BOs the answer back to a numeral in the origi- Hindu—Arabic system of numeration. Start with the earliest 
nal numeration system. records of this system in India. 
56.1) << VV + <<TWY STW KTVT - <<<TT 62. The Arabic numeration system currently in use is a base 
10 positional-value system, which uses different symbols 
oe ea yea SS than the Hindu-Arabic numeration system. Write the 
sik eye cen ol) siifes. symbols used in the Arabic system of numeration and their 
ro eee equivalent symbols in the Hindu—Arabic numeration sys- 


tem. Write 54, 607, and 2000 in Arabic numerals. 


60. Your Own System Create your own place-value system. 
Write 2013 in your system. 


SECTION 4.3 Other Bases 


Have you done any of the following today: sent a text message, spent time on 
Facebook, browsed the Internet, checked your email, listened to your iPod, talked 
on your cell phone, or gotten directions from a GPS device? These activities all in- 
volve using a device with a computer chip that operates with numerals other than our 
familiar base 10 (decimal) numerals. In this section, we will study base 2 (binary), base 


8 (octal), and base 16 (hexadecimal) numerals, all of which are used in most modern 


computers and electronic devices. 


4 Electronic devices have computer 


chips that use numeral bases other as i : : : 7 
et Ae This is Important \n addition to learning about the mathematics used in elec 


tronic devices, studying other bases helps us better understand how our own deci- 


mal system works. 


T he positional values in the Hindu-Arabic numeration system are 
Berl) (lO) (LO), 1021 


The positional values in the Babylonian numeration system are 


..., (60)*, (60), (60), 60, 1 


Thus, 10 and 60 are called the bases of the Hindu-Arabic and Babylonian systems, 
respectively. 

Any counting number greater than | may be used as a base for a positional-value 
numeration system. If a positional-value system has a base b, then its positional val- 
ues will be 


Be bibs be, b, 1 
The positional values in a base 8 system are 


pA uae pll 
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A Computers make use of the binary, 
octal, and hexadecimal number 
systems. 


and the positional values in a base 2 system are 
Rc cane anon 


As we indicated in Section 4.2, the Mayan numeration system is based on the number 20. 
It is not, however, a true base 20 positional-value system. Why not? 

The reason for the almost universal acceptance of base 10 numeration systems 
is that most human beings have 10 fingers. Even so, there are still some positional- 
value numeration systems that use bases other than 10. Some societies are still us- 
ing a base 2 numeration system. They include some groups of people in Australia, 
New Guinea, Africa, and South America. Bases 3 and 4 are also used in some areas 
of South America. Base 5 systems were used by some primitive tribes in Bolivia, but 
the tribes are now extinct. The pure base 6 system occurs only sparsely in Northwest 
Africa. Base 6 also occurs in other systems in combination with base 12, the duodeci- 
mal system. 

Our society still contains remnants of other base systems from other cultures. For 
example, there are 12 inches in a foot and 12 months in a year. Base 12 is also evident 
in the dozen, the 24-hour day, and the gross (12 X 12). Remains of base 60 are found 
in measurements of time (60 seconds to 1 minute, 60 minutes to | hour) and angles 
(60 seconds to | minute, 60 minutes to 1 degree). 

Computers and many other electronic devices make use of three numeration 
systems: the binary (base 2), the octal (base 8), and the hexadecimal (base 16) 
numeration systems. One familiar example of the binary numeration system is the 
bar codes found on most items purchased in stores today. Computers can use 
the binary numeration system because the binary number system consists of only 
the digits 0 and 1. These digits can be represented with electronic switches that 
are either off (0) or on (1). All data that we enter into a computer can be converted 
into a series of single binary digits. Each binary digit is known as a Dif. The octal 
numeration system is used when eight bits of data are grouped together to form 
a byte. In the American Standard Code for Information Interchange (ASCII) 
code, the byte 01000001 represents the character A, and 01100001 represents 
the character a. Other characters along with their decimal, binary, octal, and 
hexadecimal representation can be found at the web site www.asciitable.com. The 
hexadecimal numeration system is used to create computer languages. Two such 
examples of computer languages that rely on the hexadecimal system are HTML 
and CSS, both of which are used heavily in creating Internet web pages. Computers 
can easily convert between binary (base 2), octal (base 8), and hexadecimal (base 
16) numbers. 


Bases Less Than 10 


A place-value system with base b must have b distinct symbols, one for zero and one 
for each numeral less than the base. A base 6 system must have symbols for 0, 1, 2, 
3, 4, and 5. All numerals in base 6 are constructed from these 6 symbols. A base 8 
system must have symbols for 0, 1, 2, 3, 4, 5, 6, and 7. All numerals in base 8 are con- 
structed from these 8 symbols, and so on. 

A numeral in a base other than base 10 will be indicated by a subscript to the 
right of the numeral. Thus, 1235 represents a base 5 numeral. The numeral 123, rep- 
resents a base 6 numeral. The value of 1235 is not the same as the value of 123j0, 
and the value of 123¢ is not the same as the value of 123)9. A base 10 numeral may 
be written without a subscript. For example, 123 means 123; 9 and 456 means 45610. 
For clarity in certain problems, we will use the subscript 10 to indicate a numeral in 
base 10. 


RECREATIONAL MATH 


The Price Is Right 


Place the digits 1, 5, 6, 7, and 8 in the 
correct order to match the price of the car 


e long-running television game 
show The Price Is Right has 
many different games that require 
the player to understand the place 
values used in our decimal system. 
For example, in one game the host 
gives the player the digits that 
make up the price of an item but 
does not tell the player the correct 
order of the digits. If the player 
places the digits in the correct or- 
der, the player wins the fabulous 
prize! For example, the price of a 
2011 Ford Focus SE Coupe con- 
tains the digits 1, 5, 6, 7, and 8. 
See if you can determine the cor- 
rect order to place these digits 
to match the price of the car. The 
answer is upside-down below. See 
Exercise 70 on page 192 for an- 
other example. 


SL8‘9T$ 
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The symbols that represent the base itself, in any base b, are 10). For ex- 
ample, in base 5, the symbols 105 represent the number five. Note that 
10; = 1x5 +0 X 1 =5 + 0 = 5jo, or the number five in base 10. The symbols 
10; mean one group of 5 and no units. In base 6, the symbols 106 represent the num- 
ber six. The symbols 10, represent one group of 6 and no units, and so on. 

To change a numeral in a base other than 10 to a base 10 numeral, we follow the 
same procedure we used in Section 4.2 to change the Babylonian and Mayan numer- 
als to base 10 numerals. Multiply each digit by its respective positional value. Then 
find the sum of the products. 


Example Converting from Base 5 to Base 10 
Convert 243, to base 10. 
In base 5, the positional values are ... 5°, 4 5,1. In expanded form, 
243, = (2 x 5*) + (4 & 5) 4 G X 1) 

=(2 625) +7 (4X 5) 4 O21) 

= Sil) <P 20) ap 3} 


= 73 a 


In Example 1, the units digit in 243; is 3. Notice that 3; has the same value as 349, 
since both are equal to 3 units. That is, 35 = 3)9. If n is a digit less than the base b, 
and the base b is less than or equal to 10, then np = nyo. 


Example Converting from Base 8 to Base 10 
Convert 70548 to base 10. 
In base 8, the positional values are ...,8°, 87,8, 1. In expanded form, 
7054g = (7 X 8°) + (0X 8) + (5X 8) +4 X 1) 

= (7 X 512) + 0 X 64) + (5 X 8) + (4X 1) 

= 3584 + 0 + 40+ 4 


= 3628 a 


Example Converting from Base 2 to Base 10 
Convert 110010, to base 10. 


110010) =(1X¥2)+0x2+ 0x2)+0x2%+(X2)+ 0X1) 
= (1 X 32) + (1 xX 16) + (0X 8) + (0X 4) + (1X 2)+ (0X 1) 
=32+16+0+0+2+0 


= 50 a 


To change a base 10 numeral to a different base, we will use a procedure similar 
to the one we used to convert base 10 numerals to Babylonian and Mayan numerals, 
as was explained in Section 4.2. Divide the base 10 numeral by the highest power of 
the new base that is less than or equal to the given base 10 numeral. Record this quo- 
tient. Then divide the remainder by the next smaller power of the new base and record 
this quotient. Repeat this procedure until the remainder is less than the new base. The 
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Did You Know? — 


Place-Value Systems 


e use our place-value system 

daily without thinking of its 
complexity. The place-value sys- 
tem has come a long way from the 
first and oldest type of numeration 
system, the additive numeration 
system. The changes in numera- 
tion systems evolved slowly. Most 
countries now use a place-value 
system. For example, the numera- 
tion system used in China today 
is different from the traditional 
system discussed in this chapter. 
The present-day system in China 
is a positional-value system rather 
than a multiplicative system, and in 
some areas of China, 0 is used as 
the numeral for zero. Often when 
you travel to ethnic areas of cities 
or to foreign countries, numbers 
are indicated using both that coun- 
try’s numerals and Hindu—Arabic 
numerals, as shown in the photo. 


answer is the set of quotients listed from left to right, with the remainder on the far 
right. This procedure is illustrated in Examples 4 and 5. 


Example Converting from Base 10 to Base 8 
Convert 486 to base 8. 


We are converting a numeral in base 10 to a numeral in base 8. The posi- 
tional values in the base 8 system are ..., eo ee Sulina. Oil 2a04a1 Ge len lhe 
highest power of 8 that is less than or equal to 486 is 87, or 64. Divide 486 by 64. 


First digit in answer 
486 + 64 = 7 with remainder 38 


Therefore, there are seven groups of 87 in 486. Next divide the remainder, 38, by 8. 


Second digit in answer 


{ 


38 + 8 = 4 with remainder 6 


Third digit in answer 


There are four groups of 8 in 38 and 6 units remaining. Since the remainder, 6, is 
less than the base, 8, no further division is required. 


= (7 X 64) + (4X 8) + (6 X 1) 
=(7X 8) +(4X8)+ (6x 
= 7468 


Notice that we placed the subscript 8 to the right of 746 to show that it is a base 8 
numeral. oi 


Example Converting from Base 10 to Base 3 
Convert 273 to base 3. 


The place values in the base 3 system are ..., 3°, 3°, 34, 3°, 37, 3, 1, or 
..., 129, 243, 81, 27, 9, 3, 1. The highest power of the base that is less than or 
equal to 273 is 3°, or 243. Successive divisions by the powers of the base give the 
following result. 


273 + 243 = 1 with remainder 30 
30 Rae coll 0 with remainder 30 
30 + 27 = 1 with remainder 3 

Bye 


3 + 3 = 1 with remainder 0 


O with remainder 3 


The remainder, 0, is less than the base, 3, so no further division is necessary. To 
obtain the answer, list the quotients from top to bottom followed by the remainder 
in the last division. 


We can represent 273 as one group of 243, no groups of 81, one group of 27, no 
groups of 9, one group of 3, and no units. 

273 = (1 X 243) + (0 X 81) + (1 X 27) + OX 9) +(1 X 3) + 0X 1) 
ax 3) +0 xX 3% +0 39) + 0 X34) + 3) + OX 1) 
1010103 


ll 


Did You Know? 


Dozenal Society 


he Dozenal Society of America 

is a voluntary nonprofit orga- 
nization that conducts research 
and educates the public in the use 
of the base 12 numeration sys- 
tem. Throughout history, 12 has 
been used for many groupings of 
items. Some familiar examples are 
12 inches in a foot, 12 hours on 
a clock, 12 months in a year, 12 
items in a dozen, and 12 dozen 
in a gross. The Dozenal Society's 
mascot is the panda “because it 
has six ‘fingers’ on each paw, and if 
we had been so blest we would be 
counting in the more convenient 
dozenal base today.” For more 
information on the Dozenal Soci- 
ety, you can visit their Web site at 
www.dozenal.org. 
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Bases Greater Than 10 


Recall that a place-value system with base b must have symbols for the digits from 
0 up to one less than the base. For example, base 6 uses the digits 0, 1, 2, 3, 4, and 5; 
and base 8 uses the digits 0, 1, 2, 3, 4, 5, 6, and 7. What happens if the base is larger 
than ten? We will need single digit symbols to represent the numbers ten, eleven, 
twelve, . . . up to one less than the base. In this textbook, whenever a base larger 
than ten is used we will use the capital letter A to represent ten, the capital letter B to 
represent eleven, the capital letter C to represent twelve, and so on. For example, for 
base 12, known as the duodecimal system, we use the symbols 0, 1, 2, 3, 4, 5, 6, 7, 8, 
9, A, and B, where A represents ten and B represents eleven. For base 16, known as 
the hexadecimal system, we use the symbols 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, A, B, C, D, E, 
and F. 


Example [4 Converting to and from Base 12 


a) Convert 39BA}> to base 10. 
b) Convert 6893 to base 12. 


a) In base 12, the positional values are ... 12>) 127. 12) (or. 2 1728) 144. 12 Ale 
Since B has the value of eleven and A has the value of ten, we perform the 
following calculation. 


39BAj. = GB X 127) + © xX 127) + (11 X 12) + 0 X 1) 
= (33 X 1728) + (9 X 144) + 132 + 10 
= 5184 + 1296 + 132 + 10 = 6622 
b) The highest power of base 12 that is less than or equal to 6893 is 12°, or 1728. 
To convert 6893 to base 12, we will use a process similar to the one we used in 


Examples 4 and 5. Remember that in base 12 we represent ten with the numeral 
A and eleven with the numeral B. 


6893 = 1728 = 3 with remainder 1709 
1709 + 144 = Bwithremainder 125 Note that B has a value of eleven 
125 + 12 = A with remainder 5 


Note that A has a value of ten 


The remainder, 5, is less than the base, 12, so no further division is necessary. 
Thus, the answer is 3BA5,. To check this answer, perform the calculation 

@ & 12°) + (il X 127) + (10 x 12) + (5 X 1) to verify that you obtain 6893 
in base 10. r 


Example Converting to and from Base 16 


a) Convert 7DEj¢ to base 10. b) Convert 6713 to base 16. 


a) Ina base 16 system, the positional values are ..., 16°, 162, 16, lor ... 
4096, 256, 16, 1. Since D has a value of thirteen and E has a value of fourteen, 
we perform the following calculation. 


TDE\6 = (7 X 16”) + (D X 16) + (E X 1) 
= (7 X 256) + (13 X 16) + (14 X 1) 
= 1792 + 208 + 14 
= 2014 
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b) The highest power of base 16 less than or equal to 6713 is 16°, or 4096. If we 
obtain a quotient greater than nine but less than sixteen, we will use the corre- 
sponding letter A through F. 


6713 + 4096 = 1 with remainder 2617 


2617 + 
57 + 16 = 3 with remainder 9 


256 = A with remainder 57 Note that A has a value of ten 


Thus, 6713 = 1A3916. 


plication. 


= When changing a base 10 numeral to a numeral in a different base, use division. 


It is important to remember the following items presented in this section. 

= |f a numeral is shown without a base, we assume the numeral is a base 10 numeral. 

= When converting a base 10 numeral to a different base, your answer should never contain a 
digit greater than or equal to that different base. 

= When changing a numeral given in a base other than 10 to a numeral in base 10, use multi- 


SECTION 4.3 z 
Exercises 


Warm Up Exercises 


In Exercises 1-4, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


1. In the numeral 6238, the 8 is called the 
2. In the numeral 623,, the 6 represents 6 X 
3. In the numeral 623,, the 2 represents 2 < 


4. Computers and other electronic devices make use of the 
following numeration systems: 


a) base 2, also called 
b) base 8, also called 
c) base 16, also called 


Practice the Skills 


In Exercises 5—22, convert the given numeral to a numeral 
in base 10. 


Bat, 6. 10, ies 
8. 31; 9. 241, 10. 765, 

11. 309), 12. 1005, 13957356 
14. 42316 15. 110101, 16. 11101115 
17. 7654, 18. 5032. 19. A91; 
20. B52) 21s C6196 22. D20Ei6 


In Exercises 23-36, convert each of the following to a 
numeral in the base indicated. 


23. 9 to base 2 24. 14 to base 2 

25. 23 to base 3 26. 73 to base 3 

27. 53 to base 4 28. 591 to base 4 

29. 102 to base 5 30. 549 to base 7 

31. 1098 to base 8 32. 2921 to base 8 
33. 9004 to base 12 34. 13,312 to base 12 
35. 9455 to base 16 36. 39,885 to base 16 


In Exercises 37—44, convert 2013 to a numeral in the base 
indicated. 


Sis 38. 4 
39.5 40. 6 
41.7 42.9 
43. 15 44. 17 


Problem Solving 


In Exercises 45—48, on page 191 assume the numerals 
given are in a base 5 numeration system. Assume the nu- 
merals in this system and their equivalent Hindu—Arabic 
numerals are 

@- @-: @- 


QO=-3 @-=4 


Write the Hindu—Arabic numerals equivalent to each of the 
following. 


45. OO, 
47. 908, 


46. @ @. 
48. DO @ 


In Exercises 49-52, write the Hindu—Arabic numerals in 
the numeration system discussed in Exercises 45—48. 


49. 19 50. 23 


51. 74 52. 85 


In Exercises 53-56, suppose colors as indicated below rep- 
resent numerals in a base 4 numeration system. 


@-0 @-1 @=-2 @-3 


Write the Hindu—Arabic numerals equivalent to each of the 
following. 


53, @ eo 
55.@0@ ® 


In Exercises 57—60, write the Hindu—Arabic numerals 

in the base 4 numeration system discussed in Exercises 
53-56. You will need to use the colors indicated above to 
write the answer. 


54.@ e 
56.@@ e 


Si kO) 58. 15 


59. 60 60. 56 


61. Another Conversion Method There is an alternative 
method for changing a base 10 numeral to a different base. 
This method will be used to convert 328 to base 5. Divid- 
ing 328 by 5 gives a quotient of 65 and a remainder of 3. 
Write the quotient below the dividend and the remainder 
on the right, as shown. 


5/328 remainder 
65 5 


Continue this process of division by 5. 


5 | 328 remainder (In the last division, since the 
5] 65 3 dividend, 2, is smaller than the 
5| 2B 0 S divisor, 5, the quotient is 0 and 
a the remainder is 2.) 
BY 2; 3. 
0 2 


Note that the division continues until the quotient is zero. 
The answer is read from the bottom number to the top num- 
ber in the remainder column. Thus, 328 = 2303s. 


a) Convert 683 to base 5 by this method. 


b) Convert 763 to base 8 by this method. 
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Concept/Writing Exercises 
62. a) What is 0, equal to in base 10? 


b) What is 1, equal to in base 10? 
c) What is 2, equal to in base 10? 
d) What is 3, equal to in base 10? 


e) In general, if n is a digit less than the base b, and the 
base b is less than or equal to 10, then describe what n, 
is equal to in base 10. 


63. a) What is 10, equal to in base 10? 
b) What is 10, equal to in base 10? 
c) What is 10,, equal to in base 10? 
d) What is 103, equal to in base 10? 


e) In general, for any base b, what is 10, equal to in base 
10? 


64. a) What is 11, equal to in base 10? 
b) What is 11, equal to in base 10? 
c) What is 11,, equal to in base 10? 
d) What is 1135 equal to in base 10? 
e) In general, for any base b, what is 11, equal to in base 


10? 


Challenge Problems/Group Activities 
65. Find b if 111, = 43. 


66. Find dif ddd; = 124. 


67. a) Use the numerals 0, 1, and 2 to write the first 20 num- 
bers in the base 3 numeration system. 


b) What is the next numeral after 2223? 


68. Computer Code The ASCII code used by most computers 
uses the last seven positions of an eight-bit byte to repre- 
sent all the characters on a standard keyboard. How many 
different orderings of 0’s and 1’s (or how many different 
characters) can be made by using the last seven positions 
of an eight-bit byte? 


69. a) Your Own Numeration System Make up your own 
base 20 positional-value numeration system. Indi- 
cate the 20 numerals you will use to represent the 
20 numbers less than the base. 


b) Write 523 and 5293 in your base 20 numeration 
system. 
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Recreational Mathematics 


70. The Price Is Right Refer to the Recreational Mathemat- 


71. Suppose a base 4 place-value system has its digits repre- 
sented by colors as follows: 


ics on page 187. Determine the correct order in which to @-0 @-:1 @=-2 @=:3 
place the digits 1, 2, 5, 7, and 9 to match the price of the 


2011 Chevrolet Cruze LTZ. 


a) Determine the value of @ @ @ @ @ , in base 10. 


b) Write 177 in the base 4 system using only the four 
colors given in the exercise. 


Internet/Research Activities 


72. Investigate and write a report on the use of the duodecimal 
(base 12) system of numeration. You may wish to contact 
the Dozenal Society (see the Did You Know? on page 189) 
for more information. 


73. We mentioned at the beginning of this section that some 


A Place the digits 1, 2, 5, 7, and 9 in the correct societies still use a base 2 and base 3 numeration system. 
order to match the price of the car. These societies are in Australia, New Guinea, Africa, and 


$ 


South America. Write a report on these societies, covering 
the symbols they use and how they combine these symbols 


SECTION 4.4 | Computation in Other Bases 


a Students do arithmetic by 
“carrying” and “borrowing.” 


to represent numbers in their numeration system. 


You may recall learning how to add, subtract, multiply, and divide when you were in 


|| % 


grade school. You may recall “carrying” when adding and “borrowing” when sub- 
tracting. For example, when performing 75 + 18, you would add 5 and 8 to get 13. 
You would write down the 3 and “carry the 1.” When performing 43 — 19 you would 
“borrow from the 4” so you could perform 13 — 9 to get 4. In this section, we will use 


similar procedures when working with numerals that have bases other than base 10. 


Ly this is Important By working in other bases, we will gain a better understanding of 
our own base 10 place-value system. 


Addition 


When computers perform calculations, they do so in base 2, the binary system. In this 
section, we will explain how to perform calculations in base 2 and other bases. 
In a base 2 system, the only digits are 0 and 1, and the place values are 


eo 
Gir ocag Me Ree eal 


Suppose we want to add lz + 15. The subscript 2 indicates that we are adding in 
base 2. Remember that the answer to 1, + 1, must be written using only the digits 
0 and 1. The sum of 17 + I is 102, which represents | group of two and 0 units in 
base 2. Recall that 102 means (1 X 2) + (O X 1). 

If we wanted to find the sum of 102 + 1, we would add the digits in the right- 
hand, or units, column. Since 02 + Iz = 19, the sum of 10) + 15 = 11». 


; 


Table 4.7 Base 2 Addition Table 


0 0 1 
1 1 10 


esides our familiar base 10 nu- 

meration system, one of the 
most significant numeration sys- 
tems is the binary, or base 2, nu- 
meration system. Computers use 
binary to process information and 
“talk” to one another. When a com- 
puter receives a command or data, 
each character must first be con- 
verted into a binary numeral for the 
computer to understand and use 
it. The binary system is also used 
to record audio and video on Blu- 
ray discs (BDs), digital video discs 
(DVDs), and compact discs (CDs). 
Sound and images are stored in a 
binary system of pits and “lands” 
(nonpits). To play the disc, a laser 
beam tracks along the spiral and 
recognizes a pit as a O and a land 
as a 1. The binary sequence of Os 
and 1s is then converted back into 
sound and images. 


This is Important The re- 
cording of information on discs is 
just one of the many examples of 
how other numeration systems are 
used in technology. 
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We are going to work additional examples and exercises in base 2, so rather than 
performing individual calculations in every problem, we can construct and use an ad- 
dition table, Table 4.7, for base 2 (just as we used an addition table in base 10 when 
we first learned to add in base 10). 


Example iJ] Adding in Base 2 


Add 11015 
ns 


Begin by adding the digits in the right-hand, or units, column. From pre- 
vious discussion, and as can be seen in Table 4.7, 1, + ly = 105. Place the 0 un- 
der the units column and carry the | to the 2’s column, the second column from the 
right. 


Place value of columns 


Now add the three digits in the 2’s column, ly + 02 + 15. Treat it as 

(lz + 07) + 15. Therefore, add 15 + Op to get 1p, then add 1p + 1, to get 10d. 
Place the 0 under the 2’s column and carry the 1 to the 2? column (the third column 
from the right). 


| Toaetllacat Ona 
2 wt bral 
0 05 


Now add the three 1’s in the 2” column to get (1, + 15) + 1, = 10) + 1) = I]. 
Place the 1 under the 2? column and carry the | to the 2? column (the fourth col- 
umn from the right). 


Tee Onl 
SS anile tial 
LerOyO> 


Now add the two 1’s in the 2? column, 1p + 15 = 105. Place the 10 as follows. 


ieeah geal 
+ eS 
i 0) 1) ONO 
Therefore, the sum is 101005. a 


Let’s now look at addition in a base 5 system. In base 5, the only digits are 0, 1, 
2, 3, and 4, and the positional values are 


SS OSPR 
oC? SES eS eee) 


What is the sum of 45; + 35? We can consider this to mean (1 + 1 + 1 + 1) + 
(1 + 1 + 1). We can regroup the seven 1’s into one group of five and two units 
as (1 +1+1+41+41)+( + 1). Thus, the sum of 4, + 35 = 125 (circled in 
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Table 4.8 Base 5 Addition Table 


Table 4.8). Recall that 12; means (1 X 5) + (2 X 1). We can use this same proce- 
dure in obtaining the remaining values in the base 5 addition table. 


Example 4 Use the Base 5 Addition Table 
Add 34s 
OEE 


First determine from Table 4.8 that 4; + 35 is 125. Record the 2 and 
carry the | to the 5’s column. 


3 4. 
Ae) Bs 


25 


Add the numbers in the second column, (15 + 35) + 25 = 45 + 25 = lls. Record 
the 11. 


13 45 
+ 2.35 
iia? 
The sum is 1125. z 
Example [Bq Add in Base 5 
Add 2314, 
+ 31015 
2341 4; 
eal Oat: 
104 20; 


The sum is 104205. 


You can develop an addition table for any base and use it to add in that base. As 
you get more comfortable with addition in other bases, however, you may prefer to 
add in other bases by using mental arithmetic. To do so, convert the sum from the 
given base to base 10 and then convert the base 10 numeral back into the given base. 
You must clearly understand how to convert from base 10 to the given base, as dis- 
cussed in Section 4.3. For example, to add 79 + 89, add 7 + 8 in base 10 to get 1549 
and then mentally convert 15;9 to 169 using the procedure given earlier. Remember, 
169 when converted to base 10 becomes (1 X 9) + (6 X 1), or 15. Addition using 
this procedure is illustrated in Examples 4 and 5. 


Example Adding in Base 10; Converting to Base 3 


Add 10223 
by 


To solve this problem, make the necessary conversions by using mental 
arithmetic. 2 + 1 = 3;9 = 103. Record the 0 and carry the 1. 


OM 282, 
i212 te 
03 


1 + 2 + 2 = 549 = 123. Record the 2 and carry the 1. 


1 OM 2h2. 
te ote 
2 05 


RECREATIONAL MATH 


Triskaidekaphobia 


Wie people consider the 
number 13 to be an unlucky 


number. In fact, many buildings do 
not have a thirteenth floor. Fear of 
the number 13 is known as triskaid- 
ekaphobia. Although the origins of 
the superstition are not clear, the 
superstition does exist in many of 
the world’s cultures. One exception 
to the fear can be found in many 
national symbols for the United 
States. Because the United States 
had 13 original colonies, many na- 
tional symbols include 13 items. 
For example, the original U.S. flag 
had 13 stars and the present-day 
U.S. flag still has 13 stripes. On the 
back of a one-dollar bill you will 
also find the following: 


13 steps on the pyramid 

13 stars above the eagle 

13 bars on the eagle’s shield 
13 leaves on the olive branch 
13 arrows 


In addition, the Latin phrases Annuit 
Coeptis and E Pluribus Unum each 
contain 13 letters. 
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1+ 0+ 1 = 249 = 23. Record the 2. 


pet outat 2, 
odie Qi 1s 
2 20; 


1 + 2 = 3;9 = 103. Record the 10. 


1022, 
Rey 
102203 


The sum is 102203. i 


Subtraction 


Subtraction can also be performed in bases other than base 10. Always remember 
that when you “borrow,” you borrow the amount of the base given in the subtraction 
problem. For example, if subtracting in base 5, when you borrow, you borrow S. If 
subtracting in base 12, when you borrow, you borrow 12. 


Example [ky Subtracting in Base 5 


Subtract 30325 
—10045 


We will perform the subtraction in base 10 and convert the results to base 5. 
Since 4 is greater than 2, we must borrow one group of 5 from the preceding column. 
This action gives a sum of 5 + 2, or 7, in base 10. Now we subtract 4 from 7; the dif- 
ference is 3. We complete the problem in the usual manner. The 3 in the second col- 
umn becomes a 2, 2 — 0 = 2. In the third column, 0 — 0 = O. Finally, in the fourth 
column, 3 — 1 = 2. 


30325 
—10045 
20235 a 


In the next example, we will subtract base 12 numerals. Recall from Section 4.3 
that we use the capital letter A to represent the number ten and the capital letter B to 
represent the number eleven in base 12. 


Example [ Subtracting in Base 12 


Subtract 91B 12 
A9ph: Dy 


Recall that B represents eleven. Therefore, in the units column we have 
11 — 2 = 9. Next, recall that A represents ten. Therefore, in the next column we 
must subtract 10 from 1. Since 10 is greater than /, borrowing is necessary. We 
must borrow one group of 12 from the preceding column. We then have a sum of 
12 + 1, or 13. We can now subtract 10 from 13 and the difference is 3. The 9 in 
the third column becomes 8, and 8 — 2 = 6. 


91 Biz 
=2 A212 
6 3 912 a 
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Table 4.9 Base 5 Multiplication Table 
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Multiplication 


Multiplication can also be performed in bases other than base 10. Doing so is helped 
by forming a multiplication table for the base desired. Suppose we want to determine 
the product of 45 X 3s. In base 10,4 X 3 means there are four groups of three units. 
Similarly, in a base 5 system, 4; X 35 means there are four groups of three units, or 


GU Se thar ab) Sele sep) Sele tse iy se Gl Sel ar il) 


Regrouping the 12 units above into groups of five gives 


@l sed sP ahaa) Ss IR) Sais tlesa ile ise 1) se (iL ae 1b) 


or two groups of five, and two units. Thus, 45 X 35 = 22s. 

We can construct other values in the base 5 multiplication table in the same way. 
You may, however, find it easier to multiply the values in the base 10 system and then 
change the product to base 5 by using the procedure discussed in Section 4.3. Multi- 
plying 4 X 3 in base 10 gives 12, and converting 12 from base 10 to base 5 gives 22s. 

The product of 45; X 35 is circled in Table 4.9, the base 5 multiplication table. 
The other values in the table may be found by either method discussed. 


Example Using the Base 5 Multiplication Table 


Multiply 135 
>< 35 


Use the base 5 multiplication table to find the products. When the product 
consists of two digits, record the right digit and carry the left digit. Multiplying 
gives 35 X 35 = 14;. Record the 4 and carry the 1. 


1135 
xX 35 
4 
(35 x 15) al 15 = 4s. Record the 4. 
1135 
P35) 
44, 


The product is 44s.  ] 


Constructing a multiplication table is often tedious, especially when the base is 
large. To multiply in a given base without the use of a table, multiply in base 10 and 
convert the products to the appropriate base before recording them. This procedure is 
illustrated in Example 8. 


Example E Multiplying in Base 7 


Multiply 43, 
X 257 


Bera SX 3 = 15;9 = (2 X 7) + (1 X 1) = 217. Record the 1 and carry the 2. 


243, 
% 25, 
1 
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© X 4) + 2 = 20 + 2 = 2239 = G X 7) + CG X 1) = 31). Record the 31. 


743, 
Xx 257 
311 
2 X 3 = 619 = 67. Record the 6. 


°43, 
X 257 
311 
6 
2X 4= 89 =( X 7) + Cl X 1) = 11). Record the 11. Now add in base 7 to 
determine the answer. Remember, in base 7, there are no digits greater than 6. 


13. 
55 
311 
116 
1501, P| 


Did You Know? 


Ever-Changing Numerals 


* Times New Roman font 


Ly) ee the Middle Ages, West- 
ern Europeans were reluctant 
to give up Roman numerals in 
favor of Hindu-Arabic numerals. 
The rapid expansion of trade and 
commerce during the fifteenth cen- 
tury, however, caused the need for 
quicker systems of calculation. The 
invention of movable type in 1450 
also ensured a certain consistency 
in the way numerals were depicted, 
yet we still find ways to alter them. 


Division 
Division is performed in much the same manner as long division in base 10. A detailed 


example of a division in base 5 is illustrated in Example 9. The same procedure is used 
for division in any other base. 


Example ] Dividing in Base 5 


Divide 2;)1435. 


Using the multiplication table for base 5, Table 4.9 on page 196, we list 
the multiples of the divisor, 2. 


25 x 1s = 25 
25 x 25 = 4. 
Dg x 35 = 11; 
25 x 4, = 135 


Since 25 X 45 = 13s, which is the largest product less than 145, 25 divides into 


14; four times. 
4 


25)1435 
13 
i 
Subtract 135 from 145. The difference is 15. Record the 1. Now bring down the 3 
as when dividing 1n base 10. 
4 


25)1435 
13 
13 


We see that 25 X 45 = 135. Use this information to complete the problem. 


Therefore, 1435 + 25 = 445 with remainder 0s. a 


198 CHAPTER4 Systems of Numeration 


A division problem can be checked by multiplication. If the division was per- 
formed correctly, (quotient X divisor) + remainder = dividend. We can check Ex- 
ample 9 as follows. 


(445 x 25) sp Os = 1435 
445 
Ss 
1435 Check 


Example [@ Dividing in Base 8 

Divide 6:)4071. 

The multiples of 6 in base 8 are 
6g X lg = 6g 6g X 2g = 14g, 6g X 3g = 22g = 6g X 4g = 308 
6g X 5g = 36g 6g X 6g = 44g 6g X 7g = 528 


536g 
63)407 1g 
301s 
27 

22 

51 
44 

5 


Thus, the quotient is 536g, with remainder 5g. 

Be careful when subtracting! In the above division problem, we had to borrow 
when subtracting 6 from 0 and when subtracting 4 from 1. Remember that we bor- 
row 10g, which is the same as 8 in base 10. 


CHECK: Does (536g X 6g) + 5g = 4071g? 


536g 
x 6g 
4064, + 5g = 4071, True a 
SECTION 4.4 i 
Exercises 
Warm Up Exercises 5. In base 5, 35 X 45 = 
In Exercises 1—6, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 6. The positional values in a base 8 (octal) numeration sys- 
tem are m4 Sys seems S82 (Ra 
1. In base 5, 35 + 45 = 
2. In base 16, we use the letter A to represent the number Practice the Skills 


In Exercises 7—18, add in the indicated base. 


3. In base 5 subtraction, when we borrow, we must borrow 
one group of _______ from the preceding column. Ue Beis 83234 
+415 sie P| 
4. The positional values in a base 2 (binary) numeration a oe 
aysteniatey;.2 fs SS 279 1 9, 1105 10. 253 
+ 1115 + 5146 


1179955 12905202; 
+ 21819 + 22. 
13. "ys 14. 4709 
011s + 34719 
15. 14631, 16. 1341¢ 
+ 6040, + 341, 
L7e *11te; 18. 43A4¢ 
Os + 49616 


In Exercises 19-30, subtract in the indicated base. 


19. 325 20. 353¢ 
7245 2446 
2158385 22. A3B3q2 
—274, me 21B4i5 
23. 1101, 24. 1221, 
— 111, = 2023 
25. 10015 26. 2173 
— 110, —1654g 
27. 4223, 28. 4232; 
— 304, —23415 
29. 2100, 30. 4E716 
—1012; 718916 


In Exercises 31-42, multiply in the indicated base. 


31D) 425 52 Oo 
x 25 x 34 
ABE PIDs 34. 37 
xX 23 X 21¢ 
35. 5126 36. 12415 
> De X 642 
37. B12) 38. 6A3)) 
X 8342 xX 2442 
Bo: 111, 40. 584, 
101, x 249 
41. 316, 42. 7A9j> 
SiG x 1245 


In Exercises 43—54, divide in the indicated base. 


43. 1,)110, 44. 2.)730s 
45. 3,,)506; 46. 4,)3025 
47. Dis 3124 48. 612)43149 
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49. 9,)213, 50. 5,)214¢ 
51. 3, )2245 52. 4,)210¢ 
53. 67)4047 54. 37)2101, 


Problem Solving 


In Exercises 55—58, the numerals in a base 5 numeration 
system are as illustrated with their equivalent Hindu- 
Arabic numerals. 


@=-0 @-:1 @-2 @-3 @=-4 


Add the following base 5 numerals. 


55. ©) 56. @ 
+6 -) 
57. @ @. 53. © @ 

Yee /e@ 


In Exercises 59-66, assume the numerals given are in a 
base 4 numeration system. In this system, suppose colors 
are used as numerals, as indicated below. 


@=-0, @=!. @=2. @=3. 


Add the following base 4 numerals. Your answers will 
contain a variety of the colors indicated. 


39. @. 0. @®@. 

+ © + ©@ 
‘1. @@ 2 @00 
ee + 060 


Subtract the following in base 4. Your answer will contain 
a variety of the colors indicated. 


63. ee 64. ee 
ee -08@ 
65. 6e0@ 66. eee 
0008 ms ) 


Challenge Problems/Group Activities 
In Exercises 67-68, perform the indicated operation. 


67. ae 68. D1¢)FACE16 
16 
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69. Consider the multiplication Internet/Research Activities ( 
462s 72. Write a report on how computers use the binary (base 2), 
_X 358 octal (base 8), and hexadecimal (base 16) numeration 
a) Multiply the numerals in base 8. systems. 


b) Convert 462, and 35g to base 10. 
c) Multiply the base 10 numerals determined in part (b). 


d) Convert the answer obtained in base 8 in part (a) to 
base 10. 


e) Are the answers obtained in parts (c) and (d) the same? 
Why or why not? 


70. Determine b, by trial and error, if 1304, = 204. 


71. In a base 4 system, each of the four numerals is repre- 
sented by one of the following colors: 


@®e8ee 73. One method used by computers to perform subtraction 
is the “end around carry method.” Do research and write 
Determine the value of each color if the following addition a report explaining, with specific examples, how a com- 


puter performs subtraction by using the end around carry 


method. 
@0°@ 
,e€ee8 


eee 
@., 


is true in base 4. 


SECTION 4.5 | Early Computational Methods 


Suppose that last week you worked at your job for 27 hours at a rate of $8 per hour. 
How much money did you make? You may find the answer by multiplying 27 x 8 “by 
hand.” 

oa) 

ae 

216 
Although most of us would use this method, it is not the only method for multiplying 
two numbers together. Early civilizations used various other methods. In this section, 
we will study three other methods of multiplication. 


4 Multiplication can be used to LD This is Important Studying other methods of multiplication can help us better 
i RUM understand how the traditional multiplication algorithm works. 


Duplation and Mediation 


The first method of multiplication we will study is duplation and mediation. This 
method, also known as Russian peasant multiplication, 1s still used in parts of Russia 
today. Duplation refers to doubling one number, and mediation refers to halving one 
number. The duplation and mediation method is similar to a method used by the an- 
cient Egyptians as described on the Rhind Papyrus. Example | illustrates this method 
of multiplication. 


MATHEMATICS TODAY 


The New Old Math 


Ce the new way to solve 
a problem is to use an old 
method. Such is the case in some 
elementary schools with regard to 
multiplying whole numbers. In ad- 
dition to teaching the traditional 
multiplication algorithm, some 
schools are also teaching the lat- 
tice method of multiplication. Lat- 
tice multiplication, along with the 
Hindu-Arabic numerals, was intro- 
duced to Europe in the thirteenth 
century by Fibonacci. (See the Pro- 
file in Mathematics on page 278.) 
Lattice multiplication is recom- 
mended by the National Council of 
Teachers of Mathematics as a way 
to help students increase their con- 
ceptual understanding as they are 
developing computational ability. 


This is Important By 
learning lattice multiplication, we 
can better understand how the 
traditional multiplication algorithm 
works. 
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Example i} Using Duplation and Mediation 
Multiply 19 < 17 using duplation and mediation. 


Write 19 and 17 with a dash between the two numbers. Divide the num- 
ber on the left, 19, by 2, drop the remainder, and place the quotient, 9, under the 19. 
Double the number on the right, 17, to obtain 34, and place it under the 17. You 
will then have the following number pairs. 


19 — 17 
9 — 34 
Continue this process, dividing the number in the left-hand column by 2, disregard- 


ing the remainder, and doubling the number in the right-hand column, as shown 
below. When a | appears in the left-hand column, stop. 


19 — 17 
9 — 34 
4 — 68 
2 — 136 
1 — 272 


Next, cross out all the even numbers in the left-hand column and the corresponding 
numbers in the right-hand column. 


fo 17 
9 — 34 
4—=68 
2=136 
patey 


Now add the remaining numbers in the right-hand column to obtain 
17 + 34 + 272 = 323. The number obtained, 323, is the product of 19 and 17. 
Thus 19 X 17 = 323. r 


Lattice Multiplication 


Another method of multiplication is lattice multiplication. This method’s name comes 
from the use of a grid, or lattice, when multiplying two numbers. It is also known 
as the gelosia method. The lattice method was brought to Europe in the 1200s by 
Fibonacci, who likely learned it from the Egyptians, Arabs, or Hindus (see the Profile 
in Mathematics on page 278). 


Example Using Lattice Multiplication 
Multiply 312 < 75 using lattice multiplication. 


To multiply 312 X 75 using lattice multiplication, first construct a 
rectangle consisting of three columns (one for each digit of 312) and two rows 
(one for each digit of 75). 

Place the digits 3, 1, 2 above the boxes and the digits 7, 5 on the right of the 
boxes, as shown in Fig. 4.1 on page 202. Then place a diagonal in each box. 

Complete each box by multiplying the number on top of the box by the number 
to the right of the box (Fig. 4.2). Place the units digit of the product below the di- 
agonal and the tens digit of the product above the diagonal. 
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Ae 
Bae 


Figure 4.3 


INDEX 


cece eee | 


Figure 4.5 


7 


5 


CA BE 


Figure 4.1 Figure 4.2 


Add the numbers along the diagonals, as shown with the blue shaded arrows 
in Fig. 4.3, starting with the bottom right diagonal. If the sum in a diagonal is 10 or 
greater, record the units digit below the rectangle and carry the tens digit to the next 
diagonal to the left. 

For example, when adding 4, 1, and 5 (along the second blue diagonal from the 
right), the sum is 10. Record the 0 below the rectangle and carry the | to the next 
blue diagonal. The sum of 1 + 1 + 7 + 0 + 5 is 14. Record the 4 and carry the 
1 to the next blue diagonal. The sum of the numbers in the next blue diagonal is 
se O)ae il se ib @e Zh 

The answer is read down the left-hand column and along the bottom, as shown 
by the purple arrow in Fig. 4.3. Therefore, 312 X 75 = 23,400. a 


Napier’s Rods 


The third method used to multiply numbers was developed from the lattice method 
by John Napier in the early 1600s and is known as Napier’s rods or Napier’s bones. 
This method is similar to that used in modern computers. Napier developed a system 
of separate rods (which were often made out of bones) numbered 0 through 9 and an 
additional rod for an index, numbered vertically 1 through 9 (Fig. 4.4). Each rod is 
divided into 10 blocks. Each block below the first block contains a multiple of the 
number in the first block, with a diagonal separating the digits. The units digits are 
placed to the right of the diagonals and the tens digits to the left. Example 3 explains 
how Napier’s rods are used to multiply numbers. 


ag | 


Z 
=e 
ipa 
x 


Oo 


SS 
SI\SI|\Sel\co 


S\N ONAN \ NY 


‘© oo 
SIVSIV SIL SC|\e 
SNONO NON ONS 


NINN 


Figure 4.4 


Example E§ Using Napier’s Rods 
Multiply 8 X 365, using Napier’s rods. 


To multiply 8 X 365, line up the rods 3, 6, and 5 to the right of the index 
8, as shown in Fig. 4.5. Below the 3, 6, and 5 place the blocks that contain the 


Profile in Mathematics — ‘i 


John Napier 


uring the seventeenth century, 

the growth of scientific fields 
such as astronomy required the 
ability to perform often unwieldy 
calculations. Scottish mathema- 
tician John Napier (1550-1617) 
made great contributions toward 
solving the problem of computing 
these numbers. His inventions in- 
clude simple calculating machines 
and a device for performing multi- 
plication and division known as Na- 
pier’s rods. Napier also developed 
the theory of logarithms. 
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products of 8 X 3,8 X 6, and 8 X 5, respectively. To obtain the answer, add 
along the diagonals as in the lattice method. 


INDEX 


Thus, 8 < 365 = 2920. a 


Example 4 illustrates the procedure to follow to multiply numbers containing 
more than one digit, using Napier’s rods. 


Example Using Napier’s Rods to Multiply Two- and Three-Digit 
Numbers 


Multiply 48 x 365, using Napier’s rods. 
Exit 48 x 365 = (40 + 8) X 365 


Write (40 + 8) X 365 = (40 X 365) + (8 X 365). To find 40 * 365, determine 
4 X 365 and multiply the product by 10. To evaluate 4 X 365, set up Napier’s rods 
for 3, 6, and 5 with index 4, and then evaluate along the diagonals, as indicated. 


INDEX 
ae 


Therefore, 4 X 365 = 1460. Then 40 X 365 = 1460 X 10 = 14,600. 
48 X 365 = (40 X 365) + (8 X 365) 8 x 365 = 2920 
= 14,600 + 2920 from Example 3 
= 17,520 a 


SECTION 4.5 : 
Exercises 


Warm Up Exercises 


In Exercises I—4, fill in the blanks with an appropriate 


word, phrase, or symbol(s). 


1. When determining the product 24 x 19, using duplation 


and mediation, 


4. When using lattice multiplication, after using multipli- 
cation to complete the boxes in the rectangle, add the 
numbers along the 


Practice the Skills 


In Exercises 5—12, multiply using duplation and mediation. 


a) the 2415 yr and 5.11 X 28 

b) the 19 is 622650 18 
2. When using duplation and mediation, when you Gh, 30) Se iG) 

divide the number on the left by two you disregard 

the 8. 138 X 41 
3. When determining the product 438 X 23, using lattice CO), BBY e< Pe 

multiplication, first construct a rectangle consisting of 

columns and rows. 10. 96 X 53 
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NW Ry oe we! 
12. 49 x 124 


In Exercises 13-20, use lattice multiplication to determine 
the product. 


1337251 
14.5 Xx 372 
15. 7 X 596 
16. 9 X 509 
LW SY oS 1? 
18. 47 X 259 
19. 314 X 652 
20. 634 X 832 


In Exercises 21-28, multiply using Napier’s rods. 
21.52 X36 

D2 ASKS 

23556 82) 

24. 6 X 171 

2555, 25 

26. KS 

27.9 X 6742 

28. 7 X 3456 


Problem Solving 


In Exercises 29 and 30, we show lattice multiplications. 
(a) Determine the numbers being multiplied. (b) Determine 
the product. 


In Exercises 31 and 32, we solve a multiplication problem 
using Napier’s rods. (a) Determine the numbers being 
multiplied. Each empty box contains a single digit. (b) 
Determine the product. 


31. 


32. 


Challenge Problems/Group Activities 


In Exercises 33 and 34, use the method of duplation and 
mediation to perform the multiplication. See Section 4.1 
for Egyptian and Roman numerals. Write the answer in 

the numeration system in which the exercise is given. 


33. (NIN) (NAN) 
34. (XXVI) : (LXVID 


In Exercises 35 and 36, (a) use lattice multiplication 

to perform the multiplication. (Hint: Be sure not to list 
any number greater than or equal to the base within the 
box.) Write the answer in the base in which the exer- 
cise is given. (b) Multiply the numbers as explained in 
Section 4.4. If you do not obtain the results obtained in 
part (a), explain why. 


35. 213 X 213 


36. 245 X 234, 


Internet/Research Activities 


37. In addition to Napier’s rods, John Napier is credited with 
making other important contributions to mathematics. 
Write a report on John Napier and his contributions to 
mathematics. 


38. Write a paper explaining why the duplation and mediation 
method works. 
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(CHAPTERS ) Suit ES ea es 


Important Facts and Concepts Examples/Discussion 
Se a. Sa eS > ee aE Pe OP rey || 


Section 4.1 


Additive Numeration Systems 


Egyptian Hieroglyphics (see Table 4.1, page 171) Discussion page 171, Examples 1-2, page 171 
Roman Numerals (see Table 4.2, page 172) Discussion pages 171-172, Examples 3-6, pages 172-173 


Multiplicative Numeration Systems 


Traditional Chinese Numerals Discussion page 173, Examples 7-8, page 174 
(see Table 4.3, page 173) 


Ciphered Numeration Systems 


Ionic Greek Numerals Discussion pages 175-176, Examples 9-10, page 176 
(see Table 4.4, page 175) 


Section 4.2 


Place-Value Numeration Systems 


Babylonian Numerals (see Table 4.5, page 179) Discussion page 179, Examples 1-5, pages 179-182 
Mayan Numerals (see Table 4.6, page 182) Discussion page 182, Examples 6-8, pages 182-183 


Section 4.3 


Positional Values in Base b 


PED Abe dbo pel Discussion pages 185-186, Examples 1-7, pages 187-190 


Section 4.4 
Addition and Subtraction Examples 1-6, pages 193-195 
Multiplication and Division Examples 7—10, pages 196-198 


Section 4.5 
Early Computation Methods 
Duplation and Mediation Example 1, page 201 
Lattice Multiplication Example 2, page 201 
Napier’s Rods Examples 3-4, pages 202-203 


IDen mei 


(cuarrens ) Review Exercises 


4.1, 4.2 In Exercises 5—8, write the Hindu—Arabic numeral as an 
Egyptian numeral. 


In Exercises 1—4, write the Egyptian numeral as a Hindu- 


Arabic numeral. 5. 4302 
1.999NN 6. 10,200 
2. WEEN 7. 124,321 
3. AX QO9ONN| 8. 1,003,042 


4. Keds £££ £999NNN 
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In Exercises 9-12, write the Roman numeral as a Hindu-— 
Arabic numeral. 


9. XXIV 10. CXL 


11. MMCDXxxVII 12. VDCCLIX 


In Exercises 13—16, write the Hindu-Arabic numeral as a 


Roman numeral. 
13. 29 14. 547 


15. 1964 16. 6491 


In Exercises 17-20, write the Chinese numeral as a Hindu— 
Arabic numeral. 


I= 18. 19. = 20. = 
+ i w a 
= Zz wn 5) 

a a 
<= — 
+ 
te 


In Exercises 21-24, write the Hindu—Arabic numeral as a 


Chinese numeral. 
21. 23 Dd, Ss 


23. 492 24. 2652 


In Exercises 25—28, write the Ionic Greek numeral as a 
Hindu—Arabic numeral. 


25. uB 
27. XE 


26. wr 


28. 'yTAd 


In Exercises 29-32, write the Hindu—Arabic numeral as an 
Tonic Greek numeral. 
29. 78 30. 521 


31. 867 32. 4219 


In Exercises 33-36, write the Babylonian numeral as a 
Hindu—Arabic numeral. 


8 
a57 eet es) Ut 


MVYY <Y 
36.17 VN) <¥Vy 


In Exercises 37—40, write the Hindu—Arabic numeral as a 


Babylonian numeral. 
37. 181 38. 3679 


39. 7280 40. 36,184 


In Exercises 41—44, write the Mayan numeral as a Hindu— 
Arabic numeral. 


Aine oe 
eee =) 
asmcee 44. °° 


In Exercises 45—48, write the Hindu—Arabic numeral as a 
Mayan numeral. 


45. 69 46. 812 
47. 1571 48. 17,913 
4.3 


In Exercises 49-54, convert the numeral to a Hindu—Arabic 
numeral. 


49. 47g 50. 101, 
51. 1304 52. 3425, 
53. A94) 54. 202203 


In Exercises 55—60, convert 463 to a numeral in the base 
indicated. 


55. base 2 56. base 3 
57. base 4 58. base 8 
59. base 12 60. base 16 
4.4 


In Exercises 61-66, add in the base indicated. 


61. 52, 62. 101105 
+ 557 + 11001, 
63. 9By> 64. 2B, 
+ 8712 + 45616 
65. 30245 66. 3407: 
+ 40235 + 70148 


In Exercises 67—72, subtract in the base indicated. 


67. 4032, 68. 1001, 
— 321, — 101, 
69. A7B1> 70. 4321s 
— 9549 — 442. 
7s ATISs 72.  F6416 
—1243 —2A316 


In Exercises 73-78, multiply in the base indicated. 


is 10115 74. 221; 
x 1015 x 22; 
75. 34s 76. 476, 
x 215 x 23g 
TT. 12645 78. 1A316 
_X 47h2 X 12i¢6 


In Exercises 79-84, divide in the base indicated. 


79. 23)1203 80. 24)320, 


In Exercises 1-6, convert the numeral to a Hindu—Arabic 
numeral. 
1. MMCDLXXXIV 2. << T 


3ac8 


5. oA WEf9NNNNII 6. 


‘Bispe 


In Exercises 7-11, convert the base 10 numeral to a 
numeral in the numeration system indicated. 


7. 2124 to Egyptian 8. 2476 to Ionic Greek 


9. 1434 to Mayan 10. 1596 to Babylonian 


11. 3706 to Roman 


U.S. Postal Service Bar Codes 

Wherever we look nowadays, we see bar codes. We find 
them on items we buy at grocery stores and department 
stores and on many pieces of mail we receive. There are 
various types of bar codes, but each can be considered a 
type of numeration system. Although bar codes may vary 
in design, most are made up of a series of long and short 
bars. (New bar codes now being developed use a variety of 
shapes.) In this group project, we explain how postal bar 
codes are used. 

The U.S. Postal Service introduced a bar coding system 
for zip codes in 1976. The system became known as Postnet 
(postal numeric encoding technique), and it has been refined 
over the years. Our basic zip code consists of five digits. The 
post office would like us to use the basic zip code followed 
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81. 35)1305 
83. 3¢)2034¢ 


4.5 


85. Multiply 142 < 24, using the duplation and mediation 
method. 


82. 4, )3020, 
84. 6)5072g 


86. Multiply 142 x 24, using lattice multiplication. 


87. Multiply 142 x 24, using Napier’s rods. 


In Exercises 12-13, convert the given numeral to a numeral 
in base 10. 


12. 4035 13. 3A7(5 


In Exercises 14-15, convert the following numerals to a 
numeral in the base indicated. 


14. 36 to base 2 
15. 2938 to base 16 
In Exercises 16-18, perform the indicated operations. 


1101) 
> Outs 


18. 35)12105 


19. Multiply 35 X 28, using duplation and mediation. 


456 


16 ee 


il) 


20. Multiply 43 x 196, using lattice multiplication. 


by a hyphen and four additional digits. The post office refers 
to this nine-digit zip code as “zip + 4.” 

The Postnet bar code uses a series of long and short 
bars. A bar code may contain either 52 or 62 bars. The code 
designates the location to which the letter is being sent. The 
following bar code, with 52 bars, is for an address in Pitts- 
burgh, Pennsylvania. 


15250-7406 (Pittsburgh, PA) 


In bar codes, each short bar represents 0 and each long 
bar represents 1. Each code starts and ends with a long bar 
that is not used in determining the zip + 4. If the code con- 
tains 52 bars, the code represents the zip + 4 and an extra 
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digit referred to as a check digit. If the code contains 62 bars, 
it contains the zip + 4, the last two digits of the address 
number, and a check digit. If the code contains 52 bars, the 
sum of the zip + 4 and the check digit must equal a number 
that is divisible by 10. If the code contains 62 bars, the sum 
of the zip + 4, the last two digits of the address number, and 
the check digit must equal a number that is divisible by 10. 
The check digit is added to make each sum divisible by 10. 


In a postal bar code, each of the digits 0 through 9 is rep- 
resented by a series of five digits containing zeros and ones: 


11000 (0) 00011 (1) 00101 (2) 00110 (3) 01001 (4) 
01010 (5) 01100 (6) 10001 (7) 10010 (8) 10100 (9) 


Consider the postal code from Pittsburgh given earlier. 

If you disregard the bar on the left, the next five bars 

are will, Since each small bar represents a 0 and each 
large bar represents a 1, these five bars can be represented 
as 00011. From the chart, we see that this represents the 
number 1. The first five bars (after the bar on the far left 
has been excluded) tell the region of the country in which 
the address is located on the map shown below. Notice 
that Pennsylvania is located, along with New York and 
Delaware, in the region marked 1 on the map. 


National zip code areas 


Alaska and 
Hawaii Virgin Islands 


Puerto Rico and 


The second five lines in the bar code, lili, repre- 
sent 01010 and have a value of 5. The other digits in 
the zip + 4 are determined in a similar manner. This 
code has 52 bars. The 45 bars, after the first bar, give the 
zip + 4. If you add the digits in the zip + 4, you get 
Vick 2S) Oe a4. 0-16) — 805 Since 304s 
divisible by 10, the five bars to the left of the bar on the very 
right should be 0. Note that Ili is represented as 11000 and 
has a value of 0. If, for example, the sum of the nine digits in 
the zip + 4 were 36, then the last five digits would need to 
represent the number 4, to make the sum of the digits divis- 
ible by 10. The five bars to the left of the last bar on the right 
are always used as a check. 


Now let’s work some problems. 


a) For the Postnet code 


determine the zip + 4 and the check digit. Then check 
by adding the zip + 4 and the check digit. Is the sum 
divisible by 10? 


b) For each of the following Postnet codes, determine the 
zip + 4, the last two numbers of the address number (if 
applicable), and the check digit. 


i.) DadadvcneVadataDsdacnstDoadead Danan llaboslatalal 
ii.) Dao DadoabadsDacndad Devel DaadaDadacsedatelosVoadabiloallial 


c) Construct the Postnet code of long and short bars for 
each of the numbers. The numbers represent the zip + 4 
and the last two digits of the address number. Do not for- 
get the check digit. 


i) 32226-8600-34 
ii) 20794-1063-50 


d) Construct the 52-bar Postnet code for your college’s 
zip + 4. Don’t forget to include the check digit. 


What You Will Learn 


= An introduction to number theory 
= Prime numbers 


= Integers, rational numbers, 
irrational numbers, and real 
numbers 


= Properties of real numbers 


= Rules of exponents and scientific 
notation 


Number 
Theory and the 
Real Number 
System 


= Arithmetic and geometric sequences 
a The Fibonacci sequence 


This is Important 


Every time we use a computer, 
make a telephone call, or watch 
television we use a device that 
relies on numbers to operate. In 
addition to playing many roles in 
our everyday lives, numbers are 
also used to describe the natural 
world, communicate information, 
and model problems facing 
scientists and researchers. In this 
chapter, we will see how number 
theory, the study of numbers and 
their properties, makes all these 
roles possible. 

Number theory has many 
applications that help scientists 
and researchers solve problems 
in many areas including 
communications, biology 
medicine, computers, and other 
modern technical devices. 


< Number theory helps scientists and 


feo" model problems. . a eK =e 


;j 
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«a There are many ways to display 48 
pieces of chocolate. 


Suppose you decide to start your own chocolate candy company. You would like to 
sell boxes containing 48 pieces of candy. You must decide how to arrange the pieces 
within the box. You could have six rows with eight pieces in each row, or four rows 
with twelve pieces in each row, or three layers with four rows each with four pieces in 
each row. Each of these possibilities involves writing the number 48 as the product of 
two or more smaller numbers. In this section, we will discuss many other similar prob- 


lems related to the writing of numbers as the product of smaller numbers. 


This is Important Writing numbers as the product of smaller numbers has many 
applications to the branch of mathematics we know as number theory. 


his chapter introduces number theory, the study of numbers and their properties. 

The numbers we use to count are called the counting numbers or natural num- 
bers. Because we begin counting with the number 1, the set of natural numbers begins 
with 1. The set of natural numbers is frequently denoted by N: 


N= (1.093, 4 500) 


Any natural number can be expressed as a product of two or more natural numbers. 
For example, 8 = 2 X 4,16 = 4 X 4, and 19 = 1 X 19. The natural numbers that 
are multiplied together are called factors of the product. For example, 


2x4=8 


hae a 


Factors 


A natural number may have many factors. For example, what pairs of numbers have a 
product of 18? 


1-18 
ZO 
3 +6 


The numbers 1, 2, 3, 6, 9, and 18 are all factors of 18. Each of these numbers divides 
18 without a remainder. 

If a and b are natural numbers, we say that a is a divisor of b or a divides b, 
symbolized a | b if the quotient of b divided by a has a remainder of 0. If a divides 
b, then b is divisible by a. For example, 4 divides 12, symbolized 4 | 12, since the 
quotient of 12 divided by 4 has a remainder of 0. Note that 12 is divisible by 4. 
The notation 712 means that 7 does not divide 12. Note that every factor of a 
natural number is also a divisor of the natural number. Caution: Do not confuse 
the symbols a | b and a/b; a | b means “a divides b” and a/ b means “a divided 
by b” (a + b). The symbols a/b and a ~ b indicate that the operation of division 
is to be performed, and b may or may not be a divisor of a. 


Prime and Composite Numbers 


Every natural number greater than 1 can be classified as either a prime number or a 
composite number. 


ratosthenes of Cyrene (275- 

195 B.c.) was born in northern 
Africa near the present-day city of 
Shahhat, Libya. Eratosthenes is best 
known for being the first to estimate 
accurately the diameter of Earth. He 
is also credited for developing a 
method of finding prime numbers 
known as the sieve of Eratosthenes. 
Although he is most known for his 
work in mathematics, Eratosthenes 
also was influential in the fields of 
history, geography, and astronomy. 
In addition, Eratosthenes served for 
many years as the director of the fa- 
mous library in Alexandria, Egypt. 
Although Eratosthenes was a highly 
regarded scholar throughout the an- 
cient world, only fragments of his 
writing remain today. Eratosthenes 
was near 80 years old when, after 
going blind, he died from voluntary 
starvation. 
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Definition: Prine Number 
AY prime number i isa natural number greater than | that has exactly two factors 
es a) itself and I 


The number 5 is a prime number because it is divisible only by the factors 
1 and 5. The first eight prime numbers are 2, 3, 5, 7, 11, 13, 17, and 19. The number 2 
is the only even prime number. All other even numbers have at least three divisors: 1, 
2, and the number itself. 


Definition: ‘Composite Ninoed 
A composite number is a natural number that is divisible by a number other than 
itself and 1. 


> 


Any natural number greater than | that is not prime is composite. The first eight 
composite numbers are 4, 6, 8, 9, 10, 12, 14, and 15. 

The number | is neither prime nor composite; it is called a unit. The number 38 
has at least three divisors, 1, 2, and 38, and hence is a composite number. In contrast, 
the number 23 is a prime number since its only divisors are | and 23. 

More than 2000 years ago, the ancient Greeks developed a technique for deter- 
mining which numbers are prime numbers and which are not. This technique is 
known as the sieve of Eratosthenes, for the Greek mathematician Eratosthenes of 
Cyrene, who first used it. 

To find the prime numbers less than or equal to any natural number, say, 50, 
using this method, list the first 50 counting numbers (Fig. 5.1). Cross out | since it 
is not a prime number. Circle 2, the first prime number. Then cross out all the mul- 
tiples of 2: 4, 6, 8,..., 50. Circle the next prime number, 3. Cross out all multiples 
of 3 that are not already crossed out. Continue this process of crossing out multiples 
of prime numbers until you reach the prime number p, such that p ° p, or Pp is 
greater than the last number listed, in this case 50. Therefore, we next circle 5 and 
cross out its multiples. Then circle 7 and cross out its multiples. The next prime 
number is 11, and 11 + 11, or 121, is greater than 50, so you are done. At this point, 
circle all the remaining numbers to obtain the prime numbers less than or equal to 
50. The prime numbers less than or equal to 50 are 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 
31, 37, 41, 43, and 47. 


Q 
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Figure 5.1 


Now we turn our attention to composite numbers and their factors. The rules of 
divisibility given in the chart on page 212 are helpful in finding divisors (or factors) 
of composite numbers. 

The test for divisibility by 6 is a particular case of the general statement that the 
product of two prime divisors of a number is a divisor of the number. Thus, for ex- 
ample, if both 3 and 7 divide a number, then 21 will also divide the number. 
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Did You Know? 


The Long-Lost Factoring 
Machine 


Factoring Machine 


n 1989, Jeffrey Shallit of the Uni- 

versity of Waterloo came across 
an article in a 1920 French journal 
regarding a machine that was built 
in 1914 for factoring numbers. 
Eugene Oliver Carissan, an amateur 
mathematician who had invented 
the machine, wrote the article. After 
reading the article, Shallit wondered 
whatever became of the factoring 
machine. 

After considerable searching, 
Shallit found the machine in a 
drawer of an astronomical observa- 
tory in Floirac, France. The machine 
was in good condition, and it still 
worked. By rotating the machine by 
a hand crank at two revolutions per 
minute, an operator could process 
35 to 40 numbers per second. 
Carissan needed just 10 minutes to 
prove that 708,158,977 is a prime 
number, an amazing feat in pre- 
computer times. The machine is 
now housed at the Conservatoire 
National des Arts et Métiers in Paris. 


Rules of Divisibility 


bs 
Divisible by Test Example 
2 The number is even. 924 is divisible by 2 since 924 is 
even. 
3) The sum of the digits of 924 is divisible by 3 since the sum 
the number is divisible of the digits, 9 + 2 + 4 = 15, and 
by 3. 15 is divisible by 3. 
4 The number formed by 924 is divisible by 4 since the num- 
the last two digits of the ber formed by the last two digits, 
number is divisible by 4. 24, is divisible by 4. 
5 The number ends inQor5. 265 is divisible by 5 since the 
number ends in 5. 
6 The number is divisible 924 is divisible by 6 since it is 
by both 2 and 3. divisible by both 2 and 3. 
8 The number formed by 5824 is divisible by 8 since the 
the last three digits of the | number formed by the last 
number is divisible by 8. three digits, 824, is divisible by 8. 
8) The sum of the digits of the 837 is divisible by 9 since the sum 
number is divisible by 9. of the digits, 18, is divisible by 9. 
10 The number ends in 0. 290 is divisible by 10 since the 
number ends in 0. 


Note that the chart does not list rules for the divisibility for the number 7. The 
rule for 7 is given in Exercise 92 on page 220. You may find after using the rule that 
the easiest way to check divisibility by 7 is simply to perform the division. 


Example i] Using the Divisibility Rules 
Determine whether 384,540 is divisible by 


a) 2 


b)3 c)4 d)5 e) 6 f) 8 g)9 h) 10 


a2: 
iad) SE 


h) 10: 


since 384,540 is even, it is divisible by 2. 


the sum of the digits of 384,540 is3 +8 +4 +5 + 4+ 0 = 24. Since 
24 is divisible by 3, the number 384,540 is divisible by 3. 


: the number formed by the last two digits is 40. Since 40 is divisible by 4, the 


number 384,540 is divisible by 4. 
since 384,540 has 0 as the last digit, the number 384,540 is divisible by 5. 


since 384,540 is divisible by both 2 and 3, the number 384,540 is divisible 
by 6. 


: the number formed by the last three digits is 540. Since 540 is not divisible 


by 8, the number 384,540 is not divisible by 8. 


: the sum of the digits of 384,540 is 24. Since 24 is not divisible by 9, the 


number 384,540 is not divisible by 9. 
since 384,540 has 0 as the last digit, the number 384,540 is divisible by 10. = 


Every composite number can be expressed as a product of prime numbers. The 
process of breaking a given composite number down into a product of prime numbers 
is called prime factorization. The prime factorization of 18 is 3 X 3 X 2. No other 
natural number listed as a product of primes will have the same prime factorization 
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as 18. The fundamental theorem of arithmetic states this concept formally. (A theorem 
is a statement or proposition that can be proven true.) 


2 Fundamental corer: of Prermetic ; 
“Every composite number can be expressed as a meee product of prime numbers. 


In writing the prime factorization of a number, the order of the factors is immate- 
rial. For example, we may write the prime factors of 18 as 3 X 3 X 2 or 2 X 3 X 3 
ore sk 2 Oey 

A number of techniques can be used to find the prime factorization of a number. 
Two methods are illustrated. 


Method 1: Branching 


To find the prime factorization of a number, select any two numbers whose product is 
the number to be factored. If the factors are not prime numbers, continue factoring 
each composite number until all factors are prime. 


Example Prime Factorization by Branching 
Write 1500 as a product of primes. 


Select any two numbers whose product is 1500. Among the many 
choices, two possibilities are 15 - 100 and 30 - 50. First consider 15 + 00. Since 
neither 15 nor 100 is a prime number, find any two numbers whose product is 

15 and any two numbers whose product is 100. Continue branching as shown in 
Fig. 5.2 until the numbers in the last row are all prime numbers. To determine the 
answer, write the product of all the prime factors. The branching diagram is some- 
times called a factor tree. 


1500 1500 
15 100 30 50 
SRS 10 10 ah ae 5 10 
| PROS ak He eo joni As: 
3 bse el Os end 23° Fond 3 
Figure 5.2 Figure 5.3 


We see that the numbers in the last row of factors in Fig. 5.2 are all prime 

numbers. Thus, the prime factorization of 1500 is3-5°2°5°2+5= 
2:2+3+5°5+5 = 2?+3-5°%. Note from Fig. 5.3 that choosing 30 and 50 as 
the first pair of factors also leads to the same prime factorization of 27-3-5°. = 


Method 2: Division 


To obtain the prime factorization of a number by this method, divide the given 
number by the smallest prime number by which it is divisible. Place the quotient 
under the given number. Then divide the quotient by the smallest prime number 
by which it is divisible and again record the quotient. Repeat this process until 
the quotient is a prime number. The prime factorization is the product of all the 
prime divisors and the prime (or last) quotient. This procedure is illustrated in 
Example 3. 
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Profile In Mathematics 


Srinivasa Ramanujan 


ne of the most interesting 

mathematicians of modern 
times is Srinivasa Ramanujan 
(1887-1920). Born to an impover- 
ished middle-class family in India, 
he virtually taught himself higher 
mathematics. He went to England 
to study with the number theorist 
G. H. Hardy. Hardy tells the story of 
a taxicab ride he took to visit 
Ramanujan. The cab had the li- 
cense plate number 1729, and he 
challenged the young Indian to 
find anything interesting in that. 
Without hesitating, | Ramanujan 
pointed out that it was the smallest 
positive integer that could be rep- 
resented in two different ways as 
the sum of two cubes: 13? + 12? 
and 9? + 10°. 


Example E§ Prime Factorization by Division 
Write 1500 as a product of prime numbers. 


Because 1500 is an even number, the smallest prime number that divides 
it is 2. Divide 1500 by 2. Place the quotient, 750, below the 1500. Continue to di- 
vide each quotient by the smallest prime number that divides it. 


The final quotient, 5, is a prime number, so we stop. The prime factorization is 
determined by multiplying all divisors on the left side and the final prime number 
quotient as shown by the shaded arrow. Thus, the prime factorization of 1500 is 


Qe Do 8 wh 255 = 073 5 o 


Note that despite the different methods used in Examples 2 and 3, the answer is 
the same. 


Greatest Common Divisor 


The discussion in Section 5.3 of how to reduce fractions makes use of the greatest 
common divisor (GCD). We will now discuss how to determine the GCD of a set of 
numbers. One technique of finding the GCD is to use prime factorization. 


Definition: Greatest Common Divisor 
The greatest common divisor (GCD) of a set of natural numbers is the largest 
natural number that divides (without remainder) every number in that set. 


What is the GCD of 12 and 18? One way to determine the GCD is to list the divi- 
sors (or factors) of 12 and 18: 


Divisors of 12 {1, 2, 3, 4, 6, 12} 
Divisors of 18 {1, 2, 3, 6, 9, 18} 
The common divisors are 1, 2, 3, and 6. Therefore, the greatest common divisor is 6. 


If the numbers are large, this method of finding the GCD is not practical. The 
GCD can be found more efficiently by using prime factorization. 


TO DETERMINE THE GREATEST COMMON DIVISOR OF 
TWO OR MORE NUMBERS 


PROCEDURE 


. Determine the prime factorization of each number. 


. List each prime factor with the smallest exponent that appears in each of the 
prime factorizations. 


. Determine the product of the factors found in Step 2. 


54 90 
7a FOR 
6 9 10 9 
P scmlers LAPS 
DiS aS 2.25, 5303 

Figure 5.4 


Did You Know? 


Friendly Numbers 


he ancient Greeks often thought 

of numbers as having human 
qualities. For example, the numbers 
220 and 284 were considered 
“friendly” or “amicable” numbers 
because each number was the sum 
of the other number's proper 
factors. (A proper factor is any factor 
of a number other than the number 
itself.) If you sum all the proper fac- 
tors of 284(1+2+4+71 + 142), 
you get the number 220, and if you 
sum all the proper factors of 220 
() se 2 sa tibar Soe GI Se Wi] ar Ablar 
22 + 44 + 55 + 110), you get 284. 
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Example 4 illustrates this procedure. 


Example 29 Using Prime Factorization to Determine the GCD 
Determine the GCD of 54 and 90. 


The branching method of finding the prime factors of 54 and 90 is illus- 

trated in Fig. 5.4. 

a) The prime factorization of 54 is 2 - 33. and the prime factorization of 90 is 
DEBS 16: 

b) The prime factors with the smallest exponents that appear in each of the factor- 
izations of 54 and 90 are 2 and 3”. Note that because 5 is not in the prime fac- 
torization of 54, it is not included when determining the GCD. 


c) The product of the factors found in Step 2 is 2 - 3° = 2 - 9 = 18. The GCD of 54 
and 90 is 18. Eighteen is the largest natural number that divides both 54 and 90. a 


Example [J Determining the GCD 
Determine the GCD of 315 and 450. 


a) The prime factorization of 315 is 3? - 5 +7, and the prime factorization of 
450 is 2 - 3? - 5*. You should verify these answers using either the branching 
method or the division method. 

b) The prime factors with the smallest exponents that appear in each of the factor- 
izations of 315 and 450 are 3° and 5. 

c) The product of the factors found in Step 2 is 37+ 5 = 9+ 5 = 45. The greatest 
common divisor of 315 and 450 is 45. It is the largest natural number that will 
evenly divide both 315 and 450. | 


Least Common Multiple 


To perform addition and subtraction of fractions (Section 5.3), we use the least common 
multiple (LCM). We will now discuss how to determine the LCM of a set of numbers. 


Definition: Least Common Multiple 
The least common multiple (LCM) of a set of natural numbers is the smallest 
natural number that is divisible (without remainder) by each element of the set. 


What is the least common multiple of 12 and 18? One way to determine the LCM 
is to list the multiples of each number: 


Multiples of 12 {12, 24, 36, 48, 60, 72, 84, 96, 108, 120, 132, 144,... } 
Multiples of 18 { 18, 36, 54, 72, 90, 108, 126, 144, 162,... } 


Some common multiples of 12 and 18 are 36, 72, 108, and 144. The least com- 
mon multiple, 36, is the smallest number that is divisible by both 12 and 18. Usually, 
the most efficient method of finding the LCM is to use prime factorization. 


i014 3210) ty TO DETERMINE THE LEAST COMMON MULTIPLE OF 
TWO OR MORE NUMBERS 


. Determine the prime factorization of each number. 


. List each prime factor with the greatest exponent that appears in any of the 
prime factorizations. 


. Determine the product of the factors found in Step 2. 
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Did You Know? 


Safer Secrets 


Pus numbers have for many 
years played an essential role 
in protecting the databases of gov- 
ernment and business. From 1977 
through 2000, data were encrypted 
to allow access only to legitimate 
users. The key to entering the da- 
tabase was a large composite num- 
ber more than 300 digits long. This 
number, n, was the product of two 
very large prime numbers, p-: q. 
The number n was publicly avail- 
able, so information could be en- 
tered into the database. The num- 
bers p and q, however, were given 
only to those users who had the 
right to access the database. 

By 1997, realizing a better pro- 
tection system was needed, the 
National Institute for Standard- 
ization and Technology began a 
global contest to choose a bet- 
ter protection system. In October 
2000, the Rijndael Block Cipher, 
developed by two Belgian cryp- 
tographers, was selected as the 
winner. The new system involves 
various areas of mathematics, in- 
cluding many that are discussed 
in this book, such as permutations, 
modular arithmetic, polynomials, 
matrices, and group theory. 


Example 6 illustrates this procedure. 


Example [{ Using Prime Factorization to Determine the LCM 
Determine the LCM of 54 and 90. 


a) Determine the prime factors of each number. In Example 4, we determined that 
54 = 239 Vand $90 = 2 = 3* + 5 


b) List each prime factor with the greatest exponent that appears in either of the 
prime factorizations: 2, Ba 3: 
c) Determine the product of the factors found in Step 2: 


2 P32 Sie D2 5 = 270) 


Thus, 270 is the LCM of 54 and 90. It is the smallest natural number that is divis- 
ible by both 54 and 90. 2] 


Example §@ Determining the LCM 
Determine the LCM of 315 and 450. 


a) Determine the prime factorization of each number. In Example 5, we deter- 
mined that 


315 = 37*5-7 and 450 =2- 32-52 


b) List each prime factor with the greatest exponent that appears in either of the 
prime factorizations: 2, Be 5e) We 
c) Determine the product of the factors from Step (b) 


Do So ed i) 50 Jo 3151) 


Thus, 3150 is the least common multiple of 315 and 450. It is the smallest natural 
number that is evenly divisible by both 315 and 450. a 


The Search For Larger Prime Numbers 


More than 2000 years ago, the Greek mathematician Euclid proved that there is no 
largest prime number. Mathematicians, however, continue to strive to find larger and 
larger prime numbers. 

Marin Mersenne (1588-1648), a seventeenth-century monk, found that numbers 
of the form 2” — 1 are often prime numbers when n is a prime number. For 
example, 


PojS4-1=3 P—1 
= 1=32 —1 = 31 2/ -1 


8-1=7 
128 — 1 = 127 


Il 


Numbers of the form 2” — 1 that are prime are referred to as Mersenne primes. 
The first 10 Mersenne primes occur when n = 2, 3, 5, 7, 13, 17, 19, 31, 61, 89. 


MATHEMATICS TODAY 


GIMPS 


he Great Internet Mersenne 

Prime Search (GIMPS) was 
started by George Woltman in 1996 
to coordinate the computing efforts 
of thousands of people interested 
in finding new Mersenne prime 
numbers. Anyone with a computer 
and Internet access can join the 
project. GIMPS uses idle time on 
the participants’ computers to 
search for prime numbers. As of this 
writing, the largest prime number 
discovered so far was found by 
Edson Smith, a computer resource 
manager at UCLA, in conjunction 
with GIMPS on August 23, 2008. 
The number, 243112609 _ 4 was 
the forty-fifth known Mersenne 
prime number and the eleventh 
found by GIMPS participants. Since 
then, two smaller Mersenne prime 
numbers have also been found us- 
ing GIMPS. 


This is Important Finding 
larger and larger prime numbers is 
a major part of the history of math- 
ematics that continues to this day. 


SECTION 5.1 


Warm Up Exercises 


In Exercises 1—12, fill in the blanks with an appropriate 


word, phrase, or symbol(s). 


1. The study of numbers and their properties is known 


as number 


Exercises 
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The first time the expression 2” — 1 does not generate a prime number, for prime 
number n, is when n is 11. The number ot = isa composite number (see 
Exercise 90 on page 220). 

Scientists frequently use Mersenne primes in their search for larger and larger 
primes. The largest prime number found to date was discovered on August 23, 
2008, by Edson Smith, a computer resource manager at UCLA. Smith and his team 
worked in conjunction with the Great Internet Mersenne Prime Search (GIMPS; see 
Mathematics Today, at left) to use the university’s computers during down time to 
conduct the search. The number is the Mersenne prime 243,112,609 _ 1 This record 
prime number is the forty-fifth known Mersenne prime (two more, smaller, 
Mersenne primes have been found since). When written out, it is 12,978,189 digits 
long. When written using a standard 12-point font, the number is more than 
17 miles long! 


More About Prime Numbers 


Another mathematician who studied prime numbers was Pierre de Fermat (1601— 
1665). A lawyer by profession, Fermat became interested in mathematics as a 
hobby. He became one of the finest mathematicians of the seventeenth century. 
Fermat conjectured that each number of the form 27" + 1, now referred to as a 
Fermat number, was prime for each natural number n. Recall that a conjecture is 
a supposition that has not been proved or disproved. In 1732, Leonhard Euler 
proved that for n = 5, 2°* + 1 was a composite number, thus disproving Fermat’s 
conjecture. 

Since Euler’s time, mathematicians have been able to evaluate only the sixth, 
seventh, eighth, ninth, tenth, and eleventh Fermat numbers to determine whether they 
are prime or composite. Each of these numbers has been shown to be composite. The 
eleventh Fermat number was factored by Richard Brent and Francois Morain in 1988. 
The sheer magnitude of the numbers involved makes it difficult to test these numbers, 
even with supercomputers. 

In 1742, Christian Goldbach conjectured in a letter to Euler that every even 
number greater than or equal to 4 can be represented as the sum of two (not neces- 
sarily distinct) prime numbers (for example, 4 = 2 + 2,6=3+3,8=3 +5, 
10 =5 + 5, 12 = 5 + 7). This conjecture became known as Goldbach’s conjec- 
ture, and it remains unproven to this day. The twin prime conjecture is another 
famous long-standing conjecture. Twin primes are primes of the form p and p + 2 
(for example, 3 and 5, 5 and 7, 11 and 13). This conjecture states that there are an 
infinite number of pairs of twin primes. At the time of this writing, the largest 
known twin primes are of the form 65,516,468,355 - 9233;333) 1, which was found 
by a collaborative effort of two research groups, Twin Prime Search and PrimeGrid, 
on August 6, 2009. 


2. If ais a factor of b, then b + ais a(n) 


3. If ais divisible by b, thena + b has a remainder of 


4. A natural number greater than 1 that has exactly two factors, 
itself and 1, is known as a(n) number. 
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5. A natural number that is divisible by a number other than 
itself and | is known as a(n) number. 


6. The largest natural number that divides (without remain- 
der) each number in a set of numbers is known as the 
greatest common of the set of numbers. 


7. The smallest natural number that is divisible (without re- 
mainder) by each number in a set of numbers is known as 
the least common of the set of numbers. 


8. Prime numbers of the form 2” — 1, where n is a prime 
number, are known as prime numbers. 


9. A supposition or hypothesis that has not been proved or 
disproved is known as a(n) 


10. Goldbach’s conjecture states that every even number 
greater than or equal to 4 can be written as the sum of two 
(not necessarily) distinct numbers. 


11. Numbers of the form 2?" + 1, where n is a natural num- 
ber, are known as numbers. 


12. Prime numbers of the form p and p + 2, where p is a prime 
number, are known as prime numbers. 


Practice The Skills 


13. Use the sieve of Eratosthenes to find the prime numbers up 
to 100. 


14. Use the sieve of Eratosthenes to find the prime numbers up 
to 150. 


In Exercises 15—26, determine whether the statement is true or 
false. Modify each false statement to make it a true statement. 


15. 5 is a factor of 15. 
16. 24|3 

17. 7 is a multiple of 28. 
18. 6 is a divisor of 18. 
19. 8 is divisible by 56. 
20. 15 is a factor of 45. 


21. If a number is not divisible by 5, then it is not divisible 
by 10. 


22. If a number is not divisible by 10, then it is not divisible 
by 5. 


23. If a number is divisible by 3, then every digit of the num- 
ber is divisible by 3. 


24. If every digit of a number is divisible by 3, then the 
number itself is divisible by 3. 


25. If a number is divisible by 2 and 3, then the number is 
divisible by 6. 


26. If a number is divisible by 3 and 5, then the number is 
divisible by 15. 


In Exercises 27-32, determine whether the number is 
divisible by each of the following numbers: 2, 3, 4, 5, 6, 8, 
9, and 10. 


27. 5390 

28. 30,870 

29: 12,216 

30. 170,820 

31. 1,882,320 

32. 3,941,221 

33. Determine a number that is divisible by 2, 3, 4, 5, and 6. 


34. Determine a number that is divisible by 3, 4, 5, 9, and 10. 


In Exercises 3546, find the prime factorization of the number. 


35. 36 36. 52 
37. 140 38. 315 
395832 40. 399 
41. 513 42. 663 
43. 1336 44. 1313 
45. 2001 46. 3190 


In Exercises 47-56, find (a) the greatest common divisor 
(GCD) and (b) the least common multiple (LCM). 


47. 6 and 14 48. 18 and 21 


49. 15 and 25 50. 32 and 224 


51. 40 and 900 52. 120 and 240 


53. 96 and 212 54. 240 and 285 


55. 24, 48, and 128 56. 18, 78, and 198 


Problem Solving 


57. Relatively Prime Two numbers with a greatest common 
divisor of 1 are said to be relatively prime. For example, 
the numbers 9 and 14 are relatively prime, since their 
GCD is 1. Determine whether the following pairs of 
numbers are relatively prime. Write yes or no as your 


answer. 

a) 8,9 b) 21, 30 c) 39, 52 d) 177, 178 

58. The primes 2 and 3 are consecutive natural numbers. Is 
there another pair of consecutive natural numbers both of 


which are prime? Explain. 


SEE 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


Find the next two sets of twin primes that follow the set 
INGE 1185. 


Find the first five Mersenne prime numbers. 


Find the first three Fermat numbers and determine whether 
they are prime or composite. 


Show that Goldbach’s conjecture is true for the even num- 
bers 4 through 20. 


Lawn Maintenance Brenda Sax cuts her grass every six 
days and trims her shrubs every 16 days. If Brenda cut her 
grass and trimmed her shrubs on June 1, how many days 
will it be before she cuts her grass and trims her shrubs on 
the same day again? 


U.S. Senate Committees The U.S. Senate consists of 
100 members. Senate committees are to be formed so 
that each of the committees contains the same number 

of senators and each senator is a member of exactly 

one committee. The committees are to have more than 

2 members but fewer than 50 members. There are various 
ways that these committees can be formed. 


a) What size committees are possible? 
b) How many committees are there for each size? 


Setting Up Chairs Jerrett Dumouchel is setting up 
chairs for his school band concert. He needs to put 120 
chairs on the gymnasium floor in rows of equal size, 
and there must be at least 2 chairs in each row. List the 
number of rows and the number of chairs in each row 
that are possible. 


Barbie and Ken Mary Lois King collects Barbie dolls and 
Ken dolls. She has 390 Barbie dolls and 468 Ken dolls. 
Mary Lois wishes to display the dolls in groups so that the 
same number of dolls are in each group and that each doll 
belongs to one group. If each group is to consist only of 
Barbie dolls or only of Ken dolls, what is the largest num- 


ber of dolls Mary Lois can have in each group? 


Toy Car Collection Martha Goshaw collects Matchbox® 
and HotWheels® toy cars. She has 70 red cars and 175 
blue cars. She wants to line up her cars in groups so that 
each group has the same number of cars and each group 


68. 


69. 


70. 


71. 


72. 


WSs 
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contains only red cars or only blue cars. What is the largest 
number of cars she can have in a group? 


Stacking Trading Cards Desmond Freeman collects 
trading cards. He has 432 baseball cards and 360 football 
cards. He wants to make stacks of cards on a table so that 
each stack contains the same number of cards and each 
card belongs to one stack. If the baseball and football cards 
must not be mixed in the stacks, what is the largest number 
of cards that he can have in a stack? 


Tree Rows Elizabeth Dwyer is the manager at Queen Palm 
Nursery and is in charge of displaying potted trees in rows. 
Elizabeth has 150 citrus trees and 180 palm trees. She wants 
to make rows of trees so that each row has the same number 
of trees and each tree is in a row. If the citrus trees and the 
palm trees must not be mixed in the rows, what is the larg- 
est number of trees that she can have in a row? 


Car Maintenance For many sport utility vehicles, it 
is recommended that the oil be changed every 3500 
miles and that the tires be rotated every 6000 miles. 
If Carmella Gonzalez just had the oil changed and 
tires rotated on her SUV during the same visit to her 
mechanic, how many miles will she drive before she 
has the oil changed and tires rotated again during the 
same visit? 


Work Schedules Sara Pappas and Harry Kinnan both 
work the 3:00 p.m. to 11:00 p.m. shift. Sara has every fifth 
night off and Harry has every sixth night off. If they both 
have tonight off, how many days will pass before they 
have the same night off again? 


Prime Numbers Consider the first eight prime numbers 
greater than 3. The numbers are 5, 7, 11, 13, 17, 19, 23, 
and 29. 


a) Determine which of these prime numbers differs by 1 
from a multiple of the number 6. 


b) Use inductive reasoning and the results obtained in part 
(a) to make a conjecture regarding prime numbers. 


c) Select a few more prime numbers and determine 
whether your conjecture appears to be correct. 


State a procedure that defines a divisibility test for 15. 
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74. State a procedure that defines a divisibility test for 22. 


Euclidean Algorithm Another method that can be used to 
find the greatest common divisor is known as the Euclidean 
algorithm. We illustrate this procedure by finding the GCD 
of 60 and 220. 

First divide 220 by 60 as shown below. Disregard the 
quotient 3 and then divide 60 by the remainder 40. Continue 
this process of dividing the divisors by the remainders until 
you obtain a remainder of 0. The divisor in the last division, in 
which the remainder is 0, is the GCD. 


3 1 2 
60230 4060 ~—«(20)40 
180 40 40 
40 20 0 


Since 40/20 had a remainder of 0, the GCD is 20. 
In Exercises 75—80, use the Euclidean algorithm to find 
the GCD. 


75. 15, 40 76. 12, 28 
ITs 28 INOS: 78. 78, 104 
79. 150, 180 80. 210, 560 


Perfect Numbers A number whose proper factors (fac- 
tors other than the number itself) add up to the number is 
called a perfect number. For example, 6 is a perfect num- 
ber because its proper factors are 1, 2, and 3, and 

] +2 + 3 = 6. Determine which, if any, of the following 
numbers are perfect. 


81. 28 
82. 32 
83. 56 
84. 496 


Challenge Problems/Group Activities 


85. Number of Factors The following procedure can be 
used to determine the number of factors (or divisors) 
of a composite number. Write the number in prime 
factorization form. Examine the exponents on the prime 
numbers in the prime factorization. Add 1 to each 
exponent and then find the product of these numbers. 
This product gives the number of positive divisors of the 
composite number. For example, the prime factorization 
of 75 is 3 + 5°. The exponents on the prime factors are 1 
and 2. Therefore, 75 has (1 + 1)° (2 + 1) =2*30r6 
factors (the factors are 1, 3, 5, 15, 25, and 75). 


a) Use this procedure to determine the number of divisors 
of 60. 


b) To check your answer, list all the divisors of 60. You 
should obtain the same number of divisors found in 
part (a). 


86. Recall that if a number is divisible by both 2 and 3, then 
the number is divisible by 6. If a number is divisible by 


both 2 and 4, is the number necessarily divisible by 8? 
Explain your answer. 


87. The product of any three consecutive natural numbers is 
divisible by 6. Explain why. 


88. A number in which each digit except 0 appears exactly 
three times is divisible by 3. For example, 888,444,555 
and 714,714,714 are both divisible by 3. Explain why this 
outcome must be true. 


89. Use the fact that if a|b and alc, then a|(b + c) to de- 
termine whether 54,036 is divisible by 18. (Hint: Write 
54,036 as 54,000 + 36.) 


90. Show that the 2” — 1 is a (Mersenne) prime for 
n = 2,3,5, and 7 but composite for n = 11. 


91. Goldbach also conjectured in his letter to Euler 
that every integer greater than 5 is the sum of three 
prime numbers. For example, 6 = 2 + 2 + 2 and 
7 = 2+ 2 + 3. Show that this conjecture is true for 
integers 8 through 20. 


92. Divisibility by Seven The following describes a procedure 
to determine whether a number is divisible by 7. We will 
demonstrate the procedure with the number 203. 


i) Remove the units digit from the number, double the 
units digit, and subtract it from the remaining number. 
For 203, we will remove the 3, double it to get 6, and 
then subtract 20 — 6 to get 14. 


ii) If this new number is divisible by 7, then so is the 
original number. In our case, since 14 is divisible by 7, 
then 203 is also divisible by 7. 


iii) If you are not sure if the new number obtained in 
Step ii is divisible by 7, you can repeat the process 
described in the first step. 


Use the procedure described above to determine whether the 
following numbers are divisible by 7. 


a) 329 
b) 553 
c) 583 
d) 4823 


Research Activities 


93. Conduct an Internet search on the GIMPS project. 
(See Mathematics Today on page 217.) Write a report 
describing the history and development of the project. 
Include a current update of the project’s findings. 


94. Do research and explain what deficient numbers and 
abundant numbers are. Give an example of each type of 
number. References include history of mathematics books, 
encyclopedias, and the Internet. 
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SECTIONS.2 | The Integers 


A Fahrenheit temperatures can be 
positive, negative, or zero. 


Answer the question, What is the temperature, to the nearest degree Fahrenheit, out- 
side right now? Depending on where you are and what time of year it is, you may 
have answered with a positive number, a negative number, or zero. These numbers 
are examples of the group of numbers called the integers that we will study in this 
section. We will also study the operations of addition, subtraction, multiplication, and 


division using the integers. 


Cy This is mportant We all use integers daily. An understanding of the integers and 


their properties is important to successfully complete our everyday tasks. 


|" Sections 1.1 and 5.1, we defined the natural or counting numbers: 
N= 41,2, 3:4, .2. } 


Another important set of numbers, the whole numbers, help to answer the question, 
How many? 
Whole numbers = {0, 1, 2, 3,4,... } 


Note that the set of whole numbers contains the number 0 but that the set of counting 
numbers does not. If a farmer were asked how many chickens were in a coop, the 
answer would be a whole number. If the farmer had no chickens, he or she would 
answer zero. Although we use the number 0 daily and take it for granted, the number 0 
as we know it was not used and accepted until the sixteenth century. 

If the temperature is 12°F and drops 20°, the resulting temperature is —8°F. This 
type of problem shows the need for negative numbers. The set of integers consists of 
the negative integers, 0), and the positive integers. 


Integers = {..., —4, —3, —2, -1,0, 1, 2, 3,... } 


GS ee ee Se 


Negative integers Positive integers 


The term positive integers is yet another name for the natural numbers or counting 
numbers. 

An understanding of addition, subtraction, multiplication, and division of the inte- 
gers is essential in understanding algebra (Chapter 6). To aid in our explanation of addi- 
tion and subtraction of integers, we introduce the real number line (Fig. 5.5). To con- 
struct the real number line, arbitrarily select a point for zero to serve as the starting 
point. Place the positive integers to the right of 0, equally spaced from one another. 
Place the negative integers to the left of 0, using the same spacing. The real number line 
contains the integers and all the other real numbers that are not integers. Some examples 
of real numbers that are not integers are indicated in Fig. 5.5, namely, —3, 7 2. 
and 7. We discuss real numbers that are not integers in the next two sections. 


Figure 5.5 


The arrows at the ends of the real number line indicate that the line continues in- 
definitely in both directions. Note that for any natural number, n, on the number line, 
the opposite of that number, —n, is also on the number line. This real number line was 
drawn horizontally, but it could just as well have been drawn vertically. In fact, in the 
next chapter, we show that the axes of a graph are the union of two number lines, one 
horizontal and the other vertical. 
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Did You Know? — 


Triangular Numbers 


Cys very simple reason that 


the ancient Greek mathema- 
ticians thought of mathematics in 
terms of whole numbers and their 
ratios (the rational numbers) was that 
they were still working with numbers 
that were represented by objects, 
such as squares and triangles, not 
number symbols. Still, that did not 
prevent them from drawing some 
conclusions about number theory. 
Consider two consecutive triangular 
numbers (introduced in Section 1.1), 
for instance, 3 and 6. You can see 
from the diagram that the sum of 
the two triangular numbers is equal 
to the square number 9, the square 
of a side of the larger triangle. 


The number line can be used to determine the greater (or lesser) of two integers. 
Two inequality symbols that we will use in this chapter are > and <. The symbol > 
is read “is greater than,” and the symbol < is read “is less than.” Expressions that 
contain an inequality symbol are called inequalities. On the number line, the numbers 
increase from left to right. The number 3 is greater than 2, written 3 > 2. Observe 
that 3 is to the right of 2. Similarly, we can see that 0 > —1 by observing that 0 is to 
the right of —1 on the number line. 

Instead of stating that 3 is greater than 2, we could state that 2 is less than 3, writ- 
ten 2 < 3. Note that 2 is to the left of 3 on the number line. We can also see that 
—1 < 0 by observing that —1 is to the left of 0. The inequality symbol always points 
to the smaller of the two numbers when the inequality is true. 


Example §i) Writing an Inequality 


Insert either > or < in the shaded area between the paired numbers to make the 
statement correct. 


a) —7@8 b) -78—-8 


a) —7 < 8 since —7 is to the left of 8 on the number line. 


c) -—7@0 d) -7@-4 


b) —7 > —8 since —7 is to the right of —8 on the number line. 
c) —7 < 0 since —7 is to the left of 0 on the number line. 
d) —7 < —4 since —7 is to the left of —4 on the number line. a 


Addition of Integers 


Addition of integers can be represented geometrically using a number line. To do so, 
begin at 0 on the number line. Represent the first addend (the first number to be 
added) by an arrow starting at 0. Draw the arrow to the right if the addend is positive. 
If the addend is negative, draw the arrow to the left. From the tip of the first arrow, 
draw a second arrow to represent the second addend. Draw the second arrow to the 
right or left, as just explained. The sum of the two integers is found at the tip of the 
second arrow. 


Example 4 Adding Integers 


Evaluate the following using the number line. 
a) 3-5) b) alist) CO ate 


a) 5 : 
—+—+— NR ee Ng 


5 —4 =—3 =i =i 0 1 2 3 4 S) 


dy 3a =3) 


Thus,.3) 25) = 2, 


b) -4 
YC Nee 
< 
—§ -4 -3 2 =! 0 1 7 3 4 5 
Thus) =e) 5) 
c) 6 
ee 
—6 -5 —-4 3 =2 -l 0 1 2 3 4 


Thus, 624 
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d) 3 
SS a aT tae 
SO —40 aes ae 0 1 2 3 4 5 6 
Thus, 3 + (—3) = 0. r] 


In Example 2(d), the number —3 is said to be the additive inverse of 3 and 3 is 
the additive inverse of —3 because their sum is 0. In general, the additive inverse of 
the number n is —n since n + (—n) = O. Inverses are discussed more formally in 
Chapter 10. 


Subtraction of Integers 


Any subtraction problem can be rewritten as an addition problem. To do so, we use 
the following rule of subtraction. 


Subtraction 
Cae Gige (=D) 


The rule for subtraction indicates that to subtract b from a, add the additive in- 
verse of b to a. For example, 


3-5 =3 + (-5) 
t igi 


Subtraction Addition Additive inverse of 5 


Now we can determine the value of 3 + (—5S). 


‘Thuss3' sso) — oa (G5) — 2. 


Example [f§ Subtracting Integers 
Evaluate —4 — (—3) using the number line. 


We are subtracting —3 from —4. The additive inverse of —3 is 3; therefore, 
we add 3 to —4. We now add —4 + 3 on the number line to obtain the answer —1. 


La a 
€ 
Soy PS Sy ey eh 0 1 eww 4 5. 10 
Thus, —4 — (-—3) = -4+3=-l. om 


In Example 3, we found that —4 — (—3) = —4 + 3. In general, a — (—b) = 
a + b. As you get more proficient in working with integers, you should be able to 
answer questions involving them without drawing a number line. 


Example 9 Subtracting: Adding the Inverse 


Evaluate. 
Ey) =i = 2 le) = 7) = (8) C) ti eet (9) (1) ee 
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Did You Know? 
Earthly Extremes 


& Mount Everest 


Wipes than 1400 people have 
stood on the top of Nepal's 


29,035-foot-high Mount Everest. 
Very few people have visited the 
Pacific Ocean's 36,198-foot-deep 
Mariana Trench. In 1960, Jacques 
Piccard and Don Walsh were the 
first to make the journey in a ves- 
sel designed to withstand the im- 
mense pressure: 7 tons per square 
inch. The diving time was 84 hours, 
of which only 20 minutes were 
spent on the ocean floor. 


a) -7-3=-7+(-3)=-10 b) -7 
c) 7 -(-3) =7+3=10 


(3) = =753=-4 
d) 7-3 =7+ (©) =4 a 


Example [Ey Elevation Difference 


The highest point on Earth is Mount Everest, in the Himalayas, at a height of 
29,035 ft above sea level. The lowest point on Earth is the Mariana Trench, in the 
Pacific Ocean, at a depth of 36,198 ft below sea level (—36,198 ft). Find the verti- 
cal height difference between Mount Everest and the Mariana Trench. 


We obtain the vertical difference by subtracting the lower elevation from 
the higher elevation. 


29,035 — (—36,198) = 29,035 + 36,198 = 65,233 
The vertical difference is 65,233 ft. | 


Multiplication of Integers 


The multiplication property of zero is important in our discussion of multiplication of 
integers. It indicates that the product of 0 and any number is 0. 


Multiplication Property of Zero 
p20 =O0%2=O 


We will develop the rules for multiplication of integers using number patterns. 
The four possible cases are 
1. positive integer positive integer, 
positive integer X negative integer, 


negative integer X positive integer, and 


5 ee 


negative integer X negative integer. 


CASE 1: POSITIVE INTEGER X POSITIVE INTEGER The product of two posi- 
tive integers can be defined as repeated addition of a positive integer. Thus, 3 - 2 
means 2 + 2 + 2. This sum will always be positive. Thus, a positive integer times a 
positive integer is a positive integer. 


CASE 2: POSITIVE INTEGER X NEGATIVE INTEGER Consider the following 
patterns: 


3(3) = 9 
3(2) = 6 
3(1) = 3 


Note that each time the second factor is reduced by 1, the product is reduced 
by 3. Continuing the process gives 


3(0) = 0 
What comes next? 
3(=1) = =3 
3(-2) = -6 


The pattern indicates that a positive integer times a negative integer is a negative 
integer. 


RECREATIONAL MATH 


Four 4’s 


he game of Four 4’s is a chal- 

lenging way to learn about the 
operations on integers. In this game, 
you must use exactly four 4’ s, and 
no other digits, along with one or 
more of the operations of addition, 
subtraction, multiplication, and divi- 
sion’ to write expressions. 

You may also use as many 
grouping symbols (that is, parenthe- 
ses and brackets) as you wish. The 
object of the game is to first write an 
expression that is equal to 0. Then 
write a second expression that is 
equal to 1, write a third expression 
that is equal to 2, and so on up to 9. 
For example, one way to obtain 2 is 
as follows: 7-4, = 48 = 2. There are 
several other acceptable ways 
as well. For more information see 
www.mathsisfun.com/puzzles/four- 
fours.html. Solutions for the whole 
numbers 0-9 can be found in 
the back of this book. See also 
Exercise 82 on page 229 for an 
expansion of the rules needed to 
obtain higher whole numbers. 


‘This game will be expanded to 
include other operations such 
as exponents and square roots 
later in the book. 


5.2 The Integers 225 


We can confirm this result by using the number line. The expression 3(—2) 
means (—2) + (—2) + (—2). Adding (—2) + (—2) + (—2) on the number line, we 
obtain a sum of —6. 


CASE 3: NEGATIVE INTEGER X POSITIVE INTEGER A procedure similar to 
that used in case 2 will indicate that a negative integer times a positive integer is a 
negative integer. 


CASE 4: NEGATIVE INTEGER X NEGATIVE INTEGER We have illustrated 
that a positive integer times a negative integer is a negative integer. We make use of 
this fact in the following pattern: 


4(=4) = -16 
3(-4) = -12 
4) == 8 
1(=4) = =4 


In this pattern, each time the first term is decreased by 1, the product is increased 
by 4. Continuing this process gives 


O(-4) = 0 
(-1)(-4) = 4 
(=2)\(--4) = 18 


This pattern illustrates that a negative integer times a negative integer is a positive 
integer. 

The examples were restricted to integers. The rules for multiplication, however, 
can be used for any numbers. We summarize them as follows. 


Rules for Multiplication 

1. The product of two numbers with like signs (positive X positive or 
negative X negative) is a positive number. 

2. The product of two numbers with unlike signs (positive X negative or 
negative X positive) is a negative number. 


Example [4 Multiplying Integers 


Evaluate. 
a) 5°6 By ee) Ca Oe Ff d) (—5)*(— 6) 
a) 5+ 6 = 30 Db) ea 0) 0) 


Oy (3) 2 = 0) d) (—5) + (—6) = 30 a 


Division of Integers 
You may already realize that a relationship exists between multiplication and division. 


6 +2=3 _ means that 3°2=6 


= =2 meansthat 2-10 = 20 
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These examples demonstrate that division is the reverse process of multiplication. 


We discuss the four possible cases for division of integers, which are similar to 
those for multiplication. 


CASE 1: POSITIVE INTEGER ~+ POSITIVE INTEGER A positive integer divided 
by a positive integer is positive. 


6 
2 =3 since 3(2)=6 


CASE 2: POSITIVE INTEGER ~ NEGATIVE INTEGER A positive integer divided 
by a negative integer is negative. 

gee 

2, 
CASE 3: NEGATIVE INTEGER ~+ POSITIVE INTEGER A negative integer divided 
by a positive integer is negative. 

=O 


aris Si isince) \(=3)Q)i = 


CASE 4: NEGATIVE INTEGER + NEGATIVE INTEGER A negative integer 
divided by a negative integer is positive. 
=6 
2 
The examples were restricted to integers. The rules for division, however, can be 
used for any numbers. You should realize that division of integers does not always 
result in an integer. The rules for division are summarized as follows. 


=-—3 since (—3)(—2))—6 


= 3) since) 3(2)——— 


63 OS 63 =03 
a) 9 ) 9 fF 4x2) —9 Tied) =5 a 


In the definition of division, we stated es the denominator could not be 0. Why 
not? Suppose we are trying to find the quotient j 9: Let’s say that this quotient is Snel to 
some number x. Then we would have 2 0 — x. If true, it would mean that 5 = x + 0. The 
right side of the equation is x + 0, which is equal to 0 for any real value of x. That leads 
us to conclude that 5 = o which is false. Thus, there is no number that can replace x 
that makes the equation 3 = x true. Therefore, in mathematics, division by 0 is not al- 
lowed and we say that a quotient of any number divided by zero is undefined. 
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SECTION 5.2 : 
Exercises 


Warm Up Exercises 
In Exercises 1-4, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


1. The set of numbers {0,1,2,3,4,...} is known as the 
numbers. 


2. The rule for subtraction indicates that to subtract b from a, 
the additive inverse of b to a. 


3. a) The product of two numbers with like signs is a 
number. 


b) The product of two numbers with unlike signs is a 
number. 


4. a) The quotient of two numbers with unlike signs is a 
number. 


b) The quotient of two numbers with ike signs is a 
number. 


In Exercises 5-6, insert either > or < in the shaded area 
between the paired numbers to make the statement correct. 


5. a) —3 2 b) —3 8-2 
c) -3 #0 d) —3m@—4 

6. a) —5i8 -8 b) -5@8 
©) -5@-1 d) —5 #0 


Practice the Skills 


In Exercises 7-16, evaluate the expression. 


(ho 8.5 2) G8) 


ONO US 3) cir (5) 
1 (oe Gl) +. 0 D(C ae S)) ar (E23) 
1353) 4) 14; [8 =F (—3)I, + (= 2) 
8) ae Se 16. [5,45\Gall3)] ae 18 


In Exercises 17-26, evaluate the expression. 


17.3 —5 18. -3 —7 
19. —6 — 2 20. 9 — (-4) 
2) 5 (3) 22. -4-4 

23. 14 — 20 24. 8 — (—3) 
25. [5 + (-3)] - 4 26. 6 — (8 + 6) 


In Exercises 27-36, evaluate the expression. 
27] 28 

28. 8(—4) 

29, (—9) (-9) 

30. —6(13) 

31. [(—8)(—2)] - 6 

32. 4(—5)(—6) 

33. (5 + 6)(—2) 

34. (—9)(—1)(-2) 

35. [(—3) (—6)] * (5) (8)] 
36. [(-8 « 4) + 5](—2) 


In Exercises 37-46, evaluate the expression. 


37a 16 >) 38. —54 + 6 
aga 40h 
=15 9 
41. 56/-8 42. —75/15 
43. —210/14 44, 186/—6 
45. 144 + (-3) 46. (—900) + (—4) 


In Exercises 47-56, determine whether the statement is true or 
false. Modify each false statement to make it a true statement. 


47. Every whole number is an integer. 
48. Every integer is a whole number. 


49. The difference of any two negative integers is a negative 
integer. 


50. The sum of any two negative integers is a negative 
integer. 


51. The product of any two positive integers is a positive 
integer. 


52. The difference of a positive integer and a negative integer 
is always a negative integer. 


53. The quotient of a negative integer and a positive integer is 
always a negative number. 


54. The quotient of any two negative integers is a negative 
number. 
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55. The sum of a positive integer and a negative integer is al- 
ways a positive integer. 


56. The product of a positive integer and a negative integer is 
always a positive integer. 


In Exercises 57-66, evaluate the expression. 
57.6 + 7) = 4 

58. (-15) + [35 + (-7)] 

59. [(—12)(-3) ] - 3 

60. [7(-4)] — 8 

61. (4 — 8)(3) 

62. [18 = (=2) 3) 

O35 (2 Lees 


64. (5 — 9) + (-4) 


655122) (3) |e Cal) 


66. [15(—4)] + (—6) 


In Exercises 67-70, write the numbers in increasing order 
from left to right. 


Wis UR =e sh Gh Ga, 
6571007 10 OF es) 


69s on One Uae a ae O 


70. 106, 33, —47, —108, 72, —76 


Problem Solving 


71. Submarine Depth The USS Virginia submarine is at an 
underwater depth of 600 feet. It then rises 200 feet, dives 
400 feet, and finally dives another 300 feet. What is the 
USS Virginia’s final depth? 


A USS Virginia 


72. Dow Jones Industrial Average On May 25, 2010, the 
Dow Jones Industrial Average (DJIA) opened at 10,067 


points. During that day it lost 23 points. On May 26 it lost 
70 points. On May 27 it gained 285 points. On May 28 it 
lost 122 points. Determine the DJIA at closing on May 28, 
2010. 


73. Elevation Difference Mount Whitney, in the Sierra Ne- 
vada mountains of California, is the highest point in the 
contiguous United States. It is 14,495 ft above sea level. 
Death Valley, in California and Nevada, is the lowest point 
in the United States, 282 ft below sea level. Find the 
vertical height difference between Mount Whitney and 
Death Valley. 


74. Extreme Temperatures The hottest temperature ever re- 
corded in the United States was 134°F, which occurred at 
Greenland Ranch, California, in Death Valley on July 10, 
1913. The coldest temperature ever recorded in the United 
States was —80°F, which occurred at Prospect Creek Camp, 
Alaska, in the Endicott Mountains on January 23, 1971. De- 
termine the difference between these two temperatures. 


75. Time Zone Calculations Part of a World Standard Time 
Zones chart used by airlines and the United States Navy 
is shown. The scale along the bottom is just like a number 
line with the integers —12, —11,..., 11, 12 onit. 


a) Find the difference in time between Amsterdam (zone 
+1) and Los Angeles (zone —8). 


b) Find the difference in time between Boston (zone —5) 
and Puerto Vallarta (zone —7). 


aE —~ — 
eB pm pm z 


76. Bus Stops A city bus currently has 23 people on it. At the 
next stop, 10 people get off the bus, and 8 people get on 
the bus. At the next stop, 15 people get off the bus, and 6 
people get on the bus. At the next stop, 2 people get off the 
bus, and 17 people get on the bus. At this point, how many 
people are on the bus? 


Concept/Writing Exercises 


77. Explain why the quotient of a number divided by 0 is 
undefined. 
—a 


78. Explain why 3 a 
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Challenge Problems/Group Activities c) Is 72 a pentagonal number? Explain how you deter- 


79. Find the quotient: meee yeuuianewen. 


81. Place the appropriate plus or minus signs between each 


eee Secemeae res 8 SE IN digit so that the total will equal 1. 
Neate ar me eect OO ell (10) OO Or Ber 5 BG a ek Sai 
80. Pentagonal Numbers Triangular numbers and square Recreational Mathematics 

numbers were introduced in the Section 1.1 Exercises. : y : 

There are also pentagonal numbers, which were also 82. Four 4’s Refer to the Recreational Mathematics box on 

studied by the Greeks. Four pentagonal numbers are 1, 5, page 225. 

12 j 

ane a) Use the rules given on page 225 to obtain the following 
Gio whole numbers: 12, 15, 16, 17, 20. 
we wees 

. 8 cee coee b) We will now change our rules to allow the number 44 
Lg 12 22 to count as two of the four 4’s. Use the number 44 and 


two other fours to obtain the whole number 10. 


a) Determine the next three pentagonal numbers. Internet/Research Activity 


b) Describe a procedure to determine the next five pen- 83. Do research and write a report on the history of the num- 
tagonal numbers without drawing the figures. ber 0 in the Hindu—Arabic numeration system. 
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Among the ingredients called for in a recipe for chocolate chip cookies are 27 cups 
flour, } teaspoon salt, 14 teaspoons baking soda, } cup sugar, and 7 cup brown 
sugar. How much of each of these ingredients would you need to use if you wish to 


double the recipe? In this section, we will review the use of fractions such as those in 


the chocolate chip cookie recipe. We will also learn about the operations of addition, 


subtraction, multiplication, and division using fractions. 


A Rational numbers are frequently 


used in baking recipes. This is Important Fractions are everywhere in our everyday lives. Kitchen measure- 


ments, tool sizes, and many other real-life applications all involve fractions. 


W: introduced the number line and discussed the integers in Section 5.2. The 
numbers that fall between the integers on the number line are either rational or 
irrational numbers. In this section, we discuss the rational numbers, and in Section 5.4, 
we discuss the irrational numbers. 

Any number that can be expressed as a quotient of two integers (denominator 
not 0) is a rational number. 


Definition: Rational Numbers 
The set of rational numbers, denoted by Q, is the set of all numbers of the form 
p/q, where p and q are integers and q # 0. 


The following numbers are examples of rational numbers: 


3 i 2 15 
os Fe aes 1 = De 0, ir 
ge wd 8 3 7 
The integers 2 and 0 are rational numbers because each can be expressed as the 
quotient of two integers: 2 = 2 and 0 = g. In fact, every integer n is a rational num- 
ber because it can be written in the form of 7. 
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RECREATIONAL MATH 


Mien properties of fractions 
can be demonstrated by fold- 


ing a sheet of paper. For example, 
take a sheet of white paper, fold it 
in half, unfold it, and color half of 
the sheet of paper. The colored 
portion of the paper represents the 
fraction 4. Next, return the sheet of 
paper to its folded state and then 
fold the sheet of paper in half 
again. You should now have two 
creases on your paper and the pa- 
per should be divided into four 
equal regions. Since two of the re- 
gions are colored, the colored por- 
tion of the paper represents the 
fraction a Also, since the colored 
portion still takes up half of the pa- 
per, we can see that 2 is equivalent 
to 3. Paper folding can also be 
used to demonstrate addition, sub- 
traction, multiplication, and divi- 
sion of fractions. The Web site 
www.superteacherworksheets.com 
describes many such activities. 
Exercise 123 on page 243 includes 
some other activities with paper 
folding. 


Numbers such as 5 and -{ are also called fractions. The number above the frac- 
tion line is called the numerator, and the number below the fraction line is called the 
denominator. 


Reducing Fractions 


Sometimes the numerator and denominator in a fraction have a common divisor 
(or common factor). For example, both the numerator and denominator of the fraction 
t have the common divisor 2. When a numerator and denominator have a common 
divisor, we can reduce the fraction to its lowest terms. 

A fraction is said to be in its lowest terms (or reduced) when the numerator and 
denominator are relatively prime (that is, have no common divisors other than 1). To 
reduce a fraction to its lowest terms, divide both the numerator and the denominator 
by the greatest common divisor. Recall that a procedure for finding the greatest com- 
mon divisor was discussed in Section 5.1. 

The fraction % is reduced to its lowest terms as follows. 


6 OS 


LOmee TO aes 


Example Reducing a Fraction to Lowest Terms 

Reduce 3 to its lowest terms. 

On page 215 in Example 4 of Section 5.1, we determined that the GCD of 
54 and 90 is 18. Divide the numerator and the denominator by GCD, 18. 


54 54418 3 
SO 500s ean 5 


Since there are no common divisors of 3 and 5 other than 1, the fraction 2 is in its 
lowest terms. | 


Mixed Numbers and Improper Fractions 


Consider the number 2}. It is an example of a mixed number. It is called a mixed 
number because it consists of an integer, 2, and a fraction, i The mixed number 


23 means 2 + 3. The mixed number —4} means — (4 as 1). Rational numbers 
greater than 1 or less than —1 that are not integers may be represented as mixed 
numbers, or as improper fractions. An improper fraction is a fraction whose nu- 
merator is greater than its denominator. An example of an improper fraction is 8. 
Figure 5.6 shows both mixed numbers and improper fractions indicated on a num- 
ber line. In this section, we show how to convert mixed numbers to improper frac- 
tions and vice versa. 


at 24 45 22 34 oe 

| Vries et 

iy viOudeSel ied alae Omen mene nD 
AY > AA ieee 7 improper 
4 3 2 4 2) fractions 


Figure 5.6 


We begin by limiting our discussion to positive mixed numbers and positive im- 
proper fractions. 
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ascelel 30) 0) tw CONVERTING A POSITIVE MIXED NUMBER TO AN 
IMPROPER FRACTION 


1. Multiply the denominator of the fraction in the mixed number by the integer pre- 
ceding it. 


2. Add the product obtained in Step | to the numerator of the fraction in the mixed 
number. This sum is the numerator of the improper fraction we are seeking. The 
denominator of the improper fraction we are seeking is the same as the denomi- 
nator of the fraction in the mixed number. 


Example Converting Mixed Numbers to Improper Fractions 


Convert the following mixed numbers to improper fractions. 


3 i} 
IF be 
aay ) 35 


[Solution | 


reas tralia 4 Ac 2 
alee 4 4 4 


ASS te he ge24rac ads bey Sil 

8 8 8 8 

Notice that both i and 4 have numerators that are larger than their denominators; 
therefore, both numbers are improper fractions. 


(0) 3 


Now let’s discuss converting an improper fraction to a mixed number. 


43c0 40] i CONVERTING A POSITIVE IMPROPER FRACTION TOA 
MIXED NUMBER 


1. Divide the numerator by the denominator. Identify the quotient and the 
remainder. 


2. The quotient obtained in Step 1 is the integer part of the mixed number. The 
remainder is the numerator of the fraction in the mixed number. The denomina- 
tor in the fraction of the mixed number will be the same as the denominator in 
the original fraction. 


Example [E} From Improper Fraction to Mixed Number 


Convert the following improper fractions to mixed numbers. 


8 225 
a b) — 
oar ar 


a) Divide the numerator, 8, by the denominator, 5. 


1 = Quotient 


Divisor—> 5)8 < Dividend 
5 


3 <— Remainder 
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Therefore, 
Quotient 
{ 
8 ps 3. < Remainder 
Be, Dicer 


The mixed number is 12. 


b) Divide the numerator, 225, by the denominator, 8. 


28 <— Quotient 
Divisor — 8)225 << Dividend 


16 
65 
64 
1 = Remainder 
Therefore, 
Quotient 
{ 
225 ie ia <_ Remainder 
8 8 << Divisor 
The mixed number is 28 §. a 


Up to this point, we have only worked with positive mixed numbers and positive 
improper fractions. When converting a negative mixed number to an improper 
fraction, or a negative improper fraction to a mixed number, it is best to ignore the 
negative sign temporarily. Perform the calculation as described earlier and then 
reattach the negative sign. 


Example Negative Mixed Numbers and Improper Fractions 
3 
a) Convert — 7 to an improper fraction. 


8 
b) Convert “5 to a mixed number. 


3 
a) First, ignore the negative sign and examine 7h We learned in Example 2(a) 


Bee ll 2 ¥ ; 3 
that 1— = ri To convert — a to an improper fraction, we reattach the negative 


4 
: 3 7 
sign. Thus, ria = are 
8 3 8 3 
b) We learned in Example 3(a) that 5 = IS. Therefore, “% = we @ 


Terminating or Repeating Decimal Numbers 


Note the following important property of the rational numbers. Every rational num- 
ber when expressed as a decimal number will be either a terminating or a repeating 
decimal number. 

Examples of terminating decimal numbers are 0.5, 0.75, and 4.65. Examples of 
repeating decimal numbers are 0.333 ..., 0.2323 ..., and 8.13456456.... One way to 
indicate that a number or group of numbers repeats 1s to place a bar above the number 
or group of numbers that repeats. Thus, 0.333... may be written 0.3, 0.2323... may 
be written 0.23, and 8.13456456... may be written 8.13456. 
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Example Terminating Decimal Numbers 


Show that the following rational numbers can be expressed as terminating decimal 
numbers. 
3 

f)) = b)i sie = 

~: oe 2 
To express the rational number in decimal form, divide the numerator 
by the denominator. If you use a calculator or long division, you will obtain the 
following results. 


3 13 23 
— = 06 -— = -0,. uae 
a) 5 Dame oat 2 = 1.4375 = 


Example [4 Repeating Decimal Numbers 


Show that the following rational numbers can be expressed as repeating decimal 
numbers. 
?) 5 
a) 3 b) 99 c) 1 36 
If you use a calculator or long division, you will see that each fraction re- 
sults in a repeating decimal number. 
a) 2+ 3 = 0.6666... or 0.6 
b) 14 + 99 = 0.141414... or 0.14 
c) 1% = % = 1.138888... or 1.138 5 


Note that in each part of Example 6, the quotient when expressed as a decimal 
number has no final digit and continues indefinitely. Each number is a repeating 
decimal number. 

When a fraction is converted to a decimal number, the maximum number of 
digits that can repeat is n — 1, where n is the denominator of the fraction. For exam- 
ple, when 2 is converted to a decimal number, the maximum number of digits that can 
repeat is 7 — 1, or 6. 


Converting Decimal Numbers to Fractions 


We can convert a terminating or repeating decimal number into a quotient of integers. 
The explanation of the procedure will refer to the positional values to the right of the 
decimal point, as illustrated here: 


Units 
Tenths 
Hundredths 
Thousandths 
Ten-thousandths 
>—————_ Hundred-thousandths 


Ome oo 7 ll 4 Millionths 


Example 7 demonstrates how to convert from a decimal number to a fraction. 


Example Converting Decimal Numbers to Fractions 


Convert the following terminating decimal numbers to a quotient of integers. If 
necessary, reduce the quotient to lowest terms. 
a) 0.7 b) 0.35 c) 0.016 d) 3.41 
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When converting a terminating decimal number to a quotient of integers, 
we observe the last digit to the right of the decimal point. The position of this digit 
will indicate the denominator of the quotient of integers. 


ay) OF) = ih because the 7 is in the tenths position. 
b) 0.35 = im because the right-most digit, 5, is in the hundredths position. We 
finish by reducing the fraction to lowest terms: 


3) SiS) 7] 
100 100+5 20 


c) 0.016 = ios because the right-most digit, 6, is in the thousandths position. We 
finish by reducing the fraction to lowest terms: 
Io ees 2 
1000) 1000S Si 25 


d) We begin by writing 3.41 as the mixed number, 34. because the right-most 
digit, 1, is in the hundredths position. To write the mixed number as a ratio of 
two integers, we follow the procedure shown in Example 2, on page 231: 


4l 100-3+ 41 341 
100 100 100 


The fraction i cannot be reduced further. | 


Converting a repeating decimal number to a quotient of integers is more difficult 
than converting a terminating decimal number to a quotient of integers. To do so, we 
must “create” another repeating decimal number with the same repeating digits so 
that when one repeating decimal number is subtracted from the other repeating 
decimal number, the difference will be a whole number. To create a number with the 
same repeating digits, multiply the original repeating decimal number by 10 if one 
digit repeats, by 100 if two digits repeat, by 1000 if three digits repeat, and so on. 
Examples 8 through 10 demonstrate this procedure. 


Example [Ey Converting a Repeating Decimal Number to a Fraction 
Convert 0.3 to a quotient of integers. 
0.3 = 0.33 = 0.333, and so on. 


Let the original repeating decimal number be n; thus, n = 0.3. Because one digit 
repeats, we multiply both sides of the equation by 10, which gives 10n = 3.3. Then 
we subtract. 


10n = 3.3 
—- n=03 
on = 3.0 


Note that 10n — n = 9n and 3.3 — 0.3 = 3.0. 


Next, we solve for n by dividing both sides of the equation by 9. 


9n _ 3.0 

oF 6 
mie eos 
es 3 


Therefore, 0.3 = I Evaluate 1 + 3 ona calculator now and see what value you get. = 
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Example [] Converting a Repeating Decimal Number to a Fraction 
Convert 0.35 to a quotient of integers. 


Let n = 0.35. Since two digits repeat, multiply both sides of the equation 
by 100. Thus, 100n = 35.35. Now we subtract n from 100n. 


100n = 35.35 
= y= (0:35 
99n = 35 


Finally, we divide both sides of the equation by 99. 


99n _ 35 

99 99 
3p) 
aa 
99 


Therefore, 0.35 = 23. Evaluate 35 + 99 on a calculator now and see what value 
you get. a 


Example {J@ Converting a Repeating Decimal Number to a Fraction 
Convert 12.142 to a quotient of integers. 


This example is different from the two preceding examples in that the re- 
peating digit, 2, is not directly to the right of the decimal point. When this situation 
arises, move the decimal point to the right until the repeating terms are directly to 
its right. For each place the decimal point is moved, the number is multiplied by 10. 
In this example, the decimal point must be moved two places to the right. Thus, the 
number must be multiplied by 100. 


He 12.142: 
100n = 100 X 12.142 = 1214.2 


Now proceed as in the previous two examples. Since one digit repeats, multi- 
ply both sides by 10. 


100n = 1214.2 
10 X 100n = 10 X 1214.2 
1000n = 12142.2 
Now subtract 100n from 1000n so that the repeating part will drop out. 
1000n = 12142.2 


— 100n = 1214.2 
900n = 10928 
_ 10,928 _ 2732 
900 225 


Therefore, 12.142 = 7132 Evaluate 2732 + 225 ona calculator now and see what 
value you get. a 


Multiplication and Division of Fractions 


The product of two fractions is found by multiplying the numerators together and 
multiplying the denominators together. 
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Example {ij} Multiplying Fractions 


Evaluate. 
nel =3\(=4 Of Wiel 
“SE (BG) 9 (DE) 
Cp este a! 6) (3)\(4)-GS-2 
Vike She | 40 ay \ oe Gyo 37 
7 


7 1 ey JS) Ss 
Ney Cr jcu, bce 


To divide fractions we make use of the reciprocal of a number. The reciprocal of 
any number is | divided by that number. The product of a number and its reciprocal 


must equal 1. Examples of some numbers and their reciprocals follow. 


To find the quotient of two fractions, multiply the first fraction by the reciprocal 


of the second fraction. 


Example {) Dividing Fractions 


Evaluate. 


ia = 


Did You Know? 


Mathematical Music 

he ancient Greeks believed 

that in nature, all harmony 
and everything of beauty could 
be explained with rational num- 
bers. This belief was reinforced 
by the discovery that the sound 
of plucked strings could be quite 
pleasing if the strings plucked 
were in the ratio of 1 to 2 (an oc- 
tave), 2 to 3 (a fifth), 3 to 4 (a 
fourth), and so on. Thus, the se- 
cret of harmony lies in the ratio- 
nal numbers such as 3, z and 2 

The theory of vibrating 
strings has applications today 
that go well beyond music. How 
materials vibrate, and hence the 
stress they can absorb, is a vital 
matter in the construction of 
rockets, buildings, and bridges. 
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Addition and Subtraction of Fractions 


Before we can add or subtract fractions, the fractions must have a common denomina- 
tor. A common denominator is another name for a common multiple of the denomina- 
tors. The Jowest common denominator (LCD) is the least common multiple of the 
denominators. 

To add or subtract two fractions with a common denominator, we add or subtract 
their numerators and retain the common denominator. 


Addition and Subtraction of Fractions 


b a+b b_a-b 
eee es c4#0, = === 6 #0 
(83 (GS Gs c c (5: 


Example |} Adding and Subtracting Fractions 


Evaluate. 

) 1 3 b) 19 5) 

Ae eee 
8 8 DA 


ui 
a => = 
ay ce a ae ee 


19 5 yey 7 
24 24 24 24 12 


Note that in Example 13, the denominators of the fractions being added or 
subtracted were the same; that is, they have a common denominator. When adding or 
subtracting two fractions with unlike denominators, first rewrite each fraction with a 
common denominator. Then add or subtract the fractions. 

Writing fractions with a common denominator is accomplished with the funda- 


mental law of rational numbers. 


Fundamental Law of Rational Numbers 
If a, b, and c are integers, with b # 0 andc # 0, then 
a a 1G: ay AG: 


a°c : ; : 
are called equivalent fractions. For example, since 
oe 


a 
The terms — and 


2 3°3 _® the fractions > and = are equivalent fractions. We will see th 
e = —,, the fractions re equivalent frac 5 ill see the 
12a 40a See GO oe ions. We will se 


importance of equivalent fractions in the next two examples. 


Example |Z} Subtracting Fractions with Unlike Denominators 


Evaluate Ae yeaah 
NENMUE Ne am — Se 
15 6 


Using prime factorization (Section 5.1), we find that the LCM of 15 and 
6 is 30. We will therefore express each fraction as an equivalent fraction with a 


denominator of 30. First, consider 15° To obtain a denominator of 30, we must 


multiply the denominator, 15, by 2. If the denominator is multiplied by 2, the 
numerator must also be multiplied by 2 to obtain an equivalent fraction. Next, 
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eS F : : F 
consider —. To obtain a denominator of 30, we must multiply the denominator, 


6, by 5. Therefore, we must multiply both numerator and denominator by 5 to 
obtain an equivalent fraction. 


2-2.(8 >)-(2 >) 
Sila Gia DEL ST 2 6.55 


Does 
30 30 

aes 

30 " 


On page 216, in Example 6 of Section 5.1, we determined that the LCM 
of 54 and 90 is 270. Rewrite each fraction as an equivalent fraction using the LCM 
as the common denominator. 


i 1 (Z 7) (3 =) 
+ — . + ey ee 
54 90 Saas 90 3 


PLS Oe 
D0" 270 

a oe 

270 


Now we reduce 35 by dividing both 8 and 270 by 2, their greatest common factor. 


8 8+2 4 


570" 270 = 2 135 . 


Example {{§ Rice Preparation 


Following are the instructions given on a box of Minute Rice. Determine the 
amount of (a) rice and water, (b) salt, and (c) butter or margarine needed to make 3 
servings of rice. 


Since 3 is halfway between 2 and 4, we can find the amount of each in- 
gredient by finding the average of the amount for 2 and 4 servings. To do so, we 
add the amounts for 2 servings and 4 servings and divide the sum by 2. 


2 
3 


— 


| ae a 
a) Rice and water: 5 = 
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Hen al a3 
a4+7 {eee ote 
APD A 
b) Salt: = = Seyi at 
ea ome: oe ie 
ee lecces 1 
c) Butter or margarine: ==, or 15> tsp a 


ep 2 


The solution to Example 16 can be found in other ways. Suggest two other 
procedures for solving the same problem. 


SECTION 5.3 : 
: Exercises 


Warm Up Exercises 


In Exercises 1—12, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


1. The set of rational numbers is the set of numbers of the 


form F where p and g are and q # 0. 


2. For the rational number - p is called the 


3. For the rational number és q is called the 


4, Rational numbers such as 2} and —14 are examples of 
numbers. 


5. Rational numbers such as oo and -3 are examples of 
fractions. 


6. The number , can be represented as a(n) 
decimal number. 


7. The number 4 can be represented as a(n) 
decimal number. 


8. In the decimal number 0.285714, the 2 is in the 
position. 


9. In the decimal number 0.285714, the 8 is in the 
position. 
10. The product of a number and its must equal 1. 


11. When adding or subtracting two fractions with unlike de- 
nominators, first rewrite each fraction with the 
common denominator. 


12. The rational numbers 4 and % are examples of 
fractions. 


Practice the Skills 


In Exercises 13-22, reduce each fraction to lowest terms. 


3 1) 
UB 6 14. 0 
28 36 
= 1 .— 
15. 63 6 56 
13 

Who 18 


125 meer 


In Exercises 21—26, convert each mixed number to an im- 
proper fraction. 


3 5 
21S 22; 3 
7 6 
23, ae 2a, 272 
16 5 
15 9 
4 26. 11— 
25, —4—— 6. 11-— 


In Exercises 27-30, write the number of inches indicated by 
the arrows as an improper fraction. 


27.4 


30. 


In Exercises 31-36, convert each improper fraction to a 
mixed number. 


8 19 
31. = SZ 
if 
73 157 
333) =o 34. = 
i 12 
878 1028 
SS: Paes 36. he 
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In Exercises 37—44, express each rational number as 
terminating or repeating decimal number. 


In Exercises 45—52, express each terminating decimal 
number as a quotient of two integers. If possible, reduce the 
quotient to lowest terms. 


45. 0.25 46. 0.13 
47. 0.175 48. 0.375 
49. 0.2 50. 0.251 
$1. 0.0131 52. 0.2345 


In Exercises 53-60, express each repeating decimal num- 
ber as a quotient of two integers. If possible, reduce the 
quotient to lowest terms. 


53. 0.2 54. 0.7 
55. 0.9 56. 0.23 
57. 1.36 58. 0.135 
59. 2.05 60. 2.49 


In Exercises 61—70, perform the indicated operation and 
reduce your answer to lowest terms. 


1 6 (aes 
61. —- = 62. = == 
Se ALR 
—3\/-16 3 10 
63. {| — }( —— Rca See 
Goer cs 
Te 3 3 
65. — + = oe 
Sag ws fl 
eae! 1 AA | 
67.(—=-—]+= oe 
& = 3 8 ( | 7 
o.|(3)(3)| = as) 
3/\8 16 


7 


—) 


ea) 


In Exercises 71-80, perform the indicated operation and 
reduce your answer to lowest terms. 


cone thee 
11. = + = 72. =- = 
5 3 6 4 
Panes 5 
73.—+= st 
11° 22 a 8G 
5 oe iT gs 
75, — — — 16. — — —— 
9 54 25 100 


a arene 
Dy aghan yD Gein TS 
ee oF Ll bei 

79, — — —- — =o 

30 40 50 80-55 100 40 


Problem Solving 


Alternative methods for adding and subtracting two frac- 
tions are shown below. These methods may not result in a 
solution in its lowest terms. 
i 6 Gl We Cn CRAG 0G 
= and = 
in Gi bd bad bd 


In Exercises 81—86, use the appropriate formula to evalu- 
ate the expression. 


i ae Ne? nS 
Li+- 82. -+= .t-5 
ae ee iia aia aga 
es es i a 
.- 5. + — =f) = = 
3 SS Siecle dims ig i) 5 


In Exercises 87-92, evaluate each expression. 


niet (G23) 
oC oQ-2) GaGa 
w(-f)o(02) ms 


In Exercises 93-104, write an expression that will solve the 
problem and then evaluate the expression. 


93. Height Increase When David Conway finished his first year 
of high school, his height was 692 inches. When he returned 
to school after the summer, David’s height was 71 3 inches. 
How much did David’s height increase over the summer? 


94. Thistles Diane Helbing has four different varieties of 
thistles invading her pasture. She estimates that of these 
thistles, 4 are Canada thistles, 1 are bull thistles, 3 are 
plumeless thistles, and the rest are musk thistles. What 
fraction of the thistles are musk thistles? 


95. Stairway Height A stairway consists of 14 stairs, each 83 
inches high. What is the vertical height of the stairway? 


96. Alphabet Soup Margaret Cannata’s recipe for alphabet 


97. 


98. 


99. 


soup calls for (among other items) I cup snipped parsley, 
g teaspoon pepper, and 5 cup sliced carrots. Margaret is 
expecting company and needs to multiply the amounts 
of the ingredients by 1 4 times. Determine the amount of 
(a) snipped parsley, (b) pepper, and (c) sliced carrots she 
needs for the soup. 


Sprinkler System To repair his sprinkler system, Tony 
Gambino needs a total of 20% inches of PVC pipe. He has 
on hand pieces that measure 24 inches, 34 inches, and 4} 
inches in length. If he can combine these pieces and use 
them in the repair, how long a piece of PVC pipe will Tony 
need to purchase to repair his sprinkler system? 


Crop Storage Todd Schroeder has a silo on his farm in 
which he can store silage made from his various crops. 
He currently has a silo that is + full of corn silage, 2 full 
of hay silage, and + full of oats silage. What fraction of 
Todd’s silo is currently in use? 


Department Budget Jaime Bailey is chair of the humani- 
ties department at Santa Fe Community College. Jaime has 
a budget in which 5 of the money is for photocopying, 2 of 
the money is for computer-related expenses, and the rest of 
the money is for student tutors in the foreign languages lab. 
What fraction of Jaime’s budget is for student tutors? 


100. Art Supplies Denise Viale teaches kindergarten and is 


buying supplies for her class to make papier-maché piggy 


banks. Each piggy bank to be made requires | 4 cups of 
flour. If Denise has 15 students who are going to make 


piggy banks, how much flour does Denise need to purchase? 


101. Height of a Computer Stand The instructions for 


assembling a computer stand include a diagram illustrating 


its dimensions. Find the total height of the stand. 


102. 


103. 
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Width of a Picture The width of a picture is 24% in., as 
shown in the diagram. Find x, the distance from the edge 
of the frame to the center. 


Dees 


eeu 


Traveling Interstate 5 While on vacation, Janet Mazerella 
traveled the full length of Interstate Highway 5 from the 
U.S.—Canadian border to the U.S —Mexican border. She 
recorded the following travel times between cities: Blaine, 
Washington, to Seattle: 1 hour 49 minutes; Seattle to Port- 
land: 2 hours 48 minutes; Portland to Sacramento: 9 hours 
6 minutes; Sacramento to Los Angeles: 6 hours 3 minutes; 
Los Angeles to San Diego: 2 hours 9 minutes; San Diego 
to San Ysidro, California: 22 minutes. 


a) Write each of these times as a fraction or as a mixed 
number with minutes represented as a fraction with a 
denominator of 60. Do not reduce the fractional part 
of the mixed number. 


b) What is Janet’s total driving time from Blaine, 
Washington, to San Ysidro, California? Give your 
answer as a mixed number and in terms of hours and 
minutes. 


Blaine 


San Ysidro 


A Interstate Highway 5 


104. Traveling Across Texas While on vacation, Omar 


Rodriguez traveled the entire length of Interstate 
Highway 10 in Texas. Omar recorded the following 
travel times between cities on his trip. Anthony to El 
Paso: 25 minutes; El Paso to San Antonio: 7 hours 
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54 minutes; San Antonio to Houston: 3 hours 1 minute; 
Houston to Beaumont: | hour 23 minutes; Beaumont to 
Orange: 28 minutes. 


a) Write each of these times as a fraction or as a mixed 
number with minutes represented as a fraction with a 
denominator of 60. Do not reduce the fractional part 
of the mixed number. 


b) What is Omar’s total driving time from Anthony to 
Orange? Give your answer as a mixed number and in 
terms of hours and minutes. 


Beaumont 


Houston 


A Interstate Highway 10 


Challenge Problems/Group Activities 


105. Cutting Lumber If a piece of wood 83 ft long is to be 
cut into four equal pieces, find the length of each piece. 
(Allow t in. for each saw cut.) 


106. Dimensions of a Room A rectangular room measures 8 
ft 3 in. by 10 ft 8 in. by 9 ft 2 in. high. 


a) Determine the perimeter of the room in feet. Write 
your answer as a mixed number. 


b) Calculate the area of the floor of the room in square 
feet. 


c) Calculate the volume of the room in cubic feet. Use 
volume = length X width x height. Write your 
answer as a mixed number. 


107. Hanging a Picture The back of a framed picture that is 
to be hung is shown above on the right. A nail is to be 
hammered into the wall, and the picture will be hung by 
the wire on the nail. 


a) If the center of the wire is to rest on the nail and a 
side of the picture is to be 20 in. from the window, 
how far from the window should the nail be 
placed? 


b) If the top of the frame is to be 26} in. from the 
ceiling, how far from the ceiling should the nail be 
placed? (Assume the wire will not stretch.) 


c) Repeat part (b) if the wire will stretch } in. when the 
picture is hung. 


| —— 18 3° —— 


th 
Or 
‘ 


—o 


aie 
24 8 


108. Increasing a Book Size The dimensions of the cover of a 
book have been increased from 84 in. by 9} in. to 85 in. 
by 104 in. By how many square inches has the surface 
area increased? Use area = length X width. 


Dense Set of Numbers A set of numbers is said to be a 
dense Set if between any two distinct members of the set 
there exists a third distinct member of the set. The set of 
integers is not dense since between any two consecutive 
integers there is not another integer. For example, between 
1 and 2 there are no other integers. The set of rational 
numbers is dense because between any two distinct rational 
numbers there exists a third distinct rational number. For 
example, we can find a rational number between 0.243 and 
0.244. The number 0.243 can be written as 0.2430, and 
0.244 can be written as 0.2440. There are many numbers 
between these two. Some of them are 0.2431, 0.2435, and 
0.243912. In Exercises 109-114, find a rational number 
between the two numbers in each pair. Many answers are 
possible. 


109. 0.21 and 0.22 

110. 4.005 and 4.05 

111. —2.176 and —2.175 
112. 1.3457 and 1.34571 
113. 4.872 and 4.873 


114. —3.7896 and —3.7895 


Halfway Between Two Numbers To find a rational number 
halfway between any two rational numbers given in frac- 
tion form, add the two numbers together and divide their 
sum by 2. In Exercises 115—120, find a rational number 
halfway between the two fractions in each pair. 


115 : d 3 116 : a ac 
= = . >and — 
ae Caen) 
1 1 V 8 
Liz. 100 ie 118. oe 
1 2 
119. nde 120. — and — 


99 9 Z 3 
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121. Cooking Oatmeal Following are the instructions d) What conclusion can you draw from parts (a), (b), 

given on a box of oatmeal. Determine the amount and (c)? 

of water (or milk) and oats needed to make i4 

servings by: Recreational Mathematics 

a) Adding the amount of each ingredient needed for 123. Paper Folding Read the Recreational Mathematics box 
1 serving to the amount needed for 2 servings and on page 230. Next, take a clean sheet of white paper and 
dividing by 2. fold it in half, fold it in half again, and fold it in half a 

third time. Now unfold the paper. You should have eight 
b) Adding the amount of each ingredient needed for 1 equal regions of the paper. 


serving to half the amount needed for | serving. ) F 
a) What fraction does each region represent? 


b) Next, color three of the regions red and one of the 


Di ‘aoe 
irections regions blue, as shown in the diagram below. 


1. Boil water or milk and salt (if desired). 

2. Stir in oats. 

3. Stirring occasionally, cook over medium heat 
for 5 minutes. 


_ Servings — 


Water (or milk) Use the paper to determine the following sum; : + 5 
Write your answer in reduced form. 


Oats 

c) Next, return the paper to its folded state and then fold 
the paper in half again. Use the blue region of the paper 
to determine the following product: 2 x, 


Salt (optional) 


: ; te d) Use the blue region of the paper to determine the 
122. Consider the rational number 0.9. following quotient: | + 2. 


a) Use the method from Example 8 on page 234 to Aas 
convert 0.9 to a quotient of integers. Internet/Research Activity 
‘. 124. The ancient Greeks are often considered the first true 
b) Find a number halfway between 0.9 and 1 by adding mathematicians. Write a report summarizing the 
the two numbers and dividing by 2. ancient Greeks’ contributions to rational numbers. 
Include in your report what they learned and believed 
about the rational numbers. References include 
encyclopedias, history of mathematics books, and 
Internet Web sites. 


c) Find + + } by adding the fractions. Now express i 
and z as repeating decimals and find the sum using the 
decimal representation of } and §. 


The Irrational Numbers and the Real 
Number System 


SECTION 5.4 


A football field is 160 ft wide and 360 ft long. A football player catches the football 
from a kickoff in the northwest corner of one end zone and runs across the field to the 


southeast corner of the other end zone, as shown by the dashed line in the diagram. 


160 ft 


A The distance from the northwest 
corner of a football field to the ee 


southeast corner is an irrational 
number. How far did the football player run? The answer to this question is an example of an 


irrational number. In this section, we will introduce irrational numbers along with the 
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Hypotenuse 
(longest side 
of right triangle) 


c 


a 


ar ye) 
a+ b°=c 


Figure 5.7 


operations of addition, subtraction, multiplication, and division of irrational numbers. 
The answer to the above question is 40/97 feet, or about 394 feet. 


This is Important Irrational numbers play an important role in many areas of math- 


ematics, science, business, and other fields. 


ythagoras (ca. 585-500 B.c.), a Greek mathematician, is credited with providing a 

written proof that in any right triangle (a triangle with a 90° angle; see Fig. 5.7), the 
square of the length of one side (a?) added to the square of the length of the other side 
(b) equals the square of the length of the hypotenuse (c?). The formula a + b* = c? 
is now known as the Pythagorean theorem. Pythagoras found that when using the for- 
mula, with a = | and b = 1, the value of c was not a rational number. 


a? + b? = ¢? 


Cee ere 
iene 
Dimes 


There is no rational number that when squared will equal 2. This fact prompted a 
need for a new set of numbers, the irrational numbers. 

In Section 5.2, we introduced the real number line. The points on the real number 
line that are not rational numbers are referred to as irrational numbers. Recall that ev- 
ery rational number is either a terminating or a repeating decimal number. Therefore, 
irrational numbers, when represented as decimal numbers, will be nonterminating, 
nonrepeating decimal numbers. 


Definition: Irrational Number 
An irrational number is a real number whose decimal representation is a nonter- 
minating, nonrepeating decimal number. 


A nonrepeating decimal number such as 5.12639537... can be used to indicate an 
irrational number. Notice that no number or set of numbers repeat on a continuous 
basis, and the three dots at the end of the number indicate that the number continues 
indefinitely. Nonrepeating number patterns can be used to indicate irrational num- 
bers. For example, 6.1011011101111... and 0.525225222... are both irrational 
numbers. 

The expression V2 is read “the square root of 2” or “radical 2.” The symbol V_ 
is called the radical sign, and the number or expression inside the radical sign is 
called the radicand. In V2, 2 is the radicand. 

The square roots of some numbers are rational, whereas the square roots of other 
numbers are irrational. The principal (or positive) square root of a number n, written 
Vn, is the positive number that, when multiplied by itself, gives n. Whenever we men- 
tion the term “square root” in this text, we mean the principal square root. For example, 


VO=3 since 3: Gee 
V36=6 since 6°6 = 36 
Both V9 and 36 are examples of numbers that are rational numbers because 
3 and 6, respectively, are terminating decimal numbers. 
We return to the problem faced by Pythagoras: If c* = 2, then it can be shown 


that c has a value of V2, but what is V2 equal to? The V2 is an irrational number, 
and it cannot be expressed as a terminating or repeating decimal number. It can only 


"The Pythagorean theorem is discussed in more detail in Section 9.3. 


Profile in Mathematie 


Pythagoras of Samos 


ythagoras of Samos founded a 

philosophical and __ religious 
school in southern Italy in the sixth 
century B.c. The scholars at the 
school, known as Pythagoreans, 
produced important works of 
mathematics, astronomy, and theory 
of music. Although the Pythagoreans 
are credited with proving the 
Pythagorean theorem, it was known 
to the ancient Babylonians 
1000 years earlier. The Pythagoreans 
were a secret society that formed a 
model for many secret societies in 
existence today. One practice was 
that students were to spend their 
first three years of study in silence, 
while their master, Pythagoras, 
spoke to them from behind a cur- 
tain. Among other philosophical be- 
liefs of the Pythagoreans was “that 
at its deepest level, reality is mathe- 
matical in nature.” 
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be approximated by a decimal number: V2 is approximately 1.4142136 (to seven 
decimal places). Later in this section, we will discuss using a calculator to approxi- 
mate irrational numbers. 

Other irrational numbers include V3, V5, and 37. Another important irratio- 
nal number used to represent the ratio of a circle’s circumference to its diameter is pi, 
symbolized 7. Pi is approximately 3.1415927. 

We have discussed procedures for performing the arithmetic operations of addition, 
subtraction, multiplication, and division with rational numbers. We can perform the same 
operations with the irrational numbers. Before we can proceed, however, we must under- 
stand the numbers called perfect squares. Any number that is the square of a natural num- 
ber is said to be a perfect square. Some perfect squares are shown in the following chart. 


Natural numbers iF 2h BI 


Squares of the natural numbers — |”, Des es 


1, 4, Oo: 


or perfect squares 


The numbers 1, 4, 9, 16, 25, and 36 are some of the perfect square numbers. Can 
you determine the next two perfect square numbers? How many perfect square num- 
bers are there? The square root of a perfect square number will be a natural number. 
For example, MIT = Ihe N/A DN) Oe I6 = AL. WS 5, and so on. 

The number that multiplies a radical is called the radical’s coefficient. For ex- 
ample, in 35, the 3 is the coefficient of the radical. 

Some irrational numbers can be simplified by determining whether there are any 
perfect square factors in the radicand. If there are, the following rule can be used to 


simplify the radical. 


Product Rule for Radicals 


Va+b=Va+Vb, a=0, b=0 


To simplify a radical, write the radical as a product of two radicals. One of the radi- 
cals should contain the greatest perfect square that is a factor of the radicand in the 
original expression. Then simplify the radical containing the perfect square factor. 

For example, 


VIB = V9=2 = VO- V2 =3+ V2 =3V2 


and 


NaN 5 8 = 95 V3 25 NOR ONS 


Example §i§ Simplifying Radicals 


Simplify. 
a) V18 b) V80 


a) Since 9 is a perfect square factor of 18, we write 
V18 = V9-2= VO-V2=3- V2 =3V2 


Since 2 has no perfect square factors, V2 cannot be simplified. 
b) Since 16 is a perfect square factor of 80, we write 


VR V168 5 =V16* V5 =4* V5 = 45 = 
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MATHEMATICS TODAY 


A Piece of the Pi 
G 


he ratio of a circle’s circumfer- 

ence to its diameter is the 
constant we know as a. Like any 
irrational number, a has a decimal 
representation that is a nonterminat- 
ing, nonrepeating decimal number. 
Computing the digits of 7 has been 
of interest to mathematicians for 
hundreds of years, since Sir Isaac 
Newton developed formulas to cal- 
culate the digits. We now know 7 to 
5 trillion digits. 

In August 2010, Shigeru Kondo, 
a Japanese engineer, and Alexander 
Yee, an American student at 
Northwestern University, announced 
that they had calculated 7 to 5 tril- 
lion decimal digits. The computation 
took 90 days on a modified personal 
computer designed by Kondo. The 
computer program used in the cal- 
culation was written by Yee and be- 
gan as a project in his high school 
Advanced Placement computer sci- 
ence class. 


This is Important 
Computations to find a value to 
any number of decimal places are 
part of a branch of mathematics 
called arbitrary-precision arithme- 
tic. Records such as digits of 7, 
and the largest prime number, will 
continually be broken as mathema- 
ticians and computer scientists im- 
prove computers and the formulas 
used to find them. 


In Example 1(b), you can obtain the correct answer if you start out factoring 
differently: 


V80 = V4-20 = V4- V20 = 2+ V20 = 2V20 
Note that 20 has 4 as a perfect square factor. 
2V20 = OVA 5 SO VAS = DN eA 5, 


The second method will eventually give the same answer, but it requires more work. 
It is best to try to factor out the /argest perfect square factor from the radicand. 


Addition and Subtraction of Irrational Numbers 


To add or subtract two or more square roots with the same radicand, add or subtract 
their coefficients while keeping the common radicand. The answer is the sum or dif- 
ference of the coefficients multiplied by the common radical. 


Example 4 Adding and Subtracting Radicals with the Same Radicand 
Simplify. 
aeaV2 70/2 


a) 3V2 + IV2 = CG PV = 10V2 
b) 5V7 — 3V7 4+ V7 = (5-34 )DV7 =3V7 


Note that V7 = 1V7. | 


b) 5V7 —-3V74+ V7 


Example Subtracting Radicals with Different Radicands 
Simplify 5V3 — V12. 


These radicals cannot be subtracted in their present form because they 
contain different radicands. When that occurs, determine whether one or more of 
the radicals can be simplified so that they have the same radicand. 


5V3 -— V12 =5V3 - V4-3 


=5V3 -—- V4-V3 
= 5V3 —2V3 
216 — 2)V3 =3V3 g 


Multiplication of Irrational Numbers 


When multiplying irrational numbers, we again make use of the product rule for 
radicals, as introduced on page 245. After the radicands are multiplied, simplify the 
remaining radical when possible. 


Example Z§ Multiplying Radicals 
Simplify. 
a) V2°-V8 
a) V2°VB = V2-8 = VI6O=4" by V5—Vil = V5 911. = 55 
6) V10* ViI5 = V0 15 = 1/150 = 5 16 = 495 6 = 56 = 


Dy) VWEOVA —@) WIG 6 WIS 


Did You Know? 


is the Computer Always 
Right? 


W often assume that the 
computer is always right. We 
base this on the history and perfor- 
mance of the computer language 
and programs we use. Obviously, 
we cannot check calculations that 
are being made in billionths of a 
second. We could run a compu- 
tation twice or on two different 
systems to be sure we get the 
same result to a specified number 
of decimal places. That's what is 
done with the big supercomput- 
ers. Their computation of the value 
of m7 often serves as a test of the 
program's ability to compute ac- 
curately. 
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Division of Irrational Numbers 


To divide irrational numbers, use the following rule. After performing the division, 


simplify when possible. 


Quotient Rule for Radicals 


Example [] Dividing Radicals 


Divide. 
M3 ») V6 
A/S V2 


V96 _ (96 _ te ee VRE 
py) VB vas = vir 3 = Vib V3 = 4V3 


Rationalizing the Denominator 


A denominator of a fraction is rationalized when it contains no radical expressions. 
To rationalize a denominator that contains only a square root, multiply both the nu- 
merator and denominator of the fraction by a number that will result in the radicand in 
the denominator becoming a perfect square. (This action is the equivalent of multiply- 
ing the fraction by 1 because the value of the fraction does not change.) Then simplify 
the fractions when possible. 


Example [@ Rationalizing the Denominator 


Rationalize the denominator of the following. 


en onl ods Xe, 
SUV Noy 7s TEV: ingss 


a) Multiply the numerator and denominator by a number that will make the radi- 
cand in the denominator a perfect square. 


Sikmiemiaed V2 5S V2 
Vi DEN ANA 9D 


Note that the 2’s in the answer cannot be divided out because one 2 is a radicand 
and the other is not. 
by 5 SOUABT SSA BSNS 
Vile loa Vv 34 V0 6 
You could have obtained the same answer to this problem by multiplying both 


the numerator and denominator by V 12 and then simplifying. Try to do so 
now. 
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5 5 1 . 
c) Write VS as ./—~ and reduce the fraction to obtain Ji. By the quotient rule 
Vio V10 2 


jeer 1 1 
for radicals, ./— = —= or —=. Now rationalize the denominator of —=. 
ON De Nee V2 
er Oe 
VIII 2 4 2 = 


Estimating Square Roots Without a Calculator 


Consider the irrational number V17. The radicand 17 is between the two perfect 
squares 16 and 25. Since V16 = 4 and V25 = 5, we can reason that V/17 is be- 
tween 4 and 5. We summarize this discussion as follows. 
eee SS 
V16 VIF = 25 
AWAY S&S 


Furthermore, since 17 is closer to 16 than it is to 25, we can further estimate that 
V 17 is closer to 4 than it is to 5. In other words, V 17 is between 4 and 4.5. 


Example §@ Estimating Square Roots 


1 
The following diagram is a sketch of a 16-in. ruler marked using mS inches. 


Ie 2h 3 GA coe Oise. Oe 10) IPI a aS 


Indicate between which two adjacent ruler marks each of the following irrational 
numbers will fall. 


a) V7__b) V89 


a) Oe) 
V4< VI< V9 
DEN Je 3 
Furthermore, since 7 is closer to 9 than it is to 4, V7 is closer to 3 than it is to 2. 
Thus, V7 is between 2.5 and 3. 


bs Si = 80 - = .100 
V81 < V89 < V100 


9 < V89 < 10 
Furthermore, since 89 is closer to 81 than it is to 100, 89 is closer to 9 than it is 
to 10. Thus, V89 is between 9 and 9.5. | 


Approximating Square Roots on a Scientific Calculator 


Consider the irrational number the square root of two. We use the symbol V2 to rep- 
resent the exact value of this number. Although exact values are important, approxi- 
mations are also important, especially when working with application problems. We 
can use a scientific calculator to obtain approximations for square roots. Scientific 
calculators generally have one of the following square root keys:" 


L Vella pl wat 


“If your calculator has the V symbol printed above the key instead of on the face of the key, you can 
access the square root function by first pressing the “2nd” or the “inverse” key. 
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For simplicity, we will refer to the square root key with the oa symbol. 
To approximate V2, perform the following keystrokes: 


or, depending on your model of calculator, you may have to do the following: 


C=] [2] [xm] 


The display on your calculator may read 1.414213562. Your calculator may display 
more or fewer digits. It is important to realize that 1.414213562 is a rational number 
approximation for the irrational number V2. The symbol ~ means is approximately 
equal to, and we write 


V2 = 1.414213562 
t t 


Exact value (irrational number) Approximation (rational number) 


Example EE] Approximating Square Roots 


Use a scientific calculator to approximate the following square roots. Round each 
answer to two decimal places. 


a) V7 b) V89 


a) V7 = 2.65 b) V89 ~ 9.43 


Note that these approximations confirm the estimates that were made in Example 7. 


SECTION 5.4 ; 
Exercises 


Warm Up Exercises 8. Consider the irrational number the square root of two. 
In Exercises 1-6, fill in the blanks with an appropriate a) We use the symbol V2 to represent the 
word, phrase, or symbol(s). value of the number. 
1. A real number whose decimal representation is a nonter- b) The number 1.414213562 is a(n) amine 
minating, nonrepeating decimal number is known as a(n) number V2. 
number. 
2. The symbol Vis called the ____ sign. Practice the Skills 
In Exercises 9-18, determine whether the number is ratio- 
3. In the expression 57, the 7 is called the ____. Sa ay tend ee 
4. In the expression 5V7, the 5 is called the radical’s 9. Vo 10. Vi0 
Pa cate ee 2 
11. 3 102, OPA AMATI one 


5. The principal (or positive) square root of a number n, 
written Vn, is the positive number that, when multiplied 


by _ gives n. (EY SSVI se 14. 7 

6. Any number that is the square of a natural number is called 15. 22 16. 3.14159 
a (0) re SCUaLe. il 

7. When the denominator of a fraction contains no radical 17. 3.14159... 18. v5 


expressions, it is said to be tet een V5 
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In Exercises 19-26, evaluate the expression. 


19. VO 20. V1 21. V36 22. -V121 
23. -V169 24. V/25 25. -V81 26. —V36 


In Exercises 27-36, classify the number as a member of 
one or more of the following sets: the rational numbers, the 
integers, the natural numbers, the irrational numbers. 


27. 0 28.5 

29. V9 30. ; 

31. 0.040040004 32. 2.718 

333 -5 34. 0.123123123 

35. 0.123 36. 0.123112311123... 


In Exercises 37-44, simplify the radical. 


37. V18 38. V24 
39, V/45 40. V50 
41. V63 42. V75 
43. V84 44, V/90 


In Exercises 45—52, perform the indicated operation. 


45. 2V3 + 5V3 46. 5V3 — 7V3 
47. 3V/20 — 2/45 48. 2V18 — 3V50 
49. 4/12 — 7V27 50. 2V7 + 5V28 
51. 5V3 + 7V12 — 3V75 

52. V63 + 1398 — 5V112 


In Exercises 53-60, perform the indicated operation. Sim- 
plify the answer when possible. 


53. V2V8 54. V3V21 
55. V6V14 56. V2V10 
V 20 V 
Cpe Tae! 

V5 V5 

2 Vv 14 

59,2 wee 

V8 V5 
In Exercises 61-68, rationalize the denominator. 

2 

61. a 62. 


64; = 


V 20 V50 
Sew Oia 
V10 V2 
TOR 8. a7 


Problem Solving 


Approximating Radicals The following diagram is a sketch 
of a 16-in. ruler marked using 4 inches. 


In Exercises 69-74, without using a calculator, indicate 
between which two adjacent ruler marks each of the 
following irrational numbers will fall. Support your answer 
by obtaining an approximation with a calculator. 


69. V 11 70. V67 
71. V107 in. 72. V135 in. 
73. V170 in. 74. 200 in. 


In Exercises 75—80, determine whether the statement is 
true or false. Rewrite each false statement to make it a true 
statement. A false statement can be modified in more than 
one way to be made a true statement. 


75. Vc is a rational number for any composite number c. 
76. Vp is a rational number for any prime number p. 


77. The sum of any two rational numbers is always a rational 
number. 


78. The product of any two rational numbers is always a 
rational number. 


79. The product of an irrational and a rational number is 
always an irrational number. 


80. The product of any two irrational numbers is always an 
irrational number. 


In Exercises 81-84, give an example to show that the stated 
case can occur. 


81. The sum of two irrational numbers may be an irrational 
number. 


82. The sum of two irrational numbers may be a rational 
number. 


83. The product of two irrational numbers may be an irrational 
number. 


84. The product of two irrational numbers may be a rational 
number. 
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85. Height of Boys The median height of boys less d) Estimate the speed of a car that made skid marks 256 ft 
than 5 years old can be estimated using the formula long. 
H = 2.9\V/x + 20.1, where His the height in inches and Ve 
X is the boys’ age in months. Estimate the median height . ‘ fee 
of boys who are 30 months old. Round your answer to the PT LT iad a ae 
nearest tenth of an inch. to estimate the time, f, in seconds it takes for an object 


dropped to travel d feet. 


a) Estimate the time it takes for an object to drop 100 ft. 
b) Estimate the time it takes for an object to drop 400 ft. 
c) Estimate the time it takes for an object to drop 900 ft. 
d) Estimate the time it takes for an object to drop 1600 ft. 


Concept/Writing Exercises 


89. Without doing any calculations, determine whether 


V2 = 1.414. 
86. A Swinging Pendulum The time T required for a pendu- 90. Without doing any calculations, determine whether 
lum to swing back and forth may be found by the formula VW17 = 4.123. 
l 
PS om, |2 91. The number 77 is an irrational number. Often the values 


3.14 or 22 are used for 77. Does 7 equal either 3.14 or a 


92. Give an example to show that Va + b # Va + Vb. 


93. Give an example to show that Va > b = Va> Vb. 


a Va 
94. Give an example to show that for b ¥ 0, it re 
P Doan ps 


Challenge Problems/Group Activities 
95. a) Is V/0.04 rational or irrational? Explain. 
b) Is V0.7 rational or irrational? Explain. 


96. One way to find a rational number between two distinct 
rational numbers is to add the two distinct rational num- 
bers and divide by 2. Do you think that this method will 

where / is the length of the pendulum and g is the ac- work for finding an irrational number between two distinct 

celeration of gravity. Determine the time in seconds for irrational numbers? Explain. 

the pendulum to swing back and forth if J = 35 cm and 

g = 980 cm/sec”. Round your answer to the nearest tenth Recreational Mathematics 

of a second. 


97. More Four 4’s In the Recreational Mathematics box 
on page 225 and in Exercise 82 on page 229, we in- 
troduced some of the basic rules of the game Four 4’s. 
We now expand our operations to include square roots. 


87. Estimating Speed of a Vehicle The speed that a vehicle 
was traveling, s, in miles per hour, when the brakes 


were first applied, can be estimated using the formula For cxample one way to obtain the whole number 8 is 
s= i where d is the length of the vehicle’s skid VAP VA VA+ VE 22 E 2+ 2 = 8. Using 
0.04 at least one square root of 4, VA, play Four 4’s to obtain 
marks, in feet. the following whole numbers: 
F a) 11 

a) Estimate the speed of a car that made skid marks 4 ft 

long. b) 13 
b) Estimate the speed of a car that made skid marks 16 ft long. c) 14 


c) Estimate the speed of a car that made skid marks 64 ft long. d) 18 
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Internet/Research Activities 


In Exercises 98 and 99, references include history of math- 
ematics books, encyclopedias, and Internet Web sites. 


98. Write a report on the history of the development of the ir- 


99. Write a report on the history of pi. In your report, indi- 
cate when the symbol 7 was first used and list the first 
10 digits of 7. 


rational numbers. 


SECTION 5.5 


4 Real number properties are often 
learned as we learn arithmetic facts. 


Did You Know? 


An Important Number 


ome years ago, a group of 
French mathematicians who 


worked under the collective 
pseudonym “Monsieur Nicholas 
Bourbaki” embarked on the de- 
velopment of an encyclopedic de- 
scription of all mathematics. They 
devoted 200 pages simply to intro- 
duce the innocent-looking concept, 
the number 1. 


Real Numbers and Their Properties 


Evaluate 10 + 5 and then evaluate 5 + 10. Evaluate 10 X 5 and then evaluate 5 x 10. 
Evaluate 10 — 5 and then evaluate 5 — 10. Finally, evaluate 10 + 5 and then evaluate 
5 + 10. You will notice that 10 + 5 = 5 + 10 and that 10 x5 = 5 X 10. On the other 
hand, 10-5 #5 -—10and 10+ 5 # 5 + 10. These simple examples demonstrate 
a certain property that holds for addition and multiplication, but not for subtraction 


and division. In this section, we will study the set of real numbers and their properties. 


This is Important Understanding the properties of real numbers is vital to learn- 


ing algebra and many other areas of mathematics. 


N ow that we have discussed both the rational and irrational numbers, we can discuss 
the real numbers and the properties of the real number system. The union of the 
rational numbers and the irrational numbers is the set of real numbers, symbolized by R. 

Figure 5.8 illustrates the relationship among various sets of numbers. It shows 
that the natural numbers are a subset of the whole numbers, the integers, the rational 
numbers, and the real numbers. For example, since the number 3 is a natural or count- 
ing number, it is also a whole number, an integer, a rational number, and a real num- 
ber. Since the rational number 1 is outside the set of integers, it is not an integer, a 
whole number, or a natural number. The number 1 is areal number, however, as is the 
irrational number V2. Note that the real numbers are the union of the rational num- 
bers and the irrational numbers. 


Real numbers 
Rational numbers 


ess} 


aay ch ge 
5 7.82, 0.096, -1 0.3 


eo oe 
Integers 
Irrational 
numbers 


V2, V3, 1,-V7 


Whole numbers 


Figure 5.8 


The relationship between the various sets of numbers in the real number system 
can also be illustrated with a tree diagram, as in Fig. 5.9 on page 253. 


MATHEMATICS TODAY 


Brain Man 


Danie! Tammet 


n a segment of 60 Minutes on 

January 29, 2007, Morley Safer 
interviewed Daniel Tammet, who 
has a mysterious disorder of the 
brain called savant syndrome. 
Tammet is called “Brain Man” in 
his native England. Unlike most sa- 
vants, however, he has no obvious 
mental disability, and most impor- 
tant to scientists, he can describe 
his own thought process. In a pe- 
riod of a few weeks before he ap- 
peared on 60 Minutes, Tammet 
memorized 23,514 decimal digits 
of pi. He recited them at Oxford 
University; it took more than 
5 hours, and he made no mistakes. 
Tammet can also perform compli- 
cated calculations, such as 31%, in- 
stantly. He has developed a rare 
crossing of the senses called synes- 
thesia. Tammet said, “| see num- 
bers in my head as colors, shapes, 
and textures.” For example, when 
Daniel says he sees pi and does in- 
stant computations, he says he is 
not calculating, but, rather, says 
the answer appears to him as a 
landscape of colorful shapes. 
Tammet is working with scientists 
at the California Center for Brain 
Study, who are trying to unlock the 
secrets of the brain. 


why This is Important By 
earning how the human brain 


works, scientists can develop better 
methods of education—especially 
for those with learning disabilities. 
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Natural numbers 


Rational numbers Fractions Negative integers 


Terminating or repeating 


Real numbers decimal numbers 


Irrational numbers 


Figure 5.9 


Figure 5.9 shows that, for example, the natural numbers are a subset of the inte- 
gers, the rational numbers, and the real numbers. We can also see, for example, the 
natural numbers, zero, and the negative integers together form the integers. 


Properties of the Real Number System 


We are now prepared to consider the properties of the real number system. The first 
property we will discuss is closure. 


Definition: Closure 
If an operation is performed on any two elements of a set and the result is an element 
of the set, we say that the set has closure or is closed under that given operation. 


Is the sum of any two natural numbers a natural number? The answer is yes. 
Thus, we say that the natural numbers are closed under the operation of addition. 

Are the natural numbers closed under the operation of subtraction? If we subtract 
one natural number from another natural number, must the difference always be a natural 
number? The answer is no. For example, 3 — 5 = —2, and —2 is not a natural number. 
Therefore, the natural numbers are not closed under the operation of subtraction. 


Example iJ Closure of Sets 


Determine whether the set of whole numbers is closed under the operations of 
(a) multiplication and (b) division. 


a) If we multiply any two whole numbers, will the product always be a whole 
number? You may want to try multiplying several whole numbers. You will see 
that yes, the product of any two whole numbers is a whole number. Thus, the set 
of whole numbers is closed under the operation of multiplication. 


b) If we divide any two whole numbers, will the quotient always be a whole number? 
The answer is no. For example 1 + 2 = 7 and I is not a whole number. There- 
fore, the set of whole numbers is not closed under the operation of division. a 


Next we will discuss three important properties: the commutative property, the 
associative property, and the distributive property. A knowledge of these properties 
is essential for the understanding of algebra. We begin with the commutative 


property. 


Commutative Property 
Addition 
a+b=b+t+a 
for any real numbers a and b. 


Multiplication 
a-b=b:a 
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RECREATIONAL MATH 


© 2011 KenKen Puzzle LLC. 
www.kenken.com 


ike Sudoku and Kakuro (see the 

Recreational Mathematics boxes 
on page 97 and page 134), KenKen 
is a puzzle that requires logic. 
However, KenKen® also requires you 
to use arithmetic facts. To play 
KenKen®, fill in the blank squares 
with the digits 1 through the number 
of rows or columns contained in the 
puzzle. For example, the puzzle 
above has 4 rows and 4 columns; 
therefore, you fill in the blank 
squares with the digits 1 through 4. 
Like Sudoku, you are not allowed to 
repeat a digit in any row or column. 
The heavily outlined sets of squares 
are called cages. The numbers 
placed in each cage must combine, 
in any order, to produce the given 
number using the given mathemati- 
cal operation. For example, the cage 
in the upper left-hand corner of the 
puzzle above must contain two dig- 
its whose product is 8. The cage in 
the upper right-hand corner must 
contain two digits whose sum is 4. 
Cages with just one box should be 
filled in with the given number in the 
top corner. A number can be re- 
peated within a cage as long as it is 
not in the same row or column. For 
more information and more puzzles, 
see www.kenken.com. Complete 
the above puzzle. 

The solution to the above puzzle 
can be found in the answer section 
in the back of this book. For an 
additional puzzle, see Exercise 84 
on page 258. 

Note: KenKen® is a registered 
trademark of Nextoy, LLC. Puzzle 
content © 2011 KenKen Puzzle 
LLC. All rights reserved. 


The commutative property states that the order in which two numbers are added 
or multiplied is not important. For example, 4 +5 =5+4=9 and 3*6= 
6 - 3 = 18. Note that the commutative property does not hold for the operations of 
subtraction or division. For example, 


4—7 #7 —4 and 9 38a eo 


Now we introduce the associative property. 


Associative Property 
Addition 
(Ga DERG — aa. (Dec) 


for any real numbers a, b, and c. 


Multiplication 
(ab) eisai (bas7e) 


The associative property states that when adding or multiplying three real num- 
bers, we may place parentheses around any two adjacent numbers. The result is the 
same regardless of the placement of parentheses. For example, 


(34+44+5=34+(4+5) (6+4)-5=3-(-5) 
74+5=3+4+9 12-5 =3-20 
12 = 12 60 = 60 


The associative property does not hold for the operations of subtraction or division. 
For example, 


CO Oi aN oy) Sahivels (PP Oyee Ses 7) (OC) 343) 


Note the difference between the commutative property and the associative prop- 
erty. The commutative property involves a change in order, whereas the associative 
property involves a change in grouping (or the association of numbers that are 
grouped together). 

Another property of the real numbers is the distributive property of multiplica- 
tion over addition. 


Distributive Property of Multiplication Over Addition 
a-(b+c)=a:bt+a°c 
for any real numbers a, b, and c. 


For example, if a = 3, b = 4, and c = 5, then 


3-(4+5)=@G:4)+@-5) 
3-9=124 15 
Ao 


This result indicates that, when using the distributive property, you may either 
add first and then multiply or multiply first and then add. Note that the distributive 
property involves two operations, addition and multiplication. Although positive 
integers were used in the example, any real numbers could have been used. 

We frequently use the commutative, associative, and distributive properties 
without realizing that we are doing so. To add 13 + 4 + 6, we may add the 4 + 6 
first to get 10. To this sum we then add 13 to get 23. Here we have done the equiva- 
lent of placing parentheses around the 4 + 6. We can do so because of the associa- 
tive property of addition. 
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To multiply 102 X< 11 in our heads, we might multiply 100 x 11 = 1100 and 
2 X 11 = 22 and add these two products to get 1122. We are permitted to do so 
because of the distributive property. 


102 x 11 = (100 + 2) K 11 = (100 K 11) + 2 K 11) 


1100 + 22 = 1122 


Example (4 Identifying Properties of Real Numbers 


Name the property illustrated. 


A) BD s5 5) = S).ae 2 In) (Ge ae 33) eS) Ss a2 se (G) ae) 
c) 4°Gry)=(4:-3):y d) 9w + 3) =9-wt+9-3 
@) Ss(@ar =) + Gar 2B f) (2p) +5 = 5+ (2p) 


a) Commutative property of addition 

b) Associative property of addition 

c) Associative property of multiplication 

d) Distributive property of multiplication over addition 

e) The only change between the left and right sides of the equal sign is the order of 
the z and 3 within the parentheses. The order is changed from z + 3 to 3 + z 
using the commutative property of addition. 

f) The order of 5 and (2p) is changed by using the commutative property of 
multiplication. a 


Example Simplifying by Using the Distributive Property 


Simplify. 
a) 5(2+ V3) b) V7(4 + V2) 
a) 5(2 + V3) = (5-2) + (5+ V3) 
=10+5V3 
b) V7(4+ V2) = (V7-4) +.V7- V2 
= 4d W/14 
Note that V7+ 4is written 47 a 


Example 23 Distributive Property 
Use the distributive property to multiply 2(x + 5). Then simplify the result. 


Bei 2x + 5) =2-x+2°5 
= 2x + 10 = 


Example |e} Name the Property Used 


Name the property used to go from step to step when simplifying the expression. 
a) 3@ 4 2) bo — (Gait oi 2) 4-35 

i (6// a °) ea) 
b) = 3a + (6 + 5) 

= 3a + 11 


Se ee le 2 ee oe, - a GE ee ee ee er eee 3 
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a) In this step we rewrote 3(a + 2) as (3 > a + 3 + 2), which we then simplified to 
(3a + 6). This is an example of the distributive property. 


b) In this step we rewrote (3a + 6) + 5 as 3a + (6 + 5), which we then simpli- 


fied to (3a + 11). 


This is an example of the associative property of addition. a 


We summarize the properties mentioned in this section as follows, where a, b, 
and c are any real numbers. 


The Properties of Real Numbers 


Commutative property of addition 
Commutative property of multiplication 
Associative property of addition 
Associative property of multiplication 
Distributive property of multiplication 


over addition 


a+b Dena 
a‘b=b:a 
(GED) GG ats (Dic) 
(GME = AOD) 
a:(b+c)=a:b+a‘c 


SECTION 5.5 ‘ 
' Exercises 


Warm Up Exercises 


In Exercises 1-6, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


1. The union of the rational numbers and the irrational num- 
bers is the set of numbers. 


2. The symbol used to represent the set of real numbers 
is 


3. If an operation is performed on any two elements of a set 
and the result is still an element of the set, we say that the 
set is _________ under that given operation. 


4. The equation 2 + 3 = 3 + 2 demonstrates the 
property of addition. 


5. The equation 4 - 5 = 5 + 4 demonstrates the 
property of multiplication. 


6. The equation (2 + 3) + 4 = 2 + (3 + 4) demonstrates 
the ______ property of addition. 


7. The equation (5 + 6) * 7 = 5 + (6 + 7) demonstrates the 
property of multiplication. 


8. The equation 2 - (3 + 4) = 2+ 3 + 2+ 4 demonstrates 
the _______ property of multiplication over addition. 


Practice the Skills 


In Exercises 9—12, determine whether the natural numbers 
are closed under the given operation. 


9. Addition 10. Division 


11. Subtraction 12. Multiplication 


In Exercises 13-16, determine whether the integers are 
closed under the given operation. 


13. Division 14. Addition 


15. Multiplication 16. Subtraction 


In Exercises 17-20, determine whether the rational num- 
bers are closed under the given operation. 


17. Addition 18. Subtraction 


19. Division 20. Multiplication 


In Exercises 21—24, determine whether the irrational num- 


bers are closed under the given operation. 
21. Multiplication 22. Addition 


23. Subtraction 24. Division 


In Exercises 25-28, determine whether the real numbers 
are closed under the given operation. 


25. Addition 26. Subtraction 
27. Division 28. Multiplication 


29. Does (5 + x) + 6 = (x + 5) + 6 illustrate the commu- 
tative property or the associative property? Explain your 
answer. 


30. Does (x + 5) + 6 = x + (5 + 6) illustrate the commu- 
tative property or the associative property? Explain your 
answer. 


31. Give an example to show that the commutative property of 
addition may be true for the negative integers. 


32. Give an example to show that the commutative property of 
multiplication may be true for the negative integers. 


33. Does the commutative property hold for the integers under 
the operation of subtraction? Give an example to support 
your answer. 


34. Does the commutative property hold for the rational num- 
bers under the operation of division? Give an example to 
support your answer. 


35. Give an example to show that the associative property of 
addition may be true for the negative integers. 


36. Give an example to show that the associative property of 
multiplication may be true for the negative integers. 


37. Does the associative property hold for the integers under 
the operation of division? Give an example to support your 
answer. 


38. Does the associative property hold for the integers under 
the operation of subtraction? Give an example to support 
your answer. 


39. Does the associative property hold for the real numbers 
under the operation of division? Give an example to sup- 
port your answer. 


40. Does a + (b+ c) = (a + b)* (a + c)? Give an example 
to support your answer. 


In Exercises 41-52, state the name of the property 
illustrated. 


4153) 4-5) = 3 yy 4235 
42.6+7=7+6 
43. (7° 8)°9=7:° (8° 9) 
44Ne i ded os 


45. (24+ 7)+3= 24+ (7 + 3) 


50. 


51 
52 


In 
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~4°(11*x) =(4°11)°x 
LWR2 tS 7 a WB 


» 1a +4) = Dex +(-1)-4 
(rts)*t=(r+D+ (5° 
.rts)+t=tt+(r+s) 
gt(h+)=(ht+i-g 


Exercises 53-64, use the distributive property to multi- 


ply. Then, if possible, simplify the resulting expression. 


33, 
55 


Sih 


59 


61 
63 


In 


. 4(z 4, 1) 54. —l(a + b) 


3) 
‘ = 40 — 12) 56. —x(y 4 2) 


(3 +2) 58 24(= - 4) 
A ae aa ae: 


1 1 2 4 
i 32( tx = +) 60. 15(2x = *) 
Vv 20/8 = 72) 62. —3(2 — V3) 
2 V3) 64. V5(V15 — V20) 
Exercises 65—70, name the property used to go from 


step to step. You only need to name the properties 
indicated by an a), b), c), or d). For example, in 
Exercise 65, you need to supply an answer for part a), 
and an answer to go from the second step of part a) to 


part b). 
65.a) 44+ 1)+6=(4-x+4-1)+6 
= (4x + 4) + 6 
b) = 4x + (4+ 6) 
= 4x + 10 


66.a) 2(6 + 4) +1=(2-b+2°4) +1 


= (2b + 8)+ 1 


b) = 2b + (8 + 1) 
=2b+9 


G75a) el (Kaa ce2k sisi Facil) a 2k 


=((7k 42 7) + 2K 
b) = 7k + (7 + 2k) 
c) = 7k + (2k + 7) 
d) = (7k + 2k) +7 

=9k+7 
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68. a) 11(h + 6) + Sh = (11 +h + 11° 6) + Sh 
(11h + 66) + 5h 


Il 


b) = 11h + (66 + Sh) 
C) = 11h + (5h + 66) 
d) = (11h + 5h) + 66 


= 16h + 66 


69-'a) OF 26 -F 3) aa ft = Ort 2S) ieee 
=9' + Qi + 6) + 7 


b) ==) <2 (ar 2) ar We 

c) (9+ 6) = 26s ie 
= 15 + 9 

d) =9r+ 15 


70: a) 7 Se 4) oe 35) 7 Orit poe ees 
= 7 + Os + 20)435 


b) == ar (Cae 39) a2 35 

c) =(7 + 20) + 5s + 3s 
= 27 + 8s 

d) = 85 + 27 


In Exercises 71—74, determine whether the activity can be 
used to illustrate the commutative property. For the prop- 
erty to hold, the end result must be identical, regardless of 
the order in which the actions are performed. 


71. Feeding your cats and giving your cats water 


72. Putting your wallet in your back pocket and putting your 
keys in your front pocket 


73. Washing clothes and drying clothes 


74, Turning on a computer and typing a term paper on the 
computer 


In Exercises 75—80, determine whether the activity can be 
used to illustrate the associative property. For the property 
to hold, doing the first two actions followed by the third 


would produce the same end result as doing the second and 
third actions followed by the first. 


75. Putting batteries in your calculator, pressing the 
key, and pressing the | 7 | key 


76. Filling your car with gas, washing the windshield, and 
checking the tire pressure 


77. Sending a holiday card to your grandmother, sending one 
to your parents, and sending one to your teacher 


78. Mowing the lawn, trimming the bushes, and removing 
dead limbs from trees 


79. Brushing your teeth, washing your face, and combing your 
hair 


80. Cracking an egg, pouring out the egg, and cooking the 
egg 


Challenge Problems/Group Activities 


81. Describe two other activities that can be used to illustrate 
the commutative property (see Exercises 71—74). 


82. Describe three other activities that can be used to illustrate 
the associative property (see Exercises 75-80). 


83. Does 0 + a = a + 0 (assume a # 0)? Explain. 


Recreational Math 


84. KenKen Refer to the Recreational Mathematics box on 
page 254. Complete the following KenKen puzzle. 


85. a) Consider the three words man eating tiger. Does (man 
eating) tiger mean the same as man (eating tiger)? 


b) Does (horse riding) monkey mean the same as horse 
(riding monkey)? 


c) Can you find three other nonassociative word triples? 


Internet/Research Activity 


86. A set of numbers that was not discussed in this chapter is 
the set of complex numbers. Write a report on complex 
numbers. Include their relationship to the real numbers. 
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SECTION 5.6 


Rules of Exponents and Scientific Notation 


What is the current world population? What is the diameter of an atom? What is the 
diameter of a galaxy? What is the wavelength of an x-ray? What is the current national 
federal debt? All these questions have answers that may involve either very large 
numbers or very small numbers. One way to accurately represent such numbers is 
with scientific notation. In this section, we will study how to use scientific notation 
when answering questions such as those posed above. 


| Why us is Important Scientific notation is used in many fields of study, including eco- 
nomics, physics, chemistry, and astronomy. Items such as a hard drive's capacity, mea- 


sured in gigabytes, can also be represented using scientific notation. 


4 The diameter of an atom may be 
given in scientific notation. 


A n understanding of exponents is important in solving problems in algebra. In the 
expression 57, the 2 is referred to as the exponent and the 5 is referred to as the 
base. We read 5? as 5 to the second power, or 5 squared, which means 


5 = 5 +5 
easy 
2 factors of 5 


The number 5 to the third power, or 5 cubed, written 5° , Means 


52 = 5-5 +5 
dae ae 
3 factors of 5 
In general, the number b to the nth power, written b”, means 
be br bapa warn 


n factors of b 


Example §j§ Evaluating the Power of a Number 


Evaluate 
a) 5° by 3)? ec) 3 ee) se): 1000! 
a) 5? = 55 ='25 
DG) Gs) 3) = 
€) 3¢=3-3-3*3 = 81 
The number | multiplied by itself any number of times equals 1. 
e) 1000' = 1000 
Any number with an exponent of 1 equals the number itself. | 


Did You Know? 
A Very Large Number 


170,141,183,460,469,231,731,687,303,715,884,105,727 is a very large number. How would you read this number? Take a breath. 
170 undecillion, 141 decillion, 183 nonillion, 460 octillion, 469 septillion, 231 sextillion, 731 quintillion, 687 quadrillion, 303 trillion, 
715 billion, 884 million, 105 thousand, 727. 
Often numbers this large can be represented with an approximation involving scientific notation. This number, however, is a prime 
number, and its exact representation is very important. Mathematicians frequently represent such large numbers by using exponents. 
Here, another exact, and more efficient, representation of this number is 2'2” — 1. 
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Example J The Importance of Parentheses 


Evaluate. 
a) (-2)* +b) -2* =e) (-2P—— dc) —O 
a) (—2)* = (—2)(—2)(-2)(—2) = 4(-2)(-2) = —8(-2) = 16 
b) —2* means take the opposite of 2* or —1 + Des 
=o = =1*2 9222-2 ==1 +16 = =16 
€) (2 = GDE20E 22) 2) =4C 2-2) 2) = 8 22) 
= 16(—2) = —32 
d) -2 = -1-2 =-1+2+2-2+2-2=—-1:-32 = -32 = 


From Example 2, we can see that (—x)" # —x”, where n is an even natural 
number. 


Rules of Exponents 


Now that we know how to evaluate powers of numbers, we can discuss the rules of 
exponents. Consider 
PY ee SOE HO RD MI aS) 
— Se 


2factors 3 factors 


This example illustrates the product rule for exponents. 


Therefore, by using the product rule, OP DP ape 


Example |] Using the Product Rule for Exponents 
Use the product rule to simplify. 


a) 3° +32 b) Suse 
aes (92°! ais 4s 
by 5° 5° = 5! + 53 = 541625 a 
Consider 
P 2:9099°>2-2 
—= DDO I Oe 
Dis 2:2 


5 


Q 
Therefore, en 2-2 = 93. 
2 
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Example £3 Using the Quotient Rule for Exponents 
Use the quotient rule to simplify. 


ay 9 
23 » 3 
ei big 
a) rate tae ede a0 Dyes Seis aga a 


Consider 2? + 23. The quotient rule gives 


3 


2 8 
But ms Bees 1. Therefore, 2° must equal 1. This example illustrates the zero expo- 


nent rule. 


Note that 0° is not defined by the zero exponent rule. 


Example —§ The Zero Power 


Use the zero exponent rule to simplify. Assume x # 0. 
aya D (=?) sacle 2m dr(Sx)” | 2) 5x° 


a) 2 cece)? 2) ce) 29 = -1-29=-1-1=-1 
d) Gx) = 1 Ace Soe = Pps & : 


Consider 2? + 2°. The quotient rule yields 


= 93-5 = 2-2 


> 22-2 1 Ne 


il 
But 55 Tig Aigip a oem ay Since 55 equals both 2-7 and Be then 2~* must 


1 
equal aD This example illustrates the negative exponent rule. 


Example [ Using the Negative Exponent Rule 


Use the negative exponent rule to simplify. 
Alinta em 


Solution 


1 1 1 1 
feel aay ea pes IN ee 3d pee et 
Riparian: Besta, 
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Did You Know? 


Large and Small Numbers 


The diameter of a galaxy may be 1 X 10° 
light-years. 


The diameter of an atom 
may be 1 x 10°'~ meter. 


O ur everyday activities don’t 
require us to deal with quanti- 
ties much above those in the thou- 
sands: $9.95 for lunch, a 100-lap 
race, a $19,000 car loan, and so 
on. Yet as modern technology has 
developed, so has our ability to 
study all aspects of the universe we 
live in, from the very large to the 
very small. Modern technology can 
be used with the rules of exponents 
and scientific notation to study 
everything from the diameter of a 
galaxy to the diameter of an atom. 


Consider (23). 


(23)? == (23)(23) = 93+3 = 26 
This example illustrates the power rule for exponents. 


This ye = 


Example Q Evaluating a Power Raised to Another Power 

Use the power rule to simplify. 

VRC Pe 

a) Gry = 543 = 512 

b) Gey. = P95 = 710 a 


Scientific Notation 


Often scientific problems deal with very large and very small numbers. For example, 
the distance from Earth to the sun is about 93,000,000 miles. The wavelength of a 
yellow color of light is about 0.0000006 meter. Because working with many zeros is 
difficult, scientists developed a notation that expresses such numbers with exponents. 
For example, consider the distance from Earth to the sun, 93,000,000 miles. 


93,000,000 = 9.3 X 10,000,000 
= 9.3 x 10’ 


The wavelength of a yellow color of light is about 0.0000006 meter. 


0.0000006 = 6.0 X 0.0000001 
= 6.0 x 107 


The numbers 9.3 X 10’ and 6.0 X 10°’ are written in a form called scientific nota- 
tion. Each number written in scientific notation is written as a number greater than or 
equal to | and less than 10 multiplied by some power of 10. 

Some examples of numbers in scientific notation are 


3.7 10°, 2.05 10°, 5.6% 108, and 1.00 x 10° 
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Did You Know? The following is a procedure for writing a number in scientific notation. 


Catalan’s Conjecture 
areca 4210] 99) TO WRITE A NUMBER IN SCIENTIFIC NOTATION 


1. Move the decimal point in the original number to the right or left until you 
obtain a number greater than or equal to | and less than 10. 


2. Count the number of places you have moved the decimal point to obtain the 


number in Step 1. If the decimal point was moved to the left, the count is to be 
considered positive. If the decimal point was moved to the right, the count is to 
be considered negative. 


3. Multiply the number obtained in Step | by 10 raised to the count found in Step 
2. (Note that the count determined in Step 2 is the exponent on the base 10.) 


Eugéne Catalan Preda Mihailescu 


ce onsider all the squares of posi- 
tive integers: 


f a Ne ae = 8. Example EJ Converting from Decimal Notation to Scientific Notation 
Write each number in scientific notation. 

a) In 2010, the population of the United States was about 309,500,000. 

b) In 2010, the population of China was about 1,348,000,000. 

c) In 2010, the population of the world was about 6,828,000,000. 

d) The diameter of a hydrogen atom nucleus is about 0.0000000000011 millimeter. 


e) The wavelength of an x-ray is about 0.000000000492 meter. 


a) 309,500,000 = 3.095 x 10° 

b) 1,348,000,000 = 1.348 x 10° 

c) 6,828,000,000 = 6.828 x 10° 

d) 0.0000000000011 = 1.1 x 10°!” 

e) 0.000000000492 = 4.92 x 107!° a 


Now consider all the cubes of posi- 
tive integers: 

Cai P= se e2 =27, 
43 = 64, andsoon 


Next, consider all the fourth pow- 
ers of positive integers: 
21, 26, st si, 
4* =256, andsoon 


If we were to put all powers of the 
positive integers into one set, the 
set would begin as follows: {1, 4, 
879) 16, 25, 27, 32, 36,49) 647 enet: 
In 1844, Belgian mathematician 
Eugéne Catalan proposed that of 
all the numbers in this infinite set, 
only 8 and 9 are consecutive inte- 
gers. Although this conjecture was 
easily stated, the formal proof of it 
eluded mathematicians for more 
than 150 years. In April 2002, Preda 
Mihailescu, a Romanian-born math- 
ematician, announced that he had 
proved Catalan’s Conjecture. The 
study of mathematics involves many 
conjectures that are often easy to 
pose, but difficult to prove. For an- 
other example of such a conjecture, 
see the Mathematics Today box on 
page 505 regarding Fermat's Last 
Theorem. 


To convert from a number given in scientific notation to decimal notation, we 


reverse the procedure. 


PROCEDURE TO CHANGE A NUMBER IN SCIENTIFIC NOTATION 
TO DECIMAL NOTATION 


1. Observe the exponent on the 10. 


2. a) If the exponent is positive, move the decimal point in the number to the right 


the same number of places as the exponent. Adding zeros to the number might 

be necessary. 
b) If the exponent is negative, move the decimal point in the number to the 

left the same number of places as the exponent. Adding zeros might be 
Eugéne Catalan painting: Collec- necessary. 
tions artistiques de l'Université de 


Liege 


Example E) Converting from Scientific Notation to Decimal Notation 


Write each number in decimal notation. 

a) The average distance from Mars to the sun is about 1.4 10° miles. 
b) The half-life of uranium-235 is about 4.5 X 10° years. 

c) The average grain size in siltstone is about 1.35 x 10°? inch. 


d) A millimicron is a unit of measure used for very small distances. One millimi- 
cron is about 3.94 X 107° inch. 
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Profile In Mathematics — 


John Allen Paulos 


ohn Allen Paulos (1945-), a pro- 

fessor of mathematics at Temple 
University, has gained fame as a 
writer on a variety of mathematics- 
related topics. One of his best- 
known books, Innumeracy (1988), 
was an influential bestseller that dis- 
cussed the general lack of mathe- 
matical understanding by the gen- 
eral public. Other popular books by 
Paulos include Mathematics and 
Humor (1980), | Think Therefore | 
Laugh (1985), Beyond Numeracy 
(1991), A Mathematician Reads the 
Newspaper (1995), Once Upon a 
Number (1998), A Mathematician 
Plays the Market (2003), and 
Irreligion (2007). Paulos also writes 
the monthly column Who's Counting 
for ABC News (abcnews.go.com/ 
Technology/WhosCounting/), which 
addresses mathematical aspects of 
stories in the news. 


a) 1.4 x 10° = 140,000,000 

b) 4.5 X 10? = 4,500,000,000 

¢) 1.35 x 10° = 0.00135 

d) 3.94 x 10-8 = 0.0000000394 = 


In scientific journals and books, we occasionally see numbers like 10!> and 10°. 
We interpret these numbers as 1 X 10!° and 1 X 10°, respectively, when convert- 
ing the numbers to decimal form. 


Example {{@) Multiplying Numbers in Scientific Notation 


Multiply (2.1 < 10°)(9 X 10-7). Write the answer in scientific notation and in 
decimal notation. 


We begin by rewriting the product so that 2.1 and 9 are multiplied to- 
gether and the powers of 10 are multiplied together. 


1 X10\O"% 10—) = 1 1910? x 10) 
= 189 < 107 


1.89 X 10° Scientific notation 


lI 


1890 Decimal notation | 


Example {ij} Dividing Numbers Using Scientific Notation 


0.000000000048 
24,000,000,000 


Divide . Write the answer in scientific notation. 
First write each number in scientific notation. 


0.000000000048 _ 4.8 x 1071! _ (4)(45) 
24,000,000,000 2.4 x 10!” 2.4/\ 101° 


= 2.0 x 19 1) 
= 2.0 x 10-2! 


Scientific Notation on the Scientific Calculator 


One advantage of using scientific notation when working with very large and very 
small numbers is the ease with which you can perform operations. Performing these 
operations is even easier with the use of a scientific calculator. Most scientific calcu- 
lators have a scientific notation key labeled “Exp,” “EXP,” or “EE.” We will refer to 
the scientific notation key as [EXP]. The following keystrokes reading downward can 
be used to enter the number 4.3 X 10°. 


Keystroke(s) Calculator display 
4.3 4.3 
ee 
6 4.3% 


Your calculator may have some variations to the display shown here. The display 
4.3°° means 4.3 X 10°. We now will use our calculators to perform some computa- 
tions using scientific notation. 


MATHEMATICS TODAY 


What’s the Difference 


Between Debt and Deficit? 


A World War l-era poster encouraging invest- 


ment in U.S. government bonds 


W5 often hear economists and 
politicians talk about such 
things as revenue, expenditures, 
deficit, surplus, and national debt. 
Revenue is the money a govern- 
ment collects annually, mostly 
through taxes. Expenditures are the 
money a government spends annu- 
ally. If revenue exceeds expendi- 
tures, a surplus occurs; if expendi- 
tures exceed revenue, a deficit 
occurs for that year. The national 
debt is the total of all the budget 
deficits and (the few) surpluses en- 
countered by the U.S. federal gov- 
ernment for more than 200 years. 
As of June 18, 2010, the national 
debt was about $13.08 trillion or 
about $1.308 x 101°. This amount 
is owed to investors worldwide— 
perhaps including you—who own 
U.S. government bonds. 


This is Important Under- 
standing the financial structure of 
our government is an important 
part of understanding our demo- 
cratic system. The same principles 
discussed here also apply to our 
own finances. 
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Example Use Scientific Notation on a Calculator to Find a Product 


Multiply (4.3 x 10°)(2 x 107+) using a scientific calculator. Write the answer in 
decimal notation. 


Our sequence of keystrokes, reading downward, is as follows: 


Keystroke(s) Display 
43 43 
EXP 43% 
6 JM 
4300000 4.3 X 10° is now entered in the calculator. 
Most calculators will convert to decimal 
notation (if the display can show the 
number) 
2 D 
EXP Den 
4 De Enter the positive form of the exponent 
r= Dene Make the exponent negative" 
= 860. Press| = |to obtain the answer of 860! m 


Example Use Scientific Notation on a Calculator to Find a Quotient 


0.000000000048 
~ “24,000,000,000 
notation. 


Divid using a scientific calculator. Write the answer in scientific 


We first rewrite the numerator and denominator using scientific notation. 
See Example 11. 


4.8 x 1071! 
2.4 x 101° 


0.000000000048 
24,000,000,000 


Next we use a scientific calculator to perform the computation. The keystrokes are 


as follows: 
4.8 it [7] |=) 2.4 | EXP | 10,| =| 
The display on the calculator is 2, 7!, which means 2.0 X 10°7!. a 


Example |Z} U.S. Debt per Person 


On June 18, 2010, the U.S. Department of the Treasury estimated the U.S. federal 
debt to be about $13.08 trillion. On this same day, the U.S. Bureau of the Census 
estimated the U.S. population to be about 309.5 million people. Determine the aver- 
age debt, per person, by dividing the U.S. federal debt by the U.S. population. 


“Some calculators will require you to enter the negative sign before entering the exponent. 
‘Some calculators will display the answer in scientific notation. In this case, the display will show 8.6 °, 
which means 8.6 X 107 and equals 860. 
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We first write the numbers involved using decimal notation. We then 


convert them to scientific notation. 


13.08 trillion = 13,080,000,000,000 = 1.308 x 101% 
309.5 million = 309,500,000 = 3.095 x 108 


Now we divide 1.308 x 101° by 3.095 x 10°, using a scientific calculator. The 


keystrokes are 
1.308 13 [= ] 3.095 [Exp] 8 [= | 


The display then shows 42261.71244. This number indicates that on June 18, 2010, 
the U.S. government owed about $42,261.71 per man, woman, and child living in the 


United States. a 
SECTION 5.6 : 
see Exercises 
Warm Up Exercises Practice the Skills 
In Exercises 1-12, fill in the blanks with an appropriate In Exercises 13—40, evaluate the expression. Assume x # 0. 
word, phrase, or symbol(s). 
i ? 13.4) 34 b) 2? 
1. In the expression 2°, the 3 is known as the ? ; 
14. a) 2 b) 5 
2. In th i 2 21 
n the expression 2°, the 2 is known as the 15.a) (—5)2 by os 
35 Uhe product Xexe xe xs x can also be written as the 16. a) —3? b) (-3)2 
exponential expression 
17 ied b) (=2)" 
4, With the product rule for exponents, the expression x? + x 
Can bersimpliiied|to =e 18. a) (—3)* b) —3* 
7 
5. With the quotient rule for exponents, the expression af 19. a) —4° b) (-4) 
can be simplified to_______. ce 3 - 
20. a) (—2) be 2 
6. With the zero exponent rule, the expression 7° can be 1\2 1\2 
Simp lite dito) ees 21. a)— +) b (+) 
P a) € ia 
7. With the negative exponent rule, for x # 0, the expres- ie 1\3 
sion x > can be simplified to___. 22. a) — 2 b) Gen 
8. With the power rule for exponents, the expression (x°)> can ——- 23, a)_ 100! b) 110 
be simplified to ; 
24. a) 2012! bee 
9. When written in scientific notation, the number 2013 is 
25. a) 3°- 3? b) (-3)? + (-3) 
Bir Oe) 0 (= 
10. When written in scientific notation, the number 0.0034 is 26. a) 2° °2 b) (2) + (~2) 
5! =o). 
27. a) Fi b) ‘ - 
11. When written in decimal notation, the number : ( é 
pois 4 —4 
SS Xl Ons aes oe 28 tna b) 3) 
4 (—4¥ 


12. When written in decimal notation, the number ‘ ; 
VIG X10 ig. eS 29. a) 6 b) =6 


30. a) (—6)° b) —(-6)° 
31. a) (6x)° b) 6x° 
32. a) —6x° b) (—6x)° 
33. a) 33 b) 72 
34, a) 5! b) 24 
35a) oe b) (9)? 
36. a) 5% b) (—5)? 
37. a) (27)° b) (2°)? 

1 273 1 213 
sea) wits) 
39.a) 44-47 b)i2r? -272. 


40. a) (=5)*(=5) 7. b) GDP EDP 


In Exercises 41—52, express the number in scientific notation. 


41. 415,000 42. 923,000,000 
43. 0.00275 44. 0.000034 

45. 0.56 46. 0.00467 

47. 19,000 48. 1,260,000,000 
49. 0.000186 50. 0.0003 

51. 0.00000423 52. 54,000 


In Exercises 53-62, express the number in decimal notation. 


53. 4.2 x 107 54. 3.9 X 10° 


55. 1.32 X 102 56. 4.003 X 10’ 


57. 8.62 X 10> 58. 2.19 x 10+ 


59. 3.12 x 10°! 60. 4.6 x 10! 


61.9 x 10° 62. 7.3 x 104 

In Exercises 63-72, (a) perform the indicated operation 
without the use of a calculator and express each answer in 
decimal notation. (b) Confirm your answer from part (a) 
by using a scientific calculator to perform the operations. 
If the calculator displays the answer in scientific notation, 


convert the answer to decimal notation. 
63. (2 X 103)(3.1 X 102) 64. (4.9 x 104)(2 X 10°) 


65. (5.1 X 1043 X 10%) 66. (1.6 X 10°*)(4 X 10°) 


i homeo fs = 5 en 
eee alis “4x 10° 
bs 8.4 X 10° ’ 25 x 10" 
ba 10° 5 10 
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16 X 10° 
ex IO 


4 xX 10° 
“2x 10" 


In Exercises 73—82, (a) perform the indicated operation 
without the use of a calculator and express each answer in 
scientific notation. (b) Confirm your answer from part (a) 
by using a scientific calculator to perform the operations. 
If the calculator displays the answer in decimal notation, 
convert the answer to scientific notation. 


73. (1,000,000)(230,000) 
74. (2,000,000)(0.00025) 
75. (0.003)(0.00015) 
76. (230,000)(3000) 


77. 5,600,000 78. 28,000 
80,000 0.004 
0.00004 0.0012 
: 80. 
2 200 0.000006 
150,000 24,000 
0 : up 
a 0.0005 : 8,000,000 


Problem Solving 


In Exercises 83-86, list the numbers from smallest to largest. 
83. 1.03 X 10*; 1.7; 3.6 X 1073; 9.8 x 107 

$4.:8:5 X07 7812 26 10F; 1,30. 109: 62) 10% 

85. 40,000; 4.1 x 10°; 0.00079; 8.3 x 10> 

86. 267,000,000; 3.14 x 107; 1,962,000; 4.79 x 10° 


In Exercises 87-97, you may use a scientific calculator to 
perform the necessary operations. 


87. U.S. Debt per Person: 2006 Versus 2010 In Example 14 
on page 265, the U.S. government debt was discussed. It was 
found that the debt in 2010 was about $42,261.71 per person. 
In 2006, the U.S. government debt was about $8.38 trillion, 
and the population of the United States was about 299 million. 


a) Determine the amount of debt per person in 2006. 


b) How much more per person did the U.S. government 
owe in 2010 than in 2006? 


88. United Kingdom Debt per Person In 2010, the United 
Kingdom’s government had a debt of about £923 billion 
(the pound, symbolized, £, is the United Kingdom’s unit of 
currency). The United Kingdom’s population in 2010 was 
about 62.8 million. 


a) Determine the amount of debt per person in 2010 for 
the United Kingdom. 


b) In 2010, £1 was worth about $1.50. Convert the amount 
found in part (a) to dollars. 
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U.S. Population In June 2010, the population of the 
United States was about 309.5 million people, and the 
population of the world was about 6.830 billion people. 
Determine the ratio of the U.S. population to the world’s 
population by dividing the U.S. population by the world’s 
population. Write your answer as a decimal number and 
round to the nearest thousandth. 


China’s Population In June 2010, the population of 
China was about 1.319 billion people, and the population 
of the world was about 6.830 billion people. Determine 
the ratio of China’s population to the world’s population 
by dividing China’s population by the world’s population. 
Write your answer as a decimal number and round to the 
nearest thousandth. 


New York Population Density In June 2010, the 
population of the metropolitan New York area was 
about 17,800,000 people, and the area was about 8683 
square kilometers. Determine the metropolitan New 
York population density by dividing the population by 
the area. 


Mumbai Population Density In June 2010, the popula- 
tion of the metropolitan Mumbai, India, area was about 
14,350,000 people, and the area was about 484 square ki- 
lometers. Determine the metropolitan Mumbai population 
density by dividing the population by the area. 


Gross Domestic Product The gross domestic product 
(GDP) of a country is the total national output of goods 
and services produced within that country. In 2009, the 
GDP of the United States was about $14.3 trillion, and 
the U.S. population was about 308 million people. Deter- 
mine the U.S. GDP per person by dividing the GDP by 
the population. Round your answer to the nearest whole 
dollar. 


China’s GDP In 2009, the GDP (see Exercise 93) of 
China was about $4.91 trillion, and the population of 
China was about 1.335 billion people. Determine China’s 
GDP per person by dividing the GDP by the population. 
Round your answer to the nearest whole dollar. 


Traveling to the Moon The distance from Earth to the 
moon is approximately 239,000 mi. If a spacecraft travels 
at a speed of 20,000 mph, how many hours would the 
spacecraft need to travel from Earth to the moon? Use 
distance = rate X time. 


& The Moon 


96. 


ile 


98. 


99, 


Traveling to Jupiter The distance from Earth to the planet 
Jupiter is approximately 4.5 Xx 10° mi. If a spacecraft 
traveled at a speed of 25,000 mph, how many hours would 
the spacecraft need to travel from Earth to Jupiter? Use 
distance = rate X time. 


Traveling to Proxima Centauri The star closest in 
distance to our own sun is Proxima Centauri. The dis- 
tance from Earth to Proxima Centauri is approximately 
2.5 X 10? miles. If a spacecraft travels at a speed of 
20,000 mph, how many hours would the spacecraft 
need to travel to Proxima Centauri? Use distance 

= rate X time and write your answer in scientific 
notation. 


Computer Speed As of June 22, 2010, the fastest com- 
puter in the world was the Cray Jaguar located at Oak 
Ridge National Laboratory. This computer is capable of 
performing about 1.75 quadrillion (1.75 x 10!°) calcula- 
tions per second. At this rate, how long would it take to 
perform a task requiring 7.6 X 10° calculations? Write 
your answer in scientific notation. 


A The Cray Jaguar computer 


1950 Niagara Treaty The 1950 Niagara Treaty between 
the United States and Canada requires that during the 
tourist season a minimum of 100,000 cubic feet of water 
per second (ft?/sec) flow over Niagara Falls (another 
130,000—160,000 ft?/sec are diverted for power genera- 
tion). Find the minimum amount of water that will flow 
over the falls in a 24-hour period during the tourist season. 
Write your answer in scientific notation. 


4 Niagara Falls 


100. 


101. 


102. 


103. 


104. 


Bucket Full of Molecules A drop of water contains about 
40 billion molecules. If a bucket has half a million drops of 
water in it, how many molecules of water are in the bucket? 
Write your answer in scientific notation. 


Blood Cells in a Cubic Millimeter If a cubic millimeter 
of blood contains 5,800,000 red blood cells, how many red 
blood cells are contained in 50 cubic millimeters of blood? 
Write your answer in scientific notation. 


Radioactive Isotopes The half-life of a radioactive 
isotope is the time required for half the quantity of the 
isotope to decompose. The half-life of uranium-238 is 
4.5 X 10° years, and the half-life of uranium-234 is 

2.5 X 10° years. How many times greater is the half-life 
of uranium-238 than uranium-234? 


Mutual Fund Manager Lauri Mackey is the fund man- 
ager for the Mackey Mutual Fund. This mutual fund has 
total assets of $1.2 billion. Lauri wants to maintain the 
investments in this fund according to the following pie 
chart. 

International 


stocks 
10% 


Cash 


a) How much of the $1.2 billion should be invested in 
U.S. stocks? 


b) How much should be invested in government bonds? 
c) How much should be invested in international stocks? 
d) How much should remain in cash? 


Another Mutual Fund Manager Susan Dratch is the 
fund manager for the Dratch Mutual Fund. This mutual 
fund has total assets of $3.4 billion. Susan wants to main- 
tain the investments in this fund according to the follow- 
ing pie chart. 


International 


105. 


106. 


107. 
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a) How much of the $3.4 billion should be invested in 
U.S. stocks? 


b) How much should be invested in government bonds? 
c) How much should be invested in international stocks? 
d) How much should remain in cash? 


Metric System Comparison In the metric system, 
1 meter = 10° millimeters. How many times greater is a 
meter than a millimeter? 


Milligrams and Kilograms In the metric system, 

1 gram = 10° milligrams and 1 gram = 10° kilogram. 
What is the relationship between milligrams and kilo- 
grams? 


Earth to Sun Comparison The mass of the sun is ap- 
proximately 2 X 10°° kilograms, and the mass of Earth 
is approximately 6 X 107* kilograms. How many times 
greater is the mass of the sun than the mass of Earth? 
Write your answer in decimal notation. 


Challenge Problems/Group Activities 


108. 


109. 


110. 


Comparing a Million to a Billion Many people have 
no idea of the difference in size between a million 
(1,000,000), a billion (1,000,000,000), and a trillion 
(1,000,000,000,000). 


a) Write a million, a billion, and a trillion in scientific 
notation. 


b) Determine how long it would take to spend one 
million dollars if you spent $1000 a day. 


c) Repeat part (b) for one billion dollars. 
d) Repeat part (b) for one trillion dollars. 


e) How many times greater is one billion dollars than 
one million dollars? 


Speed of Light 


a) Light travels at a speed of 1.86 X 10° mi/sec. A light- 
year 1s the distance that light travels in | year. Deter- 
mine the number of miles in a light-year. 


b) Earth is approximately 93,000,000 mi from the sun. 
How long does it take light from the sun to reach 
Earth? 


Bacteria in a Culture The exponential function 
E(t) = p10 srgt approximates the number of bacteria in a 
certain culture after ¢ hours. 


a) The initial number of bacteria is determined when 
t = 0. What is the initial number of bacteria? 


b) How many bacteria are there after 4 hour? 
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Internet/Research Activities 


111. Obtain data from the U.S. Department of the Treasury 
and from the U.S. Bureau of the Census Internet Web 
sites to calculate the current U.S. government debt per 113 
person. Write a report in which you compare your figure 
with those obtained in Exercise 87 and Example 14. In- 
clude in your report definitions of the following terms: 


112. John Allen Paulos Read the Profiles in Mathematics 
box on page 264. Read one of Paulos’s books and write a 
500-word report on it. 


. Find an article in a newspaper or magazine that contains 
scientific notation. Write a paragraph explaining how 
scientific notation was used. Attach a copy of the article 
to your report. 


revenues, expenditures, deficit, and surplus. 


SECTION 5.7 Arithmetic and Geometric Sequences 


& The modern study of diseases 
involves the use of mathematics to 
predict the size of bacteria popula- 
tions. 


Under optimal laboratory conditions, the number of Escherichia coli (E. coli) bacteria 
will double every 17 minutes. If an experiment conducted under optimal conditions 
begins with 100 bacteria, how many bacteria will be present after 24 hours? Ques- 
tions such as these are important to the modern study of diseases. In this section, we 
will study such questions by using lists of numbers known as sequences. 


| Why Wis is Important Sequences are used throughout many branches of mathematics 
to model real-life phenomena, such as population growth, disease control, and the infla- 


tion rates of currencies. 


N ow that you can recognize the various sets of real numbers and know how to add, 
subtract, multiply, and divide real numbers, we can discuss sequences. A sequence 
is a list of numbers that are related to each other by a rule. The numbers that form the 
sequence are called its ferms. If your salary increases or decreases by a fixed amount 
over a period of time, the listing of the amounts, over time, would form an arithmetic 
sequence. When interest in a savings account is compounded at regular intervals, the 
listing of the amounts in the account over time will be a geometric sequence. 


Arithmetic Sequences 


A sequence in which each term after the first term differs from the preceding term by 
a constant amount is called an arithmetic sequence. The amount by which each pair 
of successive terms differs is called the common difference, d. The common differ- 
ence can be found by subtracting any term from the term that directly follows it. 


Examples of arithmetic sequences Common differences 
lay OSS Wie ose d=5-1=4 
Sc ee dS (= 2 
363 1 3 p) 


Sige eg eee inno ai 
Deere ey area ee 


Profile in Mathemat. 


Carl Friedrich Gauss 


arl Friedrich Gauss (1777- 

1855), often called the “Prince 
of Mathematicians,” made signifi- 
cant contributions to the fields of 
algebra, geometry, and number 
theory. Gauss was only 22 years old 
when he proved the fundamental 
theorem of algebra for his doctoral 
dissertation. 

When Gauss was only 10, his 
mathematics teacher gave him the 
problem of finding the sum of the 
first 100 natural numbers, thinking 
that this task would keep Gauss 
busy for a while. Gauss recognized 
a pattern in the sequence of num- 
bers when he considered the sum 
of the following numbers. 


fe 2D ee See a BOO 100 
100+ 99+ 98+ -": + 2+ 1 
101 + 101 + 101 + --- + 101 + 101 


He had the required answer in no 
time at all. When he added, he had 
one hundred 101’s. Therefore, the 
sum of the first 100 natural num- 
bers is 3(100)(101) = 5050. 
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Example The First Five Terms of an Arithmetic Sequence 


Write the first five terms of the arithmetic sequence with first term 3 and a common 
difference of 7. 


The first term is 3. The second term is 3 + 7, or 10. The third term is 
10 + 7, or 17. The fourth term is 17 + 7, or 24. The fifth term is 24 + 7, or 31. 
Thus, the first five terms of the arithmetic sequence are 3, 10, 17, 24, 31. a 


Example An Arithmetic Sequence with a Negative Difference 


Write the first five terms of the arithmetic sequence with first term 9 and a common 
difference of —4. 


The first five terms of the sequence are 
Des lS, 7) S 
When discussing a sequence, we often represent the first term as a; (read “a sub 
1”), the second term as ap, the fifteenth term as a;5, and so on. We use the notation 
a, to represent the general or nth term of a sequence. Thus, a sequence may be sym- 
bolized as 


aj, a2, a3, a4, sees Any snaits! 


For example, in the sequence 2, 5, 8, 11, 14, ..., we have 


ay 2,a, = 5, a3 = 8,44 = 11, as = 14,.... 


The following formula can be used to determine the nth term of an arithmetic 
sequence. 


General or nth Term of an Arithmetic Sequence 
For an arithmetic sequence with first term a, and common difference d, the 
general or nth term can be found using the following formula. 


j irene — Ld 


Example Determining the Twelfth Term of an Arithmetic Sequence 


Determine the twelfth term of the arithmetic sequence whose first term is —5 and 
whose common difference is 3. 


To determine the twelfth term, or aj, replace n in the formula with 12, a, 
with —5, and d with 3. 


An = a, + (n — l)d 
Qin =o + (12 — 13 
= —5 + (11)3 
= +33 

= 28 


The twelfth term is 28. As a check, we have listed the first 12 terms of the 
SCQUCUCCH =o) en eral OLS MOON 2225520. a 
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Example 9 Determining an Expression for the nth Term 
Write an expression for the general or nth term, a, for the sequence 1, 6, 11, 16,.... 


In this sequence, the first term, a1, is 1 and the common difference, d, 
is 5. We substitute these values into a, = a; + (n — 1)d to obtain an expression 
for the nth term, a,. 
An, = a, + (n — I)d 
=a )5 


The expression is a, = 5n — 4. Note that when n = 1, the first term is 
5(1) — 4 = 1. When n = 2, the second term is 5(2)—4 = 6, and so on. | 


We can use the following formula to find the sum of the first n terms in an 
arithmetic sequence. 


Sum of the First n Terms in an Arithmetic Sequence 

The sum of the first n terms of an arithmetic sequence can be found with the fol- 

lowing formula where a, represents the first term and a, represents the nth term. 
_ nay + Ay) 


Sy 5) 


In this formula, s, represents the sum of the first n terms, a is the first term, a, is 
the nth term, and n is the number of terms in the sequence from a, to dp. 


Example [ey Determining the Sum of an Arithmetic Sequence 
Determine the sum of the first 25 even natural numbers. 
The sequence we are discussing is 

2, 4, 6, 8, 10,..., 50 


In this arithmetic sequence the first term is 2, the 25th term is 50, and there are 
25 terms; therefore, aj = 2,a95 = 50, and n = 25. Thus, the sum of the first 25 
terms is 


¥. na, + ay) 

Pie Ga 

25(2 -F 50) 
2 


me 25(52) 


S25 sae 


= 650 
The sum of the first 25 even natural numbers, 2 + 4 + 6 + 8+°°:+50,is650. m 


Geometric Sequences 


The next type of sequence we will discuss is the geometric sequence. A geometric 
sequence is one in which the ratio of any term to the term that directly precedes it 


x 
2a 


Did You Know? 


A Heavenly Sequence 


he sequence 0, 3, 6, 12, 24, 48, 

96, 192,..., which resembles 
a geometric sequence, is known 
collectively as the Titius—Bode law. 
The sequence, discovered in 1766 
by two German astronomers, was 
of great importance to astronomy 
in the eighteenth and nineteenth 
centuries. When 4 was added to 
each term and the result was di- 
vided by 10, the sequence closely 
corresponded with the observed 
mean distance from the sun to 
the known principal planets of 
the solar system (in astronomical 
units, or au): Mercury (0.4), Venus 
(0.7), Earth (1.0), Mars (1.6), miss- 
ing planet (2.8), Jupiter (5.2), Sat- 
urn (10.0), missing planet (19.6). 
The exciting discovery of Uranus 
in 1781 with a mean distance of 
19.2 astronomical units was in near 
agreement with the Titius-Bode 
law and stimulated the search for 
an undiscovered planet at a pre- 
dicted 2.8 astronomical units. This 
effort led to the discovery of Ceres 
and other members of the asteroid 
belt. Although the Titius-Bode law 
broke down after the discovery of 
Neptune (30.1 au) many scientists 
still believe that other applications 
of the Titius-Bode law will emerge 
in the future. 
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is a constant. This constant is called the common ratio. The common ratio, r, can 
be found by taking any term except the first and dividing that term by the preced- 
ing term. 


Common ratios 
r=4>2=2) r=8 > 4=2: ... 
ie NP) OS ee 


Examples of geometric sequences 


Das Ss NOs S2h eer 


=3;,.6,,—12; 24, —48,... 


w2 19 
Nome) 


Sie 
er 


L 


To construct a geometric sequence when the first term, a,, and common ratio, r, are 
known, multiply the first term by the common ratio to get the second term. Then mul- 
tiply the second term by the common ratio to get the third term, and so on. 


Example [ The First Five Terms of a Geometric Sequence 


Write the first five terms of the geometric sequence whose first term, a,, is 5 and 
whose common ratio, 7, is 2. 


The first term is 5. The second term, found by multiplying the first term 
by 2, is 5 + 2, or 10. The third term is 10 + 2, or 20. The fourth term is 20 + 2, 

or 40. The fifth term is 40 + 2, or 80. Thus, the first five terms of the geometric 
sequence are 5, 10, 20, 40, 80. al 


The following formula can be used to determine the nth term of a geometric sequence. 


General or nth Term of a Geometric Sequence 
For a geometric sequence with first term a, and common ratio r, the general or nth 
term can be found using the following formula. 


An = ay ret 
Example Determining the Twelfth Term of a Geometric Sequence 


Determine the twelfth term of the geometric sequence whose first term is —4 and 
whose common ratio is 2. 


In this sequence, aj = —4,r = 2, and n = 12. Substituting the values 
into the formula, we obtain 


Oni ae 
ayy = —4+ 2127! 
= —4. I 
= —4+ 2048 

= —8192 


As a check, we have listed the first twelve terms of the sequence: 


Ae On LOR oe O46 on 250. Oil 2. 024, 2048, =4096, —8192. = 
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RECREATIONAL MATH 


The Martingale System 


he Martingale system is a strat- 

egy used by gamblers to deter- 
mine the amount to bet while 
playing multiple rounds of a game 
of chance. The strategy requires 
the player to consistently bet a 
standard amount following a win 
and to double the previous bet fol- 
lowing a loss. The underlying prin- 
ciple is that the first win will recover 
all the previous losses, thus ensur- 
ing that the player does not lose 
money in the long run. Let’s use a 
standard bet of $1 as an example. 
In the first round, the player bets 
$1. If the player wins, the bet in the 
second round remains $1. If the 
player loses, the bet in the second 
round doubles to $2. Next, if the 
player wins in the second round, 
the bet in the third round returns to 
$1; however, if the player loses in 
the second round, the bet in the 
third round doubles to $4. The sys- 
tem continues with the player 
betting $1 following a win, and 
doubling the previous bet follow- 
ing a loss. Although the strategy 
may work in the short term, a 
player may have difficulty doubling 
the bet after several consecutive 
losses. Casinos generally place a 
maximum on the amount a person 
can bet. Exercise 90 on page 277 
demonstrates why the Martingale 
system is a risky wagering strategy. 


Example FE] Determining an Expression for the nth Term 


Write an expression for the general or nth term, a,, of the sequence 2, 6, 18, 54,.... 


In this sequence, the first term is 2, so a; = 2. Note that $ = 3, so r = 3. 
We substitute a; = 2 and r = 3 into a, = a,r" ! to obtain an expression for the 


nth term, da). 
a, = ar 
= DEN e 
The expression is a, = 2(3)"" |. Note that when n = 1, a, = ee = 2(1) = 2. 
When n = 2, ad = 2(3)! = 6, and so on. a 


The following formula can be used to determine the sum of the first n terms of a 
geometric sequence. 


Sum of the First n Terms of a Geometric Sequence 
The sum of the first n terms of a geometric sequence can be found with the following 
formula where a, represents the first term and r represents the common ratio. 
Gi (ees 
Sp = geese , rl 
ear 
Example [§] Determining the Sum of a Geometric Sequence 


Determine the sum of the first five terms in the geometric sequence whose first 
term is 4 and whose common ratio is 2. 


In this sequence, a, = 4, r = 2, and n = 5. Substituting these values 
into the formula, we get 


a (ai(h = 7) 
ee l-r 
4{1 — 2)) 
ame per 
AG 32) 
=| 
Ai — 
= = va = = 124 


The sum of the first five terms of the sequence is 124. The first five terms of the 
sequence are 4, 8, 16, 32, 64. If you add these five numbers, you will obtain the 
sum 124. a 


Example iI) Pounds and Pounds of Silver 


As a reward for saving his kingdom from a band of thieves, a king offered a knight 
one of two options. The knight’s first option was to be paid 100,000 pounds of silver 
all at once. The second option was to be paid over the course of a month. On the first 
day, he would receive one pound of silver. On the second day, he would receive two 
pounds of silver. On the third day, he would receive four pounds of silver, and so 

on, each day receiving double the amount given on the previous day. Assuming the 
month has 30 days, which option would provide the knight with more silver? 


The first option pays the knight 100,000 pounds of silver. The second op- 
tion pays according to the geometric sequence 1, 2, 4, 8, 16,.... In this sequence, 
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a; = 1,r = 2, and n = 30. The sum of this sequence can be found by substituting 
these values into the formula to obtain 
otal 778) 
Pah ad or 
PACS) 
530 ~ iso, 
1 — 1,073,741,824 
“ -1 
—1,073,741,823 
al 


Il 


1,073,741,823 


Thus, the knight would get 1,073,741,823 pounds of silver with the second option. 
Compared with the first option, the second would result in an additional 1,073,641,823 


pounds of silver. a 
SECTION 5.7 ; 
Exercises 
Warm Up Exercises 16. Determine a, when a; = 12,d = —2. 
In Exercises 1—6, fill in the blanks with an appropriate 17. Determine a,, when a; = —20, d = 5. 
word, phrase, or symbol(s). 
18. Determine aj, when a; = 7,d = —3. 


1. A list of numbers that are related to each other by a rule is : 4 
called a(n) 19. Determine dog when a; = 5,d = —1. 


: 2 
2. The numbers that form a sequence are called its 20. Determine aj4 when a; = 3,d = 3. 


F * eS 
3. A sequence in which each term differs from the preceding 21. Determine aj) when a; = —23, d = 7. 
term by a constant amount is called a(n) ______ sequence. 


| 
ees 
QQ 
II 
ah 


22. Determine a;5 when a, = 
4. The amount by which each pair of successive terms differ in 
an arithmetic sequence is called the common ______. In Exercises 23-30, write an expression for the general or 


5. A sequence in which the ratio of any term to the term that nth term, dn, for the arithmetic sequence. 


directly precedes it is a constant is called a(n) 


DEP Shr hae DATS linear 
sequence. 

6. The constant found by dividing any term in a geometric 25. 2,4, 6, 8,... 26. 3, 6, 9, 12, ... 
sequence by the term that directly precedes it is called the 27. 2,6, 10, 14... 28. -7, -2,3,8.... 
common 

29. —3, -3,0,3.... 30. —5, —2, 1, 4,... 


Practice the Skills 


In Exercises 7-14, write the first five terms of the arithmetic _ In Exercises 31-38, determine the sum of the terms of the 


sequence with the first term, ay, and common difference, d. arithmetic sequence. The number of terms, n, is given. 
7. a, = 3,d=2 8. a, = 0,d = 3 3121, 25.8, 4... 5050 = 50 

9a = 6,d=—=5 i.e =—11a = 5 32. 2,4,6,8,..., 100:n = 50 

1. a, =5,d = =2 12. a; = -3,d = —4 331) 3,527, -:..99:n = 50 

B.a,= 3d =. 14. a, =3,d= -3 34, 1, 4,7, 10,...,100;n = 34 


5 LOL NOES 00; = 15 


ises 15-22, determine the indicated term for the 
peat 36. 100, 90, 80, 70, ...,—60;n = 17 


arithmetic sequence with the first term, a,, and common 


ee 1 2s oh Oe 
difference, d. 37. 5,5 5) §> «+> SN = 24 


15. Determine a, when a, = 3,d = 1. 38. —}, 5-4, On w. (eel 
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In Exercises 39-46, write the first five terms of the geomet- 
ric sequence with the first term, a;, and common ratio, r. 


39.4, = 1,7 =3 40. a, = 3,7 =1 
41. a =5,r=2 42. a, = 8,r=4 
B32 2 =a, et) 44. a, = —6,r = —2 


45. a, = 81,r = -} 46.a,=18r=5 


| 


In Exercises 47-54, determine the indicated term for the geo- 
metric sequence with the first term, a;, and common ratio, r. 


47. Determine a; when a; = 7,r = 2. 


48. Determine a; when a, = 2,r = 3. 


49. Determine a3 when a; = 3,r = 7 

50. Determine a7 when a, = —3,r = —3 
51. Determine a7 when a; = —5,r = 3 
52. Determine ag when a, = 7 r= +2 
53. Determine aig when a; = —2,r = 

54. Determine ajg when a; = —5,r = —2 


In Exercises 55—62, write an expression for the general or 
nth term, ay, for the geometric sequence. 


55; 5,25; 125, 625... 56; 1,5, 25)aaseace. 
S17 ae ee, 58. —16, -8, —4, -2,... 
59. 2,1,3,1. 60. —3, 6, —12, 24,... 

61. 9,3, 1,4,4,. 62. —4, -§, 18, -33, ... 


In Exercises 63—70, determine the sum of the first n terms 
of the geometric sequence for the values of a, and r. 


635 = 16; a) =) 3,7 2 
6457 — aa 
65.7 —= 6.4) — sen 4 
66. n = 9,a; = -3,r= 


67. n = ll,a; = -—7,r= 


68. 1 


69. n = 15,a,; = —-l,r = —2 


70. n = 10, a, = 512,r = 


Ni 


Problem Solving 


71. Determine the sum of the first 100 natural numbers. 


72. Determine the sum of the first 100 odd natural numbers. 


73. Determine the sum of the first 100 even natural numbers. 
74. Determine the sum of the first 50 multiples of 3. 


75. Pendulum Movement Each swing of a pendulum (from 
far left to far right) is 3 in. shorter than the preceding 
swing. The first swing is 8 ft. 


a) Find the length of the twelfth swing. 


b) Determine the total distance traveled by the pendulum 
during the first 12 swings. 


76. Clock Strikes A clock strikes once at 1 o’clock, twice at 
2 o’clock, three times at 3 o’clock, and so on. How many 
times does it strike over a 12-hr period? 


77. Annual Pay Raises Rita Fernandez is given a starting sal- 
ary of $35,000 and promised a $1400 raise per year after 
each of the next 8 years. 


a) Determine her salary during her eighth year of work. 
b) Determine the total salary she received over the 8 years. 


78. A Bouncing Ball Each time a ball bounces, the height 
attained by the ball is 6 in. less than the previous height 
attained. If on the first bounce the ball reaches a height of 
6 ft, find the height attained on the eleventh bounce. 


79. Enrollment Increase The current enrollment at Loras 
College is 8000 students. If the enrollment increases by 
8% per year, determine the enrollment 10 years later. 


80. 


81. 


82. 


83. 


84. 


Samurai Sword Construction While making a traditional 
Japanese samurai sword, the master sword maker prepares 
the blade by heating a bar of iron until it is white hot. He 
then folds it over and pounds it smooth. Therefore, after 
each folding, the number of layers of steel is doubled. As- 
suming the sword maker starts with a bar of one layer and 
folds it 15 times, how many layers of steel will the fin- 
ished sword contain? 


Salary Increase If your salary were to increase at a rate of 
6% per year, find your salary during your 15th year if your 
original salary is $31,000. 


A Bouncing Ball When dropped, a ball rebounds to four- 
fifths of its original height. How high will the ball rebound 
after the fourth bounce if it is dropped from a height of 30 ft? 


Value of a Stock Ten years ago, Nancy Hart purchased 
$2000 worth of shares in RCF, Inc. Since then, the price of 
the stock has roughly tripled every 2 years. Approximately 
how much are Nancy’s shares worth today? 


A Baseball Game During a baseball game, the visiting 
team scored | run in the first inning, 2 runs in the second 
inning, 3 runs in the third inning, 4 runs in the fourth in- 
ning, and so on. The home team scored | run in the first 
inning, 2 runs in the second inning, 4 runs in the third in- 
ning, 8 runs in the fourth inning, and so on. What is the 
score of the game after eight innings? 


Challenge Problems/Group Activities 


85. 
86. 


A geometric sequence has a; = 82 and r = 5. find s¢. 


Sums of Interior Angles The sums of the interior angles 
of a triangle, a quadrilateral, a pentagon, and a hexagon 
are 180°, 360°, 540°, and 720°, respectively. Use this 
pattern to find a formula for the general term, a, where 
a, represents the sum of the interior angles of an n-sided 


polygon. 


87. 


88. 


89. 
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Divisibility by 6 Determine how many numbers between 7 
and 1610 are divisible by 6. 


Determine r and a, for the geometric sequence with 
ay = 24 and as = 648. 


Total Distance Traveled by a Bouncing Ball A ball is 
dropped from a height of 30 ft. On each bounce, it attains 
a height four-fifths of its original height (or of the previous 
bounce). Find the total vertical distance traveled by the 
ball after it has completed its fifth bounce (has therefore 
hit the ground six times). 


Recreational Mathematics 


90. 


Martingale System See the Recreational Mathematics 
box on page 274. Use the Martingale system to answer the 
following questions. 


a) Assume a player is using a $1 standard bet and loses 
five times in a row. How much money should the 
player bet in the sixth round? How much money has the 
player lost at the end of the fifth round? 


b) Assume a player is using a $10 standard bet and loses 
five times in a row. How much money should the 
player bet in the sixth round? How much money has the 
player lost at the end of the fifth round? 


c) Assume a player is using a $1 standard bet and loses 10 
times in a row. How much money should the player bet 
in the eleventh round? How much money has the player 
lost at the end of the tenth round? 


d) Assume a player is using a $10 standard bet and loses 
10 times in a row. How much money should the player 
bet in the eleventh round? How much money has the 
player lost at the end of the tenth round? 


e) Why is this a risky strategy? 


Internet/Research Activity 


91. 


A topic generally associated with sequences is series. 


a) Research series and explain what a series is and how it 
differs from a sequence. Also write a formal definition 
of series. Give examples of different kinds of series. 


b) Write the arithmetic series associated with the arithme- 
tic sequence 1, 4, 7, 10, 13,.... 


c) Write the geometric series associated with the geomet- 
ric sequence 3, 6, 12, 24, 48,.... 


d) What is an infinite geometric series? 


e) Determine the sum of the terms of the infinite geomet- 
ile 4 The ll 1 
ic series: 1 = = PS O- 
ric series Bees a ae 
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SECTION 5.8 


So 


& The number of ancestors of a male 
bee is among the numbers found in 
the Fibonacci sequence. 


Profile in Mathematics 


Fibonacci 


[i eonardo of Pisa (1170-1250) is 
considered one of the most dis- 
tinguished mathematicians of the 
Middle Ages. He was born in Italy 
and was sent by his father to study 
mathematics with an Arab master. 
When he began writing, he re- 
ferred to himself as Fibonacci, or 
"son of Bonacci,” the name by 
which he is known today. In addi- 
tion to the famous sequence bear- 
ing his name, Fibonacci is also 
credited with introducing the 
Hindu-Arabic number system into 
Europe. His 1202 book, Liber 
Abacci (Book of the Abacus), 
explained the use of this number 
system and emphasized the impor- 
tance of the number zero. 


Fibonacci Sequence 


Consider the following numbers found in nature: the number of petals on a daisy, the 
number of sunflower seeds in a sunflower, the number of scales on a pineapple, the 
number of ancestors of a male bee. In this section, we will find that all these numbers 
are part of a special sequence of numbers called the Fibonacci sequence. 


Ly this is Important The Fibonacci sequence and the related topic of the golden ratio 
appear in many places in nature and play an important role in geometry, art, and music. 


O ur discussion of sequences would not be complete without mentioning a se- 
quence known as the Fibonacci sequence. The sequence is named after Leonardo 
of Pisa, also known as Fibonacci. He was one of the most distinguished mathemati- 
cians of the Middle Ages. This sequence is first mentioned in his book Liber Abacci 
(Book of the Abacus), which contained many interesting problems, such as: “A certain 
man put a pair of rabbits in a place surrounded on all sides by a wall. How many pairs 
of rabbits can be produced from that pair in a year if it is assumed that every month 
each pair begets a new pair which from the second month becomes productive?” 

The solution to this problem (Fig. 5.10) led to the development of the sequence 
that bears its author’s name: the Fibonacci sequence. The sequence is shown in Table 
5.1. The numbers in the columns titled Pairs of Adults form the Fibonacci sequence. 


Table 5.1 
[ icmp ae ae 
Saar srry ae | 
Adults Babies Month 1 Month 5 

1 1 0 1 5 
2} 1 1 2 
3 oy 1 3 
4 3 2 5 ie 
se oo eee | 
6 8 5 13 
i 13 8 21 
8 21 13 34 hE - - - 
SME pear) 40 eal 
10 35) 34 89 
11 89 55 144 Figure 5.10 
12 144 89 233) 


Following is the Fibonacci sequence 


Fibonacci Sequence 
1 Bee Pes) Sy, tale OPM ok 


In the Fibonacci sequence, the first and second terms are 1. The sum of these two 
terms is the third term. The sum of the second and third terms is the fourth term, and so on. 


4 The head of a sunflower 


Table 5.2 
Numbers Ratio 
ii ie sf 
1 
ee e =2 
I 
2,3 bs 
2 
3,5 Dee 
3 
5,8 Behe 
5 
Dg Ea 
8 
ley yal 21 = 1,615 
13 
21, 34 BS aeaiede 
21 
Tt aos aga a 
34, 55 = sts 
4 


Nn 
a 
ioe) 
No) 
Co}; W{ NH 
IS 
N 
a 
Oo 
— 
oo 


Nn 
Nn 
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In the middle of the nineteenth century, mathematicians made a serious study of 
this sequence and found strong similarities between it and many natural phenomena. 
Fibonacci numbers appear in the seed arrangement of many species of plants and in 
the petal counts of various flowers. For example, when the flowering head of the 
sunflower matures to seed, the seeds’ spiral arrangement becomes clearly visible. A 
typical count of these spirals may give 89 steeply curving to the right, 55 curving 
more shallowly to the left, and 34 again shallowly to the right. The largest known 
specimen to be examined had spiral counts of 144 right, 89 left, and 55 right. These 
numbers, like the other three mentioned, are consecutive terms of the Fibonacci 
sequence. 

On the heads of many flowers, petals surrounding the central disk generally 
yield a Fibonacci number. For example, some daisies contain 21 petals, and oth- 
ers contain 34, 55, or 89 petals. (People who use a daisy to play the “love me, 
love me not” game will likely pluck 21, 34, 55, or 89 petals before arriving at an 
answet.) 

Fibonacci numbers are also observed in the structure of pinecones and pineap- 
ples. The tablike or scalelike structures called bracts that make up the main body of 
the pinecone form a set of spirals that start from the cone’s attachment to the branch. 
Two sets of oppositely directed spirals can be observed, one steep and the other more 
gradual. A count on the steep spiral will reveal a Fibonacci number, and a count on 
the gradual one will be the adjacent smaller Fibonacci number, or if not, the next 
smaller Fibonacci number. One investigation of 4290 pinecones from 10 species of 
pine trees found in California revealed that only 74 cones, or 1.7%, deviated from this 
Fibonacci pattern. 

Like pinecone bracts, pineapple scales are patterned into spirals, and because 
they are roughly hexagonal in shape, three distinct sets of spirals can be counted. 
Generally, the number of pineapple scales in each spiral are Fibonacci numbers. 


Fibonacci Numbers and Divine Proportions 


In 1753, while studying the Fibonacci sequence, Robert Simson, a mathematician at 
the University of Glasgow, noticed that when he took the ratio of any term to the term 
that immediately preceded it, the value he obtained remained in the vicinity of one 
specific number. To illustrate this, we indicate in Table 5.2 the ratio of various pairs 
of sequential Fibonacci numbers. 

The ratio of the 50th term to the 49th term is 1.6180. Simson proved that the ratio 
of the (n + 1) term to the nth term as n gets larger and larger is the irrational number 
(V5 + 1)/2, which begins 1.61803.... This number was already well known to 
mathematicians at that time as the golden number. 

Many years earlier, Bavarian astronomer and mathematician Johannes Kepler 
wrote that for him the golden number symbolized the Creator’s intention “to create 
like from like.” The golden number (V5 + 1)/2 is frequently referred to as “phi,” 
symbolized by the Greek letter ®. 

The ancient Greeks, in about the sixth century B.c., sought unifying princi- 
ples of beauty and perfection, which they believed could be described by using 
mathematics. In their study of beauty, the Greeks used the term golden ratio. 
To understand the golden ratio, let’s consider the line segment AB in Fig. 5.11. 


—_—_____—_o_—__—__‘® 
A Cc B 


Figure 5.11 


When this line segment is divided at a point C such that the ratio of the whole, 
AB, to the larger part, AC, is equal to the ratio of the larger part, AC, to the smaller 
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1.618 


Figure 5.12 


a 


Figure 5.13 


A The Parthenon 


part, CB, each ratio AB/AC and AC/CB is referred to as a golden ratio. The propor- 
tion these ratios form, AB/AC = AC/CB, is called the golden proportion. 
Furthermore, each ratio in the proportion will have a value equal to the golden 
number, (V5 siamll)) 2s 


AB TACs Vv Sil 
AC CB 2 


= 1.618 


The Great Pyramid of Gizeh in Egypt, built about 2600 B.c., is the earliest known 
example of use of the golden ratio in architecture. The ratio of any of its sides of the 
square base (775.75 ft) to its altitude (481.4 ft) is about 1.611. Other evidence of the 
use of the golden ratio appears in other Egyptian buildings and tombs. 

In medieval times, people referred to the golden proportion as the divine propor- 
tion, reflecting their belief in its relationship to the will of God. 

Twentieth-century architect Le Corbusier developed a scale of proportions for 
the human body that he called the Modulor (Fig. 5.12). Note that the navel separates 
the entire body into golden proportions, as do the neck and knee. 

From the golden proportion, the golden rectangle can be formed, as shown in 
Fig.5.13: 


Length ge ba V5 
Width a b D 


Note that when a square is cut off one end of a golden rectangle, as in Fig. 5.13, 
the remaining rectangle has the same properties as the original golden rectangle (cre- 
ating “like from like” as Johannes Kepler had written) and is therefore itself a golden 
rectangle. Interestingly, the curve derived from a succession of diminishing golden 
rectangles, as shown in Fig. 5.14, is the same as the spiral curve of the chambered 
nautilus. The same curve appears on the horns of rams and some other animals. It is 
the same curve that is observed in the plant structures mentioned earlier: sunflowers, 
other flower heads, pinecones, and pineapples. You will recall that Fibonacci num- 
bers were observed in each of these plant structures. The curve shown in Fig. 5.14 
closely approximates what mathematicians call a logarithmic spiral. 


Figure 5.14 


Ancient Greek civilization used the golden rectangle in art and architecture. The 
main measurements of many buildings of antiquity, including the Parthenon in 
Athens, are governed by golden ratios and rectangles. Greek statues, vases, urns, and 
so on also exhibit characteristics of the golden ratio. It is for Phidas, considered the 
greatest of Greek sculptors, that the golden ratio was named “phi.” The proportions 
can be found abundantly in his work. 

The proportions of the golden rectangle can be found in the work of many artists, 
from the old masters to the moderns. For example, on page 281 the golden rectangle 
can be seen in the painting /nvitation to the Sideshow (La Parade de Cirque), 1887, 
by Georges Seurat, a French neoimpressionist artist. 


Did You Know? Bis! 


Fibonacci and the Male 
Bee’s Ancestors 


BB most frequent example given 
to introduce the Fibonacci se- 
quence involves rabbits producing 
offspring, two at a time. Although 
this example makes for a nice intro- 
duction to Fibonacci sequences, it 
is not at all realistic. A much better 
example comes from the breeding 
practices of bees. Female or worker 
bees are produced when the queen 
bee mates with a male bee. Male 
bees are produced from the queen's 
unfertilized eggs. In essence, then, 
female bees have two parents, 
whereas male bees only have one 
parent. The family tree of a male bee 
would look like this: 


F MF Mire Falk M 
| NY wi\yherioel Irina 4 
M na F M F 
Se . Se 

F M F 

| lazy 

M F 

a eae 

F 


From this tree, we can see that the 
1 male bee (circled) has 1 parent, 
2 grandparents, 3 great-grandpar- 
ents, 5 great-great-grandparents, 
8 great-great-great-grandparents, 
and so on. We see the Fibonacci 
sequence as we move back through 
the male bees’ generations. 


a» Fibonacci’s Garden by Caryl Bryer 
Fallert 
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A Invitation to the Sideshow (La Parade de Cirque), 
1887, by Georges Seurat 


In addition to using the golden rectangle in art, several artists have used Fibonacci 
numbers in art. One contemporary example is the 1995 work by Caryl Bryer Fallert called 
Fibonacci’s Garden which is shown in the margin. This artwork is a quilt constructed 
from two separate fabrics that are put together in a pattern based on the Fibonacci 
sequence. 

Fibonacci numbers are also found in another form of art, namely music. Perhaps 
the most obvious link between Fibonacci numbers and music can be found on the pi- 
ano keyboard. An octave (Fig. 5.15) on a keyboard has 13 keys: 8 white keys and 
5 black keys (the 5 black keys are in one group of 2 and one group of 3). 


5 black 


C/D|E|F|G/A|B]C 


8 white 
13 total 


Figure 5.15 


In Western music, the most complete scale, the chromatic scale, consists of 
13 notes (from C to the next higher C). Its predecessor, the diatonic scale, contains 
8 notes (an octave). The diatonic scale was preceded by a 5-note pentatonic scale 
(penta is Greek for “five”). Each number is a Fibonacci number. In popular music, the 
song “Lateralas” by the band Tool uses the Fibonacci sequence in both the time signa- 
ture and the lyric arrangement. The song also contains several references to the golden 
ratio and to the logarithmic spiral. 

The visual arts deal with what is pleasing to the eye, and musical composition 
deals with what is pleasing to the ear. Whereas art achieves some of its goals by us- 
ing division of planes and area, music achieves some of its goals by a similar divi- 
sion of time, using notes of various duration and spacing. The musical intervals 
considered by many to be the most pleasing to the ear are the major sixth and minor 
sixth. A major sixth, for example, consists of the note C, vibrating at about 264’ vi- 
brations per second, and note A, vibrating at about 440 vibrations per second. The 
ratio of 440 to 264 reduces to 5 to 3, or 3, aratio of two consecutive Fibonacci num- 
bers. An example of a minor sixth is E (about 330 vibrations per second) and C 
(about 528 vibrations per second). The ratio 528 to 330 reduces to 8 to 5, or g the 
next ratio of two consecutive Fibonacci numbers. The vibrations of any sixth inter- 
val reduce to a similar ratio. 


‘Frequencies of notes vary in different parts of the world and change over time. 
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Patterns that can be expressed mathematically in terms of Fibonacci relationships 
have been found in Gregorian chants and works of many composers, including Bach, 
Beethoven, and Bart6k. A number of twentieth-century musical works, including Ernst 
Krenek’s Fibonacci Mobile, were deliberately structured by using Fibonacci proportions. 

A number of studies have tried to explain why the Fibonacci sequence and related 
items are linked to so many real-life situations. It appears that the Fibonacci numbers 
are a part of a natural harmony that is pleasing to both the eye and the ear. In the 
nineteenth century, German physicist and psychologist Gustav Fechner tried to deter- 
mine which dimensions were most pleasing to the eye. Fechner, along with psycholo- 
gist Wilhelm Wundt, found that most people do unconsciously favor golden dimensions 
when purchasing greeting cards, mirrors, and other rectangular objects. This discovery 
has been widely used by commercial manufacturers in their packaging and labeling de- 
signs, by retailers in their store displays, and in other areas of business and advertising. 


SECTION 5.8 ; 
: Exercises 


9. 


Warm Up Exercises 


In Exercises 1—6, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


1. The sequence of numbers 1, 1, 2, 3,5, 8, 13, 21,... is 


10. 


The sum of any 10 consecutive Fibonacci numbers is al- 
ways divisible by 11. Select any 10 consecutive Fibonacci 
numbers and show that for your selection this statement is 
true. 


known as the sequence The greatest common factor of any two consecutive Fibo- 
nacci numbers is 1. Show that this statement is true for the 
a pws first 15 Fibonacci numb 
2. The irrational number -~z—_ is known as the irst ibonacci numbers. 


number. 
In Exercises 3—4, use the following diagram and assume 
S ABY _A 
that the ratio —— is equal to the ratio —— 
AC CB 


—_—————"—""_* 
A (e B 


AB AC 
3. Each ratio —— and —— is referred to as a Golden 
AC CB 


2 ABM PAGS 
4. The proportion —— = —— js called the Golden 
AKC (EIS 


5. In medieval times, people referred to the golden proportion 
as the _____ proportion. 


6. A rectangle whose ratio of its length to its width is equal to 
the golden number is known as a golden 


Practice the Skills/Problem Solving 


7. a) To what decimal value is (V5 + 1)/2 approximately 
equal? 


b) To what decimal value is (/S — 1)/2 approximately 
equal? 


c) By how much do the results in parts (a) and (b) differ? 


8. The sum of any six consecutive Fibonacci numbers is al- 
ways divisible by 4. Select any six consecutive Fibonacci 
numbers and show that for your selection this statement is 
true. 


11. 


12. 


13. 


14. 


15 


16 


. 


For any four consecutive Fibonacci numbers, the differ- 
ence of the squares of the middle two numbers equals the 
product of the smallest and largest numbers. Select four 
consecutive Fibonacci numbers and show that this pattern 
holds for the numbers you selected. 


Twice any Fibonacci number minus the next Fibo- 
nacci number equals the second number preceding 
the original number. Select a number in the Fibonacci 
sequence and show that this pattern holds for the 
number selected. 


Determine the ratio of the length to width of various 
photographs and compare these ratios to ®. 


Determine the ratio of the length to the width of your tele- 
vision screen and compare this ratio to ®. 


Determine the ratio of the length to the width of a com- 
puter screen and compare this ratio to ®. 


Find three physical objects whose dimensions are very 
close to a golden rectangle. 


a) List the articles and record the dimensions. 
b) Compute the ratios of their lengths to their widths. 
c) Find the difference between the golden ratio and the 


ratio you obtain in part (b)—to the nearest tenth—for 
each object. 


In Exercises 17-24, determine whether the sequence is a 
Fibonacci-type sequence (each term is the sum of the two 
preceding terms). If it is, determine the next two terms of 
the sequence. 


LTP AT ST O18 36) 720 ee 

18. 4, 5, 9, 14, 23, 37,... 

19 nO le W728 ues 

2050! a. 1h 277 SoD Tee 

PAT ILO Lh ae 

22 498 1625130; eer 

2355, 10915925; 4065-08 

24.14 5.8, Ua oes 

25, a) Select any two one-digit (nonzero) numbers and 
add them to obtain a third number. Continue adding 
the two previous terms to get a Fibonacci-type 


sequence. 


b) Form ratios of successive terms to show how they will 
eventually approach the golden number. 


26. a) Select any three consecutive terms of a Fibonacci se- 
quence. Subtract the product of the terms on each side 
of the middle term from the square of the middle term. 
What is the difference? 


b) Repeat part (a) with three different consecutive terms 
of the sequence. 


c) Make a conjecture about what will happen when you 
repeat this process for any three consecutive terms of a 
Fibonacci sequence. 


27. Pascal’s Triangle One of the most famous number pat- 
terns involves Pascal’s triangle. The Fibonacci sequence 
can be found by using Pascal’s triangle. Can you explain 
how that can be done? A hint is shown. 


4°64 1 
Laie LO ieee 


28. Lucas Sequence a) A sequence related to the Fibonacci 
sequence is the Lucas sequence. The Lucas sequence is 
formed in a manner similar to the Fibonacci sequence. The 
first two numbers of the Lucas sequence are | and 3. Write 
the first eight terms of the Lucas sequence. 
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b) Complete the next two lines of the following chart. 


14.2= 
1+ 3-4 
Ded Size 
3+ 8 = 
5+ 13 = 18 


c) What do you observe about the first column in the chart 
in part (b)? 


Concept/Writing Exercises 


29: 
30. 


31. 


32. 


33. 


34. 


Explain how to construct the Fibonacci sequence. 


Explain the relationship between the golden number, 
golden ratio, golden proportion, and golden rectangle. 


Describe three examples of where Fibonacci numbers can 
be found 


a) in nature. 


b) in manufactured items. 


The eleventh Fibonacci number is 89. Examine the first six 
digits in the decimal expression of its reciprocal, &. What 
do you find? 


Find the ratio of the second to the first term of the Fibo- 
nacci sequence. Then find the ratio of the third to the sec- 
ond term of the sequence and determine whether this ratio 
was an increase or decrease from the first ratio. Continue 
this process for 10 ratios and then make a conjecture re- 
garding the increasing or decreasing values in consecutive 
ratios. 


A musical composition is described as follows. Explain 
why this piece is based on the golden ratio. 


Entire Composition 


34 5) 21 34 
measures measures measures measures 


Theme Fast, Loud Slow Repeat of theme 


Challenge Problems/Group Activities 


35) 


Fibonacci-Type Sequence The following sequence rep- 
resents a Fibonacci-type sequence (each term is the sum 
of the two preceding terms). Here x represents any natural 
number from 1 to 10: 


Ome Oia, — LOE 2x5 20) 3x) —=30) + ox, 


For example, if x = 2, the first 10 terms of the sequence 
would be —10, 2, —8, —6, —14, —20, —34, —54, —88, 
—142. 


Write out the first 10 terms of this Fibonacci-type se- 
quence for x equal to the following. 


a) 4 b) 5 c) 6 d) 7 e) 8 
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f) For values of x of 4, 5, and 6, you should have found 
that each term after the seventh term in the sequence 
was a negative number. For values of x of 7 and 8, you 
should have found that each term after the seventh term 
in the sequence was a positive number. Do you believe 
that for any value of x greater than or equal to 7, each 
term after the seventh term of the sequence will always 
be a positive number? Explain. 


36. Draw a line of length 5 in. Determine and mark the point 
on the line that will create the golden ratio. Explain how 
you determined your answer. 


37. The divine proportion is (a + b)/a = a/b (see Fig. 5.13), 
which can be written 1 + (b/a) = a/b. Now let x = a/b, 
which gives | + (1/x) = x. Multiply both sides of this 
equation by x to get a quadratic equation and then use the 
quadratic formula (Section 6.9) to show that one answer is 
x = (1 + V5)/2 (the golden ratio). 


38. Pythagorean Triples A Pythagorean triple is a set of three 


whole numbers, fa, b, c}, such that a2 + b? = c?. 


For example, since (Go ee (10), {6, 8, 10} isa 
Pythagorean triple. The following steps show how to find 
Pythagorean triples using any four consecutive Fibonacci 


numbers. Here we will demonstrate the process with the 
Fibonacci numbers 3, 5, 8, and 13. 


1) Determine the product of 2 and the two inner Fibonacci 
numbers. We have 2(5)(8) = 80, which is the first 
number in the Pythagorean triple. So a = 80. 


2) Determine the product of the two outer numbers. We 
have 3(13) = 39, which is the second number in the 
Pythagorean triple. So b = 39. 


3) Determine the sum of the squares of the inner two num- 
bers. We have S* + 87 = 25 + 64 = 89, which is the 
third number in the Pythagorean triple. So c = 89. 


This process has produced the Pythagorean triple, 
{80, 39, 89}. To verify, 


(80)? + (39) = (89)? 
6400 + 1521 = 7921 
7921 = 7921 


Use this process to produce four other Pythagorean triples. 


39. Reflections When two panes of glass are placed face to 
face, four interior reflective surfaces exist, labeled 1, 2, 3, 
and 4. If light is not reflected, it has just one path through 
the glass (see the figure below). If it has one reflection, it 
can be reflected in two ways. If it has two reflections, it 
can be reflected in three ways. Use this information to an- 
swer parts (a) through (c). 


2 reflections 
3 paths 


1 reflection 
2 paths 


0 reflections 
1 path 


a) Ifa ray is reflected three times, there are five paths it can 
follow. Show the paths. 


b) Ifa ray is reflected four times, there are eight paths it can 
follow. Show the paths. 


c) How many paths can a ray follow if it is reflected five 
times? Explain how you determined your answer. 


Internet/Research Activities 


40. Write a report on the history and mathematical contribu- 
tions of Fibonacci. 


41. The digits 1 through 9 have evolved considerably since 
they appeared in Fibonacci’s book Liber Abacci. Write a 
report tracing the history of the evolution of the digits | 
through 9 since Fibonacci’s time. 


42. Write a report indicating where the golden ratio and 
golden rectangle have been used in art and architecture. 
You may wish to include information on art and architec- 
ture related to the golden ratio and Fibonacci sequences. 


Important Facts and Concepts 


Section 5.1 


Fundamental Theorem of Arithmetic 


Every composite number can be expressed as a unique product of prime 


numbers. 


Examples and Discussion 


Examples 2-7, pages 213-216 


Sections 5.1-5.5 


Sets of Numbers 


Natural or counting numbers: {1, PEW ile } 

Whole numbers: {0, 1, 2, 3, 4,... } 

Integers: { gab os 2 OR ee ee } 

Rational numbers: Numbers of the form p/q, where p and q are integers, 
q * O. Every rational number when expressed as a decimal number 
will be either a terminating or repeating decimal number. 

Irrational number: A real number whose representation is a nonterminating, 
nonrepeating decimal number (not a rational number) 

Real numbers: the union of the rational numbers and the irrational numbers. 


Section 5.2 


Definition of Subtraction 


a—b=>a+ (bd) 


Section 5.3 

Fundamental Law of Rational Numbers 
ORG.) Cle ac 

SS te De Oh 7 
b be be : 

Section 5.4 


Rules of Radicals 
Product rule for radicals: 


Va-b=Va- Vb, G2 n= 


Quotient rule for radicals: 


Ven fe a=0; b= 0 
b 


Section 5.5 


Properties of Real Numbers 


Commutative property of addition: a +b=b+a 
Commutative property of multiplication: a: b = b: a 
Associative property of addition: 

(a+ b)+c=at+(b+ec) 

Associative property of multiplication: 

(@:b) ¢ =a (Bex) 

Distributive property: a+ (b + c) = ab + ac 


Section 5.6 


Rules of Exponents 
mgr = qutn 


Product rule for exponents: a fa 


Quotient rule for exponents: —; = a™", a#0 
Zero exponent rule: a =i, a0 

A 1 
Negative exponent rule: a“ = am ayn 0 


Power rule:(a”)" = a” 
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Discussion pages 210, 221, 229, 244, and 252 


Discussion page 223, 
Examples 3-5, pages 223-224 


Discussion page 237, 
Examples 14-16, pages 237-239 


Discussion pages 245 and 247, 
Examples 1-6, pages 245-248 


Discussion pages 253-256, 
Examples 1—5, pages 253-256 


Examples 1-7, pages 259-262 
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Scientific Notation 


Scientific notation is used to write very small or very large numbers. Each Discussion page 262, Examples 8-14, 
number in scientific notation is written as a number greater than or equal to 1 | pages 263-266 
and less than 10 multiplied by an integer power of 10. 


Section 5.7 
Arithmetic Sequence 


General or nth term: a, = a, + (n — 1)d Discussion page 270, Examples 1—S, 


n(a, + ay) pages 271-272 


Sum of the first n terms: s, = 5 


| General or nth term: a, = ar"! Discussion page 272, Examples 6—10, 
aml = 728) pages 273-275 


Sum of the first n terms: s,, = ts ore Sa ri 
= 


Section 5.8 
Fibonacci Sequence 


PRES orto Monell oo. Discussion pages 278-282 


| Golden Number 
| 


rear ee = 1.618 Discussion pages 278-282 


Golden Proportion 


| 
| atb_a 
| 


£ Discussion pages 278-282 


AUeSe i 


5.1 train also stopped in Des Moines, Iowa, every 9 days. 

If on April 18, 1964, the train made a stop in Dubuque and 
a stop in Des Moines, how many days was it until the train 
again stopped in both cities on the same day? 


In Exercises 1 and 2, determine whether the number is di- 
visible by each of the following numbers: 2, 3, 4, 5, 6, 8, 9, 


and 10. 

1. 60,060 2. 400,644 
In Exercises 3—7, determine the prime factorization of the 
number. 

3. 588 4. 840 5. 1452 
In Exercises 6-9, determine the GCD and LCM of the 
numbers. 

6. 30, 105 7. 63, 108 

8. 45, 250 9. 90, 300 


10. Train Stops From 1912 to 1971, the Milwaukee Road 
Railroad Company had a train stop every 15 days in 
Dubuque, Iowa. During this same period, the same A Des Moines, lowa 


5.2 


In Exercises 11-16, use a number line to evaluate the 
expression. 


11, 6-F (29) 12.25 
13, —2 + (=4) 14.4-8 
15, =5)-4 16.23 — (6) 


In Exercises 17-21, evaluate the expression. 


17, —2- 12 18. (—2)(—12) 
=35 

19. — 20. = 
=7 —6 


21. [8 + (—4)](-3) 


5.3 


In Exercises 22-27, express the fraction as a terminating or 


repeating decimal. 


Li 13 
22. 0 23. 4 
6 7 
24, — DiS 
7 2 
3 11 
26. — IN a 
8 16 


In Exercises 28-31, express the decimal number as a quo- 
tient of two integers. 


28. 1.4 29. 0.6 


30. 0.51 31. 0.083 


In Exercises 32-33, express each mixed number as an im- 
proper fraction. 
5 1 
i= 33, 3 
G I 4 
In Exercises 34-35, express each improper fraction as a 
mixed number. 
11 136 
= soy == 
34. 5 5 
In Exercises 36-41, perform the indicated operation and 
reduce your answer to lowest terms. 


ee ib Ss 
—-= 37. -+-— 
36.55 : Soe 
Te le © 
a pie 39, — += 
a6. Lome) oy 


40 ($+2)+3 
FS Bin 


Mi al 


42. Cajun Turkey A recipe for Roasted Cajun Turkey calls 
for t teaspoon of cayenne pepper per pound of turkey. 
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If Jennifer Sabo is preparing a turkey that weighs 173 
pounds, how much cayenne pepper does she need? 


5.4 


In Exercises 43—54, simplify the expression. Rationalize the 
denominator when necessary. 


43. V75 44, V2 — 4V/2 
45. V8 + 6V2 46. V3 — 7V27 
47. V28 + V63 48. V3- V6 
300 

49. V8 M V6 50. ani 

4 VT 
51. WA 52. 315 
53. 3(2 + V7) 54. V/3(4 + V6) 
5.5 


In Exercises 55-61, state the name of the property illus- 
trated. 


55, 337s= 8: 3 
56.5°-m=m:5 

Sion este) essen (2 13) 
58. 94+ 1)=9-x+9:1 
5953" a) Geb) 
60.a°(2+3)=(2+ 3):a 
61. 2@ + 3) = 2+ x) + 2° 3) 


In Exercises 62-66, determine whether the set of numbers 
is closed under the given operation. 


62. Natural numbers, subtraction 
63. Whole numbers, multiplication 


64. Integers, division 
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65. Real numbers, subtraction 


66. Irrational numbers, multiplication 


5.6 

In Exercises 67—72, evaluate each expression. 
67. 53 68. 5? 

69. - 70. 5° +5 

ene T2aoy 


In Exercises 73-74, write each number in scientific notation. 


73. 8,200,000,000 74. 0.0000158 


In Exercises 75-76, express each number in decimal notation. 


75. 2.8 X 10° 76. 1.39 X 10+ 


In Exercises 77-78, (a) perform the indicated operation 
and write your answer in scientific notation. (b) Confirm 
the result found in part (a) by performing the calculation 
on a scientific calculator. 

US X10> 

S100. 

In Exercises 79-81, (a) perform the indicated calculation 
by first converting each number to scientific notation. Write 
your answer in decimal notation. (b) Confirm the result 
found in part (a) by performing the calculation on a scien- 
tific calculator. 


THANG lO) OO) aS 


79. (550,000)(2,000,000) 


8,400,000 
70,000 


0.000002 
* 0.0000004 


82. Space Distances The distance from Earth to the sun is 
about 1.49 x 10! meters. The distance from Earth to 
the moon is about 3.84 X 10° meters. The distance from 
Earth to the sun is how many times larger than the distance 
from Earth to the moon? Use a scientific calculator and 
round your answer to the nearest whole number. 


A Earth 


83. Outstanding Debt As a result of a recent water and sewer 
system improvement, the city of Galena, Illinois, has an 
outstanding debt of $20,000,000. If the population of 
Galena is 3600 people, how much would each person have 
to contribute to pay off the outstanding debt? 


5.7 


In Exercises 84-85, determine whether the sequence is 
arithmetic or geometric. Then determine the next two terms 
of the sequence. 


84,15 5,9. 15a 
85. 4,1, 2,4,... 


In Exercises 86-89, determine the indicated term of 
the sequence with the given first term, a,, and common 
difference, d, or common ratio, r. 


86. Determine ay when a; = —6,d = 2. 
87. Determine a) when a, = —20,d = 5. 
88. Determine a5 when a, = 3,r = 2. 

89. Determine a4 when a, = —6,r = 2. 


In Exercises 90-91, determine the sum of the arithmetic 
sequence. The number of terms, n, is given. 


90.1356; OID e150; 7 = 50 
915.0:55 OFS aeOO MIE 2 oN ee, 9220571 a) 


In Exercises 92—93, determine the sum of the first n terms 
of the geometric sequence for the values of a, and r. 


92.n = 4,a, = 3,r=2 


93. n = 6,4, = 


| 
— 
= 

Il 

| 
tw 


In Exercises 94—97, first determine whether the sequence 
is arithmetic or geometric; then write an expression for the 
general or nth term, ay. 


94937.6,.9 2 eee 

OS ail O sees 

96) 2.2 0 ee 
dy OeS 

97. 3, 3s-9s agate 

5.8 


In Exercises 98-99, determine whether the sequence is a 
Fibonacci-type sequence. If so, determine the next two 
terms. 


98501 Leen one Anes 


UE St ah eal 


. Which of the numbers 2, 3, 4, 5, 6, 8, 9, and 10 divide 
48,395? 


- Determine the prime factorization of 414. 
. Evaluate [((—3) + 7] — (-4). 
. Evaluate [(=70)(=5)] = (8) — 10): 


. Convert 43 to an improper fraction. 


. Write q as a terminating or repeating decimal. 


. Express 6.45 as a quotient of two integers. 


. Perform the operation and reduce the answer to lowest 


. Simplify V75 + V48. 
2 
. Rationalize the denominator v2 
VI 


. Determine whether the integers are closed under the 
operation of multiplication. Explain your answer. 


Name the property illustrated. 


IPM Gi op &)) 42 5) = 84 (aR!) 


1. Making Rice The amounts of ingredients needed to 
make 3 and 5 servings of rice are: 


To Make Rice and Water _ Salt “TBatter’ : 
3 servings 1 cup tsp dtsp 
5 servings 13 cup 3tsp 23 tsp 


Find the amount of each ingredient needed to make (a) 2 
servings, (b) | serving, and (c) 29 servings. Explain how 
you determined your answers. 


2. Finding Areas 


a) Determine the area of the trapezoid shown by finding 
the area of the three parts indicated and finding the 
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Evaluate. 


135 


14. 


15. 
16. 


Perform the operation by first converting the numerator 
and denominator to scientific notation. Write the answer 
in scientific notation. 


7,200,000 
0.000009 


. Write an expression for the general or nth term, a, of the 


SEQuenCe =25—-0) 10" 4T n. 


. Determine the sum of the terms of the arithmetic se- 


quence. The number of terms, n, is given. 


Oe Onell aa oes Th 


. Write an expression for the general or nth term, a, of the 


sequence 3, 6, 12, 24, .... 


. Write the first 10 terms of the Fibonacci sequence. 


sum of the three areas. The necessary geometric formu- 
las are given in Chapter 9. 


10 in. 


LI LJ 
V45 in. 


ae 2eee 1 allaonteh lie 


b) Determine the area of the trapezoid by using the for- 
mula for the area of a trapezoid given in Chapter 9. 


c) Compare your answers from parts (a) and (b). Are they 
the same? If not, explain why they are different. 
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3. Medical Insurance On a medical insurance policy (such 


as Blue Cross/Blue Shield), the policyholder may need to 
make copayments for prescription drugs, office visits, and 
procedures until the total of all copayments reaches a speci- 
fied amount. Suppose that the copayment on the Gattelaro’s 
medical policy for prescription drugs is 50% of the cost; the 
copayment for office visits is $10; and the copayment for 
all medical tests, x-rays, and other procedures is 20% of the 
cost. After the family’s copayment totals $500 in a calendar 
year, all medical and prescription bills are paid in full by 
the insurance company. The Gattelaros had the following 
medical expenses from January | through April 30. 


—- 


Cost before 
Date — Reason Copayment 
January 10 Office visit $40 
Prescription $44 
February 27. — Office visit $40 
Medical tests $188 
April 19 Office visit $40 
X-rays $348 
Prescription $76 


a) How much had the Gattelaros paid in copayments from 
January | through April 30? 


b) How much had the medical insurance company paid? 


c) What is the remaining copayment that must be paid 
by the Gattelaros before the $500 copayment limit is 
reached? 


4. A Branching Plant A plant grows for two months and 
then adds a new branch. Each new branch grows for two 
months and then adds another branch. After the second 
month, each branch adds a new branch every month. As- 
sume the growth begins in January. 


a) How many branches will there be in February? 
b) How many branches will there be in May? 
c) How many branches will there be after 12 months? 


d) How is this problem similar to the problem involving 
rabbits that appeared in Fibonacci’s book Liber Abacci 
(see page 278)? 


What You Will Learn 


= Order of operations 

= Solving linear and quadratic 
equations, and linear inequalities in 
one variable 


= Evaluating a formula 


= Solving application problems 
involving linear, quadratic, and 
exponential equations 


Algebra, 
Graphs, and 
Functions 


= Solving application problems 
dealing with variation 


= Graphing equations and functions, 
including linear, quadratic, and 
exponential equations 


Algebra is one of the most 
practical tools for solving everyday 
problems. You use algebra daily 
without realizing it. For example, 
you use a coordinate system when 
you consult a map. To evaluate 
how much interest you will earn in 
a savings account or to determine 
how long it will take you to travel 
a given distance, you use common 
algebraic formulas. The symbolic 
language of algebra makes it an 
excellent tool for solving problems 
because it allows us to write 
lengthy expressions in compact 
form. English philosopher Alfred 
North Whitehead explained 

the power of algebra when he 
stated, “By relieving the brain of 
unnecessary work, a good notation 
sets the mind free to concentrate 
on more advanced problems.” 


he 


ie 


< Algebra is a tool for solving everyday problems 
such as changing a recipe to increase or 
_ decrease the number of servings. 
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SECTION 6.1 


4 You can use algebra to determine 
the sales tax rate when purchasing 
items such as tires. 


Did You Know? 


Broken Bones 


) Relive al 
| SANGRADOR. | 


magine yourself walking down a 

street in Spain during the Middle 
Ages. You see a sign over a door: 
"Algebrista y Sangrador.” \nside, 
you would find a person more 
ready to give you a haircut than 
help you with your algebra. The 
sign translates into “Bonesetter 
and Bloodletter,” relatively simple 
medical treatments administered in 
barbershops of the day. 

The root word al-jabr, which the 
Muslims (Moors) brought to Spain 
along with some concepts of alge- 
bra, suggests the restoring of broken 
parts. The parts might be bones, or 
they might be mathematical expres- 
sions that are broken into separate 
parts and the parts moved from one 
side of an equation to the other and 
reunited in such a way as to make a 
solution more obvious. 


Knowing the order of operations is essential to solving problems algebraically. There 
are many everyday problems that can be easily solved if you have an understanding 
of algebra. Suppose you see an advertisement for tires that states: “Purchase Michelin 
All-Season Tires for $135 each. This price includes mounting.” You purchase four tires 
and have them mounted on your car. Your total price, including sales tax, comes to 
$583.50. What is the sales tax rate? In this section, we will discuss how to use algebra 


to answer questions like the one above. 


| Why us is Important This is just one type of problem that can be solved algebraically. 
In this section and chapter you will see many more real-life applications of algebra. 


lgebra is a generalized form of arithmetic. The word algebra is derived from the 

Arabic word al-jabr (meaning “reunion of broken parts”), which was the title of 
a book written by the mathematician Muhammed ibn-Musa al Khwarizmi in about 
A.D. 825. 

Algebra uses letters of the alphabet called variables to represent numbers. Often 
the letters x and y are used to represent variables. However, any letter may be used as 
a variable. A symbol that represents a specific quantity is called a consfant. 

Multiplication of numbers and variables may be represented in several 
different ways in algebra. Because the “times” sign might be confused with the 
variable x, a dot between two numbers or variables indicates multiplication. Thus, 
3+ 4 means 3 times 4, and x - y means x times y. Placing two letters or a number 
and a letter next to one another, with or without parentheses, also indicates 
multiplication. Thus, 3x means 3 times x, xy means x times y, and (x)(y) means x 
times y. 

An algebraic expression (or simply an expression) is a collection of variables, 
numbers, parentheses, and operation symbols. Some examples of algebraic expres- 
sions are 


BX ail 
FSS, and 
(hg ees) 

Two algebraic expressions joined by an equal sign form an equation. Some 
examples of equations are 


ai S38 se 2, SOx So), x 1x +3 


Boe a CN 3x +4=1, and Kia) = 2x 


The solution to an equation is the number or numbers that replace the variable 
to make the equation a true statement. For example, the solution to the equation 
x + 3 = 4 is 1. When we find the solution to an equation, we solve the equation. 

We can determine if any number is a solution to an equation by checking the 
solution. To check the solution, we substitute the number for the variable in the equation. 
If the resulting statement is a true statement, that number is a solution to the equation. If 
the resulting statement is a false statement, the number is not a solution to the equation. 
To check the number 1 in the equation x + 3 = 4, we do the following. 


26 ie ro) nes 
1 +3 =4 Substitute 1 for x. 
4=4 True 


The same number is obtained on both sides of the equal sign, so | is the solution. 
For the equation x + 3 = 4, the only solution is 1. Any other value of x would result 
in the check being a false statement. 


Did You Know? 


Google or a Googol 


One of Google’s many web pages. 


hen many of us hear the word 

google, we think of the name 
of one of the most popular search 
engines on the Internet. To others, 
the word googol (pronounced 
the same as google) means some- 
thing entirely different. A googol is 
the name of a very large number: 
101°. in 1938, Edward Kasner, an 
American mathematician, named 
the number 101° a googol. He 
was trying to define a name for this 
very large number when his 9-year- 
old nephew suggested that Kasner 
call this number a googol. If you are 
looking for a number that is even 
larger than a googol, try a googol- 
plex, which is 109°°97!, or 1910, 


Some students use the phrase 
"Please Excuse Vly Dear Aunt 
Sally” or the word “PEMDAS" 
(Parentheses, Exponents, 
Multiplication, Division, Addition, 
Subtraction) to remind them of 
the order of operations. 
Remember: Multiplication and di- 
vision are of the same order, and 
addition and subtraction are of 
the same order. 
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To evaluate an expression means to find the value of the expression for a given 
value of the variable. To evaluate expressions and solve equations, you must have an 
understanding of exponents. Exponents (Section 5.6) are used to abbreviate repeated 
multiplication. For example, the expression 5? means 5 - 5. The 2 in the expression 
5? is the exponent, and the 5 is the base. We read 5? as “5 to the second power” or 
“5 squared,” and 5 means 5 + 5 or 25. 

In general, the number b to the nth power, written b”, means 


Exponent 
b= bob: be eee 
ea an 
n factors of b 
Base 


An exponent refers only to its base. In the expression —5*, the base is 5. In the 
expression (—5)*, the base is —5. 


—5? = —(5)* = —1(5 = —1(5)(5) = —25 
(—5)? = (—5)(—5) = 25 


Note that —5? # (—5)* since —25 # 25. 


Order of Operations 


To evaluate an expression or to check the solution to an equation, we need to know 
the order of operations to follow. For example, suppose we want to evaluate the ex- 
pression 2 + 3x when x = 4. Substituting 4 for x, we obtain 2 + 3 + 4. What is the 
value of 2 + 3 + 4? Does it equal 20, or does it equal 14? Some standard rules, called 
the order of operations, have been developed to ensure that there is only one correct 
answer. In mathematics, unless parentheses indicate otherwise, always perform multi- 
plication before addition. Thus, the correct answer is 14. 


24+3:°4=24+(3°4=2+12=14 


The order of operations for evaluating an expression is as follows. 


0,4 4218] 43 ORDER OF OPERATIONS 


. First, perform all operations within parentheses or other grouping symbols 
(according to the following order). 


. Next, perform all exponential operations (that is, raising to powers or finding 
roots). 


3. Next, perform all multiplications and divisions from left to right. 


. Finally, perform all additions and subtractions from left to right. 


Example §§ Evaluating an Expression 


Evaluate the expression —x* + 4x + 16 for x = 3. 
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Did You Know 


ws 


An Important Breakthrough 


his painting by Charles De- 

muth, called | Saw the Figure 5 
in Gold, depicts the abstract nature 
of numbers. Mathematician and 
philosopher Bertrand Russell ob- 
served in 1919 that it must have re- 
quired “many ages to discover that 
a brace of pheasants and a couple 
of days were both instances of 
the number 2.” The discovery that 
numbers could be used not only 
to count objects such as the num- 
ber of birds but also to represent 
abstract quantities represented a 
breakthrough in the development 
of algebra. 


Substitute 3 for each x and use the order of operations to evaluate the 
expression. 


=x? + 4x + 16 
= —(3)? + 4(3) + 16 
=-9+ 12+ 16 
= 3+ 16 
= 19 a 


Example 4 Finding the Height 


A diver jumps from a platform diving board that is 32 feet above water. The height 
of the diver above water, in feet, t seconds after jumping from the platform, can be 
determined by the expression —16t* + 20t + 32. Determine the diver’s height 
above the water 2 seconds after jumping from the platform. 


Substitute 2 for each t. 


—16t? + 207 + 32 
= —16(2)* + 20(2) + 32 


=16(4) + 202) 32 
—64 + 40 + 32 


=24 a 32 
= 3 


The diver is 8 feet above water 2 seconds after jumping from the platform. a 


Example Substituting for Two Variables 
Evaluate —3x* + 2xy — Dae when x = 2 and y = 3. 
Substitute 2 for each x and 3 for each y; then evaluate using the order 
of operations. 
—3x? + 2xy — 2y? 

= 30) +-22)6) =2G)5 

= —34) + 2(2)3) — 209) 
SP) ae Ne lt 
Qe ils 
= —18 a 


Example £§ Is 2 a Solution? 
Determine whether 2 is a solution to the equation 3x7 + 7x — 11 = 15. 


To determine whether 2 is a solution to the equation, substitute 2 for each 
x in the equation. Then evaluate the left-hand side of the equation using the order of 
operations. If the left-hand side of the equation equals 15, then both sides of the 
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equation have the same value and 2 is a solution. When checking the solution, we 
use 2, which means we are not sure if the statement is true. 


3x? + Ix — 11 = 15 
3(2)? + 7(2) — 11 2 15 Substitute 2 for x. 

3(4) + 14-11 2 15 

12+ 14-11 2 15 


Ke NN Ss) 
15 = 15 True 
Because 2 makes the equation a true statement, 2 is a solution to the equation. rT] 


SECTION 6.1 : 
Exercises 


Warm Up Exercises 


In Exercises I— 8, fill in the blank with an appropriate 
word, phrase, or symbol(s). 


1. A letter of the alphabet used to represent numbers is called 
a(n) 


2. A symbol that represents a specific quantity is called a(n) 


3. A collection of variables, numbers, parentheses, and oper- 
ation symbols is called an algebraic : 


4. For the expression 4° the base is 
5. For the expression 8° the exponent is 


6. The number or numbers that replace the variable to make 
an equation a true statement is called the _________ to the 
equation. 


7. To find the value of an expression for a given value of the 
variable means to ________ an expression. 


8. To evaluate 8 + 16 + 4, we perform the operation of 
first. 


Practice the Skills 


In Exercises 9-28, evaluate the expression for the given 
value(s) of the variable(s). 


9. x*, x= -6 10:42 = 5 

11. =x? x=-—4 1282 MSD 
1s y= 7 14. -x7, x=-4 
ic, a4 16. & Beas 


17. —3x +7, x= 7-2 182403 ee 


19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 


28. 


x? = 5x+12, x=3 
=x? + 3x— 10, x =-—2 


tx” — 5x + 2, xd 


3x? — xy + 2y?, x=-2, y=1 
3x7 + 2xy —Ly*, x =2, y=5 
4x? — 10xy + 3y’, x=2, y=-l 


(2x — y)?, x=4, y=-2 


In Exercises 29-38, determine whether the value(s) is (are) 
a solution to the equation. 


29. 
30. 
31. 
32. 
3B 
34. 
Skt 
36. 
Sih 


38. 


5x +2= 17, x=3 


6x S38 = S22 xe = 4 


x—-3y=0, x=6, y=3 
4y Dy) y= 2, y= 3 
=x7 43x + 6 = 5, x=2 
2? +x4+5=20, x =3 
3x7 42x = 40, x= =4 


y=x*7+3x-6 x=-l, y=-8 


y = —x? + 3x L, x= 3, ye 


y=x? — 3x7 + 1, x= 2, sy = =3 
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Problem Solving 


39. 


40. 


41. 


42. 


Cost of Reimbursement When employees travel out of town 
on company business, the cost for reimbursement can be 
determined by the expression 0.55x, where x is the number 

of miles driven. Determine the cost of reimbursement if an 
employee drives 120 miles on company business. 


8 Trillion Calculations If a computer can do a calculation 
in 0.000002 sec, the time required to do n calculations can 
be determined by the expression 0.000002n. Determine the 
number of seconds needed for the computer to do 8 trillion 
(8,000,000,000,000) calculations. 


Electronic Filing The graph shows the number of tax- 
payers, in millions, filing their taxes electronically for 
the years 2004 through 2009. The number of taxpayers, 
in millions, filing their taxes electronically per year can 
be approximated by the expression 6.8x + 61, where x 
is the number of years since 2004. For example, the year 
2005 would correspond to x = 1. Assuming this trend 
continues, use the expression to approximate the number 
of taxpayers who will file their taxes electronically in 
2012. 


Electronic Filing 


100: =>+ => oa no} 


90 


Number Filed (millions) 


2004 


2005 2006 2007 


Year 


2008 2009 


Source: /nternal Revenue Service 


Cost of a Tour The cost, in dollars, for Crescent City 
Tours to provide a tour for x people can be determined by 
the expression 220 + 2.75x. Determine the cost for Cres- 
cent City Tours to provide a tour for 75 people. 


43 


44. 


45. 


. Drying Time The time, in minutes, needed for clothes 
hanging on a line outdoors to dry, at a specific temperature 
and wind speed, depends on the humidity, h. The time 
can be approximated by the expression 2h? + 80h + 40, 
where / is the percent humidity expressed as a decimal 
number. Find the length of time required for clothing to 
dry if there is 60% humidity. 


Stopping Distance A typical car’s stopping distance, 

in feet, on wet pavement can be approximated by the 
expression 0.0857 + 0.24s — 7.10, where s is the speed 
of the car, in miles per hour (mph), before braking and 
60 =< s = 80 miles per hour. Use the expression to ap- 
proximate the car’s stopping distance on wet pavement if 
the speed of the car before braking is 72 mph. 


Grass Growth The rate of growth of grass, in inches 

per week, depends on a number of factors, includ- 

ing rainfall and temperature. For a certain area, 

this rate can be approximated by the expression 

0.2R* + 0.003RT + 0.0001T7, where R is the weekly 
rainfall, in inches, and T is the average weekly tempera- 
ture, in degrees Fahrenheit. Find the amount of growth of 
grass for a week in which the rainfall is 2 in. and the aver- 
age temperature is 70°F. 


Concept/Writing Exercises 


46 
47 


48 


49 


In 
50. 


. Explain why (—1)" = 1 for any even number n. 


. Does (x + y)? = x? + y*? Complete the table and state 
your conclusion. 


. Suppose n represents any natural number. Explain why 1” 
equals 1. 


. a) Explain why —x? will always be a negative number for 
any nonzero real number selected for x. 


b) Explain why (—x)? will always be a positive number for 
any nonzero real number selected for x. 


ternet/Research Activity 


. When were exponents first used? Write a paper explaining 
how exponents were first used and when mathematicians 
began writing them in the present form. 
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SECTION 6.2 Linear Equations in One Variable 


A A linear equation can be used to 
determine a salespersons weekly 
salary based upon weekly sales. 


While attending college, you work part time at a clothing store. You receive a weekly 
salary plus a commission on all clothing you sell. A linear equation can be written to 
determine your weekly salary based upon your weekly sales. In fact, many real-life 


situations can be expressed as linear equations. 


LD This is Important Being able to solve equations algebraically will be very useful 
when solving application problems in this and later sections of this chapter and through- 
out life. 


n Section 6.1, we stated that two algebraic expressions joined by an equal sign form 

an equation. The solution to some equations, such as x + 3 = 4, can be easily 
found by trial and error. Solving more difficult equations such as 60 = 0.51x + 40.1 
or 2x — 3 = 4% + 3), however, requires us to understand some basic properties of 
equations. 

The parts that are added or subtracted in an algebraic expression are called ferms. 
The expression 0.51x + 40.1 contains two terms: 0.51x and + 40.1. The expression 
4x — 3y — 5 contains three terms: 4x, —3y, and —5. The + and — signs that break 
the expression into terms are part of the terms. When listing the terms of an expression, 
however, it is not necessary to include the + sign at the beginning of the term. 

The numerical part of a term is called its numerical coefficient or, simply, its 
coefficient. In the term 4x, the 4 is the numerical coefficient. In the term —4y, the —4 
is the numerical coefficient. 

Like terms are terms that have the same variables with the same exponents on the 
variables. Unlike terms have different variables or different exponents on the variables. 


2x eG (eae variable, x) oe, 9 (only first term has a variable) 


—8y, 3y (same variable, y) dienes Mae 5x, 6y (different variables) 
4. 10 (both constants) j x, 8 (only first term has a variable) 


=5x?, 6x? (same variable with same exponent) 2x3, 3x? (different exponents) 


To simplify an expression means to combine like terms by using the commuta- 
tive, associative, and distributive properties discussed in Chapter 5. For convenience, 


we list these properties below. 


Example §§ Combining Like Terms 


Combine like terms in each expression. 
a) 8x + 4x Dye "Sy 
seas 1 = Sivan Gly =p ae Ch = oy = I) — Sra obs 
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Francois Viéte 


Gs" philosopher Diophantus 
of Alexandria (A.D. 250), who 


invented notations for powers of 
a number and for multiplication 
and division of simple quantities, is 
thought to have made the first at- 
tempts at algebra. Not until the six- 
teenth century, however, did French 
mathematician Francois _—-Viéte 
(1540-1603) use symbols to repre- 
sent numbers, the foundation of 
symbolic algebra. The work of René 
Descartes (1596-1660), though, is 
considered to be the starting point 
of modem-day algebra. In 1707, 
Sir Isaac Newton (1643-1727) gave 
symbolic mathematics the name uni- 
versal arithmetic. 


a) We use the distributive property (in reverse) to combine like terms. 


8x + 4x = (8 + 4)x 
= 12x 
b) Ty — 5y = 7 = 5)y = 2y 
CG) ieee De Siete 


Distributive property 


= x — 3x + 12 +7 Rearrange terms; place like terms together. 

— 27 19 

d= 4 by 1 Say 3x 
=e 20S) Oya Viet ad 
=5¢ — Sh) 


Combine like terms. 


Rearrange terms; place like terms together. 
Combine like terms. a 


We are able to rearrange the terms of an expression, as was done in Example 1(c) 
and (d) by the commutative and associative properties that were discussed in Section 5.5. 

The order of the terms in an expression is not crucial. However, when listing the 
terms of an expression, we generally list the terms in alphabetical order, with the con- 
stant, the term without a variable, last. 


Solving Equations 


Recall that to solve an equation means to find the value or values for the variable that 
make(s) the equation true. In this section, we discuss solving linear (or first-degree) 
equations. A linear equation in one variable is one in which the exponent on the vari- 
able is 1. Examples of linear equations are Sx — 1 = 3 and 2x + 4 = 6x — 5. 

Equivalent equations are equations that have the same solution. The equations 
2x — 5 = 1, 2x = 6, and x = 3 are all equivalent equations since they all have the 
same solution, 3. When we solve an equation, we write the given equation as a series 
of simpler equivalent equations until we obtain an equation of the form x = c, where 
c 1s some real number. 

To solve any equation, we have to isolate the variable. That means getting the 
variable by itself on one side of the equal sign. The four properties of equality that 
we are about to discuss are used to isolate the variable. The first is the addition 


property. 


_ Addition Property of Equality 
If a = b, thena + c = b + c for all real numbers a, b, and c. 


The addition property of equality indicates that the same number can be added to 
both sides of an equation without changing the solution. 


Example @ Using the Addition Property of Equality 
Determine the solution to the equation x — 9 = 15. 


To isolate the variable, add 9 to both sides of the equation. 


Xe OFS 
Gee has lye be) 
x+0= 24 
x = 24 
CHECK: OS 
24 —9 2 15 Substitute 24 for x. 


15 = 15 True a 
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In Example 2, we showed the step x + 0 = 24. This step is usually done men- 
tally, and the step is usually not listed. 


Subtraction Property of Equality 
If a = b, then a — c = b — c for all real numbers a, b, and c. 


The subtraction property of equality indicates that the same number can be sub- 
tracted from both sides of an equation without changing the solution. 


Example Using the Subtraction Property of Equality 
Determine the solution to the equation x + 11 = 19. 


To isolate the variable, subtract 11 from both sides of the equation. 


gk il = ©) 
yee ML Hill a I bit 
x= 8 a 


Note in Example 3 that we did not subtract 19 from both sides of the equation, 
because doing so would not result in getting x on one side of the equal sign by itself. 
Now we discuss the multiplication property. 


Multiplication Property of Equality 
If a = b, then a:c = b<c for all real numbers a, b, and c, where c # 0. 


The multiplication property of equality indicates that both sides of the equation 
can be multiplied by the same nonzero number without changing the solution. 


Example Z4 Using the Multiplication Property of Equality 


‘ f x 
Determine the solution to zi = 8. 


To solve this equation, multiply both sides of the equation by 4. 


x 
“=8 
4 
3 
Nt | ces 2G 
(2) = 46) 
es 
x 
— = 32 
U4 
1 
(he = 3) 
x = 32 r 


4: 
In Example 4, we showed the steps a = 32 and 1x = 32. Usually, we will not 
illustrate these steps. 


Division Property of Equality 


If a = b, then . = “a for all real numbers a, b, andc, c ¥ 0. 
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The division property of equality indicates that both sides of an equation can be 
divided by the same nonzero number without changing the solution. Note that the di- 
visor, c, cannot be 0 because division by 0 is not permitted. 


Example Using the Division Property of Equality 
Solve the equation 7x = 35. 
To solve this equation, divide both sides of the equation by 7. 


Ix = 35 

Te 35 

7 

x=5 r | 


An algorithm is a general procedure for accomplishing a task. The following 
general procedure is an algorithm for solving linear (or first-degree) equations. 
Sometimes the solution to an equation may be found more easily by using a variation 
of this general procedure. Remember that the primary objective in solving any equa- 
tion is to isolate the variable. 


4001642) 8) 1 A GENERAL PROCEDURE FOR SOLVING 
LINEAR EQUATIONS 


. Ifthe equation contains fractions, multiply both sides of the equation by 
the lowest common denominator (or least common multiple). This step will 
eliminate all fractions from the equation. 


2. Use the distributive property to remove parentheses when necessary. 


3. Combine like terms on the same side of the equal sign when possible. 


. Use the addition or subtraction property to collect all terms with a variable on 
one side of the equal sign and all constants on the other side of the equal sign. 
It may be necessary to use the addition or subtraction property more than once. 
This process will eventually result in an equation of the form ax = b, where a 
and b are real numbers. 


. Solve for the variable using the division or multiplication property. The result 
will be an answer in the form x = c, where c is a real number. 


Example [4 Using the General Procedure 
Solve the equation 2x — 9 = 19. 


Our goal is to isolate the variable; therefore, we start by getting the 
term 2x by itself on one side of the equation. 


PD et lt) 
2x —-9+9=19+9 Add 9 to both sides of the equation (addition property) (Step 4). 
2x = 28 
Pe Phe 
a = aa Divide both sides of the equation by 2 (division property) (Step 5). 
x= 14 


A check will show that 14 is the solution to 2x — 9 = 19. fa 


Did You Know? — 
A New Concept 


F 
| 


ell into the sixteenth century, 

mathematicians found it dif- 
ficult to accept the idea that the 
solution to a problem (such as 
Example 7) could be a negative 
number because negative num- 
bers could not be accepted as 
physically real. In the early days 
of algebra, someone working a 
problem did not isolate a variable 
by subtracting like terms. Instead, 
a problem would be put into a 
form that allowed only positive 
coefficients and answers. Albert 
Girard (1595-1637) contributed to 
the evolution of a correct under- 
standing of negative quantities. 
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Example §J Solving a Linear Equation 
Solve the equation 4 = 5 + 2(t + 1) fort. 


Our goal is to isolate the variable t. To do so, follow the general proce- 
dure for solving equations. 


4=54+2r+ 1) 


4=5+2t+2 Distributive property (Step 2) 
= 2+ 7 Combine like terms (Step 3). 
4—7=2t+7-—7 — Subtraction property (Step 4) 
a3) = 
=e a 
ae = > Division property (Step 5) 
sas de 5 
7) 


Example FE} Solving an Equation Containing Fractions 


When an equation contains fractions, we generally begin by multiplying 
each term of the equation by the lowest common denominator, LCD (see page 237 
in Chapter 5). In this example, the LCD is 12 because 12 is the smallest number 
that is divisible by both 3 and 4. 


Deel 3 
{2 i +) = (2) Multiply both sides of the equation by the LCD (Step 1). 


2x 1 3 
12 i) toes 5 = 12 ri Distributive property (Step 2) 


2(2) 4 (+) : 2(2) ae 
Fi 3 => 4 ivide out common Tactors. 


8x + 4—4=9-—4 — Subtraction property (Step 4) 
he = 
8x 
aS Division property (Step 5) 
8 8 
2) 
y= = 
8 


A check will show that 3 is the solution to the equation. You could have worked the 
problem without first multiplying both sides of the equation by the LCD. Try it! m™ 


Example J Variables on Both Sides of the Equation 
ES the equation 6x + 8 = 10x + 12. 
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Note that the equation has an x on both sides of the equal sign. In equa- 
tions of this type, you might wonder what to do first. It actually does not matter as 
long as you do not forget the goal of isolating the variable x. Let’s collect the terms 
containing a variable on the left-hand side of the equation. 


6x + 8 = 
6x +8 -8= 
6x = 
(0) et AO) els 
—4x = 

—4x 

“aahe 


y= 


LO 2 
10x + 12 — 8 — Subtraction property (Step 4) 
10x + 4 

10x — 10x + 4 Subtraction property (Step 4) 
4 
4 
=i 


=i] a 


Division property (Step 5) 


In the solution to Example 9, the terms containing the variable were collected on 
the left-hand side of the equal sign. Now work Example 9, collecting the terms with 
the variable on the right-hand side of the equal sign. If you do so correctly, you will 


get the same result. 


Example iI) Solving an Equation Containing Decimals 


Solve the equation 4x — 0.48 


= (.8x + 4 and check your solution. 


This equation may be solved with the decimals, or you may multiply 
each term by 100 and eliminate the decimals. We will solve the equation with the 


decimals. 
4x — 0.48 = 0.8x + 4 
4x — 0.48 + 0.48 = 0.8x + 4 + 0.48 Addition property 
Ax = 0.8x + 4.48 
4x — 0.8x = 0.8x — 0.8x + 4.48 Subtraction property 
3.2x = 4.48 
oie = 488 Division property 
3.2 3h 
x= 14 
CHECK: 4x — 0.48 = 0.8x + 4 
4(1.4) — 0.48 2 0.8(1.4) + 4 Substitute 1.4 for each x in the equation. 


5.6 — 0.48 2 
5.12 = 


NaI, io 2h 


Eyl True & 


In Chapter 5, we explained that a — b can be expressed as a + (—b). We use 


this principle in Example 11. 


Example Using the Definition of Subtraction 
Re 12: =26r= 4) 47 fot 


Remember that the goal in solving 
an equation is to get the variable 

alone on one side of the equal sign 
by using the general procedure for 
solving equations. 
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Our goal is to isolate the variable r. To do so, follow the general proce- 
dure for solving equations. 


12 = 2r — 4) — 4r 

12 = 2[3r + (—4)] — 4r 
12 = 2(3r) + 2(-4) — 4r 
12 = 6r - 8 —4r 


Definition of subtraction 


Distributive property 


12 = 2r— 8 Combine like terms. 
(2 8i—) 27 — 8 + 8 Addition property 
20 = 2r 
Zz = z Division property 
2 2 
10=r a 


So far, every equation has had exactly one solution. Some equations, however, 
have no solution, and others have more than one solution. Example 12 illustrates an 
equation that has no solution, and Example 13 illustrates an equation that has an infi- 
nite number of solutions. 


Example [) An Equation with No Solution 
Solve 26; = 4)-b 64 >) —=!54 = 205+ 4). 


24) Bx = ox, — 200 4 4) 
PS teh a8 B6 Se BD) a Oe Ze = te} 
8% 3 — 3S 
Oe Na = Oy 8 
—3 = -8 


Distributive property 

Combine like terms. 

Subtraction property 

False 

During the process of solving an equation, if you obtain a false statement like 

—3 = —8, or 5 = 0, the equation has no solution. An equation that has no solu- 


tion is called a contradiction. The equation 2(a — 4) + x + 5 = 5x — 2 + 4) 
is a contradiction and thus has no solution. a 


Example {} An Equation with Infinitely Many Solutions 
Soe AEs He AD) = see = 6) = 32 Se 


PXGS Se CN) == BiGy = 5) ay se We) 
2x + 8 — 3x + 15 = —x + 23 Distributive property 
—x + 23 = —x + 23 Combine like terms. 


Note that at this point both sides of the equation are the same. Every real number will 
satisfy this equation. This equation has an infinite number of solutions. An equation 
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of this type is called an identity. When solving an equation, you can tell that the equa- 
tion is an identity if you notice that the same expression appears on both sides of the 
equal sign. The solution to any linear equation with one variable that is an identity is 
all real numbers. If you continue to solve an equation that is an identity, you will end 
up with 0 = 0, as follows. 


36 3 Dey a 8 
—x +x + 23 = —x + x + 23 Addition property 


23 = 23 Combine like terms. 
MB pi) == DB) Subtraction property 
0=0 True for any value of x a 


Proportions 


A ratio is a quotient of two quantities. An example is the ratio of 2 to 5, which can be 
written 2 : 5 or 2 or 2/5. Ratios are used in proportions. 


An example of a proportion is ; = : where b # 0 and d # 0. Consider the 


proportion 


We can solve this proportion by first multiplying both sides of the equation by 
the LCD, 40. 


5 8 
io(2 2 *) ba 4o(2 *) Multiplication property 


8 + 2) = 5@ + 5) 
8x + 16 = 5x + 25 


She ae IG) = 25) 
3x = 9 
x=3 


A check will show that 3 is the solution. 
Proportions can often be solved more easily by using cross multiplication. 


A Tucson, AZ 
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cil ae Geet 8) 


Let’s use cross multiplication to solve the proportion 


5 8 


8 + 2) = 5(¢ + 5) Cross multiplication 
8x + 16 = 5x + 25 


3x + 16 = 25 
3x =9 
x=3 


Notice we obtained the same answer as we did by multiplying both sides of 
the equation by the LCD, 40. 
Many practical application problems can be solved using proportions. 


440} e 4216] ay TO SOLVE APPLICATION PROBLEMS USING 
PROPORTIONS 


. Represent the unknown quantity by a variable. 


. Set up the proportion by listing the given ratio on the left-hand side of the equal 
sign and the unknown and other given quantity on the right-hand side of the 
equal sign. When setting up the right-hand side of the proportion, the same re- 
spective quantities should occupy the same respective positions on the left and 
right. For example, an acceptable proportion might be 


miles _ miles 


hour hour 


. Once the proportion is properly written, drop the units and use cross multiplica- 
tion to solve the equation. 


. Answer the question or questions asked using the appropriate units. 


Example |Z} Water Usage 


The cost for water in the city of Tucson, Arizona is $1.75 per 750 gallons (gal) of 
water used. What is the water bill if 30,000 gallons are used? 


This problem may be solved by setting up a proportion. One proportion 
that can be used is 


cost of 750 gal _ cost of 30,000 gal 


750gal ~=—S—«30,000 gal 
The unknown quantity is the cost for 30,000 gallons of water, so we will call this 
quantity x. The proportion then becomes 
De kerenppranc 
750 30,000 
Now we solve for x by using cross multiplication. 


Given ratio { 


(1.75)(30,000) = 750x 


52,500 = 750x 

52,500 _ 750x 

750 750 
$70 =x 


The cost of 30,000 gallons of water is $70. W 
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Example jk) Determining the Amount of Insulin 


Insulin comes in 10-cubic-centimeter (cc) vials labeled in the number of units of in- 
sulin per cubic centimeter of fluid. A vial of insulin marked U40 has 40 units of in- 
sulin per cubic centimeter of fluid. If a patient needs 30 units of insulin, how much 

fluid should be drawn into the syringe from the U40 vial? 


The unknown quantity, x, is the number of cubic centimeters of fluid 
to be drawn into the syringe. Following is one proportion that can be used to find 


that quantity. 


4O units 30 units 


Given ratio eae = 


ce Xx. 6C 
40x = 30(1) 
40x = 30 
30 
= — = 0.75 
2 


The nurse or doctor putting the insulin in the syringe should draw 0.75 cc of the 


fluid. 


SECTION 6.2 s 
eelncteadats Exercises 


Warm Up Exercises 


In Exercises 1-12, fill in the blank with an appropriate 
word, phrase, or symbol(s). 


1. The parts that are added or subtracted in an algebraic 
expression are called 


2. Terms that have the same variables with the same expo- 


11. When solving an equation, getting a variable by itself 
on one side of the equal sign means to ____ the 
variable. 


12. 


Equations that have the same solution are called 
equations. 


Practice the Skills 


nents on the variables are called _____ terms. In Exercises 13-36, combine like terms. 
3. The numerical part of a term is called its numerical 13350 esi 1 pe Ph 
Is Ses Sy a ll 163 6x G2 21 
4. An equation in which the highest exponent on the variable 
is a 1, is called a(n) ________ equation. 17. 7x + 3y — 4x + By 18. x — 4x + 3 
5. To combine like terms by using the commutative, associa- 19. oe = Sk 2. —3x + 4x — 2 +5 
tive, and distributive properties means to _____ an 57% Sys 1 59 007: Liege 4 
expression. ; eats J 
2320.20 —8.3isp 7 UK 


6. A general procedure for accomplishing a task is called a(n) 


7. A quotient of two quantities is called a(n) 

8. A statement of equality between two ratios is called a(n) 

9, An equation that has an infinite number of solutions is 
called a(n) 


10. An equation that has no solution is called a(n) 


24. 45 + 3r + 8 — 2t 
25.3x+4x-—5 26. tx —4x-4 
Is The — hy — toy ip Chain 2 


28. 
29. 
30. 
31. 


2p — 4q — 3p + 4q — 15 
2s 42 3) +e O(s) 14) 
(ia ey = Alea Sse Ke) 


O26 4) L2G 3) 


32, 0.9(2.3x — 2) + 1.7G.2x =—5) 
3 3 
33, = yey 

Sati anit ay 


2 1 
34, =(3x + 9) — = 
33x + 9) — 7Qx + 5) 


4 2 
35, 
A 5 x 


In Exercises 37-62, solve the equation. 


37.y-4=13 38. y + 6 = 12 
39.21 = —21 +9 40. 12 = 3x +6 
ies 42, ae BES 
ae 5 15 
ene eee 
43, =4 p= = Aveta 
Nera yt Dr SaAgtg 
45. 0.9x — 1.2 =24 46. 5x + 0.050 = —0.732 
47. 6 — 8 = 4-2 48. 6¢ —7 = 8 +9 
=. 1 
49. ~ + 2x == 50. + 2r=7 
4 3 3 

x— + -5 x- 
51,2 3 _x 4 gate 5 _x 9 

2 3 4 3 


RRh AGE ae 3) = Ah Wee — 2h) 

BY SiGe ae 2%) sie ACs —* ||) = Sue —= 7) 

55.46, = 4) 12° = 465 — 1) 

56. 6(t + 2) — 14 = 6t — 2 

57. 4 aye = ae 58. 2 es te i) 
sts aC ) en me 
59) 3x4 2:— 6x = —x — 15 +8 — ox 

60. 6x + 8 — 22x = 28 + 14x — 10 + 12x 

61. 5(n + 1) = 2(5n — 4) + 6n 


62. 4(¢ — 3) + 8 = 4(2t — 6) 


Problem Solving 
In Exercises 63 and 64, use the water rate for Columbus, 
Ohio, which is $1.98 per 750 gallons of water. 


63. Water Bill What is the water bill if a resident of Colum- 
bus uses 27,000 gal? 


64. Limiting the Cost How many gallons of water can a 
customer use if the water bill is not to exceed $200? 


65. Paint A gallon of paint covers 825 ft?. How much paint is 


needed to paint a house with a surface area of 6600 ft°? 


66. 


67. 


68. 


69. 


70. 
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A See Exercise 65 


Watching Television Nielson Media Research deter- 
mines the number of people who watch a television show. 
One rating point means that about 1,102,000 households 
watched the show. The top-rated television show for the 
week of February 14, 2011, was American Idol—with 

a rating of 21.0. About how many households watched 
American Idol that week? 


Fajitas A recipe for six servings of beef fajitas requires 
16 oz of beef sirloin. 


a) If the recipe were to be made for nine servings, how 
many ounces of beef sirloin would be needed? 


b) How many servings of beef fajitas can be made with 
32 oz of beef sirloin? 


Topsoil A 40-pound bag of topsoil will cover a surface 
area of 12 ft”. 


a) How many pounds of topsoil are needed to cover a 
surface area of 480 ft”? 


b) How many bags of topsoil must be purchased to cover 
a surface area of 480 ft”? 


Speed Limit When Jacob Abbott crossed over from 
Niagara Falls, New York, to Niagara Falls, Canada, he 
saw a sign that said 50 miles per hour (mph) is equal to 
80 kilometers per hour (kph). 


A Niagara Falls, Canada 


a) How many kilometers per hour are equal to 1 mph? 


b) On a stretch of the Queen Elizabeth Way, the speed 
limit is 90 kph. What is the speed limit in miles per 
hour? 


The Proper Dosage A doctor asks a nurse to give a pa- 
tient 250 milligrams (mg) of the drug Simethicone. The 
drug is available only in a solution whose concentration 

is 40 mg Simethicone per 0.6 milliliter (m€) of solution. 
How many milliliters of solution should the nurse give the 
patient? 
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a) A submarine is built to withstand a pressure of 148 psi. 
Amount of Insulin In Exercises 71 and 72, how much insu- How deep can that submarine go? 
lin (in cc) would be given for the following doses? (Refer to 


Example 15 on page 306.) b) If the pressure gauge in the submarine registers a pres- 


sure of 128.65 psi, how deep is the submarine? 


71. 15 units of insulin fi ial marked U40 A 
kn eae 75. a) Gender Ratios If the ratio of males to females in a 


72. 35 units of insulin from a vial marked U40 class is 2 : 3, what is the ratio of males to all the stu- 
dents in the class? 


73. a) Summarize the procedure to use to solve an equation. ; 
b) If the ratio of males to females in a class 1s m : n, what 


b) Solve the equation 2( + 3) = 4x + 3 — 5x with the is the ratio of males to all the students in the class? 


procedure you outlined in part (a). ; 
76. Determine whether the given equations are equivalent. 


Challenge Problems/Group Activities Ke? 
a) — = , 6x = 3x + 6 
74. Depth of a Submarine The pressure, P, in pounds per square 3 6 
inch (psi) exerted on an object x ft below the sea is given by Mea iC 
the formula P = 14.70 + 0.43x. The 14.70 represents the b) 2a 9 a9; ho. 


weight in pounds of the column of air (from sea level to the 

top of the atmosphere) standing over a | in. by | in. square ter 

of seawater. The 0.43x represents the weight in pounds ofa  [nternet/Resea rch Activities 

column of water | in. by | in. by x ft (see Fig. 6.1). 77. Ratio and proportion are used in many different ways in 

everyday life. Submit two articles from newspapers, maga- 

: zines, or the Internet in which ratios and/or proportions 

i ieee are used. Write a brief summary of each article explaining 

1471b how ratio and/or proportion were used. 


78. Write a report explaining how the ancient Egyptians used 
equations. Include in your discussion the forms of the 
equations used. 


This column 
of water 
weighs 0.43x Ib 


1 in. by 1 in. square 


Figure 6.1 


SECTION 6.3 


Suppose you need to purchase new carpet for your family room, which is in the shape of 


a rectangle. To determine the amount of carpet required, you would need to determine 
the area of the room by multiplying the length of the room by the width of the room. 
In this section, we will discuss a special kind of equation called a formula. Formulas are 
used to evaluate and determine the solution to many real world problems. 


| Why ale is Important Using a formula can help us determine many quantities, such as 
how much carpet to purchase for a room and the interest you must pay when borrowing 


money. 


A formula is an equation that typically has a real-life application. To evaluate 
a formula, substitute the given values for their respective variables and then eval- 
A A formula is used to determine the uate using the order of operations given in Section 6.1. Many of the formulas given in 


amount of carpet needed to cover this section are discussed in greater detail in other parts of the book. 
the floor of a room. 
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Example §§ Simple Interest 


The simple interest formula,* interest = principal X rate X time, or i = prt, is 
used to find the interest you must pay on a simple interest loan when you borrow 
principal, p, at simple interest rate, r, in decimal form, for time, t. Chris Campbell 
borrows $5000 at a simple interest rate of 6.5% for 3 years. 


a) How much will Chris Campbell pay in interest at the end of 3 years? 
b) What is the total amount he will repay the bank at the end of 3 years? 


a) Substitute the values of p, r, and t into the formula; then evaluate. 


i = prt 
= 5000(0.065)(3) 
= 975 


Thus, Chris must pay $975 interest. 


b) The total he must pay at the end of 3 years is the principal, $5000, plus the $975 
interest, for a total of $5975. r 


Example Volume of an Ice-Cream Box 


The formula for the volume of a rectangular box’ is volume = length X width x 
height, or V = lwh. Use the formula V = /wih to find the width of a rectangular 
box of ice cream if ] = 7 in., h = 3.5 in., and V = 122.5 in’. 


We substitute the appropriate values into the volume formula and solve 
for the desired quantity, w. 


V = lwh 
122.5 = (7)w(3.5) 
122.5 = 24.5w 
122.5  24.5w 
AS wis. 
5S=w 
Therefore, the width of the ice-cream box is 5 in. ia 


In Example 1, we used the formula i = prt. In Example 2, we used the formula 
V = lwh. In these examples, we used a mathematical equation to represent real phe- 
nomena. When we represent real phenomena, such as finding simple interest, math- 
ematically we say we have created a mathematical model or simply a model to rep- 
resent the situation. A model may be a single formula, an equation, or a system of 
many equations. By using models we gain insight into real-life situations, such as 
how much interest you will accumulate in your savings account. We will use mathe- 
matical models throughout this chapter and elsewhere in the text. In some exercises 
in this and the next chapter, when you are asked to determine an equation to repre- 
sent a real-life situation, we will sometimes write the word modeling in the 
instructions. 

Many formulas contain Greek letters, such as ps (mu), o (sigma), = (capital 
sigma), 6 (delta), A (capital delta), e (epsilon), 7 (pi), 6 (theta), and A (lambda). 


*The simple interest formula is discussed in Section 11.2. 


'The volume formula is discussed in Section 9.4. 
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Did You Know? 
k=mc 
E=mc 


Albert Einstein 


any of you recognize the 
formula E= mc? used by 
Albert Einstein in 1912 to describe 
his groundbreaking theory of rela- 
tivity. In the formula, E is energy, 
m is mass, and c is the speed of 
light. In his theory, Einstein hypothe- 
sized that time was not absolute and 
that mass and energy were related. 
Einstein's 72-page handwritten 
manuscript, which went on display in 
1999 at Jerusalem's Israel Museum, 
shows that Einstein toyed with us- 
ing an L rather than an E to repre- 
sent energy. He wrote L = mc?, 
and then scratched out the L and 
replaced it with an E to produce the 
equation E = mc?. Yisrail Galili at 
Jerusalem's Hebrew University said 
the L might have been a lambda, 
a Greek letter sometimes used in 
functions related to energy. He said 
it might also be related to Joseph- 
Louis Lagrange, an eighteenth- 
century Italian mathematician. 


Example kj A Statistics Formula 


A formula used in the study of statistics to find a standard score (or z-score) is 


Find the value of z when xX (read “x bar”) = 120, w = 100, 0 = 16, andn = 4. 


ig OA os 
o 16 16 8 : 


Z= 


Vn V4 2 


Some formulas contain subscripts. Subscripts are numbers (or letters) placed be- 
low and to the right of variables. They are used to help clarify a formula. For exam- 
ple, if two different amounts are used in a problem, they may be symbolized as A and 
Ap, or A; and A>. Subscripts are read using the word sub; for example, Ao is read “A 
sub zero” and A, is read “A sub one.” 


Solving for a Variable in a Formula or Equation 


Often in mathematics and science courses, you are given a formula or an equation 
expressed in terms of one variable and asked to express it in terms of a different 
variable. For example, you may be given the formula P = i *r and asked to solve 
the formula for r. To do so, treat each of the variables, except the one you are soly- 
ing for, as if it were a constant. Then solve for the variable desired, using the prop- 
erties previously discussed. Examples 4 through 6 show how to do this task. 

When graphing equations in Section 6.7, you will sometimes have to solve the 
equation for the variable y, as is done in Example 4. 


Example Solving for a Variable in an Equation 

Solve the equation 2x + 5y — 10 = 0 for y. 

We need to isolate the term containing the variable y. Begin by moving 
the constant, —10, and the term 2x to the right-hand side of the equation. 


2x + Sy 10 =0 


oy) — Ol OF ORO) Addition property 


2x + Sy = 10 
—2x + 2x + 5y = —2x + 10 Subtraction property 
Sy, = =2x,+ 10 
BLE = een? Ww Division property 
5 5 
ee LO 
ack 
5 5 
y= Sa 2 


Profile in Mathematic: 


Sophie Germain 


ecause she was a woman, 

Sophie Germain (1776-1831) 
was denied admission to the Ecole 
Polytechnic, the French academy of 
mathematics and science. Not to be 
stopped, she obtained lecture notes 
from courses in which she had an in- 
terest, including one taught by 
Joseph-Louis Lagrange. Under the 
pen name M. LeBlanc, she submit- 
ted a paper on analysis to Lagrange, 
who was so impressed with the re- 
port that he wanted to meet the au- 
thor and personally congratulate 
“him.” When he found out that the 
author was a woman, he became a 
great help and encouragement to 
her. Lagrange introduced Germain 
to many of the French scientists of 
the time. 

In 1801, Germain wrote to the 
great German mathematician Carl 
Friedrich Gauss to discuss Fermat's 
equation, x" + y” = Zz. He com= 
mended her for showing “the no- 
blest courage, quite extraordinary 
talents and a superior genius.” 
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Note that once you have found y = sane! you have solved the equation for y. 


The solution can also be expressed in the form y = —2x + 2. This form of the 
equation is convenient for graphing equations, as will be explained in Section 6.7. 
Example 4 can also be solved by moving the y term to the right-hand side of the equal 
sign. Do so now and note that you obtain the same answer. 


Example Solving for a Variable in a Formula 


An important formula used in statistics is 


Solve this formula for x. 


To isolate the term x, use the general procedure for solving linear 
equations given in Section 6.2. Treat each letter, except x, as if it were a constant. 


25 Ie 
Z= 
Oo 
ne 
Z°o= S * € Multiply both sides of the equation by oc. 
ZO" == Bb 


Zo +r fh =xX— pt pw Addy to both sides of the equation. 


x 


aN 
Q 
+ 
= 
ll 


or 56 = or = fu w 


Example { The Tax-Free Yield Formula 


A formula that may be important to you now or sometime in the future is the tax- 
free yield formula, Ty = T,(1 — F). This formula can be used to convert a taxable 
yield, T,, into its equivalent tax-free yield, Tr, where F is the federal income tax 
bracket of the individual. A taxable yield is an interest rate for which income tax is 
paid on the interest made. A tax-free yield is an interest rate for which income tax 
does not have to be paid on the interest made. 


a) For someone in a 25% tax bracket, find the equivalent tax-free yield of a 4% 
taxable investment. 


b) Solve this formula for T,. That is, write a formula for taxable yield in terms of 
tax-free yield. 


a) Ty = TA — FD 
= 0.04(1 — 0.25) = 0.04(0.75) = 0.03, or 3% 


Thus, a taxable investment of 4% is equivalent to a tax-free investment of 3% 
for a person in a 25% income tax bracket. 


b) ip 1 Ga 3) 
Ty ES dael= de), 


Divide both sides of the equation by 1 — F. 


a or 
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Warm Up Exercises 
In Exercises 1-2, fill in the blank with an appropriate 
word, phrase, or symbol(s). 


1. An equation that typically has a real-life application is 
called a(n) 


2. Numbers or letters that are placed below and to the right of 
variables are called 
Practice the Skills 


In Exercises 3—34, use the formula to determine the value 
of the indicated variable for the values given. Use a calcu- 
lator when one is needed. When necessary, round answers 
to the nearest hundredth. 


3. A = bh; determine A when b = 12 and h = 4 
geometry). 


4, P =a+ b+; determine P when a = 25, b = 53, and 
c = 32 (geometry). 


5. P = 21 + 2w; determine P when / = 12 and w = 16 
(geometry). 


6. F = ma; determine m when F = 40 and a = 5 
(physics). 
1 
7.K= xis determine m when v = 30 and K = 4500 


(physics). 


8. p = i’r; determine r when p = 62,500 andi = 5 
(electronics). 


9. S = mr(r + h); determine S when r = 8, 7 = 3.14, and 
h = 2 (geometry). 


703 


10. B = A determine B when w = 130 and h = 67 


(body mass index). 


11. z= = determine 2 when z = 2.5, x = 42.1, and 
oa = 2 (statistics). 


12. S = 4lw + 2wh; determine 1 when S = 336, h = 9, and 
w = 8 (geometry). 


PV 
13. T= a determine P when T = 80, V = 20, and 
k = 0.5 (physics). 


Gate 


3 
c = 92 (statistics). 


14. m = ; determine a when m = 85, b = 77, and 
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15. A = P(1 + rt); determine P when A = 3600, r = 0.04, 
and t = 5 (economics). 
1 
16. V= 5a; determine a when V = 2304 and t = 12 
(physics). 


17. V = mr7h; determine h when V = 942, 7 = 3.14, and 
r = 5 (geometry). 


18. F = 2C + 32; determine F when C = 7 (temperature 
conversion). 


19.C = iF — 32); determine C when F = 77 (temperature 


conversion). 
1B == By) : 
20. K = i8 + 273.1; determine K when F = 100 
(chemistry). 
21. m = tas determine m when y> = 8, y; = —4, 
x2 ~ 1 
Xo = —3, and x; = —5 (mathematics). 
= ft ; = 
22. z = ———-; determine z when x = 66, w = 60, o = 15, 
o 
Vn 


and n = 25 (statistics). 


23. S = R — rR; determine R when S = 186 and r = 0.07 
(for determining sale price when an item is discounted). 


24. S = C + rC; determine C when S = 115 and r = 0.15 
(for determining selling price when an item is marked up). 


25. E = a\p, + adop2 + a3p3; determine E when 


a, = 5, p; = 0.2, ay = 7, pp = 0.6, az = 10, and 
p3 = 0.2 (probability). 


—b + Vb? — 4ac 


26. x ; determine x when a = 2, 
2a 
b = —5, and c = —12 (mathematics). 
27. s = —16t* + vot + so; determine s when t = 4, vo = 30, 


and sy = 150 (physics). 


28. R = O + (V — D)r; determine O when R = 670, 
V = 100, D = 10, and r = 4 (economics). 


29. P= a: determine f when i = 0.08 and P = 3000 


(investment banking). 


30. c = Va? + b*; determine c when a = 5 and b = 12 
(geometry). 


Bi yee ee 
OP Nh Fee 


Ry = 200 (electronics). 


RT 
Pa 


; determine Ry when R; = 100 and 


32. “yo determine V when P = 12,n = 10, R = 60, 


and T = 8 (chemistry). 


ay(1 = ry 
1 = 
and n = 4 (mathematics). 


33. S, = 


; determine S, when a, = 


10, r = 1/2, 


nt 
34.A = (1 ae ") ; determine A when P = 100, r = 6%, 


n = 1, and ¢t = 3 (banking). 


In Exercises 35-44, solve the equation for y. 


35. 5x — 4y = 14 

37. 8x + Ty = 21 
392 oy oO — 0) 
41. —23+ 3y 4% = 15 


43. 9x + 4z =7 + By 


36. 7x — 3y = 23 

38. —9x + 4y = 11 
40. 10x — 3y = 0 

42. 5x + 3y — 2z = 22 


44, 2x — 3y + 5z =0 


In Exercises 45-64, solve for the variable indicated. 


45. A = lw, for w 


47.p=a+b+c fora 


48.p=atbt+s, + S2 
49.V =4Bh forB 


51. for r 


e) 
ll 


2ar 


53. y= mx +b forb 


55. P=21+2w forw 
+ 
Br 
2gm 


59. r= =, ior 
(8 
61. F = 2C + 32forC 


63. S = mr? + ors for s 


1 
64. A = Sh(b, + by) for bs 


46. V=Iwh forw 


for 5; 


50.V= rh forh 


52. y= mx +b form 


| 
54. V= gah for h 


1 
56. A = a for b 


Wi 
58. — = for 
Wo8 ae at "a 
PiVi 7 Bao 
60. —— = for V: 
ip ne ee 


62. C = 3(F — 32) forF 
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Problem Solving 


In Exercises 65-69, when appropriate, round answers to 
the nearest hundredth. 


65. Driving Time A family is planning to drive 549 miles 
from their home in Lincoln, Nebraska, to Mount Rushmore 
National Park. They plan to drive at an average speed of 
61 miles per hour. How much time will they spend driving? 


4 Mount Rushmore, South Dakota 


66. Savings Account Christine Chu borrowed $4500 from a 
bank at a simple interest rate of 2.5% for one year. 


a) Determine how much interest Christine paid at the end 
of 1 year. 


b) Determine the total amount Christine will repay the 
bank at the end of 1 year. 


67. Interest on a Loan Jeff Hubbard borrowed $800 from his 
brother for 2 years. At the end of 2 years, he repaid the $800 
plus $128 in interest. What simple interest rate did he pay? 


68. Volume of a Bucket Determine the volume of a cylindrical 
bucket in cubic inches if the bucket’s radius is 5 in. and the 
height is 12 in. The formula for the volume of a cylinder is 
V = arh. Use the 7 key on your calculator. 


69. Body Mass Index A person’s body mass index (BMI) is 


703 
found by the formula B = edd 


on where w is the person’s 


weight, in pounds, and / is the person’s height, in inches. 
John Bass is 6 ft tall and weighs 200 Ib. 


a) Determine his BMI. 


b) If John would like to have a BMI of 26, how much 
weight would he need to gain or lose? 


Challenge Problem/Group Activity 


70. Determine the volume of the block shown in Fig. 6.2, 
excluding the hole. The formula for the volume of a rect- 
angular solid is V = wh. The formula for the volume of a 
cylinder is V = rh. 


Figure 6.2 
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SECTION 6.4 


4 An equation can be used to 
represent the base salary and the 
commission earned by a sales 
representative. 


Did YouKnow? 


Survival of the Fittest 


Gets come and symbols go; 
the ones that find the great- 
est acceptance are the ones that 
survive. The Egyptians used picto- 
rial symbols: a pair of legs walking 
forward for addition or backward 
for subtraction. Robert Recorde 
(1510-1558) used two parallel 
lines, =, to represent “equals” be- 
cause “no 2 thynges can be moore 
equalle.” Some symbols evolved 
from abbreviations, such as the “+” 
sign, which comes from the Latin et 
meaning “and.” The evolution of 
others is less clear. The invention 
of the printing press in the fifteenth 
century led to a greater standard- 
ization of symbols already in use. 


Applications of Linear Equations in One Variable 


Suppose your weekly salary as a sales representative consists of a weekly base salary 
of $400 and a 6% commission on the total dollar amount of all sales you make. How 
many dollars in sales would you need to make in a week to earn a total of $1000 a 
week? To answer this question you must first express the written problem as a mathe- 
matical equation. Then you can use the general procedure for solving linear equations 
discussed in Section 6.2 to obtain the answer. In this section, we will explain how to 


write mathematical equations to represent word problems. 


ED This Is Important Being able to express a real-life problem as a mathematical 
equation is necessary in order to solve application problems like the one above. 


ne reason to study algebra is that it can be used to solve everyday problems. 

In this section, we will do two things: (1) show how to translate a written 
problem into a mathematical equation and (2) show how linear equations can be 
used in solving everyday problems. We begin by illustrating how English phrases 
can be written as mathematical expressions. When writing a mathematical expres- 
sion, we may use any letter to represent the variable. In the following illustra- 
tions, we use the letter x. 


Phrase Mathematical expression 

Six more than a number 58 4 © 
A number increased by 3 pe aa) 
Four less than a number x= 4 
A number decreased by 9 Manne) 
Twice a number 1 

Four times a number 4x 

3 decreased by a number B= x 
The difference between a number and 5 a 


Sometimes the phrase that must be converted to a mathematical expression involves 
more than one operation. 


Phrase Mathematical expression 
Four less than 3 times a number Spe 
Ten more than twice a number 2x + 10 
The sum of 5 times a number and 3 Spe on 6) 
Eight times a number, decreased by 7 on = 7 


The word is often represents the equal sign. 


Phrase Mathematical equation 
Six more than a number is 10. x+6= 10 
Five less than a number is 20. x—-5= 20 
Twice a number, decreased by 6 is 12. 2% — 6 = 12 
A number decreased by 13 is 6 times the number. = 13s ox 
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Did You Know? — The following is a general procedure for solving word problems. 


Aha! 


he Egyptians as far back as 

1650 B.c. had a knowledge of 
linear equations. They used the 
words aha or heap to represent the 
variable. Problems involving linear 
equations can be found in the Rhind 
Papyrus (see chapter 4, page 171). 
One of the problems in the Rhind 
Papyrus translates to "Aha, its whole, 
its seventh, it makes 19." The word 
Aha is not an exclamation, it repre- 
sents the unknown quantity. Can you 
set up and solve this problem? The 


a0 014 321 8) 1 TO SOLVE A WORD PROBLEM 


1. Read the problem carefully at least twice to be sure that you understand it. 


. If possible, draw a sketch to help visualize the problem. 


. Determine which quantity you are being asked to find. Choose a letter to repre- 
sent this unknown quantity. Write down exactly what this letter represents. 


. Write the word problem as an equation. 
. Solve the equation for the unknown quantity. 
. Answer the question or questions asked. 


. Check the solution. 


This general procedure for solving word problems is illustrated in Examples 1 
through 4. In these examples, the equations we obtain are mathematical models of the 
given situations. 


5 
is 16=5 
answer is 8 


Example ff] House Cleaning Service 


A professional house cleaning service charges a base fee of $20 plus $32.50 per hour to 
clean the Munoz’s house. If the Munoz’s total bill for house cleaning services from this 
company was $117.50 before taxes, how many hours did it take to clean their house? 


In this problem, the unknown quantity is the number of hours it took to 
clean the Munoz’s house. Let’s select n to represent the number of hours. Then we 
construct an equation using the given information that will allow us to solve for n. 


Let 
n = number of hours 
Then 


$32.50n = cost for cleaning n hours at $32.50 per hour 
Base charge + hourly charge = total bill 
$20 + $32.50n = $117.50 


Now solve the equation. 


20 + 32.50n = 117.50 
20 20ES250n —i 750 20 


32.50n = 97.5 

32.50n 97.5 

4250 32.50 
n=3 


Therefore, it took 3 hours to clean the Munoz’s house. 


CHECK: The check is made with the information given in the original problem. 


Total bill = base charge + hourly charge 
= 20 + 32.503) 

20: = 97.50 

= 117.50 


Therefore, this answer checks. r 


316 


CHAPTER6 Algebra, Graphs, and Functions 


Example B] Dividing Land 


Mark IV Construction Company purchased 100 acres of land to be split into three 
parcels of land on which to build houses. One parcel of land will be three times as 
large as each of the other two. How many acres of land will each parcel contain? 


Two parcels will contain the same number of acres, and the third parcel 
will contain three times that amount. 


Let 
x = number of acres in the first parcel 
x = number of acres in the second parcel 
3x = number of acres in the third parcel 
Then 


x + x + 3x = total amount of land 
x +x + 3x = 100 
5x = 100 
x = 20 
Thus, two parcels will contain 20 acres of land. The third parcel will contain 3(20), 


or 60, acres of land. A check in the original problem will verify that this answer is 
correct. = 


Example Dimensions of an Exercise Area 


Dr. Christine Seidel, a veterinarian, wants to fence in a large rectangular region in 
the yard behind her office for exercising dogs that are boarded overnight. She has 
130 ft of fencing to use for the perimeter of the region. What should the dimensions 
of the region be if she wants the length to be 15 ft greater than the width? 


The formula for finding the perimeter of a rectangle is P = 2] + 2w, 
where P is the perimeter, / is the length, and w is the width. A diagram, such as the 
one shown below, is often helpful in solving problems of this type. 


i l=w+ 15 | 


Let w equal the width of the region. The length is 15 ft more than the width, so 
1 = w + 15. The total distance around the region P, is 130 ft. 
Substitute the known quantities in the formula. 
P = 2] + 2w 
130 = 2(~w + 15) + 2w 
130 = 2w + 30 + 2w 


130 = 4w + 30 
100 = 4w 
25 =w 


The width of the region is 25 ft and the length of the region is 25 + 15 = 40 ft. = 
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In shopping and other daily activities, we are occasionally asked to solve prob- 
lems using percents. The word percent means “per hundred.” Thus, for example, 7% 
means 7 per hundred, or io When too is converted to a decimal number, we obtain 
0.07. Thus, 7% = 0.07. 

Let’s look at one example involving percent. (See Section 11.1 for a more de- 
tailed discussion of percent.) 


Example £§ Craft Show 


Kim Stappenbeck is selling her homemade jewelry at a craft show. Determine the 
cost of a necklace before tax if the total cost of a necklace, including an 8% sales 
tax, is to be $34.56. 


We are asked to find the cost of a necklace before sales tax. 
et 


x = cost of the necklace before sales tax 


Then 
0.08x = 8% of the cost of the necklace (the sales tax) 
Cost of the necklace before tax + tax on the necklace = 34.56 
x + 0.08x = 34.56 
1.08x = 34.56 
1.08x 34.56 
1.08 1.08 
_ 34.56 
pelt 
x = 32 
Thus, the cost of the necklace before tax is $32. | 


: Exercises 


Practice the Skills 


In Exercises 1— 4, write the mathematical expression as a rr] 


10. 5 less than twice a number 


. 6 more than 4 times x 


phrase. (There are several acceptable answers.) 


1. ee Wo 3h = DP 


3. 256 aa 4. 3x + 


12. 8 increased by 5 times x 


5 13. 12 decreased by s, divided by 4 


14. The sum of 8 and ¢, divided by 2 


In Exercises 5—16, write the phrase as a mathematical 


expression. 
5. 5 less than x 
6. 2 more than y 
7. 4 increased by 3 times z 
8. 6 times x, decreased by 1 


9. The product of 8 and w, increased by 


15. Three times the sum of a number and 7 


16. The quotient of 8 and y, decreased by 3 times x 


In Exercises 17-28, write an equation and solve. 
17. 7 more than a number is 15. 
18. A number decreased by 3 is 8. 


9 19. The difference between a number and 4 is 20. 
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20. Seven multiplied by a number is 56. 

21. Ten less than four times a number is 42. 

22. Fourteen increased by 6 times a number is 32. 
23. Twelve more than 4 times a number is 32. 


24. Eight less than 3 times a number is 6 times the number, 
increased by 10. 


25. A number increased by 6 is 3 less than twice the number. 
26. A number divided by 4 is 12 less than the number. 


27. A number increased by 10 is 2 times the sum of the num- 
ber and 3. 


28. Three times the difference of a number and 4 is 6 more 
than the number. 


Problem Solving 


In Exercises 29-48, set up an equation that can be used to 
solve the problem. Solve the equation and determine the 
desired value(s). 


29. MODELING—Reimbursed Expenses When sales repre- 
sentatives for Pfizer Pharmaceuticals drive to out-of-town 
meetings that require an overnight stay, they receive $150 
for lodging plus $0.50 per mile driven. How many miles 
did Joe Kotaska drive if Pfizer reimbursed him $255 for an 
overnight trip? 


30. MODELING—Sales Commission Tito Sanchez receives a 
weekly salary of $400 at Anderson’s Appliances. He also 
receives a 6% commission on the total dollar amount of all 
sales he makes. What must his total sales be in a week if 
he is to make a total of $790? 


31. MODELING—Jet Skiing At Action Water Sports of Ocean 
City, Maryland, the cost of renting a Jet Ski is $42 per half 
hour, which includes a 5% sales tax. Determine the cost of 
a half hour Jet Ski rental before tax. 


32. MODELING—Plumbing Supplies Home Depot has a sale 
offering 10% off of all plumbing supplies. If Amanda 
Miller spent $46.98 on plumbing supplies before tax, what 
was the price of the plumbing supplies she purchased 
before the discount? 


33. MODELING—Copying Ronnie McNeil pays 8¢ to make a 
copy of a page at a copy shop. She is considering purchas- 
ing a photocopy machine that is on sale for $250, includ- 
ing tax. How many copies would Ronnie have to make in 
the copy shop for her cost to equal the purchase price of 
the photocopy machine she is considering buying? 


34. MODELING—Investment Marty Faegan received an in- 
heritance of $12,000. If he wants to invest three times 
as much money in stocks as in mutual funds, how much 
money should Marty invest in mutual funds and in stocks? 


35. MODELING—Scholarship Donation Each year, Andrea 
Choi donates a total of $1000 for scholarships at Mercer 
County Community College. This year, she wants the 
amount she donates for scholarships for liberal arts to be 
three times the amount she donates for scholarships for 
business. Determine the amount she will donate for each 
type of scholarship. 


36. MODELING—Homeowners Association Cross Creek 
Townhouses Homeowners Association needs to charge 
each homeowner a supplemental assessment to help pay 
for some unexpected repairs to the townhouses. The asso- 
ciation has $2000 in its reserve fund that it will use to help 
pay for the repairs. How much must the association charge 
each of the 50 homeowners if the total cost for the repairs 
is $13,350? 


37. MODELING—Floor Area The total floor space in three 
barns is 45,000 ft2. The two smaller ones have the same 
area, and the largest one has three times the area of the 
smaller ones. 


a) Determine the floor space for each barn. 


b) Can merchandise that takes up 8500 ft of floor space 
fit into either of the smaller barns? 


38. MODELING—Dimensions of a Deck Jim Yuhas is building 
a rectangular deck and wants the length to be 3 ft greater 
than the width. What will be the dimensions of the deck if 
the perimeter is to be 54 ft? 


39. MODELING—Endangered and Threatened Mammals 
According to the U.S. Fish and Wildlife Service, in the 
United States in 2009 the number of species of endangered 


40. 


41. 


42. 


43. 


44. 


mammals was 10 more than 4 times the number of species 
of threatened mammals. The sum of the number of spe- 
cies of endangered mammals and the number of species 

of threatened mammals was 85. Determine the number of 
species of endangered mammals and the number of species 
of threatened mammal. 


4 The panther is an endangered mammal. 


MODELING—Counting Calories According to The Step 
Diet Book, the number of steps it takes for a 150-lb person 
to burn off the calories from eating a cheeseburger and 
drinking a 12-oz soda is 11,040. The number of steps it 
takes to burn off the calories from eating a cheeseburger is 
690 more than twice the number of steps it takes to burn 
off the calories from drinking a 12-0z soda. Determine the 
number of steps needed for a 150-lb person to burn off the 
calories from eating a cheeseburger, and from drinking a 
12-0z soda. 


MODELING—Hurricanes Since 1966, the total number 

of hurricanes formed in the Atlantic Ocean in the months 
of September and November is 127. The number of 
September hurricanes is seven more than five times the 
number of November hurricanes. Determine the number of 
hurricanes formed in September and the number of hurri- 
canes formed in November. 


MODELING—Boat Purchase The Nguyen’s purchased 
a boat. If the total cost—including a 6% sales tax—was 
$18,232, determine the cost of the boat before tax. 


MODELING—Enclosing Two Pens Chuck Salvador has 
140 ft of fencing in which he wants to build two connect- 
ing, adjacent square pens (see the figure). What will be the 
dimensions if the length of the entire enclosed region is to 
be twice the width? 


SSS SSS 
i 


MODELING—Dimensions of a Bookcase A bookcase with 
three shelves, as shown in the diagram on the top right, is 
to be built by a woodworking student. If the height of the 
bookcase is to be 2 ft longer than the length of a shelf and 
the total amount of wood to be used is 32 ft, find the di- 
mensions of the bookcase. 


45. 


46. 


47. 


48. 
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A See Exercise 44 


MODELING—Laundry Cost The cost of doing the family 
laundry for a month at a local laundromat is $70. A new 
washer and dryer cost a total of $760. How many months 
would it take for the cost of doing the laundry at the laun- 
dromat to equal the cost of a new washer and dryer? 


MODELING—Car Antitheft System Sandy Chang can save 
$92 per year off the price of her auto insurance premium 
by purchasing and installing a LoJack antitheft system. If 
the system costs $644, in how many years would the sys- 
tem pay for itself? 


MODELING—Airfare Rachel James has been told that with 
her half-off airfare coupon, her airfare from New York to 
San Diego will be $257. The $257 includes a 7% tax on 
the regular fare. On the way to the airport, Rachel realizes 
that she has lost her coupon. What will her regular fare be 
before tax? 


MODELING—Golf Membership Malcolm Nulton has two 
options for membership to a golf club. Option A has an 
annual cost of $3300 for unlimited golf. Option B has an 
annual cost of $1500 plus $40 for each round of golf. How 
many rounds of golf would Malcolm have to play in a year 
for the two options to cost the same? 


Challenge Problems/Group Activities 


49. 


Income Tax Some states allow a husband and wife to file 
individual tax returns (on a single form) even though they 
have filed a joint federal tax return. It is usually to the 
tax-payers’ advantage to do so when both husband and 
wife work. The smallest amount of tax owed (or the largest 
refund) will occur when the husband’s and wife’s taxable 
incomes are the same. 
Mr. McAdams’s 2011 taxable income was $34,200, 
and Mrs. McAdams’s taxable income for that year was 
$36,400. The McAdams’s total tax deduction for the year 
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was $3640. This deduction can be divided between Mr. 25 years of age 10% of their annual insurance premiums 
and Mrs. McAdams any way they wish. How should the until they are 25. Dan has just turned 18, and his insurance 
$3640 be divided between them to result in each indi- costs $100.00 per month. 

vidual having the same taxable income and therefore the 

greatest tax refund? a) When will the amount saved from insurance equal the 


price of the course? 


50. Write each equation as a sentence. There are many correct 
answers. b) Including the cost of the course, when Dan turns 25, 


how much will he have saved? 


ax +3 = 13 
b) Snh Se8 Recreational Mathematics 
c) 3x —-8 =7 53. The relationship between Fahrenheit temperature (F) 


and Celsius temperature (C) is shown by the formula 

. . . 9 : 

51. Show that the sum of any three consecutive integers is 3 F = =C + 32. At what temperature will a Fahrenheit 
less than 3 times the largest. 5 


thermometer read the same as a Celsius thermometer? 
52. Auto Insurance A driver education course at the East 


Lake School of Driving costs $45 but saves those under 


SECTION 6.5 Variation 


Suppose you purchase a new surround sound stereo system. When you set up the 
system, you place a microphone at the place you typically sit when watching televi- 
sion. The computer within the receiver then generates a series of sounds, and auto- 
matically adjusts the volume of all the speakers in the system to give the best balance 
of sounds from the speakers. Because the sound you hear from each speaker is de- 
pendent on (or varies with) your distance from the speaker, the computer is using a 
concept called variation when activating your sound system. 


a The computer in your stereo system 
uses the concept of variation when it 
automatically balances the sound. LD This is Important As you will see by the examples in this section, variation can be 


used to solve a wide variety of real-life problems. 


Direct Variation 


Many scientific formulas are expressed as variation equations. A variation equation 
is an equation that relates one variable to one or more other variables through the op- 
erations of multiplication or division (or both operations). There are essentially four 
types of variation problems: direct, inverse, joint, and combined variation. 

In direct variation, the values of the two related variables increase together or 
decrease together; that is, as one increases so does the other, and as one decreases so 
does the other. 

Consider a car traveling at 40 miles an hour. The car travels 40 miles in | hour, 
80 miles in 2 hours, and 120 miles in 3 hours. Note that, as the time increases, the distance 
traveled increases, and, as the time decreases, the distance traveled decreases. 

The formula used to calculate distance traveled is 


Distance = rate + time 
Since the rate is a constant 40 miles per hour, the formula can be written 
d = 40t 


We say that distance varies directly as time or that distance is directly proportional to 
time. 
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The preceding equation is an example of direct variation. 


Direct Variation 
If a variable y varies directly with a variable x, then 


yak 


where k is the constant of proportionality (or the variation constant). 
Examples | through 4 illustrate direct variation. 


Example §§ Direct Variation in Electronics 


The resistance of a wire, R, varies directly as its length, L. Write an equation for the 
resistance of a wire, R, if the constant of proportionality is 0.008. 


R=kL R varies directly as L. 
R = 0.008L Constant of proportionality, k, is 0.008. a 


Example J Direct Variation in Medicine 

The recommended dosage, d, of the antibiotic drug vancomycin is directly propor- 
tional to a person’s weight, w. 

a) Write this variation as an equation. 


b) Find the recommended dosage, in milligrams, for Doug Kulzer, who weighs 
192 Ib. Assume the constant of proportionality for the dosage is 18. 


a) d= kw 
b) d = 18(192) = 3456 


The recommended dosage for Doug Kulzer is 3456 mg. a 


In certain variation problems, the constant of proportionality, k, may not be 
known. In such cases, we can often find it by substituting the given values in the 
variation formula and solving for k. 


Example Finding the Constant of Proportionality 


Suppose w varies directly as the square of y. If w is 60 when y is 20, find the con- 
stant of proportionality. 


Since w varies directly as the square of y, we begin with the formula 
w = ky’. Since the constant of proportionality is not given, we must find k using 
the given information. Substitute 60 for w and 20 for y. 


w = ky? 
60 = k(20)* 
60 = 400k 
60 400k 

400 400. 
O15 =k 


Thus, the constant of proportionality is 0.15. | 
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Example £9 Using the Constant of Proportionality 


The area, a, of a picture projected on a movie screen varies directly as the square 
of the distance, d, from the projector to the screen. If a projector at a distance of 
25 feet projects a picture with an area of 100 square feet, what is the area of the 
projected picture when the projector is at a distance of 40 feet? 


We begin with the formula a = kd”. Since the constant of proportional- 
ity is not given, we must determine k, using the given information. 


wai 
100 = k(25) 
100 = k(625) 
100 
ome 
0.16 =k 


We now use k = 0.16 to determine a when d = 40. 


a= ie 

a@ = 01607 

a = 0.16(40)? 
a = 0.16(1600) 
ee OS ie 


Thus, the area of a projected picture is 256 ft” when the projector is at a distance of 
40 ft. a 


Inverse Variation 


A second type of variation is inverse variation. When two quantities vary inversely, 
as one quantity increases the other quantity decreases, and vice versa. 

To explain inverse variation, we use the formula distance = rate - time. If we 
solve for time, we get time = distance/rate. Assume the distance is fixed at 
100 miles; then 


ine = —— 
rate 


At 100 miles per hour, it would take 1 hour to cover this distance. At a rate of 50 miles 
an hour, it would take 2 hours. At a rate of 25 miles an hour, it would take 4 hours. 
Note that as the rate (or speed) decreases, the time increases and vice versa. 
The preceding equation can be written 
100 
t=— 
2 


This equation is an example of an inverse variation equation. The time and rate are 
inversely proportional. The constant of proportionality in this case is 100. 


Inverse Variation 
If a variable y varies inversely with a variable x, then 
Be 
2, 


where k is the constant of proportionality. 
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Two quantities vary inversely, or are inversely proportional, when as one quan- 
tity increases the other quantity decreases and vice versa. Examples 5 and 6 illustrate 
inverse variation. 


Example [ky Inverse Variation in Illuminance 


The illuminance, /, of a light source varies inversely as the square of the distance, d, 
from the source. If the illuminance is 80 units at a distance of 5 meters, determine the 
equation that expresses the relationship between the illuminance and the distance. 


Since the illuminance varies inversely as the square of the distance, the 
general form of the equation is 


Ute 
ter 
To determine k, we substitute the given values for J and d. 
k 
80 = a 
k 
80 = — 
25) 
(80)(25) = k 
2000 = k 
2000 
Thus, the equation is J = —,— a 
d 


Example [4 Using the Constant of Proportionality 
Suppose y varies inversely as x. If y = 9 when x = 12, determine y when x = 4. 


First write the inverse variation equation. Then solve for k. 


ik 
EAE 
k 
mere} 
108 =k 


k 
Now substitute 108 for kin y = = and determine y when x = 4. 


108 ~=108 
ene 7 
Thus, when x is 4, y is 27. | 


y 


Joint Variation 


One quantity may vary directly as a product of two or more other quantities. This type 
of variation is called joint variation. 
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Example §@ Joint Variation in Geometry 


The area, A, of a triangle varies jointly as its base, b, and height, h. If the area of 
a triangle is 48 in.” when its base is 12 in. and its height is 8 in., find the area of a 
triangle whose base is 15 in. and whose height is 20 in. 


First write the joint variation, then substitute the known values and solve 


for k. 
A = kbh 
48 = k(12)(8) 
48 = k(96) 
48 
—=k 
96 
il => 
2 


Now solve for the area of the given triangle. 


A = kbh 
= 3(15)(20) 
= 150i: fa 
Summary of Variation Equations 
Direct Inverse Joint 
k 
y = ke pM y = ke 


Combined Variation 


Often in real-life situations, one variable varies as a combination of variables. The 
following examples illustrate the use of combined variation. 


Example E] Combined Variation in Engineering 


The load, L, that a horizontal beam can safely support varies jointly as the width, w, 
and the square of the depth, d, and inversely as the length, /. Express L in terms of 
w, d, l, and the constant of proportionality, k. 


Example ] Hot Dog Price, Combined Variation 


The owners of Henrietta Hots find their weekly sales of hot dogs, S, vary directly 

with their advertising budget, A, and inversely with their hot dog price, P. When 

their advertising budget is $600 and the price of a hot dog is $1.50, they sell 5600 

hot dogs a week. 

a) Write a variation expressing S in terms of A and P. Include the value of the con- 
stant of proportionality. 

b) Find the expected sales if the advertising budget is $800 and the hot dog price is 
SHE TESY, 
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a) Since S varies directly as A and inversely as P, we begin with the equation 
kA 
S= 
P 


We now find k using the known values. 


5600 = ) 
1S.) 
5600 = 400k 
14=k 
Therefore, the equation for the weekly sales of hot dogs is § = = 
» igs 
P 
14(800) 
ers 
= 6400 


Henrietta Hots can expect to sell 6400 hot dogs a week if the advertising budget 
is $800 and the hot dog price is $1.75. a 


Example {[) Combined Variation 


A varies jointly as B and C and inversely as the square of D. If A = 1 when 
B= 9,C = 4, and D = 6, find A when B = 8, C = 12, and D = 5. 


We begin with the equation 

hide 

ee 
We must first find the constant of proportionality, k, by substituting the known val- 
ues for A, B, C, and D and solving for k. 


_ k(9)(4) 
ave) 
1 = 36k 
36 
1 = 


Thus, the constant of proportionality equals 1. Now we find A for the correspond- 
ing values of B, C, and D. 


_ kBC 
as 


(1)(8)U2) _ 96 
benny? dea) 5 


A = 3.84 a 
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SECTION 6.5 2 
Exercises 


Warm Up Exercises 12. The time required to cool a warm room and the size of the 


‘ ae ; : air conditioning unit 
In Exercises I—4, fill in the blank with an appropriate = 


word, phrase, or symbol(s). 13. The number of workers hired to install a fence and the 


ee ; : time required to install the fence 
1. When one quantity increases while the other quantity q 


decreases, it is an example of ____— variation. 14. The number of calories in a slice of pizza and the size of 
z : the slice 
2. When the values of two related variables increase together 
e ree popedet Ate a ea : 15. The time required to defrost a frozen hamburger in a room 
variation. 


and the temperature of the room 


3. A variation equation that relates one variable to two or 
more other variables using the operation of multiplication 
is called a(n) _______ variation equation. 17 


16. On Earth, the weight and mass of an object 


. The number of people in line at a bank and the amount of 


4. In the equation y = kx, kis called the constant of time required for the last person to reach the teller 


18. The time it takes an ice cube to melt in water and the tem- 
perature of the water 
In Exercises 5—20, use your intuition to determine whether 
the variation between the indicated quantities is direct or 
inverse. 


19. The amount of fertilizer needed to fertilize a lawn and the 
area of the lawn 


20. The percent of light that filters through water and the 


5. The distance between two cities on a map and the actual 
depth of the water 


distance between them 


6. The time required to fill a pool with a hose and the volume 


of water coming from the hose In Exercises 21 and 22, use Exercises 5—20 as a guide. 
7. The time required to boil water on a burner and the tem- 21. Name two items that have not been mentioned in this 
perature of the burner section that vary directly. 
8. A person’s salary and the amount of money withheld from 22. Name two items that have not been mentioned in this 
his or her salary for federal income taxes section that vary inversely. 


9. The interest earned on an investment and the interest rate 


10. The diameter of a hose and the volume of water coming Practice the Skills 
out of the hose In Exercises 23—40, (a) write the variation equation and 


b) determine the quantity indicated. 
11. The speed of a runner and the time it takes the runner to (2) Z ’ 


complete a 10-kilometer race 23. y varies directly as x. Determine y when x = 20 and 
k= 7. 


24. x varies inversely as y. Determine x when y = 9 and 
k = 27. 


25. m varies inversely as the square of n. Determine m when 
n= 8 andk = 16. 


26. r varies directly as the square of s. Determine r when 
s = 2andk = 13. 


27. A varies directly as B and inversely as C. Determine A 
when B = 5, C = 10, andk = 5. 


28. M varies directly as J and inversely as C. Determine M 
when J = 12, C = 16, andk = 4. 


31. 


40. 


. F varies jointly as D and E. Determine F when 


D = 3, E = 10, and k = 7. 


. A varies jointly as R, and Ry» and inversely as the square 


of L. Determine A when R; = 120, Rp = 8, L = S, and 
k=5. 


t varies directly as the square of d and inversely as f. 
If t = 192 when d = 8 and f = 4, determine ¢ when 
d = 10 and f = 6. 


. y varies directly as the square root of t and inversely as s. 


If y = 12 when t = 36 and s = 2, determine y when 
t= 8lands = 4. 


. Z varies jointly as W and Y. If Z = 12 when W = 9 and 


Y = 4, determine Z when W = 50 and Y = 6. 


. y varies directly as the square of R. If y = 4 when R = 4, 


determine y when R = 8. 


. A varies directly as L. If H = 12 when L = 40, determine 


H when L = 10. 


. C varies inversely as J. If C = 7 when J = 0.7, determine 


C when J = 12. 


. A varies directly as the square of B. If A = 245 when 


B = 7, determine A when B = 12. 


. F varies jointly as M, and M) and inversely as the square of d. If 


F = 20 when M, = 5, M> = 10, andd = 0.2, determine F 
when M, = 10, My = 20, andd = 0.4. 


. F varies jointly as q, and q> and inversely as the square of d. 


If F = 80 when q; = 4, g2 = 16, and d = 0.4, determine 
F when g; = 12, qo = 20, and d = 0.2. 


S varies jointly as J and the square of T. If S = 4 when 
I = 10 and T = 4, determine S when J = 4 and T = 6. 


Problem Solving 


In Exercises 41—49, (a) write the variation equation and 
(b) determine the quantity indicated. 


41. 


Profit The profit, p, from selling lawn mowers is directly 
proportional to n, the number of lawn mowers sold. If 

the profit from selling 8 lawn mowers is $600, determine 
the profit from selling 15 lawn mowers. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 
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Property Tax The property tax, t, on a home is directly 
proportional to the assessed value, v, of the home. If the 
property tax on a home with an assessed value of $140,000 
is $2100, what is the property tax on a home with an as- 
sessed value of $180,000? 


Melting an Ice Cube The time, t, for an ice cube to 
melt is inversely proportional to the temperature, 7, of 
the water in which the ice cube is placed. If it takes an 
ice cube 2 minutes to melt in 75°F water, how long will 
it take an ice cube of the same size to melt in 

80°F water? 


Pressure and Volume The volume of a gas, V, varies 
inversely as its pressure, P. If the volume of a gas 

is 6400 cubic centimeters (cc) when the pressure is 

25 millimeters (mm) of mercury, determine the volume 
when the pressure is 200 mm of mercury. 


Speaker Loudness The loudness of a stereo speaker, /, 
measured in decibels (dB), is inversely proportional to the 
square of the distance, d, of the listener from the speaker. 
If the loudness is 20 dB when the listener is 6 ft from the 
speaker, what is the loudness when the listener is 3 ft from 
the speaker? 


Distance The distance, d, that a rock falls when dropped 
from a cliff varies directly as the square of time, f, the rock 
is falling. If a rock falls 64 feet in 2 seconds, how far will 
it fall in 3 seconds? 


Electrical Resistance The electrical resistance of a 
wire, R, varies directly as its length, L, and inversely 
as its crosssectional area, A. If the resistance of a wire 
is 0.2 ohm when the length is 200 ft and its cross- 
sectional area is 0.05 in.*, what is the resistance of a 
wire whose length is 5000 ft with a cross-sectional 
area of 0.01 in.*? 


Guitar Strings The number of vibrations per second, v, 
of a guitar string varies directly as the square root of the 
tension, f, and inversely as the length of the string, /. If the 
number of vibrations per second is 5 when the tension is 
225 kg and the length of the string is 0.60 m, determine 
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the number of vibrations per second when the tension is 
196 kg and the length of the string is 0.70 m. 


49. Wattage Rating The wattage rating of an appliance, W, 
varies jointly as the square of the current, /, and the resis- 
tance, R. If the wattage is 6 watts when the current is 0.2 
ampere and the resistance is 150 ohms, determine the watt- 
age when the current is 0.3 ampere and the resistance is 
100 ohms. 


50. Phone Calls The number of phone calls between two cities 
during a given time period, N, varies directly as the popula- 
tions p; and p> of the two cities and inversely to the dis- 
tance, d, between them. If 100,000 calls are made between 
two cities 300 mi apart and the populations of the cities are 
60,000 and 200,000, how many calls are made between two 
cities with populations of 125,000 and 175,000 that are 
450 mi apart? 


Concept/Writing Exercises 
51. a) If y varies directly as x and the constant of proportion- 
ality is 2, does x vary directly or inversely as y? 


b) Give the new constant of proportionality as x varies 
directly as y. 


52. a) If y varies inversely as x and the constant of proportional- 
ity is 0.3, does x vary directly or inversely as y? 


b) Give the new constant of proportionality as x varies in- 
versely as y. 


53. a) Assume y varies directly as x. If x is doubled, how will 
it affect y? 


b) Assume y varies inversely as x. If x is doubled, how 
will it affect y? 


54. a) Assume a varies directly as b7. If b is doubled, how 


will it affect a? 


b) Assume a varies inversely as b*. If b is doubled, how 
will it affect a? 


Challenge Problems/Group Activities 
55. Photography An article in the magazine Outdoor and 


56. 


Travel Photography states, “If a surface is illuminated 

by a point-source of light, the intensity of illumination 
produced is inversely proportional to the square of the 
distance separating them. In practical terms, this means 
that foreground objects will be grossly overexposed if 
your background subject is properly exposed with a flash. 
Thus direct flash will not offer pleasing results if there are 
any intervening objects between the foreground and the 
subject.” 

If the subject you are photographing is 4 ft from the 
flash and the illumination on this subject is °C of the light 
of the flash, what is the intensity of illumination on an in- 
tervening object that is 3 ft from the flash? 


Water Cost In a specific region of the country, the 
amount of a customer’s water bill, W, is directly propor- 
tional to the average daily temperature for the month, 7, 
the lawn area, A, and the square root of F, where F is the 
family size, and inversely proportional to the number of 
inches of rain, R. 

In one month, the average daily temperature is 78°F 
and the number of inches of rain is 5.6. If the average fam- 
ily of four who has a thousand square feet of lawn pays 
$72.00 for water for that month, estimate the water bill 
in the same month for the average family of six who has 
1500 ft? of lawn. 
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SECTION6.6 — Linear Inequalities 


& An inequality can be used to 
determine how many textbooks 


must be sold so that a bookstore’s 
revenue is greater than its cost. 


Suppose your campus bookstore needs to determine how many textbooks for a par- 


ticular course must be sold so that the bookstore’s textbook revenue is greater than 
its cost. To determine this number, an inequality would be set up. In this section, we 


will discuss how to set up and how to solve an inequality. 


| Why Yar is Important Inequalities are used in industry in many different ways, including 
determining the profitability of a company. 


i ieee symbols of inequality are as follows. 


Symbols of Inequality 

a < b means that a is less than b. 

a = b means that a is less than or equal to b. 

a > b means that a is greater than b. 

a = b means that a is greater than or equal to b. 


An inequality consists of two (or more) expressions joined by an inequality sign. 


Examples of inequalities 


35) ee: 3a 2S 


A statement of inequality can be used to indicate a set of real numbers. For ex- 
ample, x < 2 represents the set of all real numbers less than 2. Listing all these num- 


bers is impossible, but some are —2, —1.234, —1, —5, 0, ps. il 


Solving Inequalities 


To indicate all real numbers less than 2, we can use the number line. The number line 
was discussed in Chapter 5. 

To indicate the solution set of x < 2 on the number line, we draw an open circle 
at 2 and a line to the left of 2 with an arrow at its end. This technique indicates that all 
points to the left of 2 are part of the solution set. The open circle indicates that the 
solution set does not include the number 2. 


oo} __  _ + —_ 4 —__+____+-__}-___+-_+—__}— = 
5 +4 =o 2 = 0 1 2 5) 4 5 


To indicate the solution set of x = 2 on the number line, we draw a closed (or 
darkened) circle at 2 and a line to the left of 2 with an arrow at its end. The closed 
circle indicates that the 2 is part of the solution. 


( Example Graphing a Less Than or Equal to Inequality 


Graph the solution set of x = 1, where x is a real number, on the number line. 
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MATHEMATICS TODAY 


What a Bore 


|" the production of machine 
parts, engineers must allow a cer- 
tain tolerance in the way parts fit 
together. For example, the boring 
machines that grind cylindrical 
openings in an automobile’s en- 
gine block must create a cylinder 
that allows the piston to move 
freely up and down, but still fit 
tightly enough to ensure that com- 
pression and combustion are com- 
plete. The allowable tolerance be- 
tween parts can be expressed as an 
inequality. For example, the diam- 
eter of a cylinder may need to be 
no less than 3.383 in. and no 
greater than 3.387 in. We can rep- 
resent the allowable tolerance as 
3,383 = b= 8.387 


This is Important 
Knowing the allowable tolerance 
for a machine helps engineers 
build machines that are useful and 
efficient. 


The numbers less than or equal to 1 are all the points on the number line 
to the left of 1 and 1 itself. The closed circle at 1 shows that 1 is included in the 
solution set. 


. —~———$—<$<——$+$—_+}—_—+_+_1_+—_++—> «<1 
=) 4 =) =) =1 0 1 2 3 4 5 1 | 


The inequality statements x < 2 and 2 > x have the same meaning. Note that the 
inequality symbol points to the x in both cases. Thus, one inequality may be written in 
place of the other. Likewise, x > 2 and 2 < x have the same meaning. Note that the in- 
equality symbol points to the 2 in both cases. We make use of this fact in Example 2. 


Example B4 Graphing a Less Than Inequality 
Graph the solution set of 3 < x, where x is a real number, on the number line. 


We can restate 3 < x as x > 3. Both statements have identical solutions. 
Any number that is greater than 3 satisfies the inequality x > 3. The graph in- 
cludes all the points to the right of 3 on the number line. To indicate that 3 is not 
part of the solution set, we place an open circle at 3. 


3x 
i t t ia a a a OL 
3 2 <1 0 1 2) 3 4 5 6 xe) | 


We can find the solution to an inequality by adding, subtracting, multiplying, or 
dividing both sides of the inequality by the same number or expression. We use the 
procedure discussed in Section 6.2 to isolate the variable, with one important excep- 
tion: When both sides of an inequality are multiplied or divided by a negative num- 
ber, the direction of the inequality symbol is reversed. 


Example —§ Multiplying by a Negative Number 
Solve the inequality —x > 3 and graph the solution set on the number line. 


To solve this inequality, we must eliminate the negative sign in front of 
the x. To do so, we multiply both sides of the inequality by —1 and change the 
direction of the inequality symbol. 


ees ; , 
Multiply both sides of the inequalit —1an 
A(x) = 13) Pct e. eee 
change the direction of the inequality symbol. 
bps 3) 


The solution set is graphed on the number line as follows. 
te ff 8 
= eee ee i a a) a 
Example [9 Dividing by a Negative Number 
Solve the inequality —5x < 20 and graph the solution set on the number line. 


Solving the inequality requires making the coefficient of the x term 1. To 
do so, divide both sides of the inequality by —5 and change the direction of the 
inequality symbol. 


ora 240) 
=p Rs: 20 _ Divide both sides of the inequality by —5 and 
eu —5 change the direction of the inequality symbol. 
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The solution set is graphed on the number line as follows. 


—} ++ 44-4 at ttt er 
7 6 5 4 -3 2 =] 0 1 Diy ES © ed a 

Example ky Solving an Inequality 

Solve the inequality 2x + 5 > 15 and graph the solution set on the number line. 


To find the solution set, isolate x on one side of the inequality symbol. 


2x a a UlS 
2x + 5 —5 > 15 —5 _ Subtract 5 from both sides of the inequality. 
De > il) 


2x 10 
—_ > — 


3 Divide both sides of the inequality by 2. 


a) 


Thus, the solution set to 2x + 5 > 15 is all real numbers greater than 5. 


<—_ —_—_ 1 ——— ss ic 
0 1 2 3 4 5 6 il 8 9 B 


Note that in Example 5, the direction of the inequality symbol did not change 
when both sides of the inequality were divided by the positive number 2. 


Example [M A Solution of Only Integers 


Solve the inequality x — 1 < 3, where x is an integer, and graph the solution set 
on the number line. 


To find the solution set, isolate x on one side of the inequality symbol. 


o= iS 3 
x—-1+1<3+1 Add1 to both sides of the inequality. 


m4 


Since x is an integer and is less than 4, the solution set is the set of integers 

less than 4, or { soo = HO), I Ns To graph the solution set, we make 
solid dots at the corresponding points on the number line. The ellipsis (the three 
dots) to the left of —3 indicate that all the integers to the left of —3 

are included. 


ee) +—_+ + + 4, 
0 1 2 3 


4 5 x an integer a 


Some linear inequalities have no solution. When solving an inequality, if you 
obtain a statement that is always false, such as 3 > 5, the answer is no solution. 
There is no real number that makes the statement true. 

Some linear inequalities have all real numbers as their solution. When solving an 
inequality, if you obtain a statement that is always true, such as 2 > 1, the solution 
is all real numbers. 
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“In mathematics the art of posing 
problems is easier than that of solving 
them.” 

Georg Cantor 


Solving Compound Inequalities 


An inequality of the form a < x < b is called a compound inequality. Consider 
the compound inequality —3 < x = 2, which means that —3 < x and x = 2. 


Example ¥ A Compound Inequality 


Graph the solution set of the inequality —3 < x = 2 
a) where x is an integer. b) where x is a real number. 


a) The solution set is all the integers between —3 and 2, including the 2 but not 
including the —3, or {-2, =k Oh il, aie 


eee 
i 
= —4 1 =9) =| 0 1 5) 3 4 5 xX an integer 


b) The solution set consists of all the real numbers between —3 and 2, including 
the 2 but not including the —3. 


SS — CD 
a | 0 1 2 3 4 5 | 
Example EE] Solving a Compound Inequality 


Solve the compound inequality for x and graph the solution set. 


ise 3) 
—4 < — = 5 
2, 


To solve this compound inequality, we must isolate the x in the middle 
term. To do so, we use the same principles used to solve inequalities. 


tae) 
—-4< = 5 
2(-4) < (2 2) « 2(5) Multiply each part of the inequality by 2. 
13) Sahar 3) SS 10) 
—-8 —3<x+3-—3 2510-3 Subtract 3 from each part of the inequality. 
jl < op Ss 7/ a 


The solution set is graphed on the number line as follows. 


—+t -t-aawq_teer-—Sn*=t ccs 


Example ff] Average Grade 


A student must have an average (the mean) on five tests that is greater than or equal 
to 80% but less than 90% to receive a final grade of B. Devon’s grades on the first 
four tests were 98%, 76%, 86%, and 92%. What range of grades on the fifth test 
would give him a B in the course? 


The unknown quantity is the range of grades on the fifth test. First construct 
an inequality that can be used to find the range of grades on the fifth test. The average 
(mean) is found by adding the grades and dividing the sum by the number of tests. 

Let x = the fifth grade. Then 


DSi (Om SO O2 sts 
5) 


Average = 
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For Devon to obtain a B in this course, his average must be greater than or equal to 


80 but less than 90. 
+ 76 + 86+ 92 + 
ee 76 + 86 + 92 seo. 
5 
Sy) Se 
£0. = ——— — <400) 


5(80) < a(22 42) < 5(90) 


400 = 352 + x < 450 


AVOID s= 3592 — 352 426 < 450! — 392 


inequality by a negative number. 


Warm Up Exercises 


In Exercises 1-6, fill in the blank with an appropriate 
word, phrase, or symbol(s). 


1. Two or more expressions joined by an inequality sign is 
called a(n) 


2. a) a < b means that ais________ than b. 
b) a > b means that a is ________ than b. 


3. An inequality of the form a < x < bis called a(n) 
inequality. 


4. When solving an inequality, if you obtain a statement that 


is always false, such as 3 > 5, the answer is 
solution. 


5. When solving an inequality, if you obtain a statement that 


is always true, such as 2 > 1, the solution is 
real numbers. 


6. When both sides of an inequality are multiplied or divided 
by a(n) ________ number, the direction of the inequality 


symbol is reversed. 


7. To indicate the solution set of x < 5 on the number line, we 


drawia(n) = Ss citclerato: 


8. To indicate the solution set of x = 5 on the number line, 


we draw a(n) ________ circle at 5. 


result in a grade of B in this course. 


Practice the Skills 


In Exercises 9-26, graph the solution set of the inequality, 
where x is a real number, on the number line. 


Og =) 
ih, gs se 7) 22 
jh Shiro SS hs 

x 
iby =< 3 

6 

35 
IW == = 3 

3 
19. 2x + 6 = 14 
ANNs Ase = ah) < Wes = 2) 
23. -1 =x =3 
Wey, PE Ge — El eG 


10. 
12. 


14. 
16. 


18. 
20. 
22. 


24. 


26. + 
4) 


Multiply the three terms 
of the inequality by 5. 


Subtract 352 from all three terms. 


Remember to change the direction BS = = 98 
of the inequality symbol when mul- 
tiplying or dividing both sides of an Thus, a grade of 48% up to but not including a grade of 98% on the fifth test will 
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Exercises 


eo 

5p = al SS 5) 
=Ale << itp) 

a5) 

5 

ee 4 

2, 

3x + 12 < 5x+ 14 


—2(x— 8) = "4x + 6 


1, es SI 


In Exercises 27-46, graph the solution set of the inequality, 
where x is an integer, on the number line. 


DT 2 


DY ee ON, 


28. 


OE 


Sie She = / 
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31. 


SEE 


35. 


37. 
38. 
Boe 
40. 
41. 
42. 
43. 


44. 


45. 


46. 
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Problem Solving 


47. 


Indianapolis 500 The following bar graph shows the 
average speed, in miles per hour (mph), of the winning 
driver of the Indianapolis 500 for the years 2004-2010. 


Average Speed of Winning 
Driver at Indianapolis 500 


170 


160 


150 


Speed (mph) 


140 


130 


2004 2005 2006 2007 2008 2009 2010 
Year 


Source: indianapolismotorspeedway.com 
In which years was the average speed of the winning driver 
a) >150 mph? 
b) =150 mph? 
c) >160 mph? 


d) <140 mph? 


48. 


49. 


50. 


51. 


Percent 


Unemployment Rate The following graph shows the 
unemployment rate in the United States for the years 
2001-2009. 


Unemployment Rate in the United States 


_ 
) 


Neo = th GN ST 6d) 


— 


2001 2002 2003 2004 2005 2006 2007 2008 2009 
Year 


Source: U.S. Department of Labor 


In which years was the unemployment rate in the United States 


a) > 5% b) <5.5% 
(8) soe d) =5.0% 
DVD Rental Movie Mania offers two rental plans. One 


has an annual fee, and the other has no annual fee. The 
annual membership fee and the daily charge per DVD for 
each plan are shown in the table. Determine the maximum 
number of DVDs that can be rented for the no fee plan to 
cost less than the annual fee plan. 


Salary Plans Bobby Exler recently accepted a sales 
position in Portland, Oregon. He can select between the 
two salary plans shown in the table. Determine the dollar 
amount of weekly sales that would result in Bobby earning 
more with Plan B than with Plan A. 


an 
itd 


College Employment To be eligible for financial assistance 
for college, Samantha Lavin can earn no more than $3200 
during her summer employment. She will earn $662.50 cut- 
ting lawns. She is also earning $7.25 per hour at an evening 
job as a cashier at a grocery store. What is the maximum 
number of hours Samantha can work at the grocery store 
without jeopardizing her financial assistance? 


A See Exercise 517 


52. Anniversary Patricia and Joe Kuby are celebrating their 


BBs 


54. 


55. 


56. 


75th wedding anniversary by having a party at the Diplo- 
mat Party House. They have budgeted $3000 for the party. 
If the party house charges a flat rate of $75 for set-up and 
clean-up, plus $25 per person, determine the maximum 
number of guests the Kubys can invite and remain within 
their budget. 


Parking Costs A parking garage in Richmond, Virginia, 
charges $1.75 for the first hour and $0.50 for each ad- 
ditional hour or part of an hour. What is the maximum 
length of time Tom Shalhoub can park in the garage if he 
wishes to pay no more than $4.25? 


Making a Profit For a business to realize a profit, its rev- 
enue, R, must be greater than its costs, C; that is, a profit 
will result only if R > C (the company breaks even when 
R = C). A dry cleaning store has a weekly cost equation 
of C = 0.25x + 1500 and a weekly revenue of R = 4x, 
where x is the number of garments dry cleaned in a week. 
How many garments must be dry cleaned in a week for the 
company to make a profit? 


Finding Velocity The velocity, v, in feet per second, t sec 
after a tennis ball is projected directly upward is given by 
the formula v = 84 — 32t. How many seconds after being 
projected upward will the velocity be between 36 ft/sec 
and 68 ft/sec? 


Speed Limit The minimum speed for vehicles on a 
highway is 40 mph, and the maximum speed is 55 mph. 
If Philip Rowe has been driving nonstop along the high- 
way for 4 hr, what range in miles could he have legally 
traveled? 


Sis 


58. 
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A Grade of B In Example 9 on page 332, what range of 
grades on the fifth test would result in Devon receiving a 
grade of B if his grades on the first four tests were 78%, 

64%, 88%, and 76%? 


Tent Rental The Cuhayoga Community College 
Planning Committee wants to rent tents for the spring 

job fair. Rent-a-Tent charges $325 for setup and delivery 
of its tents. This fee is charged regardless of the number 
of tents delivered and set up. In addition, Rent-a-Tent 
charges $125 for each tent rented. If the minimum 

amount the planning committee wishes to spend is $950 
and the maximum amount they wish to spend is $1200, 
determine the minimum and maximum number of tents the 
committee can rent. 


Challenge Problems/Group Activities 


59. 


60. 


61. 


Painting a House Donovan Davis is painting the exterior 
of his house. The instructions on the paint can indicate that 
1 gal covers from 250 to 400 ft”. The total surface of the 
house to be painted is 2750 ft”. Determine the number of 
gallons of paint he could use and express the answer as an 
inequality. 


Final Exam Teresa’s five test grades for the semester are 
86%, 78%, 68%, 92%, and 72%. Her final exam counts 
one-third of her final grade. What range of grades on her 
final exam would result in Teresa receiving a final grade 
of B in the course? (See Example 9.) 


A student multiplied both sides of the inequality —}x =4 
by —3 and forgot to reverse the direction of the inequality 
symbol. What is the relation between the student's incor- 
rect solution set and the correct solution set? Is there any 
number in both the correct solution set and the student’s 
incorrect solution set? If so, what is it? 


Internet/Research Activity 


62. 


Find a newspaper or a magazine article that contains the 
mathematical concept of inequality. 


a) From the information in the article write a statement of 
inequality. 


b) Summarize the article and explain how you arrived at 
the inequality statement in part (a). 
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SECTION 6.7 


oe 


A The cost of mailing a package 
may depend on the weight of the 
package. 


MATHEMATICS TODAY 


Hollywood’s Four Quadrants 


A scene from the movie Up 


4 ollywood studio executives 
use four “quadrants” to di- 
vide up the moviegoing audience. 
Men 25 years and older, men 
younger than 25, women 25 years 
and older, and women younger 
than 25 are the age groups repre- 
sented by Hollywood's four quad- 
rants. If a studio produces a movie 
that appeals to all four quadrants, it 
is sure to have a hit movie. If the 
movie appeals to none of the four 
quadrants, the movie is sure to fail. 
A challenge for studio executives is 
to determine the core quadrant 
and then try to make sure no other 
movie geared toward the same 
quadrant debuts at the same time. 
One of the biggest hit movies of 
the summer of 2009 was Up, a 
movie that appealed to all four 
quadrants. 


Graphing Linear Equations 


A eee Ee 


The profit, p, of a company may depend on the amount of sales, s. The cost, c, of 
mailing a package may depend on the weight, w, of the package. Real-life problems, 
such as these two examples, often involve two or more variables. In this section, we 
will discuss how to graph equations with two variables. 


This is Important We see and use graphs daily. If you read a newspaper or open a 
magazine, you are likely to see line graphs. Also, graphs are used to display information 
in businesses and industry. 


Re be able to work with equations with two variables requires understanding 
the Cartesian (or rectangular) coordinate system, named after the French 
mathematician René Descartes.The rectangular coordinate system consists of two 
perpendicular number lines (Fig. 6.3). The horizontal line is the x-axis, and the 
vertical line is the y-axis. The point of intersection of the x-axis and y-axis is 
called the origin. The numbers on the axes to the right and above the origin are 
positive. The numbers on the axes on the left and below the origin are negative. 
The axes divide the plane into four parts: the first, second, third, and fourth 
quadrants. 

We indicate the location of a point in the rectangular coordinate system by means 
of an ordered pair of the form (x, y). The x-coordinate is always placed first, and the 
y-coordinate is always placed second in the ordered pair. Consider the point illus- 
trated in Fig. 6.4. Since the x-coordinate of the point is 5 and the y-coordinate is 3, the 
ordered pair that represents this point is (5, 3). 


8) 
4 
2nd quadrant.»3 
2 
1 


Ist quadrant 
Origin (0, 0) 
7 ee 
ba ie st A Oe lee Cah eee 
2 
3rd quadrant~:-3 4th quadrant 
=4 
5) 
Figure 6.3 Figure 6.4 


The origin is represented by the ordered pair (0, 0). Every point on the plane can 
be represented by one and only one ordered pair (x, y), and every ordered pair (x, y) 
represents one and only one point on the plane. 


Example §§ Plotting Points 
Plot the points A(—2, 4), B(—3, —1), C(2, 0), D(4, 2), and E(O, —4). 


Point A has an x-coordinate of —2 and a y-coordinate of 4. Project a 
vertical line up from —2 on the x-axis and a horizontal line to the left from 4 on the 


Profile In Mathe: 


René Descartes 


ccording to legend, French 
mathematician and _ philoso- 
pher René Descartes (1596-1650) 
did some of his best thinking in 
bed. He was a sickly child, and so 
the Jesuits who undertook his edu- 


cation allowed him to stay in bed 
each morning as long as he liked. 
This practice he carried into adult- 
hood, seldom getting up before 
noon. One morning as he watched 
a fly crawl about the ceiling, near 
the corner of his room, he was 
struck with the idea that the fly's 
position could best be described 
by the connecting distances from it 
to the two adjacent walls. These 
became the coordinates of his rec- 
tangular coordinate system and 
were appropriately named after 
him (Cartesian coordinates) and 
not the fly. 
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y-axis. The two lines intersect at the point denoted A (Fig. 6.5). The other points are 
plotted in a similar manner. 


A(-2, 4) >> 
o—4 
Les 
Pe D(A, 2) 
| 2 ® 
Jone 
| C(2, 0) 
=3 2 =I e263 4) SiGe iia, 
° = 
B(-3, -1)_, 
=o 
~4@ E(0, -4) 
= 
Figure 6.5 a 


Example 4 A Parallelogram 


The points, A, B, and C are three vertices of a parallelogram with two sides paral- 
lel to the x-axis. Plot the three points below and determine the coordinates of the 
fourth vertex, D. 


AQ, 2) B(2,4) C(7,4) 


A parallelogram is a figure that has opposite sides that are of equal length 
and are parallel. (Parallel lines are two lines in the same plane that do not intersect.) 
The horizontal distance between points B and C is 5 units (see Fig. 6.6). Therefore, 
the horizontal distance between points A and D must also be 5 units. This problem 
has two possible solutions, as illustrated in Fig. 6.6. In each figure, we have indi- 
cated the given points in red. 


J yh 
6 6 
B(2, 4) 5 units B(2, 4) 5 units 
j “ C(7, 4) D-4,2) 3) \ 07,4) 
A(1,2)5 pees ee 
—_.——— D(6, 2) A(1, 2) 
1 5 units Sunits ! 
— 
Se ee 4 OS AWE I Oe ee ee on ae 
(a) (b) 
Figure 6.6 
The solutions are the points (6, 2) and (—4, 2). | 


Graphing Linear Equations by Plotting Points 


Consider the following equation in two variables: y = x + 1. Every ordered pair 
that makes the equation a true statement is a solution to, or satisfies, the equation. 
We can mentally find some ordered pairs that satisfy the equation y = x + 1 by 
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MATHEMATICS TODAY 


Graphing Calculators 


Figure 6.7 


Fis 6.7 shows the graph of the 
equation y = 2x + 4, as illus- 
trated on the screen of a graphing 
calculator. 

Graphing calculators are being 
used more and more in many 
mathematics courses. Makers of 
graphing calculators include Texas 
Instruments, Casio, Sharp, and 
Hewlett-Packard. Graphing calcula- 
tors can do a great many more 
things than a scientific calculator 
can. If you plan to take additional 
mathematics courses, you may find 
that a graphing calculator is re- 
quired for those courses. 


This is Important Once 
you understand the concepts of 
graphing, graphing calculators can 
save you a great deal of time and 
they can aid in problem solving. 


picking some values of x and solving the equation for y. For example, suppose we 
let x = 1; then y = 1 + 1 = 2. The ordered pair (1, 2) is a solution to the equa- 
tion y = x + 1. We can make a chart of other ordered pairs that are solutions to 
the equation. 


Ordered Pair _ 
Cd, 2) 
(2, 3) 
(3, 4) 
(4.5, 5.5) 
(32) 


How many other ordered pairs satisfy the equation? Infinitely many ordered pairs 
satisfy the equation. Since we cannot list all the solutions, we show them by means of 
a graph. A graph is an illustration of all the points whose coordinates satisfy an 
equation. 

The points (1, 2), (2, 3), (3, 4), (4.5, 5.5), and (—3, —2) are plotted in Fig. 6.8. 
With a straightedge we can draw one line that contains all these points. This line, 
when extended indefinitely in either direction, passes through all the points in the 
plane that satisfy the equation y = x + 1. The arrows on the ends of the line indicate 
that the line extends indefinitely. 


Figure 6.8 


All equations of the form ax + by = c,a # Oandb € O, will be straight lines 
when graphed. Thus, such equations are called /inear equations in two variables. 
The exponents on the variables x and y must be | for the equation to be linear. Since 
only two points are needed to draw a line, only two points are needed to graph a linear 
equation. It is always a good idea to plot a third point as a checkpoint. If no error has 
been made, all three points will be in a line, or collinear. One method that can be used 
to obtain points is to solve the equation for y, substitute values for x, and find the cor- 
responding values of y. 


Example [EE] Graphing an Equation by Plotting Points 
Graph y = 2x + 2. 


Since the equation is already solved for y, select values for x and find the cor- 
responding values for y. The table on page 339 indicates values arbitrarily selected for x 


MATHEMATICS TODAY 


Use of Grids 


rids have long been used in 

mapping. In archaeological 
digs, a rectangular coordinate sys- 
tem may be used to chart the loca- 
tion of each find. 


BL) This is Important Grids 
form the basis for plotting points 
when graphing equations, and also 
for locating cities and streets on 
maps. 
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and the corresponding values for y. The ordered pairs are (0, 2), (1, 4), and (—1, 0). 
The graph is shown in Fig. 6.9. 


y-intercept 


— 
Oana) ae Die 2S Ages x 


Figure 6.9 | 


tele d 0) TO GRAPH LINEAR EQUATIONS BY PLOTTING POINTS 
. Solve the equation for y. 
. Select at least three values for x and find their corresponding values of y. 
. Plot the points. 


. The points should be in a straight line. Draw a line through the set of points and 
place arrow tips at both ends of the line. 


In Step 4 of the procedure, if the points are not in a straight line, recheck your 
calculations and find your error. 


Graphing by Using Intercepts 


Example 3 contained two special points on the graph, (—1, 0) and (0, 2). At these 
points, the line crosses the x-axis and the y-axis, respectively. The ordered pairs (—1, 0) 
and (0, 2) represent the x-intercept and the y-intercept, respectively. Another method 
that can be used to graph linear equations is to find the x- and y-intercepts of the graph. 


4 :X0le1 40) 0):1-a FINDING THE X- AND Y-INTERCEPTS 


To find the x-intercept, set y = O and solve the equation for x. 


To find the y-intercept, set x = O and solve the equation for y. 


A linear equation may be graphed by finding the x- and y-intercepts, plotting the 
intercepts, and drawing a straight line through the intercepts. When graphing by this 
method, you should always plot a checkpoint before drawing your graph. To obtain a 
checkpoint, select a nonzero value for x and find the corresponding value of y. The 
checkpoint should be collinear with the x- and y-intercepts. 


Example Graphing an Equation by Using Intercepts 
Ger 3x + 6y = 12 by using the x- and y-intercepts. 
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To determine the x-intercept, set y = 0 and solve for x. 


3x + 6y = 12 
3x + 6(0) = 12 
3x = 12 
x=4 


The x-intercept is (4, 0). To determine the y-intercept, set x = 0 and solve for y. 


3x + 6y = 12 
3(0) + 6y = 12 
6y = 12 
y=2 


The y-intercept is (0, 2). As a checkpoint, substitute x = 2 and determine the corre- 
sponding value for y. 


3x + 6y = 12 
3(2) + 6y = 12 
6 + 6y = 12 
by = 6 
y=1 


The checkpoint is the ordered pair (2, 1). The three points are plotted in Figure 6.10. 


Figure 6.10 
Since all three points are collinear, draw a line through the three points to obtain the 
graph. a 


Slope 


Another useful concept when you are working with straight lines is slope, which is a 
measure of the “steepness” of a line. The s/ope of a line is a ratio of the vertical change 
B (X5, Yo) to the horizontal change for any two points on the line. Consider Fig. 6.11. Point A has 
coordinates (x,, ;), and point B has coordinates (x, y7). The vertical change between 
points A and B is y2 — y;. The horizontal change between points A and B is x. — x). 
a Thus, the slope, which is often symbolized with the letter m, can be found as follows. 


> Horizontal change 


Vertical ei 
change 


(¥9- yy) yy 


Figure 6.11 


Did You Know? 


Sits 


Up Up and Away 


Simon Ammann 


lthough we may not think much 

about it, the slope of a line is 
something we are altogether familiar 
with. You confront it every time you 
run up the stairs, late for class, mov- 
ing 8 inches horizontally for every 
6 inches up. The 2010 Olympic 
gold medalist Simon Ammann of 
Switzerland is familiar with the con- 
cept of slope. He speeds down a 
steep 140 meters of ski ramp at 
speeds of more than 60 mph before 
he takes flight. 
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The Greek capital letter delta, A, is often used to represent the words “the change 
in.” Therefore, slope may be defined as 


ED 
ae 

A line may have a positive slope, a negative slope, or a zero slope, or the slope 
may be undefined, as indicated in Fig. 6.12. A line with a positive slope rises from 
left to right, as shown in Fig. 6.12(a). A line with a negative slope falls from left to 
right, as shown in Fig. 6.12(b). A horizontal line, which neither rises nor falls, has a 
slope of zero, as shown in Fig. 6.12(c). Since a vertical line does not have any hori- 
zontal change (the x-value remains constant) and since we cannot divide by 0, the 
slope of a vertical line is undefined, as shown in Fig. 6.12(d). 


y y bY y 


Positive slope (m>0) Negative slope (m < 0) Zero slope (m = 0) Slope is undefined 
(a) (b) (c) (d) 


Figure 6.12 


Example ky Finding the Slope of a Line 
Determine the slope of the line that passes through the points (—1, —3) and (1, 5). 


Let’s begin by drawing a sketch, illustrating the points and the line. 
See Fig. 6.13(a). 
We will let (x1, y;) be (—1, —3) and (%, y2) be (1, 5). Then 


Signore = =— = >= 
x2 ~ Xj 


The slope of 4 means that there is a vertical change of 4 units for each horizon- 
tal change of 1 unit; see Fig. 6.13(b). The slope is positive, and the line rises from 
left to right. Note that we would have obtained the same result if we let (x1, y;) be 
(1, 5) and (x9, y>) be (—1, —3). Try this method now and see. 


2} 
Horizontal 4 
change: 
1 unit 


change: 
4 units 


Figure 6.13 ic) 
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y=3x+4 


> 
=5 -4 -3 -2 es Way es 
Figure 6.14 
y=-3x+ 1 
—> 
-5 -4 -3 -2 -1 Ae See hee 
Figure 6.15 


Graphing Linear Equations by Using the Slope 
and y-Intercept 


A linear equation given in the form y = mx + b is said to be in slope—intercept form. 


Slope-Intercept Form of the Equation of a Line 
y= mx + b 


where m is the slope of the line and (0, b) is the y-intercept of the line. 


In the equation y = mx + b, b represents the value of y where the graph of the 
equation y = mx + b crosses the y-axis. 

Consider the graph of the equation y = 3x + 4, which appears in Fig. 6.14. By 
examining the graph, we can see that the y-intercept is (0, 4). We can also see that the 
graph has a positive slope because it rises from left to right. Because the vertical 
change is 3 units for every | unit of horizontal change, the slope must be ; on: 

We could graph this equation by marking the y-intercept at (0, 4) and then 
moving up 3 units and to the right | unit to get another point. If the slope were —3, 
which means =A, we could start at the y-intercept and move down 3 units and to the 
right | unit. Thus, if we know the slope and y-intercept of a line, we can graph the 
line. 


4 340}e 410) 0) 1-99 TO GRAPH LINEAR EQUATIONS BY USING THE SLOPE 
AND Y-INTERCEPT 


. Solve the equation for y to place the equation in slope—intercept form. 
. Determine the slope and y-intercept from the equation. 
. Plot the y-intercept. 


. Obtain a second point using the slope. 


. Draw a straight line through the points. 


Example [4 Graphing an Equation by Using the Slope and y-Intercept 
Graph y = —3x + | by using the slope and y-intercept. 


The slope is —3 or 52 and the y-intercept is (0, 1) (see Fig. 6.15). Plot 

(0, 1) on the y-axis. Then plot the next point by moving down 3 units and to the 
right | unit. A third point has been plotted in the same way. The graph of 

y = —3x + 1| is the line drawn through these three points. a 


Example Writing an Equation in Slope-Intercept Form 


a) Write 4x — 3y = 9 in slope-intercept form. 
b) Graph the equation. 


a) To write 4x — 3y = 9 in slope-intercept form, we solve the given equation 
for y. 
4x — 3y =9 
4x — 44 — 3y = 4x +9 
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3y = —4x + 9 
BOY te pei tO. 
ras, =) 
Laren Yo) r 4 3 
= — waa T = S57 — 
ey MAT 3 Uae 


Thus, in slope—intercept form, the equation is y = 4x =i: 
b) The y-intercept is (0, —3), and the slope is 4. Plot a point at (0, —3) on the 
y-axis, then move up 4 units and to the right 3 units to obtain the second point 
(see Fig. 6.16). Draw a line through the two points. a 


Figure 6.16 


Example FE] Determining the Equation of a Line from Its Graph 
Determine the equation of the line in Fig. 6.17. 


If we determine the slope and the y-intercept of the line, we can write the 
equation using slope—intercept form, y = mx + b. We see from the graph that the 
y-intercept is (0, 3); thus, b = 3. The slope of the line is negative because the graph 
falls from left to right. The change in y is 3 units for every 2-unit change in x. Thus, 
m, the slope of the line, is —3, 


y=mxt+b 
3 
SS == eee 
y ae 
Figure 6.17 3 
The equation of the line is y = mr eon a 


Example ] Horizontal and Vertical Lines 


In the Cartesian coordinate system, graph (a) y = 2 and (b) x = —3. 


Fa a) For any value of x, the value of y is 2. Therefore, the graph will be a horizontal 
line through y = 2 (Fig. 6.18). 

b) For any value of y, the value of x is —3. Therefore, the graph will be a vertical 
line through x = —3 (Fig. 6.19). 


0 Note that the graph of y = 2 has a slope of 0. The slope of the graph of x = —3 is 
i undefined. a 
x =—3 - 
ge, eee In graphing the equations in this section, we labeled the horizontal axis the x-axis 


and the vertical axis the y-axis. For each equation, we can determine values for y by sub- 
stituting values for x. Since the value of y depends on the value of x, we refer to y as the 
dependent variable and x as the independent variable. We label the vertical axis with 
the dependent variable and the horizontal axis with the independent variable. For the 
equation C = 3n + 5, the Cis the dependent variable and n is the independent variable. 
Thus, to graph this equation, we label the vertical axis C and the horizontal axis n. 

In many graphs, the values to be plotted on one axis are much greater than the 
values to be plotted on the other axis. When that occurs, we can use different scales 
on the horizontal and the vertical axes, as illustrated in Examples 10 and 11. The next 
two examples illustrate applications of graphing. 


Figure 6.19 
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Distance (miles) 


0 2 4 
Time (hr) 


Figure 6.20 


Q 
~ 


Example [J Using a Graph to Determine Distance 

The distance in miles, d, a car travels in t hours, traveling at a constant rate of 
40 miles per hour, can be determined by the equation d = 40r. 

a) Graph d = 40¢, fort = 6. 

b) Use the graph to estimate the distance the car travels in 4 hours. 


a) Since d = 40 is a linear equation, the graph will be a straight line. Select three 
values for t, determine the corresponding values for d, and then draw the graph 
(Fig 6.20). 


d = 40t 

Let t= 0, d = 40(0) = 0 
Let ¢ = 2, d = 40(2) = 80 
Let ¢ = 6, d = 40(6) = 240 


b) By drawing a vertical line from t = 4 on the time axis up to the graph and then 
drawing a horizontal line across to the distance axis, we can estimate that the 
distance the car travels in 4 hours is about 160 miles. r 


Example Using a Graph to Determine Profits 


Javier Mungro owns a business that sells mountain bicycles. He believes the profit 
(or loss) from the bicycles sold can be estimated by the formula P = 60S — 90,000, 
where S is the number of bicycles sold. 


a) Graph P = 60S — 90,000, for S = 5000 bicycles. 


b) From the graph, estimate the number of bicycles that must be sold for the 
business to break even (Fig. 6.21). 


c) From the graph, estimate the number of bicycles sold if the profit from selling 
bicycles is about $150,000. 


a) Select values for S and find the corresponding values of P. 


pe 


30,000 
210,000 


Break-even 
point 


Profit ($1000s) 
[ony 
ra) 


— 
30 2000 3000 4000 5000 S 
Sales (units) 


Figure 6.21 


b) The break-even point is the number of bicycles that must be sold for the com- 
pany to have neither a profit nor a loss. The break-even point is where the graph 
intercepts the horizontal, or S-axis, for that is where the profit, P, is 0. To break 
even, about 1500 bicycles must be sold. The actual value can be obtained by 
substituting 0 for P and solving the equation for S. Do this now. 

We can estimate the answer by drawing a horizontal line from 150 on the profit 


axis. Since the horizontal line cuts the graph at 4000 on the S-axis, about 4000 
bicycles were sold. a 
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SECTION 6.7 : 
Exercises 


Warm Up Exercises 


In Exercises 1-8, fill in the blank with an appropriate 
word, phrase, or symbols(s). 


1. An illustration of all the points whose coordinates satisfy 
an equation is called a(n) 


2. To find the x-intercept of the graph of a linear equation, set 
equal to zero and solve the equation for x. 


3. To find the y-intercept of the graph of a linear equation, set 
equal to zero and solve the equation for y. 


4. The ratio of the vertical change to the horizontal change 
for any two points on a line is called the _____ of the 
line. 


5. The three methods used to graph a linear equation given in 
this section are : , and 


6. The minimum number of points needed to graph a linear 
equation is 


7. In the equation y = mx + b, the slope of the line is repre- 
sented by 


8. a) The point (2, 7) is located in the _______ quadrant. 
b) The point (—3, —5) is located in the ____ quad- 
rant. 


Practice the Skills 


In Exercises 9-16, plot all the points on the same axes. 


9. (3, 1) 10. (—2, —4) 
11. (—5, -1) 12. (4, 0) 
13. (0, 2) 14. (0, 0) 
15. (0, —5) 16. (24, 54) 


In Exercises 17-24, plot all the points on the same axes. 
17.,©; )) 

18. (—4, 0) 

195(S2i=25) 

20. (0, —1) 

21. (0, 2) 

Pipe tie) 

23. (4, -1) 

24. (4.5, 3.5) 


In 


Exercises 25—34 (indicated on Fig. 6.22), write the coor- 
dinates of the corresponding point. 
yt 
5 
26 
dake ies 
anmany 
28 33 
eon 32 
——; a > 
eS eee ss PicBndel 5), be 
29 fe/30! 31 
3P 
~4 
=5 
Figure 6.22 


In 


Exercises 35—42, determine which ordered pairs satisfy 


the given equation. 


See Ay = 1S) 95,2) (3) (FS) 


36. 


4x —y=4 (0,-4) (1,0) @,-3) 


37. 3x— 2y= 10 8,7) (1,4) (#0) 
3837 = 4x04 Os sila) (0. 3) 
SEO = shear @ (Cl ip), (Chas (58)) 
UU eae = sys 75 (ESS (GRAY XG —25 10) 
4 ee = 6, 0,8 a 3) 
4 3 
42. ; Sears (0. 4) (8,0), (10, —2) 
In Exercises 43-46, graph the equation and state the slope 
of the line if the slope exists (see Example 9). 
43. x =3 44.x = -2 
45. y =3 46. y= —4 
In Exercises 47-56, graph the equation by plotting points, 
as in Example 3. 
47.y=x+2 48. y=x-3 
49. y=3x-1 50. y = —2x + 4 
51. y + 3x = 6 52. y — 4x = 8 
53.y=4x+4 54, 3y = 2x — 3 
55.y =1x 56. y = —}x 


346 CHAPTER6 Algebra, Graphs, and Functions 


In Exercises 57-66, graph the equation, using the x- and 
y-intercepts, as in Example 4. 


SWE be ae = 2 58. x —y=4 

59.2% + y = 6 60. 3x — y = —6 
61. 2x = —4y — 8 62. y= 4x +4 
63. y = 3x + 5 64. 3x + 6y = 9 
65. 3x — y= 5 66. 6x = 3y — 9 


In Exercises 67—76, determine the slope of the line through 
the given points. If the slope is undefined, so state. 

67. (4, 7) and (8, 15) 68. (2, 3) and (3, 2) 
69. (6, 5) and (2, 10) 70. (—5, 7) and (8, 9) 
71. (5, 1) and (—3, 1) T2349) ands (le) 
73. (8, —3) and (8, 3) 74, (2, 6) and (2, —3) 
75. (—3,.= 1) and (8s—9)) W7Gn2 Dandi 559) 


In Exercises 77-86, graph the equation using the slope and 
y-intercept, as in Examples 6 and 7. 


We W223 =2 & 1820) = a 
1D. y = 3x a5 | 80. y = 2x — 5 
81. y = —jx +2 82. y= 5x = 2 


83. 7y = 4x — 7 84. 3x + 2y = 6 


85. 3x — 2y +6 =0 86. 3x + 4y — 8 =0 


In Exercises 87—90, determine the equation of the graph. 


87. 


89. 


90. 


Problem Solving 


In Exercises 91 and 92, points A, B, and C are three verti- 
ces of a rectangle (the points where two sides meet). Plot 
the three points. (a) Find the coordinates of the fourth 
point, D, to complete the rectangle. (b) Find the area of the 
rectangle; use A = lw. 


91. A(—-1, 4), B(4,4), C(-1, 2) 


2A (G-Aa2) ae are) ean Co) 

In Exercises 93 and 94, points A, B, and C are three ver- 
tices of a parallelogram with sides parallel to the x-axis. 
Plot the three points. Find the coordinates of the fourth 
point, D, to complete the parallelogram. Note: There are 


two possible answers for point D. 


93. A(3, 2), Xo), (CES) 


94. A(—2,2), BG,2). C6.—D 


In Exercises 95—98, for what value of b will the line joining 
the points P and Q be parallel to the indicated axis? 

Q(6, b); 
O(b, —2); 
OTOP (Gb lS) (Se): 
Q(7, —1); 
99. Hanging Wallpaper Tanisha Vizquez owns a wallpaper 


hanging business. Her charge, C, for hanging wallpaper is 
$40 plus $0.30 per square foot of wallpaper she hangs, or 


VEE JAC, =3))), 


X-axis 
96. P(4, 7), y-axis 
y-axis 


9S P (Ona Digs). X-aX1s 


100. 


101. 


102. 


C = 40 + 0.30s, where s is the number of square feet of 
wallpaper she hangs. 


a) Graph C = 40 + 0.30s, for s = 500. 


b) From the graph, estimate her charge if she hangs 300 
square feet of wallpaper. 


c) If her charge is $70, use the equation for C to determine 
how many square feet of wallpaper she hung. 


. Selling Chocolates Ryan Stewart sells chocolate on 


the Internet. His monthly profit, p, in dollars, can be 
estimated by p = 15n — 300, where n is the number of 
dozens of chocolates he sells in a month. 


a) Graph p = 15n — 300, forn = 60. 


b) From the graph, estimate his profit if he sells 40 dozen 
chocolates in a month. 


c) How many dozens of chocolates must he sell in a 
month to break even? 


Earning Simple Interest When $1000 is invested in a 
savings account paying simple interest for a year, the 
interest, 7, in dollars, earned can be found by the formula 
i = 1000r, where r is the rate in decimal form. 


a) Graph 7 = 1000r, for r up to and including a rate of 
15%. 


b) If the rate is 4%, what is the simple interest? 
c) If the rate is 6%, what is the simple interest? 


Cable Cost The Schwimmer’s cost for cable television 
is given by C = 75 + 25x, where x is the number of 
months of service. 


a) Graph C = 75 + 25x, for x = 50. 


b) From the graph, estimate the Schwimmer’s cost for 
30 months of cable television. 


c) If the Schwimmer’s total cost for cable television is 
$975, estimate the number of months of service. 


In Exercises 103 and 104, a set of points is plotted. Also 
shown is a straight line through the set of points that is 
called the line of best fit (or a regression line, as will be 
discussed in Chapter 13, Statistics). 


103 


. Determining the Number of Defects The top graph 
on the right shows the daily number of workers absent 
from the assembly line at J. B. Davis Corporation and 
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the number of defects coming off the assembly line for 8 
days. (The two points indicated on the line do not repre- 
sent any of the 8 days.) The line of best fit, the blue line 

on the graph, can be used to approximate the number of 

defects coming off the assembly line per day for a given 
number of workers absent. 


a) Determine the slope of the line of best fit using the 
two points indicated. 


b) Using the slope determined in part (a) and the 
y-intercept, (0, 9), determine the equation of the line 
of best fit. 


c) Using the equation you determined in part (b), deter- 
mine the approximate number of defects for a day if 
3 workers are absent. 


d) Using the equation you determined in part (b), 
approximate the number of workers absent for a day if 
there are 17 defects that day. 


Daily Number of Defects at 
J. B. Davis Corporation 


Number of Defects 


0 1 2 B 4 5 
Workers Absent 


104. Determining a Test Grade The graph below shows the 


hours studied and the test grades on a biology test for six 
students. (The two points indicated on the line do not repre- 
sent any of the six students.) The line of best fit, the red line 
on the graph, can be used to approximate the test grade the 
average student receives for the number of hours he or she 
studies. 


Test Grades on Biology Exam 


Test Grade 


1 2 4} 4 5 
Hours Studied 
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a) Determine the slope of the line of best fit using the 
two points indicated. 


b) Using the slope determined in part (a) and the 
y-intercept, (0, 53), determine the equation of the line 
of best fit. 


c) Using the equation you determined in part (b), 
determine the approximate test grade for a student 
who studied for 3 hours. 


d) Using the equation you determined in part (b), 
determine the amount of time a student would need to 
study to receive a grade of 80 on the biology test. 


Internet Access The green graph shows the percentage 
of Americans who accessed the Internet, for the years 
2004-2009. The red dashed line can be used to approxi- 
mate the percentage of Americans who accessed the 
Internet. If we let 0 represent 2004, 1 represent 2005, and 
so on, then 2009 would be represented by 5. Using the 
ordered pairs (0, 73.19) and (5, 81.49), 


a) determine the slope of the red dashed line. 


b) determine the equation of the red dashed line, with 
(0, 73.19) as the y-intercept. 


c) Using the equation you determined in part (b), esti- 
mate the percentage of Americans who accessed the 
Internet in 2006. 


d) Using the equation you determined in part (b), deter- 
mine the year in which 79.83% of Americans accessed 
the Internet. 


Percentage of Americans Who 
Accessed the Internet 


> 


co 
nn 


co 
(=) 
flail eet | 
oc 
on 
Ne} 


Percentage 


~~ 
nn 


[Ole 


2004. 2005 2006 2007 2008 2009 
Year 


Source: Harris Interactive 


approximate the number of 6-year-old children in Roch- 
ester, NY, who tested positive for lead poisoning. If we 
let 0 represent 1996, 1 represent 1997, and so on, then 
2008 would be represented by 12. Using the ordered pairs 
(0, 2747) and (12, 323), 


a) determine the slope of the red dashed line. 


b) determine the equation of the red dashed line, with 
(0, 2747) as the y-intercept of the graph. 


c) Using the equation you determined in part (b), esti- 
mate the number of 6-year-old children in Rochester, 
NY, who tested positive for lead poisoning in 2006. 


d) Assuming this trend continues, use the equation you 
determined in part (b) to determine the year in which 
the number of 6-year-old children in Rochester, NY, 
who test positive for lead poisoning is 120. 


Number of 6-year-olds Who Tested Positive 
for Lead Poisoning in Rochester, NY 


9.747 


1996 1998 2000 2002 2004 2006 2008 
Year 


Challenge Problems/Group Activities 


107. a) Two lines are parallel when they do not intersect no 


matter how far they are extended. Explain how you can 
determine, without graphing the equations, whether 
two equations will be parallel lines when graphed. 


b) Determine whether the graphs of the equations 
2x — 3y = 6 and 4x = 6y + 6 are parallel lines. 


108. In which quadrants will the set of points that satisfy the 


equation x + y = | lie? Explain. 


Internet/Research Activit 
106. Lead Poisoning The blue graph above and to the right if y 


shows the actual number of 6-year-old children in Roch- 
ester, NY, who tested positive for lead poisoning for the 
years 1996-2008. The red dashed line can be used to 


109. René Descartes is known for his contributions to 
algebra. Write a paper on his life and his contributions 
to algebra. 


SECTION 6.8 


4 A linear inequality in two variables 
may be used to represent the number 
of grills that can be shipped to each of 


two stores. 
yt 
vo : 
i ; x+2y=4 
P0532) 
PL 2, 1) 
t <2 (4,0) 
— 
= ee ex a ee 1 3.4 Syix 
2 
3 
—4 


Figure 6.23 


Linear Inequalities in Two Variables 


6.8 Linear Inequalities in Two Variables 349 


A manufacturer of gas grills needs to determine how many grills to ship to each of 
two stores. The manufacturer can ship at most 300 grills in total. A linear inequality 
in two variables can be used to represent the number of grills that can be shipped 
to each store. In this section, we will discuss how to solve linear inequalities in two 


variables. 


LD This is Important Linear inequalities are used to express many real-life applications 
mathematically. Linear inequalities are also used to perform linear programming, which is 


a tool used in many industries. 


n Section 6.6, we introduced linear inequalities in one variable. Now we will intro- 
duce linear inequalities in two variables. Some examples of linear inequalities in 
two variables are 2x + 3y = 7,x + 7y = 5, and x — 3y < 6. 

The solution set of a linear inequality in one variable may be indicated on a num- 
ber line. The solution set of a linear inequality in two variables is indicated on a coor- 
dinate plane. 

An inequality that is strictly less than (<) or greater than (>) will have 
as its solution set a half-plane. A half-plane is the set of all the points on one 
side of a line. An inequality that is less than or equal to (S) or greater than or 
equal to (=) will have as its solution set the set of points that consists of a half- 
plane and a line. To indicate that the line is part of the solution set, we draw a 
solid line. To indicate that the line is not part of the solution set, we draw a 
dashed line. 


6014218) i TO GRAPH LINEAR INEQUALITIES IN TWO VARIABLES 


. Mentally substitute the equal sign for the inequality sign and plot points as if 
you were graphing the equation. 


2. Ifthe inequality is < or >, draw a dashed line through the points. If the in- 
equality is = or =, draw a solid line through the points. 


3. Select a test point not on the line and substitute the x- and y-coordinates 
into the inequality. If the substitution results in a true statement, shade in 
the area on the same side of the line as the test point. If the test point results 
in a false statement, shade in the area on the opposite side of the line as the 
test point. 


Example J Graphing an Inequality 
Draw the graph of x + 2y < 4. 


To obtain the solution set, start by graphing x + 2y = 4. Since the origi- 
nal inequality is strictly “less than,” draw a dashed line (Fig 6.23). The dashed line 
indicates that the points on the line are not part of the solution set. 

The line x + 2y = 4 divides the plane into three parts, the line itself and two 
half-planes. The line is the boundary between the two half-planes. The points in 
one half-plane will satisfy the inequality x + 2y < 4. The points in the other half- 
plane will satisfy the inequality x + 2y > 4. 
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Figure 6.24 


Figure 6.25 


Figure 6.26 


To determine the solution set to the inequality x + 2y < 4, pick any point on 
the plane that is not on the line. The simplest point to work with is the origin, (0, 0). 
Substitute x = 0 and y = O into x + 2y < 4. 


x+2y<4 
Is 0 + 2(0) < 4? 
0+0<4 


ees Tue 


Since 0 is less than 4, the point (0, 0) is part of the solution set. All the points on the 
same side of the graph of x + 2y = 4 as the point (0, 0) are members of the solu- 

tion set. We indicate that by shading the half-plane that contains (0, 0). The graph is 
shown in Fig. 6.24. ii) 


Example Graphing an Inequality 
Draw the graph of 2x — 3y = —6. 


First draw the graph of the equation 2x — 3y = —6. Use a solid line 
because the points on the boundary line are included in the solution set (see 
Fig. 6.25). Now pick a point that is not on the line. Take (0, 0) as the test 
point. 


I= Bre (6) 
Is 2(0) — 3(0) = —6? 
Ola 6 False 


Since 0 is not less than or equal to —6 (0 € —6), the solution set is the line and the 
half-plane that does not contain the point (0, 0). This area is shaded in Fig. 6.25. 

If you had arbitrarily selected the test point (—3, 2) from the other half-plane, 
you would have found that the inequality would be true: 2(—3) — 3(2) = —6, or 
—12 = —6. Because —12 is less than or equal to —6, the point (—3, 2) would be 
in the half-plane containing the solution set. a 


Example Graphing an Inequality 
Draw the graph of y < x. 


The inequality is strictly “less than,” so the boundary line is not part 
of the solution set. In graphing the equation y = x, draw a dashed line 

(Fig. 6.26). Since (0, 0) is on the line, it cannot serve as a test point. Let’s pick 
the point (1, —1). 


DES bs 


<= tre 


Since —1 < 1 is true, the solution set is the half-plane containing the point 
(4) a 
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Exercises 
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Warm Up Exercises 


In 


Exercises 1-2, fill in the blank with an appropriate 


word, phrase, or symbol(s). 


1 


2 


. The set of all points in a plane on one side of a line is 
called a(n) 


. a) When graphing an inequality in two variables, if the in- 
equality contains either < or > use a(n) 
line. 


b) When graphing an inequality in two variables, if the in- 
equality contains either = or = use a(n) 


Practice the Skills 


3 


. For each inequality, determine whether (2, 1) is a solution 
to the inequality. 


a) 4x + 2y < 10 
b) 4x + 2y = 10 
C) 4s 2yi =) 10 
d) 4x + 2y > 10 


. For each inequality, determine whether (—2, 4) is a 
solution to the inequality. 


a) 44 Sy 10 


|) Hee Phy == ill) 

¢) 46 — yi 10 

CD) Abs — hn Ss — ill) 
In Exercises 5—26, draw the graph of the inequality. 
Sus 2 6.y=-1 
Ts Vi at Saye 
Sy = 25 16 LOD yi 2 ct 
13 S44 ys 12 125% + 2y > 4 
13. 3x —4y = 8 14. 4y — 3x = 8 
15, 3x-F 2yi< 6 16:, = -5 2yr—= 2 
ih sear SO 18.x+ 2y =0 
19.5% 5 2y = 10 20. yi 20 
21s y= 3x = 4 px, 35 —= Wy = 10) 
23.2x-fy=1 24.4x+3 y=] 


mOuan-E O.3y = 10:4 26. 0:24 + Olsy/=03 


line. 


Problem Solving 


27. 


28. 


Lawn Mowers A company manufactures x walk-behind 
lawn mowers and y riding lawn mowers per week. The 
maximum number of lawn mowers the company can man- 
ufacture in a week is 25. 


a) Write an inequality in two variables that represents this 
problem. 


b) Graph the inequality. 


Buying CDs and DVDs Reggie Wayne is allowed to 
spend a maximum of $100 for purchasing x DVDs and y 
CDs. Each DVD costs $20, and each CD costs $10. 


a) State this problem as an inequality in two variables. 


b) Graph the inequality. 


Challenge Problems/Group Activities 


29. 


30. 


Men’s Shirts The Tommy Hilfiger Company must ship 
x men’s shirts to one outlet and y men’s shirts to a second 
outlet. The maximum number of shirts the manufacturer 
can produce and ship is 250. We can represent this situa- 
tion with the inequality x + y = 250. 


a) Can x or y be negative? Explain. 
b) Graph the inequality. 


c) Write one or two paragraphs interpreting the informa- 
tion that the graph provides. 


Which of the following inequalities have the same graph? 
Explain how you determined your answer. 
a) 2x -y <8 lt) rea 3 


c) 2x — 4y < 16 d) y>2x-8 
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SECTION 6.9 


4 A quadratic equation can be used 
to determine the width of a border 
around a rectangular swimming 
pool. 


and by Using the Quadratic Formula 


Solving Quadratic Equations by Using Factoring 


You are adding a brick border of uniform width around your rectangular swimming 
pool. If you know the surface area of the pool and the area you would like the brick 
border to cover, you can determine the width of the border by solving a quadratic 
equation. In this section, we will learn two methods that can be used to solve quad- 


ratic equations. 


BY This is Important Quadratic equations are important in engineering, the sciences, 


statistics and research, and many other areas. 


W° begin this section by discussing binomials. 


A binomial is an expression that contains two terms in which each exponent that 
appears on a variable is a whole number. 
Examples of binomials 


Sear 3 = 5 
he ae 5) dle = 2 


To multiply two binomials, we can use the FOIL method. The name of the 
method, FOIL, is an acronym to help its users remember it as a method that obtains 
the products of the First, Outer, nner, and Last terms of the binomials. 


Je 
fi First Outer Inner Last 
(a+ bet d)=a-cta-dtb-ct+b-d 


(eo) 


After multiplying the first, outer, inner, and last terms, combine all like terms. 


Example §§ Multiplying Binomials 
Multiply (x + 4)(x + 7). 
The FOIL method of multiplication yields 


F O | le 
(Cormeen 7h) oe Obaam eon) ee hone co chty 7 


=x? + Tx + 4x + 28 
= x7 + 11x + 28 


Note that the like terms 7x and 4x were combined to get 1 Lv. a 


Example —] Multiplying Binomials 
a (Chace Soe = il), 
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F O | E 
(rear SN6e = Iss Aieo re ae Des (S10) se Sir 55 sie 5) OD) 
= 2x? — 2x + 3x — 3 
= 2x7 +x-3 a 


Factoring Trinomials of the Form x’ + bx +c 


The expression x7 + 8x + 15 isan example of a trinomial. A frinomial is an expres- 
sion containing three terms in which each exponent that appears on a variable is a 
whole number. 

Example | showed that 


(x + 4)(x + 7) = x2 + 11x + 28 


Since the product of x + 4 and x + 7 is x* + 11x + 28, we say that x + 4 and 
x + 7 are factors of x? + 11x + 28. To factor an expression means to write the ex- 
pression as a product of its factors. For example, to factor x* + 11x + 28 we write 


as B28 = + 4x + 7) 
Let’s look at the factors more closely. 


Cee = 11 
2am = 28 
x? + 11x + 28 = BOG OD 


Note that the sum of the two numbers in the factors is 4 + 7, or 11. The 11 is the coeffi- 
cient of the x-term. Also note that the product of the numbers in the two factors is 4 + 7, 
or 28. The 28 is the constant in the trinomial. In general, when factoring an expression of 
the form x2 + bx + c, we need to find two numbers whose product is c and whose sum 
is b. When we determine the two numbers, the factors will be of the form 


(@+ @) @+ BB) 


One Other 
number number 


Example |E] Factoring a Trinomial 
Factor x7 + 6x + 8. 


We need to find two numbers whose product is 8 and whose sum is 6. 
Since the product is +8, the two numbers must both be positive or both be negative. 
Because the coefficient of the x-term is positive, only the positive factors of 8 need 
to be considered. Can you explain why? We begin by listing the positive numbers 
whose product is 8. 


‘Sum of Factors 
1+8=9 
2+4=6) 


Factors of 8 
1(8) 
(2(4) 


Since 2+ 4 = 8 and2 + 4 = 6, the numbers we are seeking are 2 and 4. Thus, we write 
x? + 6x +8 = (x + 2x + 4) 


Note that (x + 4) (x — 2) is also an acceptable answer. m 


354 CHAPTER6 Algebra, Graphs, and Functions 


1 ole 2)0/ {9 TO FACTOR TRINOMIAL EXPRESSIONS OF THE FORM 
x + bx +c 
1. Find two numbers whose product is c and whose sum is b. 


2. Write factors in the form 


(+ @) @ + BB) 


t t 


One number Other number 
from Step 1 from Step 1 


3. Check your answer by multiplying the factors using the FOIL method. 


If, for example, the numbers found in Step 1 of the above procedure were 6 and 
—4, the factors would be written (x + 6)(x — 4). 


Example 29 Factoring a Trinomial 
Factor x* — 6x — 16. 


We must find two numbers whose product is —16 and whose sum is —6. 
Begin by listing the factors of —16. 


___ Factors of 16 |__ Sumof Factors 


The table lists all the factors of —16. The only factors listed whose product is — 16 
and whose sum is —6 are —8 and 2. We listed all factors in this example so that 
you could see, for example, that —8(2) is a different set of factors than —2(8). 
Once you find the factors you are looking for, there is no need to go any further. 
The trinomial can be written in factored form as 


x? — 6x — 16 = (x — 8)(x + 2) = 


Factoring Trinomials of the Form ax’ + bx +c,a #1 


Now we discuss how to factor an expression of the form ax* + bx + c, where a, the 
coefficient of the squared term, is not equal to 1. 
Consider the multiplication problem (2x + 1)(x + 3). 


(2x + 1x + 3) = Qeext2x-3 4+ 1-x4+1°3 
= 2x7 Hoe tx +3 
= 2x7 + 7x +3 


Since (2x + 1)(x + 3) = 2x? + 7x + 3, the factors of 2x2 + 7x +3 are Be Ge || 
andy 9S: 
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Let’s study the coefficients more closely. 


fF OMI wv L 
it ial F 
Dx? Dx 3 (2x + 1)(x + 3) 
| 
oO 


F=2-1=2 OFI=(2:°3)+(0-N=7 D=1°3=3 


Note that the product of the coefficient of the first terms in the multiplication of the 
binomials equals 2, the coefficient of the squared term. The sum of the products of 
the coefficients of the outer and inner terms equals 7, the coefficient of the x-term. 
The product of the last terms equals 3, the constant. 

A procedure to factor expressions of the form ax? + bx + c,a ~ 1, follows. 


4 0 OL aPC) TO FACTOR TRINOMIAL EXPRESSIONS OF THE FORM 
ax? + bx+c,a#1 


. Write all pairs of factors of the coefficient of the squared term, a. 


. Write all pairs of factors of the constant, c. 


3. Try various combinations of these factors until the sum of the products of the 
outer and inner terms is bx. 


. Check your answer by multiplying the factors using the FOIL method. 


Example [] Factoring a Trinomial, a # 1 
Factor 3x2 + 17x + 10. 


The only positive factors of 3 are 3 and 1. Therefore, we write 
Sok diel = Ox ix ) 


The number 10 has both positive and negative factors. However, since both the 
constant, 10, and the sum of the products of the outer and inner terms, 17, are 
positive, the two factors must be positive. Why? The positive factors of 10 are 
1(10) and 2(5). The following is a list of the possible factors. 


(3x + 1)(x + 10) 31x 
(3x + 10)(x + 1) 13x 
(Giese Dee ar 5) 17x < Correct middle term 
(Gris) Conse) 11x 
Thus, 3x7 + 17x + 10 = (3x + 2)(x + 5). ® 


Note that factoring problems of this type may be checked by using the FOIL 
method of multiplication. We will check the results to Example 5: 


(ie Se PNGe se SD) = She ose ae See Sy oP Moose ae A 6) 
= 3x7 + 15x + 2x + 10 
= 3x* + 17x + 10 


Since we obtained the expression we started with, our factoring is correct. 


356 CHAPTER6 Algebra, Graphs, and Functions 


ne 
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Did You Know? 


Algorithm 


Re" that the series of steps 
taken to solve a certain type 
of equation is called an algorithm. 
Because mathematical procedures 
to solve equations can be gener- 
alized, it is possible to program 
computers to solve equations. For 
example, the equation 4x? + 7x + 
3 = 0 is an equation of the form 
ax? + bx + c= 0. If youcan finda 
procedure to solve an equation of 
the general form, it can be used to 
solve all equations of that form. 


Example [@ Factoring a Trinomial, a # 1 
Factor 6x7 — 11x — 10. 


The factors of 6 will be either 6 - 1 or 2 - 3. Therefore, the factors may 
be of the form (6x \(x ) or (2x \(3x ). When there is more than one 
set of factors for the first term, we generally try the medium-sized factors first. If 
that does not work, we try the other factors. Thus, we write 


6x? =dlx = 10=@r Gx ») 
The factors of —10 are (—1)(10), (1)(—10), (—2)(5), and (2)(—5). There will be 


eight different pairs of possible factors of the trinomial 6x” — 11x — 10. Can you 
list them? 


The correct factoring is 6x? — 11x — 10 = (2x — 5)(3x + 2). 5 
Note that in Example 6 we first tried factors of the form (2x \(3Bx ). If we 
had not found the correct factors using them, we would have tried (6x \(x ): 


Solving Quadratic Equations by Factoring 


In Section 6.2, we solved linear, or first-degree, equations. In those equations, the ex- 
ponent on all variables was 1. Now we deal with the quadratic equation. The stan- 
dard form of a quadratic equation in one variable is shown in the box. 


Standard Form of a Quadratic Equation 
ax? ++ bx +c=0, a#0 


Note that in the standard form of a quadratic equation, the greatest exponent on x 
is 2 and the right side of the equation is equal to zero. To solve a quadratic equation 
means to find the value or values that make the equation true. In this section, we will 
solve quadratic equations by factoring and by the quadratic formula. 

To solve a quadratic equation by factoring, set one side of the equation equal to 0 
and then use the zero-factor property. 


Zero-Factor Property 
Ifa: b=0, thena = Oorb = 0. 


The zero-factor property indicates that if the product of two factors is 0, then one 
(or both) of the factors must have a value of 0. 


Example Using the Zero-Factor Property 
Solve the equation (x + 5)(x — 4) = 0. 


When we use the zero-factor property, either (x + 5) or (x — 4) must 
equal 0) for the product to equal 0. Thus, we set each individual factor equal to 0 
and solve each resulting equation for x. 
(x + 5)\~ - 4) =0 
ear 2) =) or 


x= -—5 yes 


Thus, the solutions are —5 and 4. 


As stated on page 355, every 
factoring problem can be checked 
by multiplying the factors. If you 
have factored correctly, the 
product of the factors will be 
identical to the original expression 
that was factored. If we wished to 
check the factoring of Example 9, 
we would multiply (3x + 2)(x — 3). 
Since the product of the factors is 
3x2 — 7x — 6, which is the 
expression we started with, our 
factoring is correct. 
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CHECK: x=-—5 x=4 


+ 5) — 4) =0 
(-5 + 5-5 — 4) =0 
0(-9) = 0 

O0=0 Tre 


(x + 5)\(x — 4) = 0 
(4 + 5\(4 — 4) =0 
(9)(0) = 0 

0=0O True 


Jscole 4p] 0):1sa TO SOLVE A QUADRATIC EQUATION BY FACTORING 


1. Use the addition or subtraction property to make one side of the equation 
equal to 0. 


2. Factor the side of the equation not equal to 0. 


3. Use the zero-factor property to solve the equation. 
Examples 8 and 9 illustrate this procedure. 


Example [] Solving a Quadratic Equation by Factoring 


Solve the equation x? — 8x = —15. 


sbi 


First add 15 to both sides of the equation to make the right-hand side of 


the equation equal to 0. 
x? — 8x = 15 
x? = 8x + 16 = —15 + 15 
x? — 8x + 15=0 


Factor the left-hand side of the equation. The object is to find two numbers whose 
product is 15 and whose sum is —8. Since the product of the numbers is positive 


and the sum of the numbers is negative, the two numbers must both be negative. 
The numbers are —3 and —5. Note that (—3)(—5) = 15 and —3 + (—5) = — 


x ey 15 = 0 
G3) Cao) — 0 
Now use the zero-factor property to find the solution. 
tae I= 10 
x= 5 


x—-3=0 or 
x=3 


The solutions are 3 and 5. 


Example [J Solving a Quadratic Equation by Factoring 
Solve the equation 3x* — 71x -6 = 0. 
3x? — 7x — 6 factors into (3x + 2)(x — 3). Thus, we write 
Sie 16) = 10 
@Gxtaw2) (me 3) — 0 


3x 2 — 0) or x-3=0 

3x = —2 x=3 
Oe 
Bsigs 


The solutions are —} and 3. 


8. 
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Did You Know? wigs 


ake 


The Mathematics of Motion 


he free fall of an object is 

something that has interested 
scientists and mathematicians for 
centuries. It is described by a quad- 
ratic equation. Shown here is a 
time-lapse photo that shows the 
free fall of a ball in equal time in- 
tervals. What you see can be de- 
scribed verbally this way: The rate 
of change in velocity in each inter- 
val is the same; therefore, velocity 
is continuously increasing and ac- 
celeration is constant. 


Solving Quadratic Equations by Using 
the Quadratic Formula 


Not all quadratic equations can be solved by factoring. When a quadratic equation 
cannot be easily solved by factoring, we can solve the equation with the quadratic 
formula, The quadratic formula can be used to solve any quadratic equation. 


Quadratic Formula 
For a quadratic equation in standard form, ax* + bx + c = 0,a # 0, the quad- 
ratic formula is 


In the quadratic formula, the plus or minus symbol, +, is used. If, for example, 
x =2 se 3) then = 23) Sorry = 2) — 3 = 1 

It is possible for a quadratic equation to have no real solution. In solving an equa- 
tion, if the radicand (the expression inside the square root) is a negative number, the 
quadratic equation has no real solution. 

To use the quadratic formula, first write the quadratic equation in standard form. 
Then determine the values for a (the coefficient of the squared term), b (the coeffi- 
cient of the x term), and c (the constant). Finally, substitute the values of a, b, and c 
into the quadratic formula and evaluate the expression. 


Example iI) Solving a Quadratic Equation by Using the Quadratic 
Formula 


Solve the equation x? — 5x — 14 = 0 by using the quadratic formula. 


In this equation, a = 1,b = —5, andc = —14. 


lyat ee iow Ae ie V(-5)? — 4(1)(-14) 


_ 2a 2(1) 
5) 22 WIS 5 
2 
oe 3 eT 
a p) 
aswy 9 
2 
5+9 14 7 = =A z 
2) 2 2 2 
The solutions are 7 and —2. B 


Note that Example 10 can also be solved by factoring. We suggest you do so now. 


Example (i) Irrational Solutions to a Quadratic Equation 
ie 4x” — 8x = —1 by using the quadratic formula. 


40 "id 
SSB LaTES See Ee a 
2x + 40 —————> 
Figure 6.27 


ben 
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Begin by writing the equation in standard form by adding 1 to both sides 
of the equation, which gives the following. 
4x7 =8e+ 1 = 0 
a= 4, b= —8, c= 1 


=b = Vboe dad ie a8) + V (8) — 400) 


x = = 


2a 2(4) 


See 04 6 


8 


8B EVa 
8 


Since V48 = V16V3 = 4V3 (see Section 5.4), we write 


1 
See 4s Sk Ave Ae Voy 2 eV) 
8 8 8& 2 
2 
+ = 
The solutions are z sae and 2 a a 


Note that the solutions to Example 11 are irrational numbers. 


Example {@ Brick Border 


Diane Cecero and her husband recently installed an inground rectangular swim- 
ming pool measuring 40 ft by 30 ft. They want to add a brick border of uniform 
width around all sides of the pool. How wide can they make the brick border if they 
purchased enough brick to cover an area of 296 ft”? 


Let’s make a diagram of the pool and the brick border (Fig. 6.27). Let 
x = the uniform width of the brick border. Then the total length of the larger rec- 
tangular area, the pool plus the border, is 2x + 40. The total width of the larger 
rectangular area is 2x + 30. 

The area of the brick border can be found by subtracting the area of the pool 
from the area of the pool plus the brick border. 


Area of pool = / + w = (40)(30) = 1200 fi? 


Area of pool plus brick border = 1 > w = (2x + 40)(2x + 30) 


4x? + 140x + 1200 

Area of the brick border = area of pool plus brick border — area of pool 
= (4x? + 140x + 1200) — 1200 
= 4x? +" 140x 


The area of the brick border must be 296 ft”. Therefore, 


296 = 4x* + 140x 
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or 
4x? + 140x — 296 = 0 
4(x? + 35x — 74) =0 Factor out 4 from each term. 


4 0 
rice + 35x — 74) = A Divide both sides of the equation by 4. 


x? 35x — 74 = 0 

(x + 37)(x — 2) = 0 Factor trinomial. 
x 37 —=30 or x= 2 — 0) 

t= 37 x=2 


Since lengths are positive, the only possible answer is x = 2. Thus, they can make 
a brick border 2 ft wide all around the pool. ] 


SECTION 6.9 : 
Exercises 


Warm Up Exercises 11. x? + 2x — 24 12. x7 — 6x + 8 
In Exercises 1-6, fill in the blank with an appropriate a3) streaks Fipo aCe ee 
word, phrase, or symbol(s). 
15. x7 — 9x4 18 16a? — 2, — 30 
1. An expression that contains two terms in which each expo- ; i ‘ i 
nent that appears on a variable is a whole number is called 17. x2 — 16 18. x2 — 64 
a(n) 
19.27 3x28 20. x7 + 4x — 32 


2. An expression that contains three terms in which each 
exponent that appears on a variable is a whole number is 21. x7 + 2x — 63 22. x7 — 2x — 48 
called a(n) 


In Exercises 23—34, factor the trinomial. If the trinomial 


3. When iplying inomials, i 
multiplying two binomials, a method that obtains cannot be factored, so state. 


the products of the first, outer, inner, and last terms is 


Se ANG era a ae 23. 2x? — Sx —3 24. 3x7 — 13x + 4 
4. The property that indicates that if the product of two fac- om he Pigs 3 6. 2x27 — 3x — 20 

tors is 0, then one or both of the factors must have a value 

of 0 is called the ______ property. 27. 5x7 + 12x +4 28. 2x7 — 9x + 10 
5. When a quadratic equation cannot be easily solved by 29, 4x7 + llx +6 30. 4x7 + 20x + 21 

factoring, the equation can be solved using the —____ ; 

formula. 31. 4x” — lix + 6 32. 6x? — lix +4 
6. For a quadratic equation in standard form 33. 8x7 — 2x — 3 34. Gx? — 13x +2 


ax? + bx + ¢ = 0,a ¥ 0, the quadratic formula is 


In Exercises 35—38, solve each equation, using the zero- 
7 . factor property. 
Practice the Skills 
In Exercises 7-22, factor the trinomial. If the trinomial 
cannot be factored, so state. 36. (2x + Xx + 2) =0 


35 && — Tx + 2)=0 


7. x7 + 7x + 12 8x7 + 6x +8 37. (Gx + 42x — 1) =0 


9x7 +x-2 10. x? + 2x —3 38. (x — 6\(5x — 4) =0 
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In Exercises 39-58, solve each equation by factoring. 


39. x7 + 10x + 21 =0 40. x7 + x — 20=0 


41. x7 — 9x +8 =0 42. x> — 12x + 35 =0 
43, x? — 15 = 2x 44, x? — 7x = -6 

45. x? = 4x —3 46. x° — 13x + 40 =0 
AT, = Sl 48. x° — 64 =0 

49, x? + 5x — 36 =0 50. x7 + 12x + 20 =0 
51. 3x7 + 10x = 8 52. 3x7 — 5x =2 

53. 5x* + llx = -2 54, 2x7 = —5x + 3 

55, 3x? — 4x = -1 56. 5x? + 16x + 12 =0 


57. 6x? — 19x +3 =0 58. 4x7 +x -3=0 
In Exercises 59-78, solve the equation, using the quadratic 
formula. If the equation has no real solution, so state. 
59. x7 + 2x —-8 =0 

60. x? + 12x + 27 =0 

61. x? — 3x — 18 =0 

62. x* — 6x — 16 = 0 

63. x7 — 8x =9 

64. x7 = —8x + 15 

65. x7 — 2x +3 =0 

66. 2x7 —-x —-3 =0 

67. x7 — 4x +2 =0 

68. 2x? — 5x —2 =0 

69. 3x7 — 8x + 1 =0 

70. 2x7 + 4x +1=0 

71. 3x7 — 6x -5 = 0 

72. 4x* — 5x —-3 = 0 

73. 2x7 +7x+5=0 

74. 3x2 — 10x +7=0 

15, 3x SOx 15 


76. 4x2 + 7x -1=0 


ll 
| 
n 


77. 4x2 + 6x 


78. 5x2 — 4x = —2 


Challenge Problems/Group Activities 


TEL 


80. 


81. 


82. 


83. 


Flower Garden Karen and Kurt Ohliger’s backyard has 
a width of 20 meters and a length of 30 meters. Karen and 
Kurt want to put a rectangular flower garden in the middle 
of the backyard, leaving a strip of grass of uniform width 
around all sides of the flower garden. If they want to have 
336 square meters of grass, what will be the width and 
length of the garden? 


Height of a Ball A ball is projected upward from 
the ground. Its height h, above ground, in feet, can be 
determined by the equation 


h = —16t? + 1281 
where ft is the number of seconds after the ball is projected. 


After how many seconds will the ball be 256 ft above 
ground? 


a) Explain why solving (x — 4)(x — 7) = 6 by setting 
each factor equal to 6 is not correct. 


b) Determine the correct solution to (x — 4)(x — 7) = 6. 


The radicand in the quadratic formula, b? — 4ac, is called 
the discriminant. How many real number solutions will 
the quadratic equation have if the discriminant is (a) 
greater than 0, (b) equal to 0, or (c) less than zero? Explain 
your answer. 


Write an equation that has solutions —1 and 3. 


Internet/Research Activities 


84. 


85. 


Italian mathematician Girolamo Cardano (1501-1576) is 
recognized for his skill in solving equations. Write a paper 
about his life and his contributions to mathematics, in par- 
ticular his contribution to solving equations. 


Chinese mathematician Foo Ling Awong, who lived 
during the Pong dynasty, developed a technique, other 
than trial and error, to factor trinomials of the form 

ax? + bx + c,a # 1. Write a paper about his life and his 
contributions to mathematics, in particular his technique 
for factoring trinomials in the form ax* + bx + c,a # 1. 
(References include history of mathematics books, ency- 
clopedias, and the Internet.) 
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SECTION 6.10 


‘1 


Kero On tev Seesie Jaman. 
Sets MeEnee — eneio James 


a The relationship between the 
number of songs purchased from 
iTunes and the cost is an example 
of a function. 


i 


i 


Functions and Their Graphs 


Assume that purchasing a song from iTunes costs $1.29. Thus, purchasing one song 
costs 1 X $1.29, purchasing two songs costs 2 X $1.29 = $2.58, purchasing three 
songs costs 3 x $1.29 = $3.87, and so on. In this section we will discuss the relation- 
ships between two quantities, such as the number of songs purchased from iTunes 


and the cost of the songs. 


EBD This is Important Determining the relationship between two quantities is useful in 
many ways in real-life situations, from exchanging foreign currencies to many aspects of 
building a house. Functions, which we discuss in this section, express the relationship 
between two quantities. The concept of function is one of the most important concepts 


in mathematics. 


R elations and functions are both extremely important mathematical concepts that 
we will introduce in this section. A relation is any set of ordered pairs. Every 
graph is a set of ordered pairs. Therefore, any graph will be a relation. We can indi- 
cate the relation between the number of songs purchased and the cost of the songs 
discussed in the section opening paragraph in a table of values. 


L ues 


In general, the cost for purchasing n songs will be $1.29 times the number of songs, or 
1.29n dollars. We can represent the cost, c, of n songs by the equation c = 1.29n. 
Since the value of c depends on the value of n, we refer to c as the dependent variable 
and n as the independent variable. Note that for each value of the independent vari- 
able, n, there is one and only one value of the dependent variable, c. An equation 
such as c = 1.29n is called a function. In the equation c = 1.29n, the value of c de- 
pends on the value of n, so we say that “c is a function of n.” 


Definition: Function 
A function is a special type of relation where each value of the independent vari- 
able corresponds to a unique value of the dependent variable. 


The set of values that can be used for the independent variable is called the do- 
main of the function, and the resulting set of values obtained for the dependent vari- 
able is called the range. The domain and range for the function c = 1.29n are illus- 
trated in Fig. 6.28 on page 363. 

When we graphed equations of the form ax + by = c in Section 6.7, we found 
that they were straight lines. For example, the graph of y = 2x — 1 is illustrated in Fig. 
6.29 on page 363. 


Figure 6,29 
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Function 
Domain c=1.29n Range 


Figure 6.28 


Is the equation y = 2x — | a function? To answer this question, we must ask, 
Does each value of x correspond to a unique value of y? The answer is yes; therefore, 
this equation is a function. 

For the equation y = 2x — 1, we say that “y is a function of x’ and write 
y = f(x). The notation f(x) is read “f of x.” When we are given an equation that is a 
function, we may replace the y in the equation with f(x) because f(x) represents y. 
Thus, y = 2x — | may be written f(x) = 2x — 1. 

To evaluate a function for a specific value of x, replace each x in the function 
with the given value, then evaluate. For example, to evaluate f(x) = 2x — 1 when 
x = 8, we do the following. 


jC) = xe — Il 

F(8) = 28) — 1 = 16 -—1=15 
Thus, f(8) = 15. Since f(x) = y, when x = 8, y = 15. What is the domain and 
range of f(x) = 2x — 1? Because x can be any real number, the domain is the set of 
real numbers, symbolized R; The range is also R. 

We can determine whether a graph represents a function by using the vertical 
line test: If a vertical line can be drawn so that it intersects the graph at more than one 
point, then each value of x does not have a unique value of y and the graph does not 
represent a function. If a vertical line cannot be made to intersect the graph in at least 
two different places, then the graph represents a function. 


Example §i§ Using the Vertical Line Test 


Use the vertical line test to determine which of the graphs in Figure 6.30 represent 
functions. 


a) : b) | c) | d) | 
Figure 6.30 


(a), (b), and (c) represent functions, but (d) does not. 


a eee 


There are many real-life applications of functions. In fact, all the applications 
illustrated in Sections 6.2 through 6.4 are functions. 
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Figure 6.31 


In this section, we will discuss three types of functions: linear functions, quad- 
ratic functions, and exponential functions. 


Linear Functions 


In Section 6.7, we graphed linear equations. The graph of any linear equation of the 
form y = ax + b will pass the vertical line test, and so equations of the form 
y = ax + bare linear functions. If we wished, we could write the linear function as 
f(x) = ax + b since f(x) means the same as y. 


Example 4 Salary as a Linear Function 


Celia Boroso’s weekly salary as a real estate agent, s, is given by the function 
s(x) = 100 + 0.03x, where x is weekly sales, in dollars. What is Celia’s weekly 
salary if she sells one house for $85,000 in a given week? 


Substitute 85,000 for x in the function. 


s(x) = 100 + 0.03x 
s(85, 000) = 100 + 0.03(85, 000) 
100 + 2550 = 2650 


ll 


Thus, if Celia sells one house for $85,000 in a given week, her salary for that week 
will be $2650. a 


Graphs of Linear Functions 

The graphs of linear functions are straight lines that will pass the vertical line test. In 
Section 6.7, we discussed how to graph linear equations. Linear functions can be 
graphed by plotting points, by using intercepts, or by using the slope and y-intercept. 


Example [E) Graphing a Linear Function 
Graph f(x) = —2x + 3 by using the slope and y-intercept. 


Since f(x) means the same as y, we can rewrite this function as 

y = —2x + 3. From Section 6.7, we know that the slope is —2 and the y-intercept 
is (0, 3). Plot (0, 3) on the y-axis. Then plot the next point by moving down 2 units and 
to the right | unit (see Fig. 6.31). A third point has been plotted in the same way. The 
graph of f(x) = —2x + 3 is the line drawn through these three points. a 


Quadratic Functions 


The standard form of a quadratic equation is y = ax’ + bx + c,a # 0. We will 
learn shortly that graphs of equations of this form always pass the vertical line test 
and are functions. Therefore, equations of the form y = ax? + bx + c,a #~ 0, may 
be referred to as quadratic functions. We may express quadratic functions using 
function notation as f(x) = ax? + bx + c. Two examples of quadratic functions are 
y = 2x? + 5x — Tandy = hx? + 4, 


Example 9 Landing on the Moon 


On July 20, 1969, Neil Armstrong became the first person to walk on the moon. 
The velocity, v, of his spacecraft, the Eagle, in meters per second, was a function of 
time before touchdown, f, given by 


vy =f@® = 3.2t + 0.45 


Did You Know? 


Sea of Tranquillity 


pollo Il touched down at Mare 

Trangillitatis, the Sea of Tran- 
guillity. The rock samples taken 
there placed the age of the rocks at 
3.5 billion years old, as old as the 
oldest known Earth rocks. 
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The height of the spacecraft, h, above the moon’s surface, in meters, was also a 
function of time before touchdown, given by 


h = g(t) = 1.6t? + 0.45t 


What was the velocity of the spacecraft and its distance from the surface of the moon 


a) at 3 seconds before touchdown? b) at touchdown (0 seconds)? 
| Solution 
a) ¥ = f().+)3.21 + 0.45, h = g(t) = 1.617 + 0.45¢ 
$C) =8:26).e,0.45 g(3) = 1.6(3)° + 0.45(3) 
= 9.6 + 045 = 1.6(9) + 1.35 
= 10.05 = 14.4 4+ 1.35 
= 15.75 


The velocity 3 seconds before touchdown was 10.05 meters per second, and the 
height 3 seconds before touchdown was 15.75 meters. 


b) v = f(t) = 3.2t + 0.45, h = g(t) = 1.6t? + 0.45t 
f(O) = 3.2(0) + 0.45 g(0) = 1.6(0)* + 0.45(0) 
=0+ 0.45 =0+0 
= 0.45 =0 


The touchdown velocity was 0.45 meter per second. At touchdown, the Eagle is on 
the moon, and the distance from the surface of the moon is therefore 0 meter. a 


Graphs of Quadratic Functions 

The graph of every quadratic function is a parabola. Two parabolas are illustrated in 
Fig. 6.32. Note that both graphs represent functions since they pass the vertical line 
test. A parabola opens upward when the coefficient of the squared term, a, is greater 
than 0, as shown in Figure 6.32(a). A parabola opens downward when the coefficient 
of the squared term, a, is less than 0, as shown in Fig. 6.32(b). 


yoax? +bx +¢ y= ax? + bx +¢ 
a>0 a<0 
| ; | 
Vertex 
| MA 
| 
| 
| 
f —> x x 
| 
a | 
Vertex | | 
Axis of symmetry Axis of symmetry 
(a) (b) 
Figure 6.32 


The vertex of a parabola is the lowest point on a parabola that opens upward and 
the highest point on a parabola that opens downward. Every parabola is symmetric 
with respect to a vertical line through its vertex. This line is called the axis of symme- 
try of the parabola. 


Axis of Symmetry of a Parabola 
The axis of symmetry of the graph of an equation of the form y = ax? + bx +c 
can be determined by the following formula. 
: : —b 
5S 


2a 


This formula also gives the x-coordinate of the vertex of a parabola. 
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MATHEMATICS TODAY 


Computing Reality with 
Mathematical Models 


tis a relatively easy matter for scien- 
tists and mathematicians to de- 


scribe and predict a simple motion 
like that of a falling object. When the 
phenomenon is complicated, such as 
making an accurate prediction of the 
weather, the mathematics becomes 
much more difficult. The National 
Weather Service has devised an algo- 
rithm that takes the temperature, 
pressure, moisture content, and wind 
velocity of more than 250,000 points 
in Earth's atmosphere and applies a 
set of equations that, it believes, will 
reasonably predict what will happen 
at each point over time. Researchers 
at the National Center for Super- 
computing Applications are working 
on a computer model that simulates 
thunderstorms. They want to know 
why some thunderstorms can tur se- 
vere, even deadly. 


This is important Com- 
puters are used to model real-life 
situations including weather fore- 
casting, travel time estimations, 
and stock market predictions. 


Once the x-coordinate of the vertex has been determined, the y-coordinate can be 
found by substituting the value found for the x-coordinate into the quadratic equation 
and evaluating the equation. This procedure is illustrated in Example 5. 


Example Describing the Graph of a Quadratic Equation 


Consider the equation y = —2x* + 12x — 10. 

a) Determine whether the graph will be a parabola that opens upward or downward. 
b) Determine the equation of the axis of symmetry of the parabola. 

c) Determine the vertex of the parabola. 


a) Since a = —2, which is less than 0, the parabola opens downward. 

b) To find the axis of symmetry, we use the equation x = —£., In the equation 
y = —2x? + 12x — 10,a = —2,b = 12, and c = —10, so 

=D (2) oe 

2a 22) —4 


x= 3 


The equation of the axis of symmetry is x = 3. 
c) The x-coordinate of the vertex is 3 from part (b). To find the y-coordinate, we 


substitute 3 for x in the equation and then evaluate. 
y = —2x7 + 12x — 10 
= —2(3)? + 12(3) — 10 
SWAOya2 so = 10) 
= —18 + 36 10 
=8 


ll 


Therefore, the vertex of the parabola is located at the ordered pair (3, 8) on the graph. m™ 


4401843) 0) 139 GENERAL PROCEDURE TO SKETCH THE GRAPH 
OF A QUADRATIC EQUATION 


. Determine whether the parabola opens upward or downward. 

. Determine the equation of the axis of symmetry. 

. Determine the vertex of the parabola. 

. Determine the y-intercept by substituting x = O into the equation. 


. Determine the x-intercepts (if they exist) by substituting y = 0 into the equation 
and solving for x. 


. Draw the graph, making use of the information gained in Steps 1 through 5. 
Remember that the parabola will be symmetric with respect to the axis of symmetry. 


In Step 5, you may use either factoring or the quadratic formula to determine the 
x-intercepts. 


Example 6 Graphing a Quadratic Equation 
Sketch the graph of the equation y = x7 — 6x + 8. 


We follow the steps outlined in the general procedure. 


1. Since a = 1, which is greater than 0, the parabola opens upward. 
=e (0) 6 
2. Axis of symmetry: x = a ar Bee 


Thus, the axis of symmetry is x = 3. 


y=x"-—6x4+8 


oe 


= Now AD ~ C 


Figure 6,33 


6.10 Functions and Their Graphs 367 


3. y-coordinate of vertex: 
y=x? — 6x +8 
= (3) — 63) +8=9-18 +8= -1 
Thus, the vertex is at (3, —1). 
4. y-intercept: 
y= x? — 6x + 8 
y= (Y — 60) + 8=8 
Thus, the y-intercept is at (0, 8). 
5. x-intercepts: 
0 =x” — 6x + 8,orx? —- 6x +8 =0 
We can solve this equation by factoring. 
x7 -— 6x +8=0 
(x — 4)@ — 2) = 0 
x-4=0 or x-2= 
x= x= 
Thus, the x-intercepts are (4, 0) and (2, 0). 


6. Plot the vertex (3, —1), the y-intercept (0, 8), and the x-intercepts (4, 0) and 
(2, 0). Then sketch the graph (Fig. 6.33). a 


Note that the domain of the graph in Example 6, the possible x-values, is the set 
of all real numbers, IR. The range, the possible y-values, is the set of all real numbers 
greater than or equal to —1. When graphing parabolas, if you think you need addi- 
tional points to graph the equation, you can always substitute values for x and find the 
corresponding values of y and plot those points. For example, if you substituted 1 for 
x, the corresponding value of y is 3. Thus, you could plot the point (1, 3). 


Example Domain and Range of a Quadratic Function 


a) Sketch the graph of the function f(x) = —2x” + 3x + 4. 
b) Determine the domain and range of the function. 


a) Since f(x) means y, we can replace f(x) with y to obtain y = —2x? + 3x + 4. 
Now graph y = —2x? + 3x + 4 using the steps outlined in the general procedure. 
1. Since a = —2, whichis less than 0, the parabola opens downward. 
2. Axis of symmetry: 


Gn See 


Dip manila tala ae 
Thus, the axis of symmetry is x = 3, 


x= 


3. y-coordinate of vertex: 
y = -2x? + 3x +4 


0) 


| 
| 
NO 
aS 
al 
Sa 
+ 
A]. 
+ 
a 


8 
Thus, the vertex is at (3 5t). 
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ny golfer knows that a golf ball 

will arch in the same path go- 
ing down as it did going up. Early 
gunners knew it, too. To hit a dis- 
tant target, the cannon barrel was 
pointed skyward, not directly at 
the target. A cannonball fired at 
a 45° angle will travel the great- 
est horizontal distance. What the 
golfer and gunner alike were allow- 
ing for is the effect of gravity on a 
projectile. Projectile motion follows 
a parabolic path. Galileo was nei- 
ther a gunner nor a golfer, but he 
gave us the formula that effectively 
describes that motion and the dis- 
tance traveled by an object if it is 
projected at a specific angle with a 
specific initial velocity. 


4. y-intercept:y = —2x* + 3x + 4 
—2(0)° + 300) + 4 =4 


Thus, the y-intercept is (0, 4). 

5. x-intercepts: y = 2x7 + 3x +4 
O=-2x7+3x+4 or 2x? +3x+4=0 

This equation cannot be factored, so we will use the quadratic formula to solve it. 
b = 3, c=4 
Vb* — 4ac 
2a 
-3 + VP =A DO 

22) 


3) ae Wher ey? 


a= -—2, 
=D 


I+ 


Since V41 = 6.4, 

=3 46 O44 3.4 =3 = 64 —9.4 
= ai ean Oi 0.85 or x = Ti roe oer 
Thus, the x-intercepts are about (—0.85, 0) and (2.35, 0). 


iG = 2.35 


6. Plot the vertex 3 5 #)s the y-intercept (0, 4), and the x-intercepts (—0.85, 0) 
and (2.35, 0). Then sketch the graph (Fig. 6.34). 


aa 
{= 5 
G55) 


fx) = 2x? + 3x +4 


4 (2.35, 0) 
Be 


Figure 6.34 


b) The domain, the values that can be used for x, is the set of all real numbers, R. 
The range, the values of y, is y = 5 i. a 


When we use the quadratic formula to find the x-intercepts of a graph, if the radi- 
cand, b? — 4ac, is a negative number, the graph has no x-intercepts. The graph will 
lie totally above or below the x-axis. 


Exponential Functions 


Many real-life problems, including population growth, growth of bacteria, and decay 
of radioactive substances, increase or decrease at a very rapid rate. For example, the 
graph in Fig. 6.35 on page 369 shows the growth of the world population. Notice how 
the graph is increasing rapidly. This is an example in which the graph is increasing 
exponentially. The equation of a graph that increases or decreases exponentially is 
called an exponential equation or an exponential function. An exponential equation 


MATHEMATICS TODAY 


Determining the Age of Bones 
and Fossils 


es iy 


arbon-14 dating is a method 

by which scientists estimate 
the age of organic materials such 
as bones, cloth, wood, and plant fi- 
bers. This dating technique was 
discovered by Willard Frank Libby 
and his colleagues in 1949. In 
1960, Libby received the Nobel 
Prize in Chemistry for his work with 
carbon-14 dating. Carbon-14 dat- 
ing is reliable for dating objects up 
to approximately 60,000 years old. 


This is Important 
Carbon-14 dating is used to iden- 
tify the age of various items. It is 
invaluable to archeologists and 
criminologists and is used in many 
other professions. 
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or exponential function is of the form y = a* or f(x) = a’, where in both cases 
a > 0,a # 1. When graphing exponential functions we often use the form y = a’, 
and when working with applications we often use the form f(x) = a‘. However, 


since y = f(x), we can use either form to represent exponential functions. 


World Population 


Population (billions) 


POUAR IS iVeGME Tt, 
1650 1700 1750 1800 1850 1900 1950 2000 2050 
Year 


Source: U.S. Census Bureau 


Figure 6.35 


In an exponential function, letters other than x and y may be used for the variables. 
The following are examples of exponential functions: f(x) = 2°, A(r) = (3)" and 
P(t) = 2.3". Note in exponential functions that the variable is the exponent of some 
positive constant that is not equal to 1. In many real-life applications, the variable ¢ will 
be used to represent time. Problems involving exponential functions can be evaluated 
much more easily if you use a calculator containing a] y* |, [~’]. or [a | key. 

The following function, referred to as the exponential growth or decay formula, 


is used to solve many real-life problems. 


Exponential Growth or Decay Formula 
P(t) = Poa™, as, weak 


In the formula, Pp represents the original amount present, P(t) represents the amount 
present after ¢ years, and a and k are constants. 

When k > 0, P(t) increases as t increases and we have exponential growth. 
When k < 0, P(t) decreases as t increases and we have exponential decay. 


Example EE] Using an Exponential Decay Formula 
Carbon dating is used by scientists to find the age of fossils, bones, and other items. 
The formula used in carbon dating is 
P(t) = Pap 
where Pp represents the original amount of carbon 14 (Cj4) present and P(t) repre- 


sents the amount of Cj4 present after ¢ years. If 10 mg of Cj4 is present in an ani- 
mal bone recently excavated, how many milligrams will be present in 3000 years? 


Substituting the values in the formula gives 


P(t) = Paco 
eae Gays seo 08 
= 10(2) °° 
= 10(0.69) 

6.9 mg 


(Recall that ~ means “is approximately equal to.”) 


v 


Thus, in 3000 years, approximately 6.9 mg of the original 10 mg of C4 willremain. 
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In Example 8, we used a calculator to evaluate (2) 3°07. The steps used to 
find this quantity on a calculator with a key are 


| »* || C]3000[ +/— || = ]5600] ) || = |.6898170602 


After the key is pressed, the calculator displays the answer 0.6898170602. To 
evaluate 10(2) °00%°6 on a scientific calculator, we can press the following keys. 


10| x ]2 3000 2) 5600| ) || = ]6.898170602 


Notice that the answer obtained using the calculator steps shown above is a little more 
accurate than the answer we gave when we rounded the values before the final answer 
in Example 8. 


iw) 


Natural Exponential Functions 


When the a in the exponential function f(x) = a” is replaced with a very special letter e, 
we get the natural exponential function f(x) = e*. The exponential growth or decay 
formula is P(t) = Pa" . Replacing the letter a with the letter e in the exponential growth 
or decay formula leads us to the natural exponential growth or decay formula, 


Natural Exponential Growth or Decay Formule She | 
4 PO, = Poelig a =] 0; Ae FIP anak 


The letter e represents an irrational number called the natural base whose value is ap- 
proximately 2.7183. The number e plays an important role in mathematics and is used 
in finding the solution to many application problems. 

To evaluate e°-°!!6) on a calculator, as will be needed in Example 9, press” 


[ (].o116[ x ]s[ ) |[inv |[ in | = 1.097242265 
i, \ 


Inverse Natural 
key logarithm 
key 


After the key is pressed, the calculator displays the answer 1.097242265. 
To evaluate 7,882,590e°! 168) ona calculator, press 


7882590| x ][ ( ].o116[ x |8[ ) ][ inv ][ in |[ = ]8649110.905 


In this calculation, after the key is pressed, the calculator displays the answer 
8649110.905. This calculation will be used in Example 9. 


Example ] Evaluating an Exponential Growth Function 


The population of Virginia is growing exponentially at the rate of about 1.16% per 
year. In 2009, the population of Virginia was about 7,882,590. Virginia’s expected 
population, t years after 2009, is given by the formula P(t) = 7,882,590¢9-0!1®, 
Assuming that the population continues to grow at the same rate, determine the 
expected population of Virginia in 2017. 


“Keys to press may vary on some calculators. 


When doing calculations on the cal- 
culator, do not round any value be- 
fore obtaining the final answer. By 
not rounding, you will obtain a 
more accurate answer. For exam- 
ple, if we work Example 9 on a cal- 
culator and rounded e°°7* to 1.10, 
we would determine that the popu- 
lation of Virginia in 2017 is ex- 
pected to be about 8,670,849, 
which is a less accurate answer. 


MATHEMATICS TODAY 


Population Growth 


pS growth during cer- 
tain time periods can be de- 
scribed by an exponential function. 
Whether it is a population of bacte- 
ria, fish, flowers, or people, the 
same general trend emerges: a pe- 
riod of rapid (exponential) growth, 
which is then followed by a 
leveling-off period. 


This is Important Knowing 
the population growth rate helps 
government agencies determine the 
number of people for whom they 
will need to provide future services. 


< 


Nw tk nnnw ovo 


Figure 6.36 
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Since 2017 is 8 years after 2009, t = 8. 
P(t) = 7,882,590e9011% 
P(7) = 7,882,590e°°! 168) 
7,882,5902°08 
7,882,590(1.097242265) 
8,649, 110.905 
Thus, in 2017, the population of Virginia is expected to be about 8,649,111 people. = 


v 


v 


Example il) Evaluating an Exponential Decay Function 


Plutonium, a radioactive material used in most nuclear reactors, decays exponen- 
tially at a rate of 0.003% per year. If there are originally 2000 grams of plutonium, 
the amount of plutonium, P, remaining after t years is P(t) = 2000¢~0-00003", How 
much plutonium will remain after 50 years? 


Substitute 50 years for rin the function, then evaluate using a calculator 
as described in Section 6.3. 


P(t) = 2000¢~0.000031 

P(50) = 2000¢~0.00003(50) 
2000e~0.015 
2000(0.9985011244) 
1997.0 grams 


lI 


N 


N 


Thus, after 50 years, the amount of plutonium remaining will be about 1997 grams. 


Graphs of Exponential Functions 


What does the graph of an exponential function of the form y = a*,a > 0,a # 1, 
look like? Examples 11 and 12 illustrate graphs of exponential functions. 


Example Graphing an Exponential Function with a Base Greater 
Than 1 


a) Graph y = 2”. 
b) Determine the domain and range of the function. 


a) Substitute values for x and find the corresponding values of y. The graph is 
shown in Fig. 6.36. 


yr 2 
= — As Peee t 
5 1 
= =) = 24 === = = 
G y > A 
wy aes Lt 
x= =I, y=2 aa 2) 
0, y= 21 
x =1, y=2'=2 
x =2, y3 22 4 
x = 3, y=Qss 
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Pwo fu Dx wo oO 


4 -3 2-1, 


Figure 6.37 


b) The domain is all real numbers, RR. The range is y > 0. Note that y can never 
have a value of 0. a 


All exponential functions of the form y = a*, a > 1, will have the general shape 
of the graph illustrated in Fig. 6.36. Since f(x) is the same as y, the graphs of func- 
tions of the form f(x) = a*,a > 1, will also have the general shape of the graph il- 
lustrated in Fig. 6.36. Can you now predict the shape of the graph of y = e*? 
Remember: e has a value of about 2.7183. 


Example Graphing an Exponential Function with a Base Between 
0 and 1 


a) Graph y = (4). 
b) Determine the domain and range of the function. 


a) We begin by substituting values for x and calculating values for y. We then plot 
the ordered pairs and use these points to sketch the graph. To evaluate a fraction 
with a negative exponent, we use the fact that 


For example, 


Then 

Ne 

ia) 

1 \ as es 
= —3, MS ae as 
oe 

2 Le aA 
Xi Saas = —= = Ss 
ee) 

1\e 
= —], =e ie, =272!=2 
: hl 

1\? 
= 0, — _ = | 
: iG 

1e\ eel 
= 1, = —_ = — 

m y (5) 2 

1 \oteet 
= 2, i — = — 
: eee 


4 
ll 
& 
< 
II 
aN 
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Ww 
Il 
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The graph is illustrated in Fig. 6.37. 
b) The domain is the set of all real numbers, RR. The range is y > 0. a 


All exponential functions of the form y = a* or f(x) = a*,0 <a <1, will 
have the general shape of the graph illustrated in Fig. 6.37. 
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Example |} Is the Growth Exponential? 


The graph below shows the population, in millions, of people age 85 and older in 
the United States for selected years from 1960 to 2010 and projected to 2050. 

a) Does the graph approximate the graph of an exponential function? 

b) Estimate the number of U.S. people age 85 and older in 2000. 


i) 
So 


Number (millions) 


=) 


U.S. Population Age 85 and Older 


0 
1960 1970 1980 1990 2000 2010 2020 2030 2040 2050 


Year 


Source: U.S. Census Bureau 


a) Yes, the graph has the approximate shape of an exponential function. A function 
that increases rapidly with this general shape is, or approximates, an exponential 


function. 


b) From the graph, we see that there were about 5 million people in the 
United States who were age 85 and older in 2000. a 


SECTION 6.10 P 
Exercises 


Warm Up Exercises 


In Exercises 1-8, fill in the blank with an appropriate 
word, phrase, or symbol(s). 


1. 
2. 


Any set of ordered pairs is called a(n) 


A special type of relation where each value of the 
independent variable corresponds to a unique value of the 
dependent variable is called a(n) 


. The set of values that can be used for the independent 


variable is called the __________ of the function. 


. The set of values obtained for the dependent variable is 


called the _________ of the function. 


. In a quadratic function of the form f(x) = ax? + bx + ¢, 


if a is greater than 0, then the graph of f(x) is a parabola 
that opens : 


. Ina quadratic function of the form f(x) = ax? + bx + ¢, 


if a is less than 0, then the graph of f(x) is a parabola that 
opens 


7. The formula used to determine the equation for the axis of 
symmetry of a parabola is 


8. A test that is used to determine whether a graph represents 
a function is called the ______line test. 


Practice the Skills 


In Exercises 9-26, determine whether the graph represents 
a function. If it does represent a function, give its domain 
and range. 


10. + 
e@ e2+ 
+ @ 
== =S SS SSS 
x x 
er eb h Bone 
=a 
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15. 


In Exercises 27-32, determine whether the set of ordered 
pairs is a function. 


27. {(3, 7), (4, 9), (2, 1), (8, 0)} 


Ph, Oh iD) (@, 2), (Gh =2)), CS 9) 
a MOL (C5 MCs = Di; 

305 (Gly) 94 5 (6) Gar 9)} 
SIS (Gea) Op (Gra) 

32. {(4, 2), (4, —3), (4, 5)} 


In Exercises 33-46, evaluate the function for the given 
value of x. 


33. f@) =x +6, x=3 


34. f(~) = 2x -—5, x=1 

‘5 35. f= —-23— 1, 1 = —4 
19. ys 
36.. f@) = de 35 = 1 


ST) OO 0) 


38. f(x) = 7x -—6, x=4 
39. f(x) =x? -3x4+1, x=4 


40. f(x) =x* -—5, x=7 

41. f(x) = -x*? -2x4+1, x=4 
42. f(x) = 2x? +3x — 1, x= 3 
43. f(x) = 4x7 - 6x -9, x= -3 
44, f(x) = 3x7 + 2x -5, x=-4 


45. f(x) = —5x27 + 3x-9, x=-1 
46. f(x) = —3x2 — 6x + 10, x = -2 


In Exercises 47-52, graph the function by using the slope 
and y-intercept. 

47. f(x) = 2x + 3 48. f(x) =—-x- 1 
49. f(x) = —3x + 2 50. f(x) = 2x + 5 


Senha aime! 52. fx) = hx + 3 


In Exercises 53-68, 


a) determine whether the parabola will open upward or 
downward. 


b) find the equation of the axis of symmetry. 
c) find the vertex. 

d) find the y-intercept. 

e) find the x-intercepts if they exist. 

f) sketch the graph. 


g) find the domain and range of the function. 


53. y=x*-1 
54.y =x7 -—9 
55.y=-x7 +4 


56. y = —x? + 16 

57. y = —2x* — 8 

58. f(x) = —x? — 4 
59. y = 2x* — 3 

60. f(x) = —3x? — 6 
61. f(x) =x? + 4x -4 


62. y =x? — 8x +1 


63. y =x? + 5x + 6 
64. y=x* — 7x — 8 
65. y = —x? + 4x — 6 


66. y = —x? + 8x — 8 


= 9x2 + 3% — 2 


67. y 
68. y = —4x7 — 6x + 4 

In Exercises 69-80, draw the graph of the function and 
state the domain and range. 

70. f(x) = 4 


72. y = (4)* 


69. y = 3* 


71. y = (3)* 


Ws 
TSS 
Hk 


79, 
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f@) = 2 #1 FT apeat 1 
y=4*+1 76.y=2-1 
y= 3x-1 78. y = antl 
fy = 4) 80. y = 4"! 


Problem Solving 


81. 


82. 


83. 


Yearly Profit Marta Rivera is a part owner of a newly 
opened candy company. Marta’s yearly profit, in dollars, 
is given by the function p(x) = 3.5x — 15,000, where x 
is the number of pounds of candy sold per year. If Marta 
sells 20,000 pounds of candy a year, determine her yearly 
profit. 


Finding Distances The distance a car travels, d(t), at 
a constant 60 mph is given by the function d(t) = 60f, 
where f is the time in hours. Find the distance traveled in 


a) 3 hours. 
b) 7 hours. 


U.S. Foreign-Born Population The graph on the top 

of page 376 indicates the percentage of the U.S. popula- 
tion that was foreign-born for each decade between 1930 
and 2000, and projected percentage for 2010. The func- 
tion f(x) = 0.005x? — 0.36x + 11.8 can be used to 
estimate the percentage of the U.S. population that was 
foreign-born, where x is the number of years since 1930 
and 0 = x = 80. 


a) Use the function f(x) to estimate the percentage of the 
U.S. population that was foreign-born in 2004. Round 
your answer to the nearest percent. 


b) Of the years illustrated on the graph, determine the year 
in which the percentage of the U.S. population that was 
foreign-born was a minimum. 


a 


c) Determine the x-coordinate of the vertex of the graph 
of the function f(x). Then use this value in the func- 
tion f(x) to estimate the minimum percentage of the 
U.S. population that was foreign-born. Round your 
answer for the vertex to the nearest whole number. 
Round your answer for the population to the nearest 


percent. 


376 


84. 


Temperature (°Fahrenheit) 


85. 
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Percentage of U.S. Population 
That is Foreign-Born 


ta a a ae | 


Percent 
S 


0 
1930°40 °50 °60 °70 °80 °90 °00 2010 
Year 


Source: Bureau of the Census, U.S. Dept. of 
Commerce 


Hourly Temperature The following graph indicates the 
hourly temperature, in degrees fahrenheit, in Rochester, 
New York, from 2 A.M. through 12 noon on Friday, Febru- 
ary 10, 2011. The function t(x) = 0.17x? — 1.75x + 15.35 
can be used to estimate the hourly temperature in Rochester, 
where x is the number of hours after 2 A.M on February 10, 
2011 andO = x = 10. 


a) Use the function ¢(x) to estimate the temperature in 
Rochester at 8 A.M. on February 10, 2011. Round your 
answer to the nearest degree. 


b) Use the graph to determine the hour(s) that the tem- 
perature was a minimum. 


c) Determine the x-coordinate of the vertex of the graph 
of the function ¢(x). Then use this value in the function 
t(x) to estimate the minimum temperature. Round your 
answer for the vertex to the nearest hour. Round your 
answer for the temperature to the nearest degree. 


Hourly Temperature in Rochester, NY 
February 10, 2011 


Source: Weather.com 


Bacteria The number of a certain type of bacteria, 
y, present in a culture is determined by the equation 
y = 2000(3)*, where x is the number of days the culture 


86. 


87. 


88. 


89. 


90. 


91. 


92. 


UB) 


has been growing. Find the number of bacteria present 
after 5 days. 


Adjusting for Inflation If P is the price of an item today, 
the price of the same item n years from today, P,,, is 

P,, = P(1 + r)", where r is the constant rate of inflation. 
Determine the price of a movie ticket 10 years from today 
if the price today is $8.00 and the annual rate of inflation is 
constant at 3%. 


Expected Growth The town of Lockport currently has 
4000 residents. The expected future population can be ap- 
proximated by the function P(x) = 4000(1.3)°!", where 
x is the number of years in the future. Determine the ex- 
pected population of Lockport in 


a) 10 years. 
b) 50 years. 


Value of an SUV The cost of a new SUV is $30,000. 

If it depreciates at a rate of 18% per year, the value of 
the SUV in f years can be approximated by the function 
V(t) = 30,000(0.82)'. Determine the value of the SUV in 
4 years. Round your answer to the nearest cent. 


Population of China The population of China in 

April 2011, was about 1.34 billion people. Assume that the 
population of China continues to grow exponentially at the 
growth rate of 0.6% per year. Thus, the expected popula- 
tion of China, in billions of people, t years after 2011, is 
given by the function P(t) = 1.34e°°°, Determine the 
expected population of China in 2016. 


Value of New York City Assume the value of the island 
of Manhattan has grown at an exponential rate of 8% per 
year since 1626 when Peter Minuit of the Dutch West India 
Company purchased the island for $24. The value of the is- 
land, V, at any time, f, in years after 1626, can be found by 
the formula V(t) = 24e9-08' What is the value of the island 
in 2012, 386 years after Minuit purchased it? Use a scien- 
tific calculator and give your answer in scientific notation 
as provided by your calculator. 


Radioactive Decay Radium-226 is a radioactive isotope 
that decays exponentially at a rate of 0.0428% per year. 
The amount of radium-226, Rt, remaining after ¢ years can 
be found by the formula R(t) = Roe °-°048", where 

Rp is the original amount present. If there are originally 

10 grams of radium-226, determine the amount of 
radium-226 remaining after 1000 years. 


Radioactive Decay Strontium-90 is a radioactive isotope that 
decays exponentially at a rate of 2.8% per year. The amount 
of strontium-90, S, remaining after t years can be found by the 
function S(t) = Soe °-°?8", where Sy is the original amount 
present. If there are originally 1000 grams of strontium-90, de- 
termine the amount of strontium-90 remaining after 40 years. 
Round your answer to the nearest gram. 


U.S. Cellular Telephone Subscribers The graph on the top 
of page 377 shows the number of U.S. cellular subscribers, 
in thousands, for the years 1989 through 2008. 


Subscribers (thousands) 


94, 


Dollars (billions) 


a) Does the graph approximate the graph of an exponen- 
tial function? 


b) Estimate the number of U.S. cellular subscribers in 
2008. 


= 


U.S. Cellular Telephone Subscribership 
280,000 
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Source: The CTIA Semi-Annual Wireless Industry Survey, 1989-2008 


U.S. Gross Domestic Product The following graph 
shows the U.S. gross domestic product (GDP), the market 
value of all goods and services produced within the 
United States, for every 5 years between 1965 and 2010. 


a) Does the graph approximate the graph of an exponen- 
tial function? 


b) Estimate the U.S. gross domestic product in 2005. 


U.S. Gross Domestic Product 
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95. The spacing of the frets on the neck of a classical guitar 


is determined from the equation d = (21.9)(2)7°-)/?, 
where x = the fret number and d = the distance in 
centimeters of the xth fret from the bridge. 


Ist fret 
2nd fret 


ce i 19th fret canes xth fret ...3rd fret 


a) Determine how far the 19th fret should be from the 
bridge (rounded to one decimal place). 


b) Determine how far the 4th fret should be from the 
bridge (rounded to one decimal place). 


c) The distance of the nut from the bridge can be found by 
letting x = O in the given exponential equation. Find 
the distance from the nut to the bridge (rounded to one 
decimal place). 


Challenge Problems/Group Activities 
96. Appreciation of a House A house initially cost $150,000. 


The value, V, of the house after years if it appreciates at 
a constant rate of 4% per year can be determined by the 
function V = f(n) = $150,000(1.04)”. 


a) Determine f(8) and explain its meaning. 


b) After how many years is the value of the house greater 
than $250,000? (Find by trial and error.) 


Target Heart Rate While exercising, a person’s recom- 
mended target heart rate is a function of age. The recom- 
mended number of beats per minute, y, is given by the 
function y = f(x) = —0.85x + 187, where x represents 
a person’s age in years. Determine the number of recom- 
mended heart beats per minute for the following ages and 
explain the results. 


a) 20 
b) 30 
c) 50 
d) 60 


e) What is the age of a person with a recommended target 
heart rate of 85? 
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98. Speed of Light Light travels at about 186,000 miles per 
second through space. The distance, d, in miles that light 
travels in t seconds can be determined by the function 
d(t) = 186,000¢. 


a) Light reaches the moon from Earth in about 1.3 sec. 
Determine the approximate distance from Earth to the 
moon. 


b) Express the distance in miles, d, traveled by light in 
t minutes as a function of time, f. 


c) Light travels from the sun to Earth in about 8.3 min. 
Determine the approximate distance from the sun to 
Earth. 


Internet/Research Activity 
99. The idea of using variables in algebraic equations was 


introduced by the French mathematician Francois Viéte 
(1540-1603). Write a paper about his life and his contribu- 
tions to mathematics. In particular, discuss his work with 
algebra equations. References include history of math- 
ematics books, encyclopedias, and the Internet. 


Important Facts and Concepts 


Section 6.1 


Order of Operations 


Section 6.2 


Addition property of equality 

Ifa = b,thnat+c=b+e. 
Subtraction property of equality 

Ifa = b,thna ~c =—b—c. 
Multiplication property of equality 

If a = b, then ac = be. 
Division property of equality 

If a = b, then a/c = ble,c # 0. 


Section 6.3 


Evaluating a formula 
Solving for a variable in a formula 


Section 6.4 
Applications of Linear Equations 


Section 6.5 


Variation 


Direct: y = kx 


Inverse: y = — 
y x 


Joint: y = kxz 


Section 6.6 

a < b means that a is less than b. 

a = b means that a is less than or equal to b. 

a > b means that a is greater than b. 

a = b means that a is greater than or equal to b. 


Examples 


Examples 1—4, pages 293-295 


Examples 2-13, pages 298-304 


Examples 1-3, pages 309-310 
Examples 4—6, pages 310-311 


Examples 1—4, pages 315-317 


Examples 1-10, pages 321-325 


Examples 1-9, pages 329-333 
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Section 6.7 


Intercepts 


To find the x-intercept, set y = 0 and solve the resulting Example 4, pages 339-340 
equation for x. 


To find the y-intercept, set x = 0 and solve the resulting 
equation for y. 


Slope (m): m = aes Example 5, page 341 
tp ame 
Linear equation in two variables: Examples 3, 4, 6, 7, 10, 11, pages 338, 339, 342-344 


ax +by=c, a#0O and b#0 


Slope-intercept form of a line: Examples 6-8, pages 342-343 
y=mt+b 

Section 6.8 Examples 1-3, pages 349-350 

Linear Inequalities in Two Variables 

Section 6.9 

Quadratic equation in one variable: Examples 8, 9, page 357 


ax? +bx+c=0, aX#O0 


Quadratic formula: Examples 10, 11, pages 358-359 


—b + Vb? — 4ac 
2a 


Example 7, page 356-357 


x= 


Ifa: b = 0, thena = Oorb = 0. 
Section 6.10 
Quadratic equation (or function) in two variables: Examples 5-7, pages 366-368 
y=ax>+bxt+c, a #0 
Axis of symmetry of a parabola: Examples 5—7, pages 366-368 
a 
pisos Bere 
2a 
Exponential function: Examples 8-12, pages 369-372 


y=a or fx)=a, a#il, a>O0 


Exponential growth and decay formula: 
P(t) = Pa“,a>0,a #1 
Natural exponential function: 


f(x) = e*,e = 2.7183 


Natural exponential growth or decay function: Examples 9, 10, pages 370-371 
P(t) = Poe™ 
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6.1 


In Exercises 1, evaluate the expression for the given 
value(s) of the variable. 


io aa. SS 

MD, 57s = x= -2 
3..4x° = 2445, x =D 

4. 4x3 — 7x? + 3x41, x=-1 


6.2 


In Exercises 5—6, combine like terms. 

Bs ees Cae ae 1) 

6225 => 360) aie 
In Exercises 7-10, solve the equation for the given variable. 
T.B5e A032 


8.26 lS) = Of = 9 
a eee, 
ae ee 
10. 4(« — 2) =3 + 5(x + 4) 


9. 


11. Making Oatmeal A recipe for Hot Oats Cereal calls for 2 
cups of water and for ; cup of dry oats. How many cups of 
dry oats would be used with 3 cups of water? 


12. Laying Blocks A mason lays 120 blocks in 1 hr 40 min. How 
long will it take her to lay 300 blocks? 


6.3 


In Exercises 13—16, use the formula to find the value of the 
indicated variable for the values given. 


13. F = ma 
Determine F when m = 40 and a = 5 (physics). 


14. v = lwh 
Determine v when / = 7, w = 4, and h = 3 (geometry). 
X— pb 
Oo 


Vn 
Determine x when z = 2, w = 100,0 = 
(statistics). 


15.z= 


3, andn = 16 


16. E = mc? 
Determine m when E = 400 and c = 4 


(physics). 
In Exercises 17-18, solve for y. 


17. 6x — 3y = 24 18.) 26 -- oy — 17 


In Exercises 19-22, solve for the variable indicated. 
19. A =lw, forw 


20. P = 21 + 2w, forw 


21. L = 2h + th), forl 


22. dy = a, + (n — 1)d, ford 


6.4 


In Exercises 23—26, write the phrase in mathematical terms. 
23. 7 decreased by 2 times x 
24. 3 times y, increased by 4 
25. 10 increased by 3 times r 


26. The difference between 9 divided by g and 15 


In Exercises 27-30, write an equation that can be used to solve 
the problems. Solve the equation and find the desired value(s). 


27. Two increased by 8 times a number is 18. 


28. The product of 3 and a number, increased by 8, is 6 less 
than the number. 


29. Five times the difference of a number and 4 is 45. 


30. Fourteen more than 10 times a number is 8 times the sum 
of the number and 12. 


In Exercises 31-34, write the equation and then find the 
solution. 


31. MODELING— Investing Jim Lawton received an inheri- 
tance of $15,000. If he wants to invest twice as much 
money in mutual funds as in bonds, how much should he 
invest in mutual funds? 


32. MODELING— Lawn Chairs Larry’s Lawn Chair Com- 
pany has fixed costs of $15,000 per month and variable 
costs of $9.50 per lawn chair manufactured. The company 
has $95,000 available to meet its total monthly expendi- 
tures. What is the maximum number of lawn chairs the 
company can manufacture in a month? (Fixed costs, such 
as rent and insurance, are those that occur regardless of the 
level of production. Variable costs, such as those for mate- 
rials, depend on the level of production.) 


33. MODELING — National Parks The area of Crater Lake 
National Park is 4049 acres more than 5 times the area 
of Bryce Canyon National Park. The total area of Crater 
Lake National park and Bryce Canyon National Park is 
219,059 acres. Determine the area, in acres, of Crater 


Lake National Park and the area of Bryce Canyon 
National Park. 


A Carter Lake National Park, Oregon 


34. MODELING— Restaurant Profit John Smith owns two 
restaurants. His profit for a year at restaurant A is $12,000 
greater than his profit at restaurant B. The total profit from 
both restaurants is $68,000. Determine the profit at each res- 
taurant. 


6.5 
In Exercises 35-38, find the quantity indicated. 


35. s is directly proportional to t. If s = 30 when t = 10, find 
s when ft = 8. 


36. J is inversely proportional to the square of A. If J = 25 
when A = 2, find J when A = 5. 


37. W is directly proportional to L and inversely proportional 
to A. If W = 80 when L = 100 and A = 20, find W when 
L = 50 and A = 40. 


38. z is jointly proportional to x and y and inversely proportional 
to the square of r. If z = 12 when x = 20, y = 8, and 
r = 8, find z when x = 10, y = 80, and r = 3. 


39. Buying Fertilizer 


a) A 30-lb bag of fertilizer will cover an area of 2500 ft". 
How many pounds of fertilizer are needed to cover an 
area of 12,500 ft”? 


b) How many bags of fertilizer are needed? 


40. Property Tax The property tax, t, on a house is directly 
proportional to the assessed value, v, of the house. If 
the property tax on a house with an assessed value of 
$155,000 is $2325, what is the property tax on a house 
with an assessed value of $210,000? 


41. Electric Bill An electric company charges $0.162 per 
kilowatt-hour (kWh). What is the electric bill if 740 kWh 
are used in a month? 


42. Stretching a Spring The length that a spring will stretch, 
S, varies directly with the weight, w, attached to the 
spring. If a spring stretches 4.2 in. when a 60-lb weight 
is attached, how far will the spring stretch when a 25-Ib 
weight is attached? 
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A See Exercises 42 


6.6 


In Exercises 43-49, graph the solution set for the set of real 
numbers on the real number line. 


43.8 + 9x = 6x —4 44,3x +8 =7x+ 12 


45. 3(x + 9) = 4x + 11 46,3) = 7 
In Exercises 47-50, graph the solution set for the set of in- 
tegers on the real number line. 


47.4 + 2x > -10 485 Sac 13: = =22 


49, Sax 9 50.58 Sage? = 7 


6.7 


In Exercises 51-54, graph the ordered pair in the 
Cartesian coordinate system. 


S125 1) S22 re) 


53. (—4, 3) 54. (5, 3) 

In Exercises 55 and 56, points A, B, and C are vertices of 
a rectangle. Plot the points. Find the coordinates of the 
fourth point, D, to complete the rectangle. Find the area of 
the rectangle. 


DOA (S45) (255) en ClZn— 1) 


56. A(—3, 1), B(—3, —2), C(4, —2) 


In Exercises 57-58, graph the equation by plotting points. 


Six — y— 2 58. 2x + 3y = 12 


In Exercises 59-60, graph the equation, using the x- and 
y-intercepts. 


59. x — 2y = 6 60. 4x — 3y = 12 


In Exercises 61-64, find the slope of the line through the 
given points. 


61. (1, 3), (4, 7) 62. (3, —1), (5, —4) 


63. (—1, —4), (2, 3) 64. (6, 2), (6, —2) 
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In Exercises 65-66, graph the equation by plotting the 
y-intercept and then plotting a second point by making use 
of the slope. 


65. y = 2x — 5 66. 2y — 4 = 3x 


In Exercises 67 and 68, determine the equation of the graph. 


68. 


69. Car Wash Profit The weekly profit, p, in dollars, at Delta 
Sonic Car Wash can be estimated by p = 20n — 400, 
where 7 is the number of cars washed in 1 week. 


a) Draw a graph of weekly profit versus number of cars 
washed for up to and including 100 cars. 


b) Use the function to determine the weekly profit if 50 
cars are washed. 


c) If the weekly profit was $1000, use the function to de- 
termine how many cars were washed. 


70. MODELING—Taxi Business Cost Tony Li’s weekly cost, 
C, in dollars, of operating a taxi business can be approxi- 
mated by the equation C = 0.20m + 80, where m is the 
number of miles driven in a week. 


a) Draw a graph of weekly cost versus the number of miles 
driven for up to and including 500 miles driven per week. 


b) If, during one week, Tony drove the taxi 150 miles, 
what would be the cost? 


c) How many miles would Tony have to drive for the 
weekly cost to be $104? 


6.8 


In Exercises 71-74, graph the inequality. 
lon ta oy == 12 IPE a Dh II) 


95. 9y = 3y 212 74. —Tx — 2y < 14 


6.9 


In Exercises 75-78, factor the trinomial. If the trinomial 
cannot be factored, so state. 


75. x2 + 9x + 20 76. x2 +x — 12 


77. x? — 10x + 24 78. 6x2 + Tx — 3 


In Exercises 79-82, solve the equation by factoring. 
79. x7 + 6x +5 =0 80. x? + 3x = 10 


81. 3x2 = 17x + 10=0 82. 3x* = —7x — 2 


In Exercises 83-86, solve the equation using the quadratic 


formula. If the equation has no real solution, so state. 
§3.4° = 6x — 16 =0 84. 2x? -x -3 =0 


85. 2x? — 3x +4=0 86. x* — 3x —2 =0 


6.10 


In Exercises 87-90, determine whether the graph repre- 
sents a function. If it does represent a function, give its 
domain and range. 


87. y 
5) 


89. 


90. y 


Wo Ne 


In Exercises 91—94, evaluate f(x) for the given value of x. 
91. fix) = 5x -2, x=4 
YR C3) = eben iy 2s —S) 

93. fix) = 2x7 - 3x +4, x=5 


94. f(x) = —4x2 + 71x+9, x= -2 


In Exercises 95 and 96, for each function 


a) determine whether the parabola will open upward or 
downward. 


b) determine the equation of the axis of symmetry. 
c) determine the vertex. 

d) determine the y-intercept. 

e) determine the x-intercepts if they exist. 

f) sketch the graph. 


g) determine the domain and range. 
95. y = —x? — 4x + 21 


96. fix) = 2x7 + 8x + 6 


1. Evaluate 3x? + 6x — 1, when x = —2. 
In Exercises 2 and 3, solve the equation. 
2.4% 4-6 = 218% — 7) 

By ACs — SN) ae (ony ne ae Skee — 2) 


In Exercises 4 and 5, write an equation to represent the 
problem. Then solve the equation. 


4. The product of 3 and a number, increased by 5, is 17. 


5. Salary Mary Gilligan’s salary is $350 per week plus a 
6% commission of sales. How much in sales must Mary 
make to earn a total of $710 per week? 


. Evaluate L = ah + bh + ch when 
=2.b=5,c =4,andh =7. 


. Solve 3x + S5y = 11 for y. 


. L varies jointly as M and N and inversely as P. If 
L = 12 when M = 8, N = 3, and P = 2, find L when 
M = 10, N = 5, and P = 15. 


. For a constant area, the length, /, of a rectangle varies in- 
versely as the width, w. If / = 15 ft when w = 9 ft, find 
the length of a rectangle with the same area if the width 
is 20 ft. 


. Graph the solution set of —5x + 14 = 2x + 35 on the 
real number line. 


11. Determine the slope of the line through the points 
(—2, 8) and (1, 14). 
In Exercises 12 and 13, graph the equation. 


12. y =2x-4 13. 2x — 3y = 15 
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In Exercises 97 and 98, draw the graph of the function and 


state the domain and range. 
1 x 
98. y = (3) 
6.2, 6.3, 6.10 


99. Gas Mileage The gas mileage, m, of a specific car can be 
estimated by the equation (or function) 


m = 30 — 0.002n?, 20 <n < 80 


where 1 is the speed of the car in miles per hour. Estimate 
the gas mileage when the car travels at 60 mph. 


97.y = 4 


100. Filtered Light The percent of light filtering through 
Swan Lake, P, can be approximated by the function 
P(x) = 100(0.92)*, where x is the depth in feet. Find the 
percent of light filtering through at a depth of 4.5 ft. 


14. Graph the inequality 3y = 5x — 12. 


15. Factor the following trinomial: x7 + 11x + 18. If the 
trinomial cannot be factored, so state. 


16. Solve the equation x” + 7x = —6 by factoring. 


17. Solve the equation 3x7 + 2x = 8 by using the quadratic 
formula. 


18. Determine whether the graph is a function. Explain your 
answer. 
yr 


we 


. Evaluate f(x) = —2x? — 8x + 7 when x = —2. 


. For the equation y = x7 — 2x + 4, 


a) determine whether the parabola will open upward or 
downward. 


b) determine the equation of the axis of symmetry. 
c) determine the vertex. 

d) determine the y-intercept. 

e) determine the x-intercepts if they exist. 

f) sketch the graph. 


g) determine the domain and range of the function. 
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Archeology: Gaining Information From Bones i. At age 30, Jolene is 168 cm tall. Estimate the length 


1. Archeologists have developed formulas to predict the 
height and, in some cases, the age at death of the de- 
ceased by knowing the lengths of certain bones in the 
body. The long bones of the body grow at approximately 
the same rate. Thus, a linear relationship exists between 
the length of the bones and the person’s height. If the 
length of one of these major bones—the femur (F), 
the tibia (T), the humerus (H), and the radius (R)— is 
known, the height, /, of a person can be calculated with 
one of the following formulas. The relationship between 


bone length and height is different for males and females. 


Male Female 
h = 2.24F + 69.09 h =2.23F + 61.41 
h = 2.39T + 81.68 h = 2.53T + 72.57 
h = 2.97H + 73.57 h = 3.14H + 64.98 
h = 3.65R + 80.41 h = 3.88R + 73.51 


All measurements are in centimeters. 


a) Measure your humerus and use the appropriate for- 
mula to predict your height in centimeters. How close 
is this predicted height to your actual height? (The 
result is an approximation because measuring a bone 
covered with flesh and muscle is difficult.) 


b) Determine and describe where the femur and tibia 
bones are located. 


c) Dr. Juarez, an archeologist, had one female humerus 
that was 29.42 cm in length. He concluded that 
the height of the entire skeleton would have been 
157.36 cm. Was his conclusion correct? 


d) If a 21-year-old woman is 167.64 cm tall, about how 
long should her tibia be? 


e) Sometimes the age of a person may be determined 
by using the fact that the height of a person, and the 
length of his or her long bones, decreases at the rate 
of 0.06 cm per year after the age of 30. 


of her humerus. 


ii. Estimate the length of Jolene’s humerus when she is 
60 years old. 


f) Select six people of the same gender and measure 
their height and one of the bones for which an equa- 
tion is given (the same bone on each person). Each 
measurement should be made to the nearest 0.5 cm. 
For each person, you will have two measurements, 
which can be considered an ordered pair (bone length, 
height). Plot the ordered pairs on a piece of graph 
paper, with the bone length on the horizontal axis and 
the height on the vertical axis. Start the scale on both 
axes at zero. Draw a straight line that you feel is the 
best approximation, or best fit, through these points. 
Determine where the line crosses the y-axis and the 
slope of the line. Your y-intercept and slope should be 
close to the values in the given equation for that bone. 
(Reference: M. Trotter and G. C. Gleser, “Estimation 
of Stature from Long Bones of American Whites and 
Negroes,” American Journal of Physical Anthropol- 
ogy, 1952, 10:463-5 14.) 


Graphing Calculator 


2. The functions that we graphed in this chapter can be eas- 


ily graphed with a graphing calculator (or grapher). If you 
do not have a graphing calculator, borrow one from your 
instructor or a friend. 


a) Explain how you would set the domain and range. 
The calculator key to set the domain and range may be 
labeled range or window. Set the grapher with the fol- 
lowing range or window settings: 


Xmin = —12, Xmax = 12, Xscl = 1, 
Ymin = —13, Ymax = 6, and Yscl = 


ll 


Ile 


b) Explain how to enter a function in the graphing cal- 
culator. Enter the function y = 3x? — 7x — 8 in the 
calculator. 


c) Graph the function you entered in part (b). 


d) Learn how to use the trace feature. Then use it to esti- 
mate the x-intercepts. Record the estimated values for 
the x-intercepts. 


e) Learn how to use the zoom feature to obtain a better 
approximation of the x-intercepts. Use the zoom feature 
twice and record the x-intercepts each time. 


What You Will Learn 


= Solving systems of linear equations 
by graphing, by using the 
substitution method, by using the 
addition method, and by using 
matrices 

= Solving systems of linear 
inequalities 

= Adding, subtracting, and 
multiplying matrices 


Systems of 
Linear 
Equations and 
Inequalities 


= Solving application problems using 
linear programming 


This is Important 


Imagine that you and a friend 
enter the bakery business. To 
make a profit in your business, 
you need to keep track of the 
cost of your materials, your 
overhead, the quantity of baked 
goods sold, the price at which 
you sell the baked goods, and 
many other items. To do so, you 
may need to develop and solve 
systems of equations. 


< Business owners may solve systems of 
equations to determine under what conditions 
their business will be profitable. 
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Sy 


4 Solving a system of equations 
can help determine which of two 
landscaping companies offers the 
least expensive service. 


SECTION 7.1 Systems of Linear Equations 


Suppose you needed to have some landscaping work done at your home. In your 
local newspaper, two different landscaping services each have advertised specials. 
One company charges a lower consultation fee than the other company but charges 
a higher hourly rate for labor. How do you determine the number of hours of service 
needed for both services to have the same cost? How do you decide which company 
is less expensive for the services you need? In this section, we will introduce one way 
to use algebra to answer these questions. 


| Why Sis is important As you will see in this section, we can often use a system of linear 
equations to determine the answers to real-life problems. 


ik algebra, it is often necessary to find the common solution to two or more linear 
equations. When two or more linear equations are considered simultaneously, the 
equations are called a system of linear equations. The solution to a system of linear 
equations may be found by a number of techniques. In this section, we illustrate how 
to solve a system of linear equations by graphing. 


Solutions to Systems of Linear Equations 


A solution fo a system of equations is the ordered pair or ordered pairs that satisfy 
all equations in the system. A system of linear equations may have exactly one solu- 
tion, no solution, or infinitely many solutions. 


Example {J Is the Ordered Pair a Solution? 

Determine which of the ordered pairs is a solution to the following system of equations. 
2 — \ — 0 
2x + y= 14 

a) (0, —6) b) (5, 4) c) (3, 8) 


For the ordered pair to be a solution to the system, it must satisfy each 
equation in the system. Substitute the values of x and y into each equation. 


a) 2x-y=6 2x+y= 14 
2(0) — (-6) = 6 2(0) + (-6) = 14 
6=6 True —6= 14 False 
Since (0, —6) does not satisfy both equations, it is not a solution to the system. 
b) 2x -y=6 2x + y = 14 
2(5) -4 =6 2(5) + 4 = 14 
6=6 True 14= 14 True 
Since (5, 4) satisfies both equations, it is a solution to the system. 
c) 2x -—y=6 2x+y= 14 
23) —8 =6 2(3) + 8 = 14 
—2=6 False 14 = 14 True 


Since (3, 8) does not satisfy both equations, it is not a solution to the system. a 


Figure 7.2 


When checking the solution to a 
system of equations, it is important 
to check the solution in both equa- 
tions. The ordered pair solution 
must satisfy both equations of the 
system. 


7.1 Systems of Linear Equations 387 


Solving a System of Linear Equations by Graphing 


To find the solution to a system of linear equations graphically, we graph both of the 
equations on the same axes. The coordinates of the point or points of intersection of 
the graphs are the solution or solutions to the system of equations. 


a ceket 32) 8] SOLVING A SYSTEM OF EQUATIONS BY GRAPHING 


. Determine three ordered pairs that satisfy each equation. 


. Plot the points that correspond to the ordered pairs and sketch the graphs of both 


equations on the same axes. 


. The coordinates of the point or points of intersection of the graphs are the solu- 
tion or solutions to the system of equations. 


When two linear equations are graphed, three situations are possible. The two 
lines may intersect at one point, as in Example 2; or the two lines may be parallel and 
not intersect, as in Example 3; or the two equations may represent the same line, as in 
Example 4 on page 388. 

Since the solution to a system of equations may not be integer values, you may 
not be able to obtain the exact solution by graphing. 


Example 4 A System with One Solution 


Determine the solution to the following system of equations graphically. 


xty=4 
P55 — i =5 A 


For each equation, substitute values for x and find the corresponding values 

for y. Three ordered pairs that satisfy x + y = 4 are (0,4),(1,3), and(4, 0), 

as shown in the left hand table above Fig. 7.1. Three ordered pairs that satisfy 

2x — y = —1 are (—2, —3), (0, 1), and (1, 3), as shown in the right hand table above 

Fig. 7.1. Next, graph both x + y = 4 and 2x — y = —1 on the same axis, Fig.7.1. 
The graphs intersect at (1, 3), which is the solution to the system of equations. 

This point is the only point that satisfies both equations. 


CHECK: x+y=4 2X y= ll 
1+3=4 201) -3 = -1 
4=4 True Dise afl 

Sa eS a 


Fig. 7.2 shows the system of equations in Example 1, x + y=4 and 
2x — y = —1, graphed on a Texas Instrument TI-84 Plus calculator. 

The system of equations in Example 2 is an example of a consistent system of 
equations. A consistent system of equations is one that has at least one solution. 


Example §¥ A System with No Solution 
Determine the solution to the following system of equations graphically. 
xt+ty=3 
2x + 2y = —4 


Three ordered pairs that satisfy the equation x + y = 3 are (0, 3), 
(3, 0), and (1, 2). Three ordered pairs that satisfy the equation 2x + 2y = —4 are 
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Figure 7.3 


Figure 7.4 


Following is a summary of the 
different types of systems of linear 
equations. 

® A consistent system of equations 
is one that has at least one solution. 
® An inconsistent system of equa- 
tions is one that has no solution. 

= A dependent system of equations 
is one that has an infinite number of 
solutions. 


wi) 
uv 


(—2, 0), (0, —2), and (1, —3). The graphs of both equations are given in Fig. 7.3. 
Since the two lines are parallel, they do not intersect; therefore, the system has 
no solution. a 


The system of equations in Example 3 has no solution. A system of equations 
that has no solution is called an inconsistent system. 


Example 3 A System with an Infinite Number of Solutions 
Determine the solution to the following system of equations graphically. 


yi 24 43 
2y = 6 — 4x 


Three ordered pairs that satisfy the equation y = —2x + 3 are (0, 3), 

(2, -1), and (—1, 5). Three ordered pairs that satisfy the equation 2y = 6 — 4x 
are (1, 1), (3, —3), and (4, —5). Graph the equations on the same axes (Fig. 7.4). 
Because all six points are on the same line, the two equations represent the same 
line. Therefore, every ordered pair that is a solution to one equation is also a 
solution to the other equation. Every point on the line satisfies both equations; thus, 
this system has an infinite number of solutions. Solving the second equation for 

y reveals that the equations are equivalent. a 


When a system of equations has an infinite number of solutions, as in Example 4, 
it is called a dependent system. Note that because it has at least one solution, a depen- 
dent system is also a consistent system. 

Figure 7.5 summarizes the three possibilities for a system of linear equations. 


Inconsistent 
a 


Consistent Dependent 


y 


Infinite number 
of solutions 


One solution No solution 


Figure 7.5 


In Chapter 6, we introduced modeling. Recall that a mathematical model is an 
equation or system of equations that represents a real-life situation. In Examples 5 
and 6, we develop equations that model a real-life situation. 


Example Modeling—A Landscape Service Application 


Tom’s Tree and Landscape Service charges a consultation fee of $200 plus $50 per 

hour for labor for landscaping. Lawn Perfect Landscape Service charges a consulta- 

tion fee of $300 plus $25 per hour for labor for landscaping. 

a) Write a system of equations to represent the cost, C, of the two landscaping 
services, each with h hours of labor. 

b) Graph both equations on the same axes and determine the number of hours 
needed for both services to have the same cost. 

c) If the Johnsons need 7 hours of landscaping service done at their home, which 
service is less expensive? 


Total revenue 


Break-even point 


Total cost 


Total Revenue and Total Cost ($) 


| 
| 
| 
| 
| 
| 
| 
| 
| 


Number of Units Sold 


Figure 7.7 
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Let h = the number of hours of labor. The total cost of each service is 
the consultation fee plus the cost of the labor. 


a) Tom’s Tree and Landscape Service: C = 200 + 50h 
Lawn Perfect Landscape Service: C = 300 + 25h 


b) We graphed the cost, C, versus the number of hours of labor, h, for 0 to 10 hours 
(Fig. 7.6). On the graph, the lines intersect at the point (4, 400). Thus, for 
4 hours of service, both services would have the same cost, $400. 


Tom’s Tree and 
Landscape Service 
C= 200+ 50h 


(4, 400) Lawn Perfect 


Cost ($) 
wn 
Ss 


400 Landscape Service 
300 C= 300+ 25h 
200 


| 

| 

! 

l 

+—}—- + + ++ +t} +--+ 

1 2 3 4 5 6 i 8 9 LOM 
Number of Hours of Labor 


Figure 7.6 


c) The graph shows that for more than 4 hours, Lawn Perfect is the least expensive 
service. Thus, for 7 hours, Lawn Perfect is less expensive than Tom’s Tree and 
Landscape Service. a 


Break-Even Analysis 


Manufacturers use a technique called break-even analysis to determine how many 
units of an item must be sold for the business to “break even,” that is, for its total rev- 
enue to equal its total cost. Suppose we let the horizontal axis represent the number of 
units manufactured and sold and the vertical axis represent dollars. Then linear equa- 
tions for cost, C, and revenue, R, can both be sketched on the same axes (Fig. 7.7). 
Both C and R are expressed in dollars, and both are a function of the number of units. 
Profit, P, is the difference between revenue, R, and cost, C. Thus, P = R — C. If rev- 
enue is greater than cost, the company makes a profit. If cost is greater than revenue, 
the company has a loss. 

Initially, the cost graph is higher than the revenue graph because of fixed (over- 
head) costs such as rent and utilities. During low levels of sales, the manufacturer 
suffers a loss (the cost graph is greater). During higher levels of sales, the manufac- 
turer realizes a profit (the revenue graph is greater). The point at which the two graphs 
intersect is called the break-even point. At that number of units sold, revenue equals 
cost and the manufacturer breaks even. 


Example [ Modeling—Profit and Loss in Business 


At a collectibles show, Richard Lane can sell model trains for $35. The costs for 
making the trains are a fixed cost of $200 and a production cost of $15 apiece. 


a) Write an equation that represents Richard’s revenue. Write an equation that rep- 
resents Richard’s cost. 


b) How many model trains must Richard sell to break even? 


c) Write an equation for the profit formula. Use the formula to determine Richard’s 
profit if he sells 15 model trains. 


d) How many model trains must Richard sell to make a profit of $600? 
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a) Let x denote the number of model trains made and sold. The revenue is given by 
the equation 


R = 35x ($35 times the number of trains) 
and the cost is given by the equation 
C = 200 + 15x ($200 plus $15 times the number of trains) 


b) The break-even point is the point at which the revenue and cost graphs intersect. 
In Fig. 7.8, the graphs intersect at the point (10, 350), which is the break-even 
point. Thus, for Richard to break even, he must sell 10 model trains. When 
10 model trains are made and sold, the cost and revenue are both $350. 


C=200 + 15x 


Cost and Revenue ($) 


150+- 


2 AGS 10) 12) 14) ena 
Number of Model Trains 


Figure 7.8 


c) Profit is equal to the revenue minus the cost. Therefore, the profit formula is 
P= Rea C 
= 35x — (200 + 15x) 
= 39% 200) = tox 
= 20x — 200 
For 15 trains, the profit is found as follows. 
P = 20x — 200 
= 20(15) — 200 = 100 
Richard has a profit of $100 if he sells 15 model trains. By observing the graph, 


we can see that if Richard sells 15 model trains, he will have a profit since at 
15 trains the revenue line is greater than the cost line. 


d) We can determine the number of model trains that Richard must sell to have a 
profit of $600 by using the profit formula. Substituting 600 for P we have 


P = 20x — 200 
600 = 20x — 200 
800 = 20x 

40 =x 


Thus, Richard must sell 40 model trains to make a profit of $600. a 
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SECTION 7.1 : 
Exercises 


Warm Up Exercises 


In Exercises I-10, fill in the blank with an appropriate 
word, phrase, or symbol(s). 


1. When two or more linear equations are considered simul- 
taneously, the equations are called a(n) _____ of 
linear equations. 


iS) 


. The ordered pair or ordered pairs that satisfy all equations 
in a system of equations is called the to the 
system of equations. 


3. A system of equations that has no solution is called a(n) 
system of equations. 


4. A system of equations that has at least one solution is 
called a(n) system of equations. 


in 


. A system of equations that has an infinite number of 
solutions is called a(n) system of equations. 


nN 


. If the graphs of the equations in a system of linear equa- 
tions are parallel lines, then the system has 
solution(s). 


7. If the graphs of the equations in a system of linear 
equations intersect at only one point, then the system has 
solution(s). 


8. If the graphs of the equations in a system of linear 
equations are the same line, then the system has a(n) 
number of solutions. 


9. A company makes a profit when its revenue is 
than its cost. 


10. A company has a loss when its revenue is 
than its cost. 


Practice the Skills 
In Exercises 11 and 12, determine which ordered pairs are 


solutions to the given system. 


11. y = 4x - 2 (2, 6) @, 10) (1, 7) 


y=-x+ 8 
12.x + 2y =6 (—2, 4) (2, 2) (3, —9) 
6) 


In Exercises 13-16, solve the system of equations graphically. 


13.x = 1 14.x =2 
ee Het 
15.x=4 16. x = —-5 


y=-3 y=-3 


In Exercises 17-32, solve the system of equations graphically. 
If the system does not have a single ordered pair as a solution, 
state whether the system is inconsistent or dependent. 


17.x =2 18. y =3 
he =) y=x-1 
19. y = 4x -— 6 20.x+y=4 
=-x+9 —x+t+y=4 
21. x + 2y =0 22. 3x = y= 1 
2x — 3y = -14 4x — 3y =3 
23. y = 2x — 4 24.y=x+3 
2ax+y=0 y=-1 
25.x = 1 26.24 — y = =3, 
x% Ly +) 3.0 2% + y= =9 
27. 3x + 2y = 28. 2x — 3y = 12 
6x + 4y = 12 3y — 2x =9 
29.y =x +4 30. y =4x4 -4 
2y=xt+8 3y —-x=4 
31. y= fx -2 32..2@ = I). 2y=.0 


2x + 2y = 10 3x + 2(y + 2) = 0 
33 a) If the two lines in a system of equations have different 
slopes, how many solutions will the system have? . 


b) If the two lines in a system of equations have the same 
slope but different y-intercepts, how many solutions 
will the system have? Explain. 


c) If the two lines in a system of equations have the same 
slope and the same y-intercept, how many solutions 
will the system have? Explain. 


34, Indicate whether the graph shown represents a consistent, 
inconsistent, or dependent system. 


a) y 
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Line 1 and 
Line 2 


In Exercises 35— 46, determine without graphing whether 
the system of equations has exactly one solution, no solu- 
tion, or an infinite number of solutions. (Consider your 
answers to Exercise 33.) 


35.2x +y=5 36. 3x + 2y =4 
y=-2x+5 4y = —6x + 6 
37.3% + y= —6 38. x — 3y = 8 
4x — 2y = -8 3x —-y=6 
39. 3x + y=7 40. x + 4y = 12 
y= Sie 9 x=4y+3 
41. 2x — 3y = 6 42.x —2y=6 
x— }y=3 x+2y=4 
43. 3x = 6y + 5 44. 3y = 6x +4 
y=4x-3 -2xt+y=4 
45. 12x — 5y = 4 46. 4x + Ty =2 
3x + 4y = 6 4x = 6+ Ty 


Problem Solving 


Two lines are perpendicular to each other when they meet at 
aright angle (a 90° angle). Two lines are perpendicular when 
their slopes are negative reciprocals. The negative reciprocal 
of 2 is —5, the negative reciprocal of = is -1/( 2) or —3, and 
so on. If a represents any real number, except 0, its negative 
reciprocal is —1/a. Note that the product of a number and 

its negative reciprocal is —1. In Exercises 47-50, determine, 
by finding the slope of each line, whether the lines will be 
perpendicular to each other when graphed. 


47. 4y — 2x = 15 48. 4y —-x = 6 
3y — 5x =9 y=x+t+8 

49. 2x + y=3 50. 6x + Sy = 3 
Ly == 5 SLO S22 y 


In Exercises 51-55, part of the question involves determin- 
ing a system of equations that models the situation. 


51. MODELING—Truck Rentals The cost of renting a 
medium-sized truck at U-Haul Rental is $30 per day 
plus $0.79 a mile. The cost of renting a similar truck at 
Discount Rentals is $24 per day plus $0.85 a mile. 


a) Write a system of equations, with one equation repre- 
senting the total cost of renting a truck from U-Haul for 
a day and the other equation representing the total cost 
of renting a truck from Discount Rentals for a day. 


52. 


53. 


b) Graph both equations (for up to and including 200 
miles) on the same axes. 


c) Use the graph to estimate the number of miles that 
would need to be driven in a day for the cost of renting 
a truck from U-Haul to equal the cost of renting a truck 
from Discount. 


MODELING—Landscaping Revisited In Example 5, 
assume that Tom’s Tree and Landscape Service charges 
$200 for a consultation fee plus $60 per hour for labor and 
that Lawn Perfect Landscape Service charges $305 for a 
consultation fee plus $25 per hour for labor. 


a) Write the system of equations to represent the cost of 
the two landscaping services. 


b) Graph both equations for 0 to 10 hours on the same 
axes, 


c) Use the graph to estimate the number of hours of land- 
scaping that must be used for both services to have the 
same cost. 


MODELING—Selling Backpacks Benjamin’s Backpacks 
can sell backpacks for $25 per backpack. The costs for 
making the backpacks are a fixed cost of $400 and a 
production cost of $15 per backpack (see Example 6 for an 
example of cost and revenue equations). 


a) Write the cost and revenue equations. 


b) Graph both equations, for 0 to 50 backpacks, on the 
same axes. 


c) Use the graph to estimate the number of backpacks 
Benjamin’s Backpacks must sell to break even. 


d) Write the profit formula. 


e) Use the profit formula to determine whether 
Benjamin’s Backpacks makes a profit or loss if it sells 
30 backpacks. What is the profit or loss? 


f) How many backpacks must Benjamin’s Backpacks sell 
to realize a profit of $1000? 


54. MODELING—Purchasing Stocks When buying or selling 
stock for a customer, the Mark Demo Agency charges $40 
plus 8 cents per share of stock purchased or sold. Andy 
Harris and Associates charges $15 plus 18 cents per share 
of stock purchased or sold. 


a) Write a system of equations to represent the cost of 
purchasing or selling stock with each company. 


b) Graph both equations (for up to and including 350 
shares of stock) on the same axes. 


c) Use the graph to estimate the number of shares of stock 
that must be purchased or sold for the total cost to be 
the same. 


d) If 300 shares of stock are to be purchased, which firm 
would be less expensive? 


55. MODELING—Manufacturing Blu-ray Disc Players A 
manufacturer sells Blu-ray Disc players for $150 per unit. 
Manufacturing costs consist of a fixed cost of $3850 and a 
production cost of $115 per unit. 


a) Write the cost and revenue equations. 


b) Graph both equations (for up to and including 150 units) 
on the same axes. 


c) Use the graph to estimate the number of units the man- 
ufacturer must sell to break even. 


d) Write the profit formula. 
e) Use the profit formula to determine the manufacturer’s 


profit or loss if 100 units are sold. 


f) How many units must the manufacturer sell to make a 
profit of $875? 


Concept/Writing Exercise 

56. Explain how you can determine whether a system of two 
linear equations will be consistent, dependent, or inconsis- 
tent without graphing the equations. 


Challenge Problems/Group Activities 


57. MODELING—Job Offers Hubert Hotchkiss had two job 
offers for sales positions. One pays a salary of $500 per 
week plus a 15% commission on his dollar sales volume. 
The second position pays a salary of $650 per week with no 
commission. 


a) For each offer, write an equation that expresses the 


weekly pay. 


b) Graph the system of equations and determine the 
solution. 


58. 


59. 
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c) For what dollar sales volume will the two offers result 
in the same pay? 


MODELING—Long-Distance Calling 


a) In September 2010, an AT&T One Rate Plan charged 
7 cents per minute for long-distance calls with a monthly 
fee of $5.95. The Sprint Nickel Anytime Plan charged 
5 cents per minute for long-distance calls with a monthly 
fee of $8.95. Write an equation to determine the monthly 
cost for long-distance service with the AT&T One Rate 
Plan and write an equation to determine the monthly 
cost for long-distance service with the Sprint Nickel 
Anytime Plan. 


b) Graph the system of equations and determine the 
solution. 


c) After how many minutes will the cost for the two long- 
distance service plans be the same? 


Points of Intersection a) If two lines have different 
slopes, what is the maximum possible number of points of 
intersection? 


b) If three lines all have different slopes, what is the maxi- 
mum possible number of points of intersection of any 
two lines? 


c) If four lines all have different slopes, what is the maxi- 
mum possible number of points of intersection of any 
two lines? 


d) If five lines all have different slopes, what is the maxi- 
mum possible number of points of intersection of any 
two lines? 


e) Is there a pattern in the number of points of intersec- 
tion? If so, explain the pattern. Use the pattern to 
determine the maximum possible number of points of 
intersection for six lines. 


Recreational Mathematics 


60. Connect all the following points using exactly four straight- 


line segments. Do not lift your pencil off the paper. 


Internet/Research Activity 
61. The Rhind Papyrus The Rhind Papyrus indicates that 


the early Egyptians used linear equations. Do research 
and write a paper on the symbols used in linear equations 
and the use of the linear equations by the early Egyptians. 
(References include history of mathematics books, ency- 
clopedias, and the Internet.) 
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SECTION 7.2 


A Solving a system of equations 
may help determine which of two 
cell phone plans offers the least 
expensive service. 


Solving Systems of Linear Equations by 
the Substitution and Addition Methods 


Bill Ramierez is considering two cell phone plans. Both plans offer 300 free minutes 
each month. One plan charges $30 per month plus 45 cents for each additional min- 
ute after 300 minutes. The other plan charges $35 per month plus 20 cents for each 
additional minute after 300 minutes. How can Bill determine how long he would have 
to talk on the phone for the two plans to have the same cost? In this section, we will 
illustrate two different algebraic methods, the substitution method and the addition 
method, for answering this question. 


This is Important Solving systems of equations may help us make financial deci- 
sions, such as which cell phone plan provides the least expensive service. 


| n section 7.1 we were able to estimate the solution to problems by determining what 
appeared to be the point of intersection of the graphs in the systems of linear equa- 
tions. If an exact answer to a system of linear equations is needed, we can solve the 
system with algebraic methods. Two such methods are the substitution method and 
the addition method. 

We first discuss the substitution method. 


Substitution Method 


4018 12) 0] PROCEDURE FOR SOLVING A SYSTEM OF EQUATIONS 
USING THE SUBSTITUTION METHOD 
. Solve one of the equations for one of the variables. If possible, solve for a vari- 


able with a numerical coefficient of 1. By doing so, you may avoid working with 
fractions. 


. Substitute the expression found in Step | into the other equation. This step yields 
an equation in terms of a single variable. 


. Solve the equation found in Step 2 for the variable. 


. Substitute the value found in Step 3 into the equation you rewrote in Step 1 and 
solve for the remaining variable. 


Examples 1, 2, and 3 illustrate the substitution method. These systems of equations 
are the same as in Examples 2, 3, and 4 in Section 7.1. 


Example A Single Solution, by the Substitution Method 
Solve the following system of equations by substitution. 


xt+ty=4 
26 y= 


The numerical coefficients of the x- and y-terms in the equation 
x + y = 4 are both 1. Thus, we can solve this equation for either x or y. Let’s solve 
for x in the first equation. 


When solving a system of equa- 
tions, once you successfully solve 
for one of the variables, make sure 
you solve for the other variable. 
Remember that a solution to a sys- 
tem of equations must contain a 
numerical value for each variable in 
the system. 
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STEP 1. 
eve Sub fi both sid f th 
xty-y=4-y sae te oth sides of the 
x=4-y 


STEP 2. Substitute 4 — y for x in the second equation. 
Dia = —1 
24y) ay 1 
step 3. Now solve the equation for y. 


SSIS ail Distributive property 


8 = 3y = Fl 
$= 8. = 3y = 1 8 Subtract 8 from both sides of 
the equation. 
—3y = -9 
ay, basis Divide both sides of the 
Eas Ly equation by —3. 
y = 


step 4. Substitute y = 3 in the equation solved for x and determine the value of x. 


4 ay) 
x=4-3 
x=1 


Thus, the solution is the ordered pair (1, 3). This answer checks with the solution 
obtained graphically in Section 7.1, Example 2. a 


Example 4 No Solution, by the Substitution Method 


Solve the following system of equations by substitution. 


Ley = 3 
2x + 2y = —4 


The numerical coefficients of the x- and y-terms in the equation 
x + y = 3 are both 1. Thus, we can solve this equation for either x or y. Let us 
solve for y in the first equation. 


Kec 
Subtract x from both sides of 
A = gee a = : 
the equation. 
y => 3 — ¥: 


Now substitute 3 — x for y in the second equation. 


2x + 2y = —4 
Dies 2(Ge-a x) == 4 
2x + 6 — 2x = —4 Distributive property 
6=-—4 False 
Since 6 cannot be equal to —4, there is no solution to the system of equations. 


Thus, the system of equations is inconsistent. This answer checks with the solution 
obtained graphically in Section 7.1, Example 3. Be 
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When solving the system in Example 2, we obtained 6 = —4 and indicated that 
the system was inconsistent and that there was no solution. When solving a system of 
equations, if you obtain a false statement, such as 4 = 0 or —2 = 0, the system is 
inconsistent and has no solution. 


Example An Infinite Number of Solutions, by the Substitution 
Method 


Solve the following system of equations by substitution. 


y= 24 3 
2y = 6 — 4x 
The first equation y = —2x + 3 is already solved for y, so we will sub- 


stitute —2x + 3 for y in the second equation. 


2y = 6 — 4x 
225, 93) = Oe 
—4x+6=6- 4x Distributive property 


4x — 4x +6 =6 — 4x 4+ 4x Add 4x to both sides of 
/ ; the equation. 


6=6 True 
Since 6 = 6, the system has an infinite number of solutions. Thus, the sys- 
tem of equations is dependent. This answer checks with the solution obtained in 
Section 7.1, Example 4. | 
When solving Example 3, we obtained 6 = 6 and indicated that the system was 


dependent and had an infinite number of solutions. When solving a system of equa- 
tions, if you obtain a true statement, such as 0 = 0 or 6 = 6, the system is dependent 
and has an infinite number of solutions. 


Addition Method 


If neither of the equations in a system of linear equations has a variable with a coeffi- 
cient of 1, it is generally easier to solve the system by using the addition (or 
elimination) method. 

To solve a system of linear equations by the addition method, it is necessary to 
obtain two equations whose sum will be a single equation containing only one vari- 
able. To achieve this goal, we rewrite the system of equations as two equations where 
the coefficients of one of the variables are opposites (or additive inverses) of each 
other. For example, if one equation has a term of 2x, we might rewrite the other equa- 
tion so that its x term will be —2x. To obtain the desired equations, it might be neces- 
sary to multiply one or both equations in the original system by a number. When an 
equation is to be multiplied by a number, we will place brackets around the equation 
and place the number the equation is to be multiplied by before the brackets. For 
example, 4[2x + 3y = 6] means that each term on both sides of the equal sign in the 
equation 2x + 3y = 6 is to be multiplied by 4: 


4[2x + 3y = 6] gives 8x + 12y = 24 


This notation will make our explanations much more efficient and easier for you to 
follow. 


conomics, a science depen- 

dent on mathematics, dates 
back to just before the Industrial 
Revolution of the eighteenth cen- 
tury. Technologies were being in- 
vented and applied to the manufac- 
ture of cloth, iron, transportation, 
and agriculture. These new tech- 
nologies led to the development 
of mathematically based economic 
models that often included systems 
of equations. French economist 
Jules Dupuit (1804-1866) suggested 
a method to calculate the value of 
railroad bridges; Irish economist 
DionysisLarder(1793-1859)showed 
railroad companies how to structure 
their rates so as to increase their 
profits. 
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ds 0 011 4318) 1 SOLVING A SYSTEM OF EQUATIONS BY THE 
ADDITION METHOD 
. If necessary, rewrite the equations so that the terms containing the variables ap- 


pear on one side of the equal sign and the constants appear on the other side of 
the equal sign. 


. If necessary, multiply one or both equations by a constant(s) so that when you 
add the equations, the sum will be an equation containing only one variable. 


. Add the equations to obtain a single equation in one variable. 


. Solve for the variable in the equation obtained in Step 3. 


. Substitute the value found in Step 4 into either of the original equations and 
solve for the other variable. 


Example £9 Eliminating a Variable by the Addition Method. 
Solve the following system of equations by the addition method. 
x+y=4 
3x —y=8 
Since the coefficients of the y-terms, | and —1, are additive inverses, the 
sum of the y-terms will be zero when the equations are added. Thus, the sum of the 


two equations will contain only one variable, x. Add the two equations to obtain 
one equation in one variable. Then solve for the remaining variable. 


xt+y=4 
3x —-y=8 
Ax = 12 

x=3 


Now substitute 3 for x in either of the original equations to find the value of y. 


xt+ty=4 
3+y=4 
y= il 
The solution to the system is (3, 1). a 


Example [EJ Multiplying by —1 in the Addition Method 


Solve the following system of equations by the addition method. 


x + 4y = 10 
x+2y=6 


We want the sum of the two equations to have only one variable. We can 
eliminate the variable x by multiplying either equation by —1 and then adding the 
two equations. We will multiply the first equation by —1. 
—I[x + 4y = 10] gives =x — 4y = —10 
% Gin Dy = 56 x4 2y = 6 


We now have a system of equations equivalent to the original system. 
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Now add the two equations. 


—x — 4y = -10 
x+2y= 6 

—2y = —4 
y=2 


Now we solve for x by substituting 2 for y in either of the original equations. 


x + 4y = 10 
x + 4(2) = 10 
x+8=10 

x=2 


The solution is (2, 2). 


Example (4) Multiplying One Equation in the Addition Method. 


Solve the following system of equations by the addition method. 


Aves 3h) = = 
24 ye — 13 


We can multiply the bottom equation by 3 and then add the two equations 


to eliminate the variable y. 


4x + 3y = -1 4x + 3y = -1 
3D y= — 13] gives oxy Sy = —39 


4x + 3y = -1 

6x) = 3y == 39 

10x = —40 
x= —-4 


Now we find y by substituting —4 for x in either of the original equations. 


Ave Ny al 
4(—-4) + 3y = -1 
6s 3y = —1 
3y = 15 

y=5 


The solution is (—4, 5). 


Note that in Example 6 we could have eliminated the variable x by multiplying 


the bottom equation by —2, then adding the two equations. Try this method now. 


Example {J Multiplying Both Equations 


Solve the following system of equations by the addition method. 


3x —4y =8 
2x + 3y =9 


If you obtain an equation such as 
0 = 6, or any other equation that 
is false when solving a system of 
linear equations, the system is in- 
consistent (the two equations 
represent parallel lines; see Fig. 
7.5 on page 388) and there is no 
solution. 

If you obtain the equation 

0 = 0 when solving a system 

of linear equations by either the 
substitution or the addition 
method, the system is dependent 
(both equations represent 

the same line; see Fig. 7.5 on 
page 388) and there are an 
infinite number of solutions. 
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In this system, we cannot eliminate a variable by multiplying only one 
equation by an integer value and then adding. To eliminate a variable, we can multi- 
ply each equation by a different number. To eliminate the variable x, we can multiply 
the top equation by 2 and the bottom by —3 (or the top by —2 and the bottom by 3) 
and then add the two equations. If we want, we can instead eliminate the variable y by 
multiplying the top equation by 3 and the bottom by 4 and then adding the two equa- 
tions. Let’s eliminate the variable x. 


2[3x — 4y = 8] gives 6x — 8y = 16 
—3[2x + 3y = 9] gives =O =) 9 = 27 
Gey = ils 
OM 
y= 11 

11 
see 1) 


We could now find x by substituting i for y in either of the original equations. 
Although it can be done, it gets messy. Instead, let’s solve for x by eliminating the 
variable y from the two original equations. To do so, we multiply the first equation 
by 3 and the second equation by 4. 


3[3x — 4y = 8] gives 9x — 12y = 24 

4[2x + 3y = 9] gives 8x + 12y = 36 
9x — 12y = 24 
8x + 12y = 36 
56 = 60 
60 
mF 

The solution to the system is (3 Wt). a 


Example ] mopetinc—When Are Repair Costs the Same? 


Melinda Melendez needs to purchase a new radiator for her car and have it 
installed by a mechanic. She is considering two garages: Steve’s Repair and 
Greg’s Garage. At Steve’s Repair, the parts cost $200 and the labor cost is $50 
per hour. At Greg’s Garage, the parts cost $375 and the labor cost is $25 per 
hour. How many hours would the repair need to take for the total cost at each 
garage to be the same? 


We are asked to find the number of hours the repair would need to take 
for each garage to have the same total cost, C. First write a system of equations to 
represent the total cost for each of the garages. The total cost consists of the cost 
of the parts and the labor cost. The labor cost depends on the number of hours 
of labor. 

Let x = the number of hours of labor. 


Total cost = cost of parts + labor cost 
Steve’s Repair: C = 200 + 50x 
Greg’s Garage: C = 375 + 25x 


We want to determine when the cost will be the same, so we set the two costs equal 
to each other (substitution method) and solve the resulting equation. 
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200 + 50x = 375 + 25x 

200 = 200% 50% = 375 — 200s 25% 
S06 = Si a25x 

Sse Days ==. ie) ap ane = eye 


Subtract 200 from both 
sides of the equation. 


Subtract 25x from both 
sides of the equation. 


25x = 175 

25x —, 17S) Divide both sides of the 

ee eS equation by 25. 
x=7 


Thus, for 7 hours of labor, the cost at both garages would be the same. If we 
construct a graph (Fig. 7.9) of the two cost equations, the point of intersection is 
(7, 550). If the repair were to require 7 hours of labor, the total cost at either garage 
would be $550. 


a6 
700 =- 
600+ (7, 550) 
500 -- 
400 
300 +- 
200 
100-+- 


Csteve's = 200 + 50x 


Coreg's = 375 + 25x 


Total Cost ($) 


— ts i 
(pe 2e” 93> 4 3S BOue ah woe Om OS 


Number of Hours of Labor 


Figure 7.9 a 


Example BE] mopvetinc—A Mixture Problem 


Pat Williams, a pharmacist, needs 500 milliliters (mf) of a 10% phenobarbital 
solution. She has only a 5% phenobarbital solution and a 25% phenobarbital solu- 
tion available. How many milliliters of each solution should she mix to obtain the 
desired solution? 


First we set up a system of equations. The unknown quantities are 
the amount of 5% solution and the amount of the 25% solution that must be 
used. Let 


x = number of mf of 5% solution 


y = number of mf of 25% solution 


We know that 500 mf of solution are needed. Thus, 


x + y = 500 


The total amount of phenobarbital in a solution is determined by multiplying the 
percent of phenobarbital by the number of milliliters of solution. The second equa- 
tion comes from the fact that 


Total amount of total amount of total amount of 

phenobarbital in | + | phenobarbital in | = | phenobarbital 

5% solution 25% solution in 10% mixture 
0.05x ae 0.25y = 0.10(500) 


II 


or 0.05x + 0.25y = 50 
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The system of equations 1s 


x + y = 500 
0.05x + 0.25y = 50 


Let’s solve this system of equations by using the addition method. There are vari- 
ous ways of eliminating one variable. To obtain integer values in the second equa- 
tion, we can multiply both sides of the equation by 100. The result will be an x-term 
of 5x. If we multiply both sides of the first equation by —5, that will result in an 
x-term of —5x. By following this process, we can eliminate the x-terms from the 
system. 


—5[x + y = 500] gives =Sy Sy 
100[0.05x + 0.25y = 50] gives Sieetaeoy) 
=e = 5) = —2500 
5x + 25y = 5000 


—2500 
5000 


20y = 2500 
20y pe 2500) 
20 20 
y = 125 
Now we determine x. 

x + y = 500 
x + 125 = 500 
x = 375 


Therefore, 375 mf of a 5% phenobarbital solution must be mixed with 125 mf of a 
25% phenobarbital solution to obtain 500 m€ of a 10% phenobarbital solution. = 


Example 9 can also be solved by using substitution. Try to do so now. 


SECTION 7.2 E 
Exercises 


Warm Up Exercises 


In Exercises 1-2, fill in the blank with an appropriate 
word, phrase, or symbol(s). 


1. When solving a system of equations, if you obtain a 
true statement such as 0 = 0 or 6 = 6, the system is 
dependent and has a(n) —____— number of solutions. 


2. When solving a system of equations, if you obtain a false 
statement such as 4 = 0 or —2 = 0, the system is incon- 
sistent and has _____ solution. 


Practice the Skills 


In Exercises 3-20, solve the system of equations by the 
substitution method. If the system does not have a single 


ordered pair as a solution, state whether the system is in- 
consistent or dependent. 


3.y=x4+5 4,.y=4x-2 
ae aia = She ae Il 
5. 6x + 3y = 3 6. 4x —y =2 
See Sy 4 Pig sp 2016) 
Tey-x=4 8 x+y =3 
x-y=3 ytxr=5 
9. 3y + 2x =4 10. x = Sy — 12 
3y = 6 — x of Tana 
I. ye 2x = 3 12. y =2 
2y =4x + 6 ytx+3=0 


402 CHAPTER7 Systems of Linear Equations and Inequalities 


13.x=y+3 14.x+ 2y =6 
x=-3 y= 2x 3 
15. y + 3x —-4=0 16.x + 4y =7 
2x-y= 2x + 3y =5 
17. x = 2y + 3 18.x + 4y =9 
y= 3x — 1 26 = Vy = 6 =) 0) 
19, y = —2x + 3 20. 2x + y = 12 
4x + 2y = 12 x= —zy + 6 


In Exercises 21—36, solve the system of equations by the ad- 
dition method. If the system does not have a single ordered 
pair as a solution, state whether the system is inconsistent 
or dependent. 


21. 4x + y = 13 22.x + 2y=9 
Diy as) = Dy == 3 
23.x + y = 12 24. 4x + 2y =2 
y= ly = =3 3x — 2y = 12 
25. 2x —-y=-4 26.x + y= 6 
—3x -—y=6 Pi sp = SB 
27. 4x + y =6 28. 2x + y =6 
3x + 2y =7 3x +y=5 
29. 2x + y= 11 30. 5x — 2y = 11 
x + 3y = 18 Sarr yet 
31. 3x — 4y = 11 32. 4x — 2y = 6 
3x + Sy = =7 4y = 8x — 12 
33. 4x + y = 6 34. 2x + 3y = 6 
Soe Dy 13 5x — 4y = -8 
35. 2x — 4y = 4 36. 6x + 6y = 1 
3x — 2y =4 4x + 9y = 4 


Problem Solving 


In Exercises 37-48, write a system of equations that can be 
used to solve the problem. Then solve the system and deter- 
mine the answer. 


37. MODELING—Owning a Business Sosena Milion can join 
a small business as a full partner and receive a salary of 
$12,000 per year plus 15% of the year’s profit, or she can 
join as a sales manager with a salary of $27,000 per year 
plus 5% of the year’s profit. What must the year’s profit be 
for her total earnings to be the same whether she joins as a 
full partner or as a sales manager? 


38. MODELING—Investments David Saxon invested 
$25,000 in two different corporate bonds for 1 year. 
One bond pays a 4.5% simple interest rate, and the 
other pays a 6% simple interest rate. The total annual 
interest David received from both bonds was $1380. 
Find the amount he invested in each bond. For | year, 


39. 


40. 


41. 


42. 


43. 


44. 


the simple interest on a specific corporate bond is 
found by multiplying the amount invested by the simple 
interest rate. 


MODELING—Shares of Stock Cody Lewis owns a total 
of 55 shares of stock, some in LG Electronics and some in 
Nintendo Company. On a particular day, LG Electronics 
stock closed at $34.08 per share and Nintendo Company 
stock closed at $41.90 per share. If Cody’s stock for these 
companies was worth $2109, how many shares of each 
type of stock does he own? 


MODELING—Basketball Game The Stanford Univer- 
sity women’s basketball team made 45 field goals in 

a recent game; some were 2-pointers and some were 
3-pointers. How many 2-point baskets were made and 
how many 3-point baskets were made if Stanford scored 
101 points? 


rN 
4 
Cy “at 2s 


MODELING—Chemical Mixture Antonio Gonzalez is 

a chemist and needs 15 liters (€) of a 25% hydrochlo- 
ric acid solution. He discovers he is out of the 25% 
hydrochloric acid solution. He checks his supply shelf 
and finds he has a large supply of both 40% and 10% 
hydrochloric acid solutions. He decides to use the 40% 
and 10% solutions to make 15 ¢ of a 25% solution. How 
many liters of the 40% solution and of the 10% solution 
should he mix? 


MODELING—Sets of Dishes A restaurant manager pur- 
chased 100 sets of dishes. One design cost $30 per set, 
and another design cost $40 per set. If the manager spent 
$3200 on the dishes, how many sets of each design did 
she purchase? 


MODELING—Choosing a Copy Service Lori Lanier 
recently purchased a high-speed copier for her home 
office and wants to purchase a service contract on the 
copier. She is considering two sources for the contract. 
The Economy Sales and Service Company charges $18 a 
month plus 2 cents per copy. Office Superstore charges 
$24 a month but only 1.5 cents per copy. How many 
copies would Lori need to make for the monthly costs of 
both plans to be the same? 


MODELING—Hardwood Floor Installation The cost to 
purchase a particular type of hardwood flooring at Home 
Depot is $2.65 per square foot. In addition, the installation 
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cost is $468.75. The cost to purchase the same flooring at 
Hardwood Guys is $3.10 per square foot. In addition, the 
installation cost is $412.50. 


a) Determine the number of square feet of this flooring 
that Roberto Cruz must purchase for the total cost of 
the flooring and installation to be the same from both 
stores. 


b) If Roberto needs to purchase and have installed 
196 square feet of this flooring, which store would be 
less expensive? 


45. MODELING—Nut and Pretzel Mix Dave Chwalik wants 


to purchase 20 pounds of party mix for a total of $30. To 
obtain the mixture, he will mix nuts that cost $3 per pound 
with pretzels that cost $1 per pound. How many pounds of 
each type of mix should he use? 


46. MODELING—Laboratory Research Animals in an ex- 


periment are to be kept on a strict diet. Each animal is to 
receive, among other things, 20 g of protein and 6 g of car- 
bohydrates. The scientist has only two food mixes of the 
following compositions available. 


How many grams of each mix should she use to obtain the 
right diet for a single animal? 


47. MODELING—Concert Ticket Prices Finger Lakes Per- 


forming Arts Center sold 4600 tickets for a summer jazz 
concert. Covered amphitheater tickets cost $27 and lawn 
seats cost $14. If $104,700 in ticket sales was collected 
for the concert, how many tickets of each type were 
sold? 


48. MODELING—Golf Club Membership Membership in 


Oakwood Country Club costs $3000 per year and entitles a 
member to play a round of golf for a greens fee of $18. At 

Pinecrest Country Club, membership costs $2500 per year 

and the greens fee is $20. 


49. 


Revenue (billions $) 
i 
S 
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a) How many rounds must a golfer play in a year for the 
costs at the two clubs to be the same? 


b) If Tamika Johnson planned to play 30 rounds of golf in 
a year, which club would be the least expensive? 


MODELING—Phone Revenue The following graph 
shows that the revenue from wireless phone service 

has increased from 2007 through 2010. The graph also 
shows that the revenue from landline phone service 

has decreased over this time period. The revenue for 
wireless phone service can be modeled by the equa- 
tion y = 1.21x + 10.66, and the revenue for landline 
phone service can be modeled by the equation 

y = —0.88x + 18.02, where x represents the number 
of years since 2000. Assuming this trend continues, use 
the substitution method to approximate when the revenue 
from wireless phone service will equal the revenue from 
landline phone service. 


Phone Revenue 


Land Line 


Wireless 


2008 


ROO 2 


2009 


Source: SEC 


50. Salaries Jose’s salary can be modeled by the equation 


y = 39,000 + 1200t, and Charlie’s salary can be modeled 
by the equation y = 45,000 + 700f, where f represents the 
number of years since 2002. The graph below shows Jose’s 
salary and Charlie’s salary for up to 10 years after 2002. As- 
suming this trend continues, use the substitution method to 
determine when Jose’s salary will equal Charlie’s salary. 


Increasing Salaries 


Charlie’s salary 


Jose’s salary 


30,000 
t—}—}—_}—-+ + 
() ile Dp” I aS Pe i Se oh ae? 
Years after 2002 
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Challenge Problems/Group Activities b) Use the substitution or addition method to determine 
the solution to the system. (Hint: Eliminate one vari- 
able by using two equations. Then eliminate the same 
variable by using two different equations.) 


51. Solve the following system of equations for u and v by 
first substituting x for i and y for a 


Lhe toate” 
= + = 8 54. Construct a system of two equations that has no solution. 
> wali Explain how you know the system has no solution. 
Bre til 
Tate | 3 55. Construct a system of two equations that has an infinite 
number of solutions. Explain how you know the system 
52. Develop a system of equations that has (6, 5) as its solution. has an infinite number of solutions. 


Explain how you developed your system of equations. 
56. When solving a system of equations by the substitution 
53. The substitution or addition methods can also be used to method, a student obtained the equation 0 = 0 and gave 
solve a system of three equations in three variables. Con- the solution as (0, 0), What is the student’s error? 
sider the following system. 
57. In parts (a)-(d), make up a system of linear equations 
baie ee Met! whose solution will be the ordered pair given. Hint: It may 
x-y+2z=9 be helpful to visualize possible graphs that have the given 
Roses a cee solution. There are many possible answers for each part. 
The ordered triple (x, y, z) is the solution to the system if it a) (0,0) b) 1,0) 9 @1) dd) 
satisfies all three equations. 


a) Show that the ordered triple (2, 1, 4) is a solution to the 
system. 


SECTION 7.3 Matrices 


= ream 


Five hundred students at the University of Delaware were asked if they were in favor 


of or opposed to an increase in their student fees to pay for building a new meeting 
room for student clubs. Each student was also asked to indicate whether he or she 
was a freshman, sophomore, junior, or senior. How can the responses from the survey 
be displayed? In this section, we will introduce a method used to display information 


such as responses from a survey. 


A In this section, we introduce a 
method to display information from 
a survey such as opinions of college responses from a survey or a company’s current inventory. 
students. 


This is Important We often need an efficient way to display information such as 


Fas is a rectangular array of elements. An array is a systematic arrangement 
of numbers or symbols in rows and columns. Matrices (the plural of matrix) may 
be used to display information and to solve systems of linear equations. The follow- 
ing matrix displays the responses from the survey of 500 students at the University of 
Delaware regarding an increase in their student fees. 


Columns 
Freshmen Sophomores Juniors Seniors 
In favor 102 93 22 35) 
Row - 
Opposed 82 94 23 49 


The numbers in the rows and columns of a matrix are called the elements of the 
matrix. The matrix given above contains eight elements. The dimensions of a matrix 
may be indicated with the notation r X s, where r is the number of rows and s is the 


MATHEMATICS TODAY 


Matrices Are Everywhere 


NACE a 


aS 
HIGH SIERRA LOOP TRAIL 


VERNAL FALLS BRIDGE 
TOP OF VERNAL FALLS 
~ EMERALO POOL 
TOP OF NEVADA FALLS 
= UTTLE YOSEMITE CAMPGROUND 
GLACIER POINT 
HALF DOME 
3) CLOUDS REST, 
MERCED LAKE 
=f TENAYA LAKE 
er TUOLUMNE MCADOWS 
| MOUNT WHITNEY: 


VIA JOHN MUIR TRAIL 21.0, 340.0 
NO PETS ON TRAILS 


ve are already familiar with ma- 
trices, although you may not 
be aware of it. The matrix is a good 
way to display numerical data, as 
illustrated on this trail sign in 
Yosemite National Park. 


This is Important Most 
charts and tables you see daily, in- 
cluding spreadsheets, are matrices. 
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number of columns in the matrix. Because the matrix given on page 404 has 2 rows 
and 4 columns, it is a 2 by 4, written 2 X 4, matrix. In this text, from this point on- 
ward, we use brackets, [ ], to indicate a matrix. Consider the two matrices below. A 
matrix that contains the same number of rows and columns is called a square matrix. 
Following is an example of a 2 X 2 square matrix and a 3 X 3 square matrix. 


an AS) 1 

2 
: 4 2h 0 
a. 2 i 


Two matrices are equal if and only if they have the same elements in the same 
relative positions. 


Example §§ Equal Matrices 


Given A = B, determine x and y. 
7 al : i y 


Since the matrices are equal, the corresponding elements must be the 
same, sox = 2 andy = —1. rs 


Addition of Matrices 


Two matrices can be added only if they have the same dimensions (same number of 
rows and same number of columns). To obtain the sum of two matrices with the same 
dimensions, add the corresponding elements of the two matrices. 


Example 4 Adding Matrices 
Determine A + B if 


5 6 Ds 
gmma+s-|> °|+|7 || 


sa be eb | =| c 
Die AIO 228 Fa) ors 


Example EJ movetinc—Sales of Bicycles 


Peddler’s Bicycle Corporation owns and operates two stores, one in Pennsylvania and 
one in New Jersey. The number of mountain bicycles (MB) and racing bicycles (RB) 

sold in each store during January through June and during July through December are 
indicated in the matrices that follow. We will call the matrices A and B. 


Pennsylvania New Jersey 
MB RB MB RB 
Jan.—June ny ie as ie a i 
July—Dec. 290 250 LSOnee271 


Determine the total number of each type of bicycle sold by the corporation during 
each time period. 
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To solve the problem, we add matrices A and B. 


MB RB MB RB 
Jan.—June [515 +520 425 + a BE ee al 
July-Dec. [290 + 180 250 + 271 470 521 


We can see from the sum matrix that during the period from January through June, 
a total of 1035 mountain bicycles and 775 racing bicycles were sold. During the 
period from July through December, a total of 470 mountain bicycles and 521 rac- 
ing bicycles were sold. a 


Subtraction of Matrices 


Only matrices with the same dimension may be subtracted. To do so, we subtract each 
entry in one matrix from the corresponding entry in the other matrix. 


Example E Subtracting Matrices 


Determine A — B if 


5 =i 8 -3 
a-p=|} e] F 1 
5 -l 8 -3 
Oe peels | 
5-8 -I1-—(-3) 3 2 a 


Multiplying a Matrix by a Real Number 


A matrix may be multiplied by a real number by multiplying each entry in the matrix 
by the real number. Sometimes when we multiply a matrix by a real number, we call 
that real number a scalar. 


Example Multiplying a Matrix by a Scalar 
For matrices A and B, determine (a) 3A and (b) 3A — 2B. 


I) 84 Sail 3S) 
A= i B= 
Ls i 5 A 


at Chins tee ee ae ages 12 
4 4 =3|_3 Al Pro a bea e 


b) We determined 3A in part (a). Now we find 2B. 
ae 17] | 2 Bat aes e ae 3 
> 2(5) 2(6) Oe 


34-28 =| 3 lr | 
oea ls 10712 


=| 3 — (-2) =| 5 | 
—9= 719 el?) | 1903 a 


MATHEMATICS TODAY 


Spreadsheets 


rs 


O ne of the most useful applica- 


tions of computer software is 
the spreadsheet. On a computer 
screen, it looks very much like an 
accountant’s ledger, but there the 
similarities end. A spreadsheet 
uses a matrix that assigns an identi- 
fying number and letter, in maplike 
fashion, to each “cell” in the ma- 
trix. The data may be dates, num- 
bers, or sums of money. You in- 
struct the computer what operation 
to perform in each column and 
row. You can change an entry to 
see what effect that has on the rest 
of the spreadsheet. The computer 
will automatically recompute all af- 
fected cells. 


This is Important The com- 
puter has the capacity to store in- 
formation in thousands of cells and 
can reformat the data in graph 
form quickly. 
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Multiplication of Matrices 


Multiplication of matrices is slightly more difficult than addition of matrices. Multi- 
plication of matrices is possible only when the number of columns of the first matrix, 
A, is the same as the number of rows of the second matrix, B. We use the notation 


A 
3x4 


to indicate that matrix A has three rows and four columns. Suppose matrix A is a 
3 X 4 matrix and matrix Bisa 4 X 5 matrix. Then 


A B 
3x4 4x5 


Same 


Product matrix 3 * 5 


This notation indicates that matrix A has four columns and matrix B has four rows. 
Therefore, we can multiply these two matrices. The product matrix will have the same 
number of rows as matrix A and the same number of columns as matrix B. Thus, the 
dimensions of the product matrix are 3 X 5. 


Example [4 Can These Matrices Be Multiplied? 


Determine which of the following pairs of matrices can be multiplied. 


32 Oe 
y a=(% ‘| sea i 


vac df oeE ty 


5anG Guess ok 
A ab 1 A Ae F 1 | 
“2 eee 3 95 i ibe. =2 


a) 
A B 
DD Dees) 


[Same | 


Because matrix A has two columns and matrix B has two rows, the two matri- 
ces can be multiplied. The product is a 2 X 2 matrix. 


b) 
A B 
22) ae 


Same 


Because matrix A has two columns and matrix B has two rows, the two matri- 
ces can be multiplied. The product is a 2 X 3 matrix. 
c) 

A B 
DX 3 2X3 
Not same 

Because matrix A has three columns and matrix B has two rows, the two matri- 

ces cannot be multiplied. a 
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i 


Profile In Mathematics 


James Sylvester, 
William Rowan Hamilton, 
and Arthur Cayley 


James Sylvester 


Arthur Cayley 


hree mathematicians played 

important roles in the devel- 
opment of matrix theory: James 
Sylvester (1814-1897), William 
Rowan Hamilton (1805-1865), and 
Arthur Cayley (1821-1895). Sylvester 
and Cayley cooperated in develop- 
ing matrix theory. Sylvester was the 
first to use the term matrix. Hamil- 
ton, a noted physicist, astronomer, 
and mathematician, also used what 
was essentially the algebra of matri- 
ces under the name linear and vec- 
tor functions. The mathematical 
concept of vector space grew out 
of Hamilton's work on the algebra 
of vectors. 


To explain matrix multiplication, let’s use matrices A and B that follow. 


Bure OW 6 
real | and al : 


Since A contains two rows and B contains two columns, the product matrix will con- 
tain two rows and two columns. To multiply two matrices, we use a row—column 
scheme of multiplying. The numbers in the first row of matrix A are multiplied by the 
numbers in the first column of matrix B. These products are then added to determine 
the entry in the product matrix. 


axo=[e ale 


First row First column 


Gal ol 


(3x0) +(2x4)=04+8 
=8 


The 8 is placed in the first-row, first-column position of the product matrix. The 
other numbers in the product matrix are obtained similarly, as illustrated in the matrix 
that follows. 


First row First column First row Second column 


Pal al Gal Lt 


(3 X 0) + (2 x 4)=8 (3 x 6) + (2 X 1) = 20 


8 z 


AX B= 
5 SY 


Second row Second column 


Pal bt 


(5 X 6) + (7 X 1) = 37 


Second row First column 


sal (tt 


(5 X 0) + (7 X 4) = 28 


We can shorten the procedure as follows. 
IMME [3 | s | 
ey vials Al 


_ (30) + 24) 36) + a 
~ 15(0) + 7(4) 5(6) + 7(1) 


_[8 | 
easy iT] 
In general, if 
et «bg 
@ tl fe Mp 


then 


alle Ae a Seok 
g hl lcet+dg cf+dh 


hen two parties pursue con- 

flicting interests, the situa- 
tion can sometimes be described 
and modeled in a matrix under a 
branch of mathematics known as 
game theory. Consider a famous 
problem called “the prisoner's 
dilemma." A pair of criminal sus- 
pects, A and B, are being held in 
separate jail cells and cannot com- 
municate with each other. Each 
one is told that there are four pos- 
sible outcomes: If both confess, 
each receives a 3-year sentence. If 
A confesses and B does not, A re- 
ceives a 1-year sentence, whereas 
B receives a 10-year sentence. If 
B confesses and A does not, B re- 
ceives a 1-year sentence and A re- 
ceives a 10-year sentence. Finally, 
if neither confesses, each will be 
imprisoned for 2 years. (Try arrang- 
ing this situation in a matrix.) 

If neither prisoner knows whether 
the other will confess, what should 
each prisoner do? A study of game 
theory shows that it is in each pris- 
oner’s best interest to confess to the 
crime. 
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Let’s do one more multiplication of matrices. 


Example ¥ Multiplying Matrices 
Determine A X B if 


eh, a te ee —1 4 
Al fy 2. Peneo) 


Matrix A contains two columns, and matrix B contains two rows. Thus, 
the matrices can be multiplied. Since matrix A contains two rows and matrix B con- 
tains three columns, the product matrix will contain two rows and three columns. 


3 Tiss =1 3 
ae Ale 8 | 
e ee + 1(2) 3(-1) + 1(8) 3) + 100) 
4(5) + 2(2) 4(-1) + 2(8) 4() + 2(0) 


sale 5 | 
2A 22 a 


It should be noted that multiplication of matrices is not commutative; that is, 
A X B # B X A, except in special instances. 

Square matrices have a multiplicative identity matrix. The multiplicative iden- 
tity matrices for a 2 X 2 and a 3 X 3 matrix, denoted /, follow. Note that in any 
multiplicative identity matrix, 1’s go diagonally from top left to bottom right and all 
other elements in the matrix are 0’s. 


For any square matrix, A,A X [=I XA=A. 


Example [ Using the Identity Matrix in Multiplication 


Use the multiplicative identity matrix fora 2 X 2 matrix and matrix A to show that 


AXI=A. 
ie f | 
Phe sh 
spice ic ae rw 
The identity matrix is ] = zn 
4 3)/1 0 
AXI= 
2 ills 1] 
2 ee + 3(0) 4(0) + ime 
21) reli) a2) tee), 
4 3 
=> = A 
bi 
Verify for yourself that J x A = A as well. r ] 


Example 9 illustrates an application of multiplication of matrices. 
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Matrices can only be added or 
subtracted if they have the same 
dimensions. 

Matrices can only be multiplied 
if the number of columns in the 
first matrix is the same as the num- 
ber of rows in the second matrix. 


Example ) A Manufacturing Application 


The Fancy Frock Company manufactures three types of women’s outfits: a 
dress, a two-piece suit (skirt and jacket), and a three-piece suit (skirt, jacket, 
and a vest). On a particular day, the firm produces 20 dresses, 30 two-piece 
suits, and 50 three-piece suits. Each dress requires 4 units of material and 1 
hour of work to produce, each two-piece suit requires 5 units of material and 

2 hours of work to produce, and each three-piece suit requires 6 units of mate- 
rial and 3 hours to produce. Use matrix multiplication to determine the total 
number of units of material and the total number of hours needed for that day’s 
production. 


Let matrix A represent the number of each type of women’s outfits 
produced. 


Two- Three- 
Dress piece piece 


A= [20 30 50] 
The units of material and time requirements for each type are indicated in matrix B. 


Material Hours 
4 I Dress 


B=]|5 21] Two-piece 
6 3} Three-piece 


The product of A and B, or A X B, will give the total number of units of material 
and the total number of hours of work needed for that day’s production. 


4 ee 
AXB=[20 30 50]}5 2 
6 

= [20(4) + 30(5) + 50(6) 20(1) + 30(2) + 50(3)] 


= [530 230] 


Thus, a total of 530 units of material and a total of 230 hours of work are needed 
that day. a 


SECTION 7.3 : 
Exercises 


Warm Up Exercises 


In Exercises 1—10, fill in the blank with an appropriate 


word, phrase, or symbol(s). 


1. A rectangular array of numbers is called a(n) 


2. A matrix that contains the same number of rows and 
matrix. 


columns is called a(n) 


5. To add or subtract two matrices, the matrices must have 
the same 


6. When multiplying a matrix by a real number, the real num- 
ber is called a(n) 


7. Multiplication of matrices is possible only when the num- 
ber of _______ of the first matrix is the same as the 
number of of the second matrix. 


3. The number of columns ina 3 X 2 matrix is 


4, The number of rows ina 4 X 3 matrix is 


8. The product of a square matrix A with an identity matrix / 
is always the square matrix 


9. The multiplicative identity matrix of a2 X 2 matrix is 


10. The multiplicative identity matrix of a 3 X 3 matrix is 


Practice the Skills 
In Exercises 11—14, determine A + B. 


SS Sig = 2 
11.A = : B= 
; | 0 i 


anf Spel 


5 =) 6 230 
Se ~3 3 
13; A=) i) 4S eB 0 
7 0 1 6 
Data Gih3 Site ee yl 
14.42) =beis6 624 lye BE| 7 =2 1 
ae Pies SpE Ea 


In Exercises 15—18, determine A — B. 


8 6 DM ees) 
5 = = 
oe | = es 


10 1 =n 3 
16.A =} 12 2a Be 2,6 

6) a =] 

=) i = 0p aa 
i AN = 8 @) if B= lO Sa 

le SS Sed. 

5 2 ele 4 SG 
18. A =| 7 4 2 Be ire 

Om 5 O24 


In Exercises 19-24, 


is ® ean) —2 | 
es i ane 
s E at 2 l: a - | 4 0 


Determine the following. 


19. 2B 20. —3B 


21. 2Bite 3G. 22. 2B + 3A 


235 3B 26 24. 4C — 2A 


7.3. Matrices 


In Exercises 25-30, determine A X B. 


Hie k o 4 i | 
0 6 8 3 
26. A =|} ei i 4 A 
2 © =3 =2 
2 3 -1 ; 
27 a | Bee 
2  € 


2 = 3 le 
eee | 


In Exercises 31-36, determine A + Band A X B. If an 
operation cannot be performed, explain why. 


il — 
eT ee nae 
2 A et PD ih 


4. =] 
a ere 
Ba iy 3 
y 5 il a 
3.4 =[7 | B=e| “A ¢ 
—2 0 
6 5 Gj 5 
vi AS a Bi meta 8 
it Dee il 
il 2 —3 
35.4 =| eee =| 
ards 2 
36.4 =|" —2 A Beh: ;| 
6 FW 3 -4 


In Exercises 37-39, show the commutative property of 
addition, A + B = B + A, holds for matrices A and B. 


spa | ial Da | 
eer i i 
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40. Create two matrices with the same dimensions, A and B, 
and show thatA + B=B+tA. 


In Exercises 41—43, show that the associative property of 
addition, (A + B) + C=A + (B + O), holds for the 
matrices given. 


‘ 1 2 ; 2 7 : By 0 
. 7 > 


a.a=|/ - a=| 5 | aly ei 
19 FBG Se =i 3 


44, Create three matrices with the same dimensions, A, B, and 
C, and show that (A + B) +C=A+(B+C). 


ll 
=a 
et 
a 0 
Ne 
er 
Q 
Il 
aa 
| 
wa 
| 
DO Ww 
pny 


In Exercises 45—49, determine whether the commutative 
property of multiplication, A X B = B X A, holds for the 
matrices given. 


ree a j= Be ei 
ee ae TSB ro, a 
134 1 © 
46. A = 2S 
ce et 
(a QD hi 
pee ae als 7 
l1 3 3 1 
ieee 3 -4 
48.A = | B=| : 4 
| 6 —5 =—2 =I 
eye ah (0-1 0 
49. A= A> SOON 8 een Omen aa. 
100 Soe as aeRO. = 


50. Create two square matrices A and B with the same dimen- 
sions, and determine whether A X B = B X A. 


In Exercises 51-55, show that the associative property of 
multiplication, (A X B) X C =A X (B X C), holds for 


the matrices given. 
irs 42 2k 
Fv ean Mie tae 2 
Sigal 3) 


l4 0 


eA | 2 
53.A = } =| } 


3 4 @ il x 
A= : B= F C= 
tal i eer al al ted 
56. Create three matrices, A, B, and C, and show that 
(AX B)XC=AX(BXC). 


Problem Solving 


57. MODELING—High School Play Bakersfield High School 
sold tickets for the musical Grease. Matrix A represents 
the number of student, adult, and senior citizen tickets sold 
for the matinee and evening shows on day 1. Matrix B 
represents the number of student, adult, and senior citizen 
tickets sold for the matinee and evening shows on day 2. 


Senior 
Student Adult citizen 


42|® 150 4 Matinee 
[95 162 41 


Evening 


Senior 
Student Adult citizen 


| 73 130 2 Matinee 
L208 200) 853 


BS 


Evening 


Use matrix addition to determine the total number of stu- 
dent, adult, and senior citizen tickets sold by Bakersfield 
High School for both days for the matinee and evening 
shows. 


58. MODELING—T-shirt Inventory Hollister sells two types 
of t-shirts—male and female. Matrix A represents the stock 
on hand of each type and size of t-shirt at the beginning of 
a given day. Matrix B represents the stock on hand of each 
type and size of t-shirt at the end of the same given day. 


Male Female Male Female 
31 18 | Small 14. 9 | Small 
ree 39 16 | Medium ae 18 9 | Medium 
41 22 | Large 19 15 | Large 
34 21 | Extra large 15 9 | Extra large 


Use matrix subtraction to determine the number of t-shirts 
sold in the given day for each size of each type. 


Seb 


60. 


61. 


MODELING—Supplying Muffins A bakery supplies choco- 
late chip, blueberry, and coffee cake muffins to Java’s 
Coffee Shop and to Spot Coffee Shop. Matrix A shows the 
number of each type of muffin, in dozens, supplied to each 
coffee shop in 1 week. The bakery’s cost for ingredients, 
per dozen, for chocolate chip, blueberry, and coffee cake 
muffins is $3, $2, and $1.5, respectively. Matrix B repre- 
sents the bakery’s cost for ingredients, per dozen, for each 
type of muffin. 


Chocolate Blue- Coffee 
chip berry cake 
ie i 8.5 10 | Java's Coffee Shop 
tle) 8 11] Spot Coffee Shop 
ve Chocolate chip 
B=] 2 Blueberry 
| 1.5_| Coffee cake 


Use matrix multiplication to determine the total weekly 
cost of ingredients for each shop. 


MODELING—Menu Choices The cafeteria manager at the 
University of Virginia recently added three new meals to 
the lunch menu, each consisting of a meat, a vegetable, a 
salad, and a dessert. The first day these new meals were 
offered, 35 students purchased meal 1, 28 students pur- 
chased meal 2, and 23 students purchased meal 3. Matrix 
A represents the number of students who purchased each 
type of meal. Matrix B represents the cost per serving, in 
cents, for each item from the three meals. 


Meal Meal Meal 


1 2 3 
A=([35 28 23] 
Meat Vegetable Salad Dessert 
45 12 8 10 | Meal 1 
B=} 52 8 6 15 | Meal 2 
49 7 9 11 | Meal 3 


Use matrix multiplication to determine the total cost for 
each item. 


MODELING—Cookie Company Costs The Original 
Cookie Factory bakes and sells four types of cookies: 
chocolate chip, sugar, molasses, and peanut butter. Matrix 
A shows the number of units of various ingredients used in 
baking a dozen of each type of cookie. 


Sugar Flour Milk Eggs 


@ 2 4 1 | Chocolate chip 
3 # i 2 | Sugar 

es 0 1 0 3 | Molasses 
4 1 0 0 | Peanut butter 


The cost, in cents per cup or per egg, for each ingredient 
when purchased in small quantities and in large quantities 
is given in matrix B on the top of the right hand column. 


7.3. Matrices 413 


Large Small 
quantities quantities 
10 12 | Sugar 
5 8 Flour 
B => 
8 8 Milk 
4 6 Eggs 


Use matrix multiplication to find a matrix representing the 
comparative cost per item for small and large quantities 
purchased. 


In Exercises 62 and 63, use the information given in Exer- 
cise 61. Suppose a typical day’s order consists of 40 dozen 
chocolate chip cookies, 30 dozen sugar cookies, 12 dozen 
molasses cookies, and 20 dozen peanut butter cookies. 


62. 


63. 


64. 


a) Express these orders as a 1 X 4 matrix. 


b) Use matrix multiplication to determine the amount of 
each ingredient needed to fill the day’s order. 


Use matrix multiplication to determine the cost, in dollars, 
under the two purchase options (small and large quantities) 
to fill the day’s order. 


MODELING—Food Prices To raise money for a local 
charity, the Spanish Club at Montclair High School sold 
hot dogs, soft drinks, and candy bars for 3 days in the 
student lounge. The sales for the 3 days are summarized in 
matrix A. 


Hot Soft Candy 
dogs drinks bars 
ay 50 75 | Day1 
A =| 48 43 60 | Day 2 
62 57 81] Day3 


The cost and revenue (in dollars) for hot dogs, soft drinks, 
and candy are summarized in matrix B on the next page. 
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Cost Revenue 

0.30 0.75 | Hot dogs 
B= | 0.25 0.50 | Soft drinks 

0.15 0.45 | Candy bars 


Multiply the two matrices to form a 3 X 2 matrix that 
shows the total cost and revenue for each item. 


In Exercises 65 and 66, there are many acceptable answers. 


65. a) Construct two matrices A and B whose product is a 
3 X 1 matrix. 


b) For your matrices, determine A X B. 


66. a) Construct two matrices A and B whose product is a 
4 X 1 matrix. 


b) For your matrices, determine A X B. 


Two matrices whose product is the multiplicative identity 
matrix are said to be multiplicative inverses. That is, 
ifA X B=BX A =I, where I is the multiplicative 
identity matrix, then A and B are multiplicative inverses. 
In Exercises 69 and 70, determine whether A and B are 
multiplicative inverses. 


Challenge Problems/Group Activities 


In Exercises 69 and 70, determine whether the statement is 
true or false. Give an example to support your answer. 


69. A — B = B — A, where A and B are any matrices. 


70. For scalar a and matrices B and C, 
acB = G@) — GB ae. 


71. MODELING—Sofa Manufacturing Costs The number of 
hours of labor required to manufacture one sofa of various 
sizes is summarized in matrix L. 


Department 


ee , 


Cutting Assembly Packing 


L4hr 0.7hr 0.3 hr | Small eee 
L=/18hr 14hr 0.3 hr | Medium oo 
2.7hr 2.8hr 0.5 hr | Large 


The hourly labor rates for cutting, assembly, and packing 
at the Ames City Plant and at the Bay City Plant are given 
in matrix C. 


Plant 
pe 
Ames Bay 
City City 
$14 $12 | Cutting 
Gs eS 10 $9 | Assembly Department 
$7 $5 | Packaging 


a) What is the total labor cost for manufacturing a small- 
sized sofa at the Ames City plant? 


b) What is the total cost for manufacturing a large-sized 
sofa at the Bay City plant? 


c) Determine the product L X C and explain the meaning 
of the results. 


72. Is it possible that two matrices could be added but not 
multiplied? If so, give an example. 


73. Is it possible that two matrices could be multiplied but not 
added? If so, give an example. 


Recreational Mathematics 
74. Make up two matrices A and B such that 


i 0 0 
+B= Sips é 
A+B F , and A X B k | 


Internet/Research Activities 


75. Find an article that shows information illustrated in matrix 
form. Write a short paper explaining how to interpret the 
information provided by the matrix. Include the article 
with your report. 


76. Messages The study of encoding and decoding 
messages is called cryptography. Do research on 
current real-life uses of cryptography and write a 
paper on how matrix multiplication is used to encode 
and decode messages. In your paper, include current 
real-life uses of cryptography. 
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Solving Systems of Linear Equations 


by Using Matrices 


A Matrices can be used to solve 
problem such as determining the 
number of full-price tickets and the 
number of student tickets sold at a 
concert. 


Full-price tickets for a concert held at your college sell for $25. Student tickets sell for 
$15. If you knew how many tickets were sold and the amount of money collected in ticket 
sales, could you determine how many full-price tickets and how many student tickets were 
sold? In this section we will illustrate a method for answering this question using matrices. 


ED This is Important Matrices can be used to solve many problems that are modeled 
with a system of linear equations. 


[° Section 7.3, we introduced matrices. Now we will discuss the procedure to solve a 
system of linear equations using matrices. We will illustrate how to solve a system of 
two equations and two unknowns. Systems of equations containing three equations and 
three unknowns (called third-order systems) and higher-order systems can also be solved 
by using matrices, but we will not discuss third- or higher-order systems in this book. 

The first step in solving a system of equations using matrices is to represent the 
system of equations with an augmented matrix. An augmented matrix consists of two 
smaller matrices, one for the coefficients of the variables in the equations and one for 
the constants in the equations. To determine the augmented matrix, first write each 
equation in standard form, ax + by = c. For the system of equations below, its aug- 
mented matrix is shown to its right. 


System of equations Augmented matrix 
axtby=c, Gia Digi Cy 
Ax + bay! = Cy ' 2) a 
Following is another example. 
System of equations Augmented matrix 
x+2y=8 £ 2 | 
3x -y=7 Seam Le | oi 


Note that the vertical bar in the augmented matrix separates the numerical coefficients 
from the constants. The matrix is just a shortened way of writing the system of equa- 
tions. Thus, we can solve a system of equations by using matrices in a manner very 
similar to solving a system of equations with the addition method. 

To solve a system of equations by using matrices, we use row transformations to 
obtain new matrices that have the same solution as the original system. We will dis- 
cuss three row transformation procedures. 


ole PU) ia ROW TRANSFORMATIONS 


1. Any two rows of a matrix may be interchanged (which is the same as inter- 
changing any two equations in the system of equations). 


2. All the numbers in any row may be multiplied by any nonzero real number (which 
is the same as multiplying both sides of an equation by any nonzero real number). 


3. All the numbers in any row may be multiplied by any nonzero real number, and 
these products may be added to the corresponding numbers in any other row of 
numbers. 
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Did You Know? 
Early Matrices 


he earliest known use of a 


matrix to solve linear equa- 
tions appeared in the ancient Chi- 
nese mathematical classic Jiuzhang 
Suanshu (Nine Chapters on the 
Mathematical Art) in about 200 B.c. 
The use of matrices to solve prob- 
lems did not appear in the West 
until the nineteenth century. Per- 
haps the fact that the Chinese 
used a counting board that took 
the form of a grid made it easier 
for them to make the leap to the 
development and use of matrices. 
The image above shows the same 
type of counting board as ap- 
peared in a book dated 1795. 


We use row transformations to obtain an augmented matrix whose numbers to 
the left of the vertical bar are the same as in the multiplicative identity matrix. From 
this type of augmented matrix, we can determine the solution to the system of equa- 
tions. For example, if we get 

peu 
Or AP 


it tells us that 1x + Oy = 3 or x = 3, and Ox + ly = —2 or y = —2. Thus, the so- 
lution to the system of equations that yielded this augmented matrix is (3, —2). Now 
let's work an example. 


Example Using Row Transformations 


Solve the following system of equations by using matrices. 


fg a) = 5) 
3x —y=8 


First we write the augmented matrix. 


Nee?) 4 
By Sa 3 
Our goal is to obtain a matrix of the form 
| 1 OMe; | 
0) 1 (G3) 


where c, and cz may represent any real numbers. It is generally easier to work by 
columns. Therefore, we will try to get the first column of the augmented matrix 

to be ; and the second column to be te Since the element in the top left position is 
already a 1, we must work to change the 3 in the first column, second row, into a 0. 
We use row transformation procedure 3 to change the 3 into a 0. If we multiply the 
top row of numbers by —3 and add these products to the second row of numbers, 


the element in the first column, second row will become a 0. 


@) Y | t t 
iginal augme ed atrlx 


The top row of numbers multiplied by —3 gives 
i(=3), 


XN=D and 5(]3) 


Now add these products to their respective numbers in row 2. 


5 hele 2 ‘| 
Summ allea) OTS cv Fie 


The next step is to obtain a | in the second column, second row. At present, 
—7 is in that position. To change the —7 to a 1, we use row transformation 
procedure 2. If we multiply —7 by 5, the product will be 1. Therefore, we 
multiply all the numbers in the second row by —t to get 


5 ok 2 | 
-7-4| [0 1] 1 


The next step is to obtain a 0 in the second column, first row. At present, a 2 is in 
that position. Multiplying the numbers in the second row by —2 and adding the 


¢ D 
3 + 1(-3) —1 + 2(-3) 


i 2 
O(-7) -7(-7) 
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products to the corresponding numbers in the first row gives a 0 in the desired 


MATHEMATICS TODAY position. 


te OS 2) Ree Saal 2) i eld O13 
Matrices and 0 1 1 1 Or eet 


Computer Graphics 
We now have the desired augmented matrix: 


| 0 | 
(Qi gp balk soll 
With this matrix, we see that lx + Oy = 3, or x = 3, and 0x + ly = l,ory = 1. 
The solution to the system is (3, 1). 


CHECK: x+2y=5 3x -—y=8 
3+ 2(1) =5 3(3) -1=8 
5=5 True 8=8 True Hi 


Now we give a general procedure to change an augmented matrix to the desired 
form. 


Woody from Toy Story 3 


t@l@ 400i aa TO CHANGE AN AUGMENTED MATRIX TO THE FORM 
Be you veg wonder ot aaa Use row transformations to: 


aT a 
0 1 C2 
characters in computer- 


generated movies such as Shrek . Change the element in the first column, first row, to a 1. 
and Toy Story 3 are created? To 


create the graphics for computer- 
generated films, an object is first . Change the element in the second column, second row, toa 1. 


represented as a collection of geo- . Change the element in the second column, first row, to a 0. 
metric figures. Each geometric fig- 
ure is then represented as points in 
the Cartesian coordinate plane. Generally, when changing an element in the augmented matrix to a 1, we use 
The coordinates of the points rep- Step 2 in the row transformation box on page 415. When changing an element to a 0, 


resenting ine ever ean we use Step 3 in the row transformation box. 
columns in a matrix. Matrix opera- 


tions are used if an object needs to 


. Change the element in the first column, second row, to a 0. 


be transformed by scaling, stretch- Example Using Matrices to Solve a System of Equations 
ing, reflecting, or translating (see 

transformational | geometry — in Solve the following system of equations using matrices. 

Section 9.5). For example, in the 

movie Toy Story 3, matrix multipli- 3x + 6y = —9 


cation is used to translate Woody 
from one position to another. 


4x — 2y = 8 


4 


To obtain a | in the first column, first row, multiply the numbers in the first row by 7 


TP) This is Important The com- First write the augmented matrix. 


puter graphics used to create spe- : 6 
cial effects in movies and video 

games, and used in areas such as Ae isi 
medical imaging, architectural en- 
gineering, and weather forecasting, 


are all based on matrices. ; 2) =a 
Mee 8 


To obtain a 0 in the first column, second row, multiply the numbers in the first row 
by —4 and add the products to the corresponding numbers in the second row. 


1 2 A 
20 


4+ 1(-4) -2 + 2(-4) 


=3 |-[2 2 
Ses) kO) = 10 
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To obtain a | in the second column, second row, multiply the numbers in the sec- 
ond row by —jp- 


hes “10(-4) | 20(-i) 7 he ; | a 


To obtain a 0 in the second column, first row, multiply the numbers in the second 
row by —2 and add the products to the corresponding numbers in the first row. 


| OC 2) Dr (2) | oer ie Pp |! 0 
0 1 2 "WO" 112 


The solution to the system of equations is (1, —2). a 


Inconsistent and Dependent Systems 


Assume that you solve a system of two equations and obtain an augmented matrix in 
which one row of numbers on the left side of the vertical line are all zeroes but a zero 
does not appear in the same row on the right side of the vertical line. This situation 
indicates that the system is inconsistent and has no solution. For example, a system of 
equations that yields the following augmented matrix is an inconsistent system. 


1 2 ;| 
Inconsistent system 
0 0O| 4 


The second row of the matrix represents the equation 
Ox + Oy = 4 or 0=4 


which is never true. This matrix represents a system of equations that has no solution. 

If you obtain a matrix in which a 0 appears across an entire row, the system of 
equations is dependent. For example, a system of equations that yields the following 
matrix is a dependent system. 


! > a Denendentersr 
0 0 0 ependent system 


The second row of the matrix represents the equation 
Ox + Oy = 0 or 0=0 


which is always true. This matrix represents a system of equations that has an infinite 
number of solutions. 


Triangularization Method 


Another procedure to solve a system of two equations is to use row transformation 
procedures to obtain an augmented matrix of the form 


ta | 
Oe 
where a, b, and c represent real numbers. This procedure is called the friangulariza- 
tion method because the ones and zeroes form a triangle. 


7.4 Solving Systems of Linear Equations by Using Matrices 419 


When the matrix is in this form, we can write the following system of equations. 
Ix +ay=b Nat ay 


b 
Ox + ly=ec we y=c 


Using substitution, we can solve the system. Example 3 illustrates the triangulariza- 
tion method. 


Example —§ Solving a System of Equations Using the 
Triangularization Method 


Solve the following system of equations using the triangularization method. 
3x + 6y = —9 
4x — 2y = 8 


In Example 2, in the process of solving the system we obtained the aug- 
mented matrix 


| 2 ui 

Onlin ta 2 
This matrix represents the following system of equations. 

Ket 2Zyl==3 

p=? 


To solve for x, we substitute —2 for y in the equation 


x+ 2y = -3 

x 2S 38 
6 ae dee 3 
x=1 


Thus, the solution to the system is (1, —2), as was obtained in Example 2. You may 
use either method when solving a system of equations with matrices unless your 
instructor specifies otherwise. Hi 


SECTION 7.4. 2 
Exercises 


Warm Up Exercises 4. A system of linear equations that yields the augmented 


In Exercises 1-4, fill in the blank with an appropriate matrix 
word, phrase, or symbol(s). 


is a dependent system and has a(n) 


1 8 
OR OR |s0 

number of solutions. 
1. A matrix that consists of two smaller matrices, one for the 

coefficients of the variables in the equations and one for the : y 

constants in the equations, is called a(n) _________ matrix. Practice the Skills 


: : : In Exercises 5—18, use matrices to solve the system of equa- 
2. To solve a system of equations by using matrices, use 


transformations to obtain new matrices that Hons. 
have the same solution as the original system. 
Se Fie yA 6. x-y=1 
3. A system of linear equations that yields the augmented Sel am es ol Dey 
matrix : 2 | is an inconsistent system and has Tis DY eo Ce ee 
logon x+y = 2x + 3y = -5 


solution. 
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Oe ego 3) INS PB yy) = 16) and $10 per hour for a laborer. On a certain job, the laborer 
3 fy = 3. —4x + 10y = 12 worked two more hours than the truck driver, and together 
they cost $196. How many hours did each work? 
125 3y = 10 12. x + 3y=1 
; a 30 = yi=15 22. MODELING—Snack Mix If Andy DaLora buys 2 lb of 
2x + 2y = 5 ; ; 
: caramel corn and 3 lb of mixed nuts, his total cost would 
13. 5x + 2y=7 14-45 7 2y = — 10 be $27. If he buys 1 lb of caramel corn and 2 lb of mixed 
Ape ar Any == Sesh esi nuts, his total cost would be $17. Find the cost of 1 Ib of 
: caramel corn and 1 lb of mixed nuts. 
155 3x Ovi 95 16. 2x — Sy = 10 
2x — 4y = 8 3x + y = 15 
17. 3x + y = 13 18. 4x — 3y = 7 
ee er 2x + 5y = 14 


Problem Solving 


In Exercises 19-22, use matrices to solve the problem. 


19. MODELING—Selling Game Systems GameStop sells 
Xbox game systems for $300 and Wii game systems for 
$200. Recently the store sold a total of fifteen Xbox and 
Wii game systems in a single day. If the receipts for the 
day for the two systems totaled $3600, how many of each 
game system were sold? 3 


. MODELING—Fill in the Missing Information Garmin 
sells two types of navigation systems to electronics stores. 
The basic system sells for $110, and the premium system 
sells for $145. Garmin received an order for a total of 
200 navigation systems and a check for $23,750. When 
placing the order, the salesperson failed to specify the 
number of each type of system ordered. Can Garmin fill 
the order with the information given? If so, determine 
the number of basic systems and the number of premium 
systems the salesperson ordered. 


20. MODELING—TV Dimensions Vita Gunta just purchased a Internet/Research Activity 


new high-definition television. She noticed that the perim- 24, Do research and write a paper on the development of 
eter of the screen is 124 in. The width of the screen is 8 in. matrices. In your paper, cover the contributions of James 
greater than its height. Find the dimensions of the screen. Joseph Sylvester, Arthur Cayley, and William Rowan 
Hamilton. References include history of mathematics 
21. MODELING—On the Job Peoplepower, Inc., a daily em- books, encyclopedias, and the Internet. 


ployment agency, charges $12 per hour for a truck driver 


SECTION 7.5 | Systems of Linear Inequalities 


Joey Barnes is the manager of a GameStop video game store. He must determine how 
many PlayStation 3 and how many Xbox video game systems to keep in stock. Some of 
the factors he needs to consider include the price of the system, the demand for each 
system, and the amount of money he wishes to spend on inventory. In this section we 
will use a system of linear inequalities to express these requirements mathematically. 


| Why a is Important Businesses often use systems of linear inequalities to make im- 
A A system of inequalities may be portant decisions. 
used to determine how many game 
systems should be stocked to satisfy 
store requirements. 
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he solution set of a system of linear inequalities is the set of points that satisfy all 

inequalities in the system. The solution set of a system of linear inequalities may 
consist of infinitely many ordered pairs. To determine the solution set to a system of 
linear inequalities, graph each inequality on the same axes. The ordered pairs com- 
mon to all the inequalities are the solution set to the system. 


00 1218) a SOLVING A SYSTEM OF LINEAR INEQUALITIES 


1. Select one of the inequalities. Replace the inequality symbol with an equal sign 
and draw the graph of the equation. Draw the graph with a dashed line if the in- 
equality is < or > and with a solid line if the inequality is = or =. 


2. Select a test point on one side of the line and determine whether the point is a so- 


lution to the inequality. If so, shade the area on the side of the line containing the 
point. If the point is not a solution, shade the area on the other side of the line. 


3. Repeat Steps 1 and 2 for the other inequality. 


4. The intersection of the two shaded areas and any solid line common to both in- 
equalities form the solution set to the system of inequalities. 


Example Solving a System of Inequalities 
Graph the following system of inequalities and indicate the solution set. 


ay al 
65a) 


Graph both inequalities on the same axes. First draw the graph of 

x + y < 1. When drawing the graph, remember to use a dashed line, since the in- 
equality is “less than” (see Fig. 7.10a). If you have forgotten how to graph inequali- 
ties, review Section 6.8. Shade the half plane that satisfies the inequality 

Nase Le 


(0, 1) UE ool 
(1,0) © (5,0). ¢ 
Oa 


i Z | SRA 

2 aeoaeem (3, —2) 
: aeN 

et WE » 

f ig s 
ee ic 
¢ xty< lis 

ih ee ee ne 


fs Zz |O-) 4 


Figure 7.10 


Now, on the same axes, shade the half plane that satisfies the inequality 
x — y < 5 (see Fig. 7.10b). The solution set consists of all the points common to 
the two shaded half planes. These are the points in the region on the graph con- 
taining both color shadings. In Figure 7.10(b), we have indicated this region in 
green. Figure 7.10(b) shows that the two lines intersect at (3, —2). This ordered 
pair can also be found by any of the algebraic methods discussed in Sections 7.2 
and 7.3. The ordered pair (3, —2) is not part of the solution set. a 
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Example Solving a System of Linear Inequalities 

Graph the following system of inequalities and indicate the solution set. 
4x —2y 2 8 
24 4 oy = 6 


Graph the inequality 4x — 2y = 8. Remember to use a solid line be- 
cause the inequality is “greater than or equal to”; see Fig. 7.11(a). 


4x—2y>8 


Lehi iH 
Solution 


(b) 


Figure 7.11 


On the same set of axes, draw the graph of 2x + 3y < 6. Use a dashed line 
since the inequality is “less than”; see Fig. 7.11(b). The solution is the region of the 
graph that contains both color shadings and the part of the solid line that satisfies 
the inequality 2x + 3y < 6. Note that the point of intersection of the two lines is 
not a part of the solution set. a 


Example [§§ Another System of Inequalities 


Graph the following system of inequalities and indicate the solution set. 


= ae 


yes 


Graph the inequality x = —2; see Fig. 7.12(a). On the same axes, graph 
the inequality y < 3; see Fig. 7.12(b). The solution set is that region of the graph 
that is shaded in both colors and the part of the solid line that satisfies the inequality 
y < 3. The point of intersection of the two lines, (—2, 3), is not part of the solution 
because it does not satisfy the inequality y < 3. 


Figure 7.12 | 
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SECTION 7.5 
Exercises 


Concept Exercises 


In Exercises 1-4, fill in the blank with an appropriate 
word, phrase, or symbol(s). 


ile 


3; 


The set of points that satisfy all inequalities in a system 
of linear inequalities is called the set. 


. When graphing a linear inequality, if the inequality contains 


< or >, draw the graph with a(n) line. 


When graphing a linear inequality, if the inequality contains 
= or =, draw the graph with a(n) line. 


. The solution set to a system of linear inequalities is the set 


of ______ pairs that are common to all the inequalities 
in the system. 


Practice The Skills 


In Exercises 5—20, graph the system of linear inequalities 
and indicate the solution set. 


Shoes eS 6. y > —4x 
Seas Vi SS 2 ie 2 
) die Rasta Vso) nh de air yf Sd! 
SSG Sar Dy =="6 
DT ee 1034547360 
Kye, SD %=y >4 
l1.x+ 2y 24 12 oy 
Sit y= O x+2y24 
13S, 13H 14.y=2 
i= oy so 5S I 
1S al 16.x =0 
ysl y=0 
We Ax 2y 8 18. Sy > 3x + 10 
EES Oe all 3)) <r Gia 
19S 3x Dys 450 20. 3x = 2y + 10 
= 53 = oyna) 


Challenge Problems/Group Activities 


21. 


MODELING—Craft Sales Julie Gratien makes small and 
large decorated bowls. It takes Julie 20 minutes to decorate 
a small bowl and 30 minutes to decorate a large bowl. She 
can spend no more than a total of 600 minutes decorating 
the bowls. The number of small bowls made needs to be at 
least twice the number of large bowls made. Julie must also 
make at least 10 small bowls and 5 large bowls. 


a) Using x to represent the number of small bowls made 
and y to represent the number of large bowls made, 
translate the problem into a system of linear inequalities. 


22. 


23. 


b) Solve the system graphically. Graph sales for small 
bowls on the horizontal axis and sales for large bowls 
on the vertical axis. 


c) Select a point in the solution set. Determine the sales 
for the two types of bowls that correspond to the point 
selected. 


MODELING—Special Diet Ruben Gonzalez is on a special 
diet. He must consume fewer than 500 calories at a meal 
that consists of one serving of chicken and one serving of 
rice. The meal must contain at least 150 calories from each 
source. 


a) Using x to represent the number of calories from 
chicken and y to represent the number of calories from 
rice, translate the problem into a system of linear in- 
equalities. 


b) Solve the system graphically. Graph calories from 
chicken on the horizontal axis and calories from rice on 
the vertical axis. 


c) There are about 180 calories in 3 oz of chicken and 
about 200 calories in 8 oz of rice. Select a point in the 
solution set. For the point selected, determine the num- 
ber of ounces of chicken and the number of ounces of 
rice to be served. 


Write a system of linear inequalities whose solution is the 
second quadrant, including the axes. 


Concept/Writing Exercises 


24. 


25. 


a) Do all systems of linear inequalities have solutions? 
Explain. 


b) Write a system of inequalities that has no solution. 


Can a system of linear inequalities have a solution set con- 
sisting of a single point? Explain. 
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26. Can a system of linear inequalities have as its solution set 
all the points on the coordinate plane? Explain your an- 
swer, giving an example to support it. 


27. Write a system of linear inequalities that has the ordered 


28. Write a system of linear inequalities that has the following 
ordered pairs as some of its solutions. There are many pos- 
sible answers. 


53 = Os Ah, Sy COL 1) CAs Gs 3h cae 


pair (0, 0) as its only solution. There are many possible 


answers. 


SECTION 7.6 


4 Linear programming can be used to 
determine how many skateboards 
and in-line skates a company should 
make in order to maximize profit. 


Graph of one constraint 


Vertices 


ba 


Graph of other 


| 7 constraint 


Figure 7.13 


Linear Programming 


Anne Kress is the manager of a company that manufactures skateboards and in-line 
skates. She must determine the number of skateboards and in-line skates to produce 
in order to maximize profit. Some of the factors she needs to consider include the 
profit, demand, and production restrictions for each item. In this section we will use a 
method called linear programming to answer various questions, such as how much of 
an item must be produced to obtain the maximum profit. 


3) This is Important Government, business, and industry often require decision mak- 
ers to find cost-effective solutions to a variety of problems using linear programming. 


inear programming provides businesses and governments with a mathematical 

form of decision making that makes the most efficient use of time and resources. 
Linear programming often serves as a method of expressing the relationships in many 
of these problems and uses systems of linear inequalities. 

The typical linear programming problem has many variables and is generally so 
lengthy that it is solved on a computer by a technique called the simplex method. The 
simplex method was developed in the 1940s by George B. Dantzig (see the Profile in 
Mathematics on page 426). Linear programming is used to solve problems in the 
social sciences, health care, land development, nutrition, military, and many other 
fields. 

We will not discuss the simplex method in this textbook. We will merely give a 
brief introduction to how linear programming works. You can find a detailed explana- 
tion in books on finite mathematics. 

In a linear programming problem, there are restrictions called constraints. Each 
constraint is represented as a linear inequality. The list of constraints forms a system 
of linear inequalities. When the system of inequalities is graphed, we often obtain a 
region bounded on all sides by line segments (Fig. 7.13). This region is called the 
feasible region. The points where two or more boundaries intersect are called the ver- 
tices of the feasible region. The points on the boundary of the region and the points 
inside the feasible region are the solution set for the system of inequalities. 

For each linear programming problem, we will obtain a formula of the form 
K = Ax + By, called the objective function. The objective function is the formula for 
the quantity K (or some other variable) that we want to maximize or minimize. The values 
we substitute for x and y determine the value of K. From the information given in the prob- 
lem, we determine the real number constants A and B. In a particular linear programming 
problem, a typical equation that might be used to find the maximum profit, P, is 
P = 3x + Ty. We would find the maximum profit by substituting the ordered pairs (x, y) 
of the vertices of the feasible region into the formula P = 3x + 7y to see which ordered 
pair yields the greatest value of P and therefore the maximum profit. The ordered pair that 
yields the smallest value of P determines the minimum profit. 


Did You Know? 


The Logistics of D 


~ =o ES 


-Day 


WO Mra A! Deny 


SS che 24 
a in SET U TT eE 


Winston Churchill called the invasion of 
Normandy “the most difficult and com- 
plicated operation that has ever taken 
place.” 


eee programming was. first 
used to deal with the age-old 
military problem of logistics: obtain- 
ing, maintaining, and transporting 
military equipment and personnel. 
George B. Dantzig developed the 
simplex method for the Allies of 
World War II to do just that. Con- 
sider the logistics of the Allied inva- 
sion of Normandy. Meteorologic 
experts had settled on three possi- 
ble dates in June 1944. It had to be 
a day when low tide and first light 
would coincide, when the winds 
should not exceed 8 to 13 mph, 
and when visibility was not less 
than 3 miles. A force of 170,000 
assault troops was to be assem- 
bled and moved to 22 airfields in 
England where 1200 air transports 
and 700 gliders would then take 
them to the coast of France to con- 
verge with 5000 ships of the D-day 
armada. The code name for the in- 
vasion was Operation Overlord, but 
it is known to most as D-day. 


7.6 Linear Programming 425 


Linear programming is used to determine which ordered pair will yield the maxi- 
mum (or minimum) value of the variable that is being maximized (or minimized). 
The fundamental principle of linear programming provides a rule for finding those 
maximum and minimum values. 


Fundamental Principle of Linear Programming 

If the objective function, K = Ax + By, is evaluated at each point in a feasible 
region, the maximum and minimum values of the equation occur at vertices of the 
region. 


Linear programming is a powerful tool for finding the maximum and minimum yal- 
ues of an objective function. Using the fundamental principle of linear programming, we 
are quickly able to determine the maximum and minimum values of an objective func- 
tion by using just a few of the infinitely many points in the feasible region. 

Example | illustrates how the fundamental principle is used to solve a linear pro- 
gramming problem. 


Example MODELING—Using the Fundamental Principle 
of Linear Programming 


The Ric Shaw Chair company makes two types of rocking chairs, a plain chair and 
a fancy chair. Each rocking chair must be assembled and then finished. The plain 
chair takes 4 hours to assemble and 4 hours to finish. The fancy chair takes 8 hours 
to assemble and 12 hours to finish. The company can provide at most 160 worker- 
hours of assembling and 180 worker-hours of finishing a day. If the profit on a 
plain chair is $40 and the profit on a fancy chair is $65, how many rocking chairs 
of each type should the company make per day to maximize profits? What is the 
maximum profit? 


From the information given, we know the following facts. 


‘Finishing 
Time (hr) _ 


Assembly 
Time (hr) 


Profit ($) _ 


Plain chair 


40.00 
Fancy chair 65.00 
Let 


x = the number of plain chairs made per day 


y = the number of fancy chairs made per day 
profit on the plain chairs 


as 

S 

a 
ll 


65y 
P = the total profit 


profit on the fancy chairs 


The total profit is the sum of the profit on the plain chairs and the profit on the 
fancy chairs. Since 40x is the profit on the plain chairs and 65y is the profit on the 
fancy chairs, the profit formula is P = 40x + 65y. 

The maximum profit, P, is dependent on several conditions, called constraints. 
The number of chairs manufactured each day cannot be a negative amount. This 
condition gives us the constraints x = 0 and y = O. Another constraint is de- 
termined by the total number of hours allocated for assembling. Four hours are 
needed to assemble the plain chair, so the total number of hours per day to as- 
semble x plain chairs is 4x. Eight hours are required to assemble a fancy chair, so 
the total number of hours needed to assemble y fancy chairs is 8y. The maximum 
number of hours allocated for assembling is 160 per day. Thus, the third constraint 
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Figure 7.14 


Profile In Mathematics 
George B. Dantzig 


George B. Dantzig 


he simplex method, a technique 

used to solve linear program- 
ming problems, was developed by 
George B. Dantzig (1914-2005) in 
the 1940s. Dantzig's career included 
implementing the simplex method 
on computers for the RAND 
Corporation and teaching opera- 
tions research and computer sci- 
ence at Stanford University. His 
book, Linear Programming and Ex- 
tensions, is considered one of the 
classic books on linear program- 
ming. As a graduate student at the 
University of California, Berkeley, 
Dantzig became legendary in the 
mathematics field for solving several 
problems he mistakenly thought 
were homework exercises. It turned 
out the problems were famous un- 
solved problems in mathematics. 


x 


Figure 7.15 


is 4x + 8y < 160. The final constraint is determined by the number of hours allot- 
ted for finishing. Finishing a plain chair takes 4 hours, or 4x hours to finish x plain 
chairs. Finishing a fancy chair takes 12 hours, or 12y hours to finish y fancy chairs. 
The total number of hours allotted for finishing is 180 per day. Therefore, the 
fourth constraint is 4x + 12y S 180. Thus, the four constraints are 


x20 

y=0 
4x + 8y = 160 
4x + 12y = 180 


The list of constraints is a system of linear inequalities in two variables. The so- 
lution to the system of inequalities is the set of ordered pairs that satisfy all the con- 
straints. These points are plotted in Fig. 7.14. Note that the solution to the system 
consists of the colored region and the solid boundaries. The points (0, 0), (0, 15), 
(30, 5), and (40, 0) are the points at which the boundaries intersect. These points 
can also be found by the addition or substitution method described in Section 7.2. 

The goal in this example is to maximize the profit. The objective function is 
given by the profit formula P = 40x + 65y. According to the fundamental prin- 
ciple, the maximum profit will be found at one of the vertices of the feasible region. 

Calculate P for each one of the vertices. 


P = 40x + 65y 

At(0,0), P= 40(0) + 65(0) = 0 
At(0,15), P= 40(0) + 65(15) = 975 
At (30,5),  P = 40(30) + 65(5) = 1525 
At (40,0),  P = 40(40) + 65(0) = 1600 


The maximum profit is at (40, 0), which means that the company should manu- 
facture 40 plain rocking chairs and no fancy rocking chairs. The maximum profit 
would be $1600. The minimum profit would be at (0, 0), when no rocking chairs of 
either style were manufactured. a 


A variation of the problem in Example 1 could be that the company knows that it 
cannot make more than 15 plain rocking chairs per day. With this additional con- 
straint, we now have the following set of constraints. 


\V 


0 
15 
0 
160 
180 


x 


IA 


x 

y 
4x + 8y 
4x + 12y 


IA WV 


IA 


The graph of the feasible region of these constraints is shown in Fig. 7.15. 
The vertices of the feasible region are (0, 0), (0, 15), (15, 10), and (15, 0). To 
determine the maximum profit, we calculate P for each of these vertices: 


P = 40x + 65y 
At (0, 0), P = 40(0) + 65(0) = 0 
At (0, 15), P = 40(0) + 65(15) = 975 
At (15, 10), P = 40(15) + 65(10) = 1250 
At (15, 0), P = 40(15) + 65(0) = 600 


This set of constraints gives the maximum profit of $1250 when the company man- 
ufactures 15 plain rocking chairs and 10 fancy rocking chairs. 


Figure 7.16 
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Example MODELING— Washers and Dryers, Maximizing Profit 


The Admiral Appliance Company makes washers and dryers. The company must 
manufacture at least one washer per day to ship to one of its customers. No more than 
6 washers can be manufactured due to production restrictions. The number of dryers 
manufactured cannot exceed 7 per day. Also, the number of washers manufactured 
cannot exceed the number of dryers manufactured per day. If the profit on each 
washer is $20 and the profit on each dryer is $30, how many of each appliance should 
the company make per day to maximize profits? What is the maximum profit? 


Let 


x = the number of washers manufactured per day 


< 
| 


= the number of dryers manufactured per day 

20x = the profit on washers 

30y = the profit on dryers 

P = the total profit 

The maximum profit is dependent on several constraints. The number of appliances 
manufactured each day cannot be a negative amount. This condition gives us the 
constraints x = 0 and y = 0. The company must manufacture at least one washer 
per day; therefore, x = 1. No more than 6 washers can be manufactured per day; 
therefore, x = 6. No more than 7 dryers can be manufactured per day; therefore, 


y = 7. The number of washers cannot exceed the number of dryers manufactured 
per day; therefore, x = y. Thus, the six constraints are 


55 c=s (Oa) aa) ve Ih ae SS Lo ES == 3Y 


In this example, the objective function is the profit formula. Since 20x is 
the profit on x washers and 30y is the profit on y dryers, the profit formula is 
P = 20x + 30y. Figure 7.16 shows the feasible region. The feasible region con- 
sists of the shaded region and the boundaries. The vertices of the feasible region are 
at (1, 1), (1, 7), (6, 7), and (6, 6). 
Next we calculate the value of the objective function, P, at each one of the vertices. 
P = 20x + 30y 
At (1, 1), P = 20(1) + 301) = 50 
ext (Li). P = 20(1) + 30(7) = 230 
At (6, 7), P = 20(6) + 30(7) = 330 
At (6, 6), P = 20(6) + 30(6) = 300 
The maximum profit is at (6, 7). Therefore, the company should manufacture 
6 washers and 7 dryers to maximize its profit. The maximum profit is $330. a 


Use the following steps to solve a linear programming problem. 


4014 910) SOLVING A LINEAR PROGRAMMING PROBLEM 
. Determine all necessary constraints. 


. Determine the objective function. 


. Determine the vertices of the feasible region. 


1 
2 
3. Graph the constraints and determine the feasible region. 
4 
5 


. Determine the value of the objective function at each vertex. 


The solution is determined by the values in the ordered pair of the vertex that yields 
the maximum or minimum value of the objective function. 
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SECTION 7.6 ; 
Exercises 


Concept Exercises In Exercises 11-16, a set of constraints and a profit for- 


In Exercises 1—6, fill in the blank with an appropriate mula are given. 


word, phrase, or symbol(s). a) Draw the graph of the constraints and find the vertices 


ee : : of the feasible region. 
1. The restrictions that are represented in a linear pro- pie ye 2 


gramming problem by linear inequalities are called the b) Use the vertices obtained in part (a) to determine the 


maximum and minimum profit. 


2. In a linear programming problem, the shaded region ll. x+y <5 12. x + 2y <6 
formed by graphing the system of inequalities is called the x+y =8 3x + 2y < 12 
region. 0) 2 0) 
3 ; ; ; ; y=0 y=0 
3. The points of intersection of the boundaries of the feasible ip we pee Pao enk 
region are called the y y 
4. The typical linear programming problem has many vari- Tes ea Ue teh ea 
> AE x By '= 6 eg =p oy) = 20) 
ables and is generally so lengthy that it is solved on a com- 
; x= 10 220) 
puter by a technique called the method. Ku 0 
5. Ina linear programming problem, the function used for the Pail oicr\ Oy P = 20x + 40y 
eae that rates maximize or minimize is called 15. 2x + 3y = 18 16) © oy = 14 
; Avg a yy = O40) 7x + 4y = 28 
6. The maximum and minimum values of the objective func- x= 1 x=2 
tion occur at the of the feasible region. y24 x= 10 
P = 2.20x + 1.65y = | 
P = 15.13x + 9.35y 


Practice the Skills 


Exercises 7-10 show a feasible region and its vertices. 
Find the maximum and minimum values of the given 
objective function. 


7. K = 6x + 4y 


8. K = 10x + 8y 


(0,0)| 5 10 15 20 253035 40 X 


9. K = 2x + 3y 10. K = 40x + SOy 
pay 
60 
1010, 40) 
ee (50, 30) 
30 
20 oan 
10 
(20,10) (50, 10) 
10 20 30 40 50 60 * 


Problem Solving 


17. MODELING—Washing Machine Production A company 
manufactures two types of washers, top load and front 
load. The company can manufacture a maximum of 
18 washers per day. It makes a profit of $20 on top load 
machines and $25 on front load machines. No more 
than 5 front load machines can be manufactured due to 
production restrictions. To meet consumer demand, the 
company must manufacture at least 2 front load machines 
and 2 top load machines per day. 


a) List the constraints. 

b) Determine the objective function. 

c) Graph the set of constraints. 

d) Determine the vertices of the feasible region. 


e) How many washing machines of each type should be 
made to maximize profit? 


f) Determine the maximum profit. 


18 


MODELING—On Wheels The Boards and Blades Com- 
pany manufactures skateboards and in-line skates. The 
company can produce a maximum of 20 skateboards and 
pairs of in-line skates per day. It makes a profit of $25 on 


19. 


a skateboard and a profit of $20 on a pair of in-line skates. 
The company's planners want to make at least 3 skate- 
boards but not more than 6 skateboards per day. To keep 
customers happy, they must make at least 2 pairs of in-line 
skates per day. 


a) List the constraints. 

b) Determine the objective function. 

c) Graph the set of constraints. 

d) Determine the vertices of the feasible region. 


e) How many skateboards and pairs of in-line skates 
should be made to maximize the profit? 


f) Determine the maximum profit. 


MODELING—Paint Production A paint supplier has two 
machines that produce both indoor paint and outdoor paint. 
To meet one of its contractual obligations, the company 
must produce at least 60 gal of indoor paint and 100 gal of 
outdoor paint. Machine I makes 3 gal of indoor paint and 
10 gal of outdoor paint per hour. Machine II makes 4 gal 
of indoor paint and 5 gal of outdoor paint per hour. It costs 
$28 per hour to run machine I and $33 per hour to run 
machine II. 


a) List the constraints. 

b) Determine the objective function. 

c) Graph the set of constraints. 

d) Determine the vertices of the feasible region. 


e) How many hours should each machine be operated to 
fulfill the contract at a minimum cost? 


f) Determine the minimum cost. 


Challenge Problems/Group Activities 
20. MODELING—Hot Dog Profits To make one package 


of all-beef hot dogs, a manufacturer uses | Ib of beef; to 
make one package of regular hot dogs, the manufacturer 
uses Sb each of beef and pork. The profit on the all-beef 
hot dogs is 40 cents per pack, and the profit on regular 


21. 


22. 


7.6 Linear Programming 429 


hot dogs is 30 cents per pack. If there are 200 lb of beef 
and 150 lb of pork available, how many packs of all-beef 
and regular hot dogs should the manufacturer make to 
maximize the profit? What is the profit? 


MODELING—Car Seats and Strollers A company makes 
car seats and strollers. Each car seat and stroller passes 
through three processes: assembly, safety testing, and 
packaging. A car seat requires | hr in assembly, 2 hr in 
safety testing, and | hr in packaging. A stroller requires 

3 hr in assembly, | hr in safety testing, and 1 hr in packag- 
ing. Employee work schedules allow for 24 hr per day for 
assembly, 16 hr per day for safety testing, and 10 hr per 
day for packaging. The profit for each car seat is $25, and 
the profit for each stroller is $35. How many units of each 
type should the company make per day to maximize the 
profit? What is the maximum profit? 


MODELING—Special Diet A dietitian prepares a special 
diet using two food groups, A and B. Each ounce of food 
group A contains 3 units of vitamin C and 1| unit of vitamin 
D. Each ounce of food group B contains | unit of vitamin 
C and 2 units of vitamin D. The minimum daily require- 
ments with this diet are at least 9 units of vitamin C and 

at least 8 units of vitamin D. Each ounce of food group A 
costs 50 cents, and each ounce of food group B costs 

30 cents. 


a) List the constraints. 

b) Determine the objective function for minimizing cost. 
c) Graph the set of constraints. 

d) Determine the vertices of the feasible region. 


e) How many ounces of each food group should be used 
to meet the daily requirements and minimize the cost? 


f) Determine the minimum cost. 


Internet/Research Activity 


23. Operations research draws on several disciplines, 


including mathematics, probability theory, statistics, 

and economics. George B. Dantzig (see the Profile in 
Mathematics on page 426) was one of the key people in 
developing operations research. Write a paper on Dantzig 
and his contributions to operations research and linear 
programming. 
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Important Facts and Concepts Examples and Discussion 
Section 7.1 
Solving Systems of Equations by Graphing Discussion page 387 


Consistent Inconsistent Examples 2-6, pages 387-390 


One solution No solution 


Dependent 


Infinite number 
of solutions 


Section 7.2 
Solving Systems of Equations by Algebraic Methods 
| Substitution Examples 1-3, 8, pages 394-396, 399-400 
| Addition (or elimination) method Examples 4-7, 9, pages 397-399, 400-401 
Section 7.3 


Multiplicative Identity Matrix Example 8, page 409 


I @ @ 
| i 
| 0 1; (Ome @alls 

Ope Onell 
Section 7.4 
Writing Augumented Metrices 
System of equations Augmented matrix Discussion pages 415—416 
axt+ by =c, Examples 1-3, pages 416-419 

a by | 
a2X ay boy = "672 | ] 
ay by | 
Section 7.5 
System of Linear Inequalities 
Graph both inequalities on the same axes. The solution is the set of points that Examples 1-3, Pages 421-422 
satisfy both inequalities. 
Section 7.6 
Fundamental Principle of Linear Programming 

If the objective function K = Ax + By is evaluated at each point in a Discussion pages 424-425 
feasible region, the maximum and minimum values of the equation occur Examples 1-2, pages 425-427 
at vertices of the region. 


ae eee L 
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In Exercises 1—4, solve the system of equations graphically. 
If the system does not have a single ordered pair as a solu- 
tion, state whether the system is inconsistent or dependent. 


1.x =3 7 Saar Sy 5) 
y=2 3x — 3y =3 
3.2% 3 AM y= "5 
xt+ty=5 2x +4y=4 


In Exercises 5—8, determine without graphing whether the 
system of equations has exactly one solution, no solution, 
or an infinite number of solutions. 


5. y=4x+3 6. 2x +y=4 
2y=x+6 SS Sars) 
7.4x + 3y =9 8. 2x — 4y = 8 
25 — oy — 9 —2x +y=6 
7.2 


In Exercises 9-12, solve the system of equations by the 
substitution method. If the system does not have a single 
ordered pair as a solution, state whether the system is in- 
consistent or dependent. 


Ch Se eS =) 10.x —2y =9 
x+2y=5 y=2x -3 

11.2x-—y=4 12. 3x +y=1 
She i Se) 3y = —9x = 4 


In Exercises 13-18, solve the system of equations by the ad- 
dition method. If the system does not have a single ordered 
pair as a solution, state whether the system is inconsistent 
or dependent. 


13. 2x + y=2 4.x+y=2 
=e = jie S) % + 3y = =2 
15.x —2y = 8 16. 4x — 8y = 16 
2x +y=6 x-2y=4 
17. 3x — 4y = 10 18. 3x + 4y = 6 
5x + 3y =7 2x —3y =4 
7.3 
Ae = 3 
Given A = E | ana 8 = i a‘ determine the 
following. 
19.A+B 20. A —B 
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21. 2A 22..2A = 3B 
23. A X B 24.BXA 
7.4 


In Exercises 25—30, use an augmented matrix to solve the 
system of equations. 


25.x + 3y =8 26. -x+y=4 
xt+ty=4 x+3y=4 
Pi Phe yh 28. 2x + 3y = 2 
Ope ae Neely 4x — 9y = 4 
29. x + 3y = 3 30. 3x = 6y = 49 
an Dye? 4x + Sy = 14 
7.1-7.4 


31. MODELING—Borrowing Money A company borrows 
$400,000 for 1 year to expand its product line. Some of the 
money was borrowed at a 3% simple interest rate, and the 
rest of the money was borrowed at a 6% simple interest 
rate. How much money was borrowed at each rate if the 
total annual interest was $16,500? 


32. MODELING—Chemistry In chemistry class, Tom Le has 
an 80% acid solution and a 50% acid solution. How much 
of each solution should he mix to get 100 liters of a 75% 
acid solution? 


33. MODELING—Landscaping The Garden Factory purchased 
4 tons of topsoil and 3 tons of mulch for $1529. The next 
week the company purchased 2 tons of topsoil and 5 tons 
of mulch for $1405. Determine the price per ton for topsoil 
and the price per ton for mulch. 
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34. MODELING—Cool Air Emily Richelieu needs to purchase 


a new air conditioner for the office. Model 1600A costs 
$950 to purchase and $32 per month to operate. Model 
6070B, a more efficient unit, costs $1275 to purchase and 
$22 per month to operate. 


a) After how many months will the total cost of both units 
be equal? 


b) Which model will be the more cost effective if the life 
of both units is guaranteed for 10 years? 


35. MODELING—Minimizing Parking Costs The cost of 


parking in All-Day parking lot is $5 for the first hour 
and $0.50 for each additional hour. Sav-a-Lot parking 
lot costs $4.25 for the first hour and $0.75 for each 
additional hour. 


a) In how many hours after the first hour would the to- 
tal cost of parking at All-Day and Sav-a-Lot be the 
same? 


b) If Mark McMahon needed to park his car for 5 hr, 
which parking lot would be less expensive? 


1. From a graph, explain how you would identify a consis- 
tent system of equations, an inconsistent system of equa- 
tions, and a dependent system of equations. 


. Solve the system of equations graphically. 
ys Be= 1) 
25 By —= =O 
. Determine without graphing whether the system of 


equations has exactly one solution, no solution, or an 
infinite number of solutions. 


4x + 5y =6 
=3x + Sy = 13 


Solve the system of equations by the method indicated. 


4.x+y=-l 
Fei oa ay = =) 
(substitution) 


BS ES ca 7 
Veta 
(substitution) 


>» Xicks ya=n0, 
4x + 4y= -—8 
(substitution) 

~ 4x + 3y =5 
2x + 4y = 10 
(addition) 


7.x -y=4 
2x + y = -10 
(addition) 

9. 3x + 4y = 6 
2x — 3y = 4 
(addition) 


i> 


In Exercises 36-39, graph the system of linear inequalities 


and indicate the solution set. 


36. y = 3x - 1 Saou ny = 8 
jy SS Sp ae Il wee ae = Il 
Sin y= 0 SO 58 = 57 295) 
2x — Ty 2 14 Gu S30 
7.6 


40. The set of constraints and profit formula for a linear 
programming problem are 


Des so Byes VP} 

PEO Wy ES () 
pues) 
y=0 
Px Sy 


a) Draw the graph of the constraints and determine the 
vertices of the feasible region. 


b) Use the vertices to determine the maximum and 
minimum profit. 


10. x + 3y =4 
5x + Ty =4 
(matrices) 


ll.x-—y=2 
2x—-y=4 
(matrices) 


12. 4x + 2y = 6 
5x + 4y =9 
(matrices) 


a) 
1 3} 


2 
In Exercises 13-14, for A = | 


=f 


and 


=3 
a determine the following. 


135 AGE B 14. A — 2B 


In Exercises 15-16, determine A X B. 


3 
8.4=| ms 1 Baal 


=3. 84 ¥l 


17. Graph the system of linear inequalities and indicate the 
solution set. 


V 2x +2) 
By = auger 7 


Solve Exercises 18 and 19 by using a system of equations. 


18. MODELING—Truck Rental U-Haul charges a daily fee 
plus a mileage charge to rent a truck. Dorothy DiMento 
rented a truck with U-Haul and was charged $132 for 
3 days rental and 150 miles driven. Elena Dilai rented the 
same truck and was charged $142 for 2 days rental and 
400 miles driven. Determine the daily fee and the mile- 
age charge for renting this truck. 


1. Make up three different systems of equations that have 
(1, 4) as a solution. Explain how you determined your 
systems. 


Linear Programming 


2. MODELING—Profit from Bookcases The Bookholder 
Company manufactures two types of bookcases out of 
both oak and walnut. Model 01 requires 5 board feet of 
oak and 2 board feet of walnut. Model 02 requires 4 board 
feet of oak and 3 board feet of walnut. A profit of $75 is 
made on each Model 01 bookcase and a profit of $125 
is made on each Model 02 bookcase. The company has 
a supply of 1000 board feet of oak and 600 board feet of 
walnut. The company has orders for 40 Model 01 book- 
cases and 50 Model 02 bookcases. These orders indicate 
the minimum number the company must manufacture of 
each model. 


a) Write the set of constraints. 
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19, MODELING—Checking Accounts The charge for 
maintaining a checking account at Union Bank is $6 per 
month plus 10 cents for each check that is written. The 
charge at Citrus Bank is $2 per month and 20 cents per 
check. 


a) How many checks would a customer have to write in 
a month for the total charges to be the same at both 
banks? 


b) If Brent Pickett planned to write 14 checks per month, 
which bank would be the least expensive? 


20. The set of constraints and profit formula for a linear pro- 


gramming problem are 


a) Draw the graph of the constraints and determine the 
vertices of the feasible region. 


b) Use the vertices to determine the maximum and mini- 
mum profit. 


b) Write the objective function. 
c) Graph the set of constraints. 


d) Determine the number of bookcases of each type the 
company should manufacture in order to maximize 
profits. 


e) Determine the maximum profit. 


Create Your Own Word Problem 


3. a) Write a word problem that can be solved by using a 
system of two equations with two unknowns. 


b) For the problem in part (a), write the system of equa- 
tions and find the answer. 


c) Explain how you developed the problem in part (a). 


system 


ere outside the “i 


What You Will Learn 


= The advantages of using the 
metric system 

= The basic units used in the metric 
system 

= Conversions within the metric 
system 

= Determining length, area, volume, 
mass, and temperature in the 
metric system 

= Dimensional analysis and converting 
to and from the metric system 


This is Important 


The United States is the only major 
country not presently using the 
metric system. For example, if 

you travel to Canada, Mexico, or 
overseas, you will find that when 
you purchase gasoline, the amount 
you get is measured in liters, not 
gallons. 

In the United States, because 
of the growth in technology and 
the increase in international trade, 
more and more of the products 
we use daily are measured in 
metric units. For example, soda is 
sold in liter bottles, medicines are 
measured in milligrams, and tire 
sizes are given in centimeters. And 
when you purchase a computer, 
the size of the hard drive, such as 
500 gigabytes (500 GB), is a metric 
measurement. A router’s speed 
may be 257 megabits per second 
(257 Mbps). As we continue to 
advance in our technological age, 
we will use more and more metric 
measurements. 


tates you may 


see traffic and other signs given in metric units. 
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Basic Terms and Conversions Within 
the Metric System 


SECTION 8.1 


Have you ever taken a science course? If so, you most likely worked with metric mea- 
surements. For example, in chemistry you may have worked with liter containers, and 
in physics you may have worked with a mass in kilograms rather than a weight in 
pounds. Have you ever asked yourself why the sciences use metric measurement? In 


this section, we will explain some benefits of using the metric system. 


1/0) This is Important Most countries use the metric system for measurement. A knowl- 


Beiveccieneesuse metic edge of the metric system will help you not only at home but also when you travel to 
measurements. other countries. 


ost countries of the world use the Systéme international d’unités or SI system. 

The SI system is generally referred to as the metric system in the United States. 
The metric system was named for the Greek word metron, meaning “measure.” The 
standard units in the metric system have gone through many changes since the 
system was first developed in France during the French Revolution. For example, 
one unit of measure, the meter, was first defined as one ten-millionth of the distance 
between the North Pole and the equator. Later, the meter was defined as 1,650,763.73 
wavelengths of the orange-red line of krypton 86. Since 1893, the meter has been 
defined as the distance traveled by light in a vacuum in Shoe of a second. 

Two systems of weights and measures exist side by side in the United States 
today, the U.S. customary system and the metric system. The metric system is used 
predominantly in the automotive, construction, farm equipment, computer, bottling 
industries, and in health-related professions. Furthermore, almost every industry that 
ships internationally uses at least some metric measures. 

In this chapter, we will discuss the metric measurements of length, area, volume, 
mass, and temperature. Using the metric system has many advantages. Some of them 
are summarized here. 


Did You Know? — : 


Lost in Space 


The missing Mars Climate Orbiter 


n September 1999, the United 

States lost a $125 million space- 
craft, the Mars Climate Orbiter, as 
it approached Mars. Two space- 
craft teams, one at NASA‘s Jet 
Propulsion Laboratory (JPL) and the 
other at a Lockheed Martin facil- 
ity, were unknowingly exchanging 
some vital information in different 
measurement units. The space- 
craft team at Lockheed sent some 
measurements to the spacecraft 
team at JPL using U.S. customary 
units. The JPL team assumed the 
information it received was in met- 
ric units. The mix-up in units led to 
the JPL scientists giving the space- 
craft's computer the wrong infor- 
mation, which led to the spacecraft 
entering the Martian atmosphere, 
where it burned up. NASA has 
taken steps to prevent this error 
from ever happening again. 


1. The metric system is the worldwide accepted standard measurement system. 
All industrial nations that trade internationally, except the United States, use 
the metric system as the official system of measurement. 


2. In the metric system there is only one basic unit of measurement for each physi- 
cal quantity. In the U.S. customary system, many units are often used to represent 
the same physical quantity. For example, when discussing length, we use inches, 
feet, yards, miles, and so on. Converting from one of these units to the other is 
often a tedious task (consider changing 12 miles to inches). In the metric system, 
we can make many conversions by simply moving the decimal point. 


3. The SI system is based on the number 10, and there is less need for fractions be- 
cause most quantities can be expressed as decimals. 
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a A meter (top figure) is a little longer than a yard (bottom figure). 
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Basic Terms 


Because the official definitions of many metric terms are quite technical, we present 
them informally. 

The meter (m) is commonly used to measure /ength in the metric system. One 
meter is a little more than a yard. A door is about 2 meters high. 

The kilogram (kg) is commonly used to measure mass. (The difference between 
mass and weight is discussed in Section 8.3.) One kilogram is about 2.2 pounds. A 
newborn baby may have a mass of about 3 kilograms. The gram (g), a unit of mass 
derived from the kilogram, is used to measure small amounts. A nickel has a mass of 
about 5 grams. 

The /ifer (€) is commonly used to measure volume. One liter is a little more than 
a quart. The gas tank of a compact car may hold 50 liters of gasoline. 

Thus, 


lm ~ lyd 
lkg ~ 2.2 1b 
1¢€ = lqt 


The term degree Celsius (°C) is used to measure temperature. The freezing point 
of water is 0°C, and the boiling point of water is 100°C. The temperature on a warm 
day may be 30°C. 


O°C = 32°F Water freezes 
22°C = 71.6°F Comfortable room temperature 
37°C = 98.6°F Body temperature 
100°C = 212°F Water boils 


Prefixes 


The metric system is based on the number 10 and therefore is a decimal system. 
Prefixes are used to denote a multiple or part of a base unit. Table 8.1 summarizes the 
more commonly used prefixes and their meanings. In the table, where we mention 
“base units” we mean metric units without prefixes, such as meter, gram, or liter. From 
Table 8.1, we can determine that a dekameter represents 10 meters and a centimeter 
represents 00 of a meter. Also, | kiloliter = 1000 liters, 1 kilogram = 1000 grams, 
and | milliliter = ;¢g9 liter, and so on. 


Table 8.1 Metric Prefixes 


Prefix Symbol == = ~—_ Meaning 

kilo k 1000 X base unit 
hecto h 100 X base unit 
deka da 10 X base unit 
— — base unit 

deci d éb of base unit 
centi c 76 of base unit 
milli sa Tos of base unit 
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In the metric system, a comma is commonly used the way we use a decimal 
point (see the photo on the left, taken in Juarez, Spain), and a decimal point is 
used the way we use a comma (see the photo on the right, taken in Copenhagen, 
Denmark). 


In the metric system, groups of three digits in large numbers are often separated 
by a space, not a comma. For example, thirty thousand is written 30 000 and nine 
million is written 9 000 000. Groups of three digits to the right of the decimal point 
are also separated by spaces. For example, 16 millionths is written 0,000 016 in 
many countries of the world. We will use the decimal point in this book and write 
0.000 016. In this section, we will separate groups of three digits using spaces. Note, 
however, that the space between groups of three digits is usually omitted if there are 
only four digits to the left or right of the decimal point. Thus, we will write three 
thousand as 3000 and five ten-thousandths as 0.0005. 

For scientific work that involves very large and very small quantities, the follow- 
ing prefixes are also used: mega (M) is one million times the base unit, giga (G) is 


4 Acomputer’s hard drive can one billion times the base unit, tera (T) is one trillion times the base unit, micro 
store 500 gigabytes (500 GB) of (wu, the Greek letter mu) is one millionth of the base unit, nano (n) is one billionth of 
information. the base unit, and pico (p) is one trillionth of the base unit. 


In this book, the abbreviations or symbols for units of measure are not pluralized, 
but full names are. For example, 5 milliliters is symbolized as 5 mf, not 5 mfs. Some 


countries that use the metric system do not use an “s” in their abbreviations, whereas 
others do. 


Conversions Within the Metric System 


We will use Table 8.2 to help demonstrate how to change from one metric unit to an- 
other metric unit using the meter as our base unit (for example, meters to kilometers, 
and so on). 

The meters in Table 8.2 can be replaced by grams, liters, or any other base unit of 
the metric system. Regardless of which unit we choose, the procedure is the same. For 
purposes of explanation, we have used the meter. 


Table 8.2 Changing Metric Units 


Measure of length kilometer hectometer dekameter meter decimeter centimeter millimeter 
Symbol km hm dam m dm cm mm 


Number of meters 1000 m 100 m 10m lm 0.1m 0.01 m 0.001 m 


Table 8.2 shows that | hectometer equals 100 meters and | millimeter is 0.001 
(or qgoo) meter. The millimeter is the smallest unit in the table. A centimeter is 
10 times as large as a millimeter, a decimeter is 10 times as large as a centimeter, a 
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meter is 10 times as large as a decimeter, and so on. Because each unit is 10 times as 
large as the unit on its right, converting from one unit to another is simply a matter of 


Botanical Gardens 1 km ; multiplying or dividing by powers of 10. 
Floral Clock 3 km 


Niagara-on-the-Lake 15 km 
Heritage District 


018 3218] a CHANGING UNITS WITHIN THE METRIC SYSTEM 


1. To change from a smaller unit to a larger unit (for example, from meters to 
4 Our neighbors in Canada (and also kilometers), move the decimal point in the original quantity one place to the left for 
each larger unit of measurement until you obtain the desired unit of measurement. 


Mexico) use the metric system. As 
you will learn shortly, the distance 


to the Botanical Gardens is about 2. To change from a larger unit to a smaller unit (for example, from kilometers 
0.6 mile and the distance to to meters), move the decimal point in the original quantity one place to the 
Niagara-on-the-Lake is about right for each smaller unit of measurement until you obtain the desired unit of 
9 miles from the sign. measurement. 


Wet ay 0 Ga t@)Ry:N ME Additional Metric Prefaces 


M any publications about the metric system are 


available free from the U.S. government. You METRIC REE 
may contact the National Institute of Standards and ~~ Multiples and Submultiples | ~—~—~-—~Prefixes. Symbols _ 
Technology (under the U.S. Department of Customs), wi 
; : 1 000 000 000 000 000 000 000 000 = 10° yotta we 
through the Web site at www.nist.gov/, or you may 1 000 000 000 000 000 000 000 = 102! Scr Z 
write to the institute’s office (Gaithersburg, MD 1.000 000 000 000 000 000 = 10!8 e E 
20899). Two worthwhile publications are Metric Style 1000 000.000 000 000 = 10!5 peta P 
Guide for the News Media and A Brief History of 1.000 000 000 000 = 10!2 tera iP 
Measurement Systems. The following interesting 1 000 000 000 = 10° giga G 
chart was selected and modified from the latter. 1 000 000 = 10° mega M 
1000 = 10° kilo k 
This is Important We often deal with very 100 = 10" Bots he 
large and v mall quantities that may be stated ie Ae ae oe 
ge a ery small qu y t= 10° 
using prefixes like giga, mega, micro, and nano. 0.1 = 107! dedi d 
For example, a camera’s memory card may contain 0.01 = 10-2 dant @ 
32 gigabytes of memory. 0.001 = 107 milli m 
0.000 001 = 10° micro mv 
0.000 000 001 = 10° nano n 
0.000 000 000 001 = 107! pico p 
0.000 000 000 000 001 = 107! femto f 
0.000 000 000 000 000 001 = 107!8 atto a 
0.000 000 000 000.000 000 001 = 1077! zepto Zz 
0.000 000 000 000 000 000 000 001 = 10-4 yocto y 


*Some countries use D for deka. 


Example Qi} Changing Units 


a) Convert 293.7 m to km. 
b) Convert 14 g to cg. 

c) Convert 0.76 € to mé. 
d) Convert 240 daf to ké. 


MATHEMATICS TODAY 


Communications 


Danmark 


he photo above, taken in 

Denmark, shows that the mo- 
bile broadband was 1.5 megabits 
per second (Mbit/s). In general, 
when using wireless Internet, the 
higher the broadband the more 
quickly the data will be transmitted. 
In 2009 the United States Federal 
Communications Commission de- 
fined “basic broadband” as data 
transmission of at least 768 kilobits 
per second (Kbps is the notation 
used in the United States). When 
this photo was taken, the broad- 
band was 1.5 Mbit/s (or 1500 Kbps). 
However, by now the speed has 
most likely been increased. 


This is Important We live 
in a technological society. Telecom- 
munications and data transmission 
are important to everyone. 


4 pe) @ 
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a) Table 8.2 shows that dekameters, hectometers, and kilometers are all larger 
units of measurements than meters. Kilometers appear three places to the left of 
meters in the table. Therefore, to change a measure from meters to kilometers, 
we must move the decimal point in the given number three places to the left, or 


293.7 m = 0.2937 km 
SF) 


Note that since we are changing from a smaller unit of measurement (meter) to a 
larger unit of measurement (kilometer), the answer will be a smaller number of 
units. 


b) Grams are a larger unit of measurement than centigrams. To convert grams to 
centigrams, we move the decimal point two places to the right, or 


14¢ = 1400c 
ne 


Note that since we are changing from a larger unit of measurement (gram) to a 
smaller unit of measurement (centigram), the answer will be a larger number of 
units. 


c) 0.76 € = 760 mf 
d) 240 daf = 2.40 k¢ |] 


Example Two More Conversions 


a) Convert 502 mm to hectometers. 
b) Convert 6.34 dam to decimeters. 


a) Table 8.2 shows that hectometers are five places to the left of millimeters. 
Therefore, to make the conversion, we must move the decimal point in the given 
number five places to the left, or 


502 mm = 0.005 02 hm 
oe eae 


b) Table 8.2 shows that decimeters are two places to the right of dekameters. 
Therefore, to make the conversion, we must move the decimal point in the given 
number two places to the right, or 


6.34 dam = 634 dm a 
ex 


Example —¥ A Metric Road Sign 


The sign in the photo, from Italy, shows that the road narrows in 300 meters. 
a) Determine the distance in kilometers. 
b) Determine the distance in centimeters. 


a) We must move the decimal point three places to the left to change from meters 
to kilometers. Therefore, 


300 m = 0.3 km 


b) We must move the decimal point two places to the right to change from meters 
to centimeters. Therefore, 


300 m = 30 000 cm a 
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Example 2§ Comparing Lengths 
Arrange in order from smallest to largest length: 3.4 m, 3421 mm, and 104 cm. 


To be compared, these lengths should all be in the same units of measure. 
Let’s convert all the measures to millimeters, the smallest units of the lengths being 
compared. 


3.4m = 3400 mm 3421 mm 104 cm = 1040 mm 


Since the lengths, in millimeters, from smallest to largest are 1040, 3400, 3421, the 
lengths arranged in order from smallest to largest are 104 cm, 3.4 m, and 3421 mm. 


SECTION 8.1 c 
Exercises 


Warm Up Exercises 8. In the metric system, the prefix used to indicate 


In Exercises 1—16, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


a) one million times the base unitis_ 


b) one millionth of the base unit is 
1. The name commonly used for the Systeme international 


d’unités in the United States is the ________ system. 9. 1 dam is ________ times greater than 1 dm. 
2. The name of the system of measurement primarily used in 10. 1 hm is _______ times greater than 1 cm. 
the United States today is the U.S. system. 


11. a) The freezing point of water in the metric system is 
3. In the metric system, 


a) the commonly used unit to measure length is the b) The boiling point of water in the metric system is 
b) the commonly used unit to measure mass is the c) Normal body temperature in the metric system is 
c) the commonly used unit to measure liquid volume is 12. A kilogram is about _______ pounds. 

the =a 


13. a) A meter is a little longer than a 
d) the commonly used unit to measure temperature is 


degrees b) A liter is a little more than a 
4. Three advantages of the metric system are that 14. The temperature on a warm day may be ________ °C. 
a) it is the worldwide accepted system of 15. A comfortable room temperature may be _______°C. 
b) there is only one base unit of measurement for each 16. A door may be ________ meters high. 


physical ______, and 
Practice the Skills 


In Exercises 17-22, match the prefix with the one letter, 
a-f, that gives the meaning of the prefix. 


c) it is based on the number 


5. In the metric system, the prefix used to indicate 


a) ten times the base unit is 1 
17. Kilo a) 00 of base unit 
b) one tenth of the base unit is 00 
er 1 i 
6. In the metric system, the prefix used to indicate 18. Milli b) 7000 of base unit 
hundred times the b it i 
cone Banderas ee 19. Hecto c) 100 times base unit 
b) one hundredth of the base unit is 
) 20. Deka d) 1000 times base unit 
7. In the metric system, the prefix used to indicate : , 
21. Deci e) 10 times base unit 
a) one thousand times the base unit is 1 
22. Centi f) — of base unit 


b) one thousandth of the base unit is —____.. 10 
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23. Complete the following. 35.10/08, )i— ees ee 
a) | milligram = = srams lie Gna tit) 
b) | hectogram = ==s_ srams Silo Wolo erin = il 
c) 1 kilogram = _____ grams S879 2nd Mary Bees Sus ie 
d) 1 centigram = _ gram 
In Exercises 39—44, convert the given unit to the unit indi- 
e) 1 dekagram = _____ grams cated. 
f) 1 decigram = _______ gram 39. 9.2 m to millimeters 
24. Complete the following. 40. 69.3 kg to hectograms 
a) 1 centiliter = _______ liter 41. 895 € to milliliters 
b) 1 dekaliter = liters 42. 24 dm to kilometers 
¢)) Wmiliiiter’ = liter 43. 40 302 mf to dekaliters 
d) 1 deciliter = ____——_ liter 44. 0.034 mf to liters 
e) 1 kiloliter = ________ liters F - 
In Exercises 45—50, use the photo taken in Beijing, 
f) 1 hectoliter = ________ liters China, that shows the distance to Xizhimen Inner Street 
is 500 m, and the speed limit is 80 kmph, to determine 


In Exercises 25-30, without referring to any of the tables the following. 


or your notes, give the symbol and the equivalent in grams 
for the unit. 


25. Milligram 26. Centigram eee | GHOLIANGOIAO Rd | si 
i aI NXE |: 
vast XIZHIMEN: Inet’ St 

27. Decigram 28. Dekagram Bee iin) | 


29. Hectogram 30. Kilogram 


Maximum Mass In Exercises 31 and 32, use the photo 
taken in Canada, which shows the maximum mass for 
vehicles allowed on the street. 


45. The distance to Xizhimen Inner Street in kilometers 
46. The distance to Xizhimen Inner Street in centimeters 
47. The distance to Xizhimen Inner Street in hectometers 
48. The speed limit in meters per hour 

49. The speed limit in millimeters per hour 


50. The speed limit in hectometers per hour 


In Exercises 51—56, arrange the quantities in order from 


: ; i 9 
31. What is the maximum mass in grams? yim plage eee 


32. What is the maximum mass in milligrams? 51,44 dem, 052 km. 620 cm 
In Exercises 33-38, fill in the missing values. 52. 514 hm, 62 km, 680 m 
33: tn. 53. 1.4 kg, 1600 g, 16 300 dg 


34. 42.9 hg = 54. 4.3 €, 420 cé, 0.045 ké 


ije} 
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55. 


56. 
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2.6 km, 105 000 mm, 52.6 hm 


0.032 k€, 460 dé, 48 000 cf 


Problem Solving 


Sik 


58. 


59. 


60. 


61. 


62. 


63. 


Who Ran Faster Jim ran 100 m, and Bob ran 100 yd in 
the same length of time. Who ran faster? Explain. 


Walking Would you be walking faster if you walked 1 
dam in 10 min or | hm in 10 min? Explain. 


Water Removal One pump removes 1 daf of water in 
1 min, and another pump removes | dé of water in | min. 
Which pump removes water faster? Explain. 


Balance If 5 kg are placed on one side of a balance and a 
15 lb weight is placed on the other side, which way would 
the balance tip? Explain. 


Framing a Painting This painting, including the frame, 
measures 74 cm by 99 cm. 


a) How many centimeters of framing were needed to 
frame the painting? 


b) How many millimeters of framing were needed to 
frame the painting? 


Calcium Tablets Sean takes two 250-mg chewable cal- 
cium tablets each day. 


a) How many milligrams of calcium will Sean take in a 
week? 


b) How many grams of calcium will Sean take in a week? 


Chevy Camaro The gas mileage of a 2010 Chevy Camaro 
with a 6-cylinder engine is about 12.21 kilometers per liter 
(km/€) on the highway. 


a) If John Herbert drove for 200 km on a highway, esti- 
mate the number of liters of gasoline the Camaro would 
use. Round your answer to the nearest tenth of a liter. 


64. 


65. 


66. 


67. 


68. 


b) What is the Camaro’s gas mileage on the highway in 
meters per liter? 


Track and Field A high school has a 400-m oval track. If 
Patty Burgess runs around the track eight times, how many 
kilometers has she traveled? 


Liters of Soda A bottle of soda contains 360 mf. 


a) How many milliliters are contained in a six-bottle 
carton? 


b) How many liters does the amount in part (a) equal? 


c) At $2.45 for the carton of soda, what is its cost per 
liter? 


A Home Run A baseball diamond is a square whose sides 
are about 27 m in length. 


a) How many meters does a batter run if he hits a home 
run? 


b) How many kilometers? 
c) How many millimeters? 


Devil’s Tower The first national monument in the United 
States was Devil’s Tower, near Sundance, Wyoming. 

The base of Devil’s Tower is about 1558 meters above 
sea level, and the summit of the Tower is about 1944 
meters above sea level. How high is Devil’s Tower from 
its base to its summit in a) meters, b) kilometers, and 

c) centimeters? 


A Devil’s Tower in Wyoming 


Tennis Stadium This photo taken at the Roland Garros 
Tennis Stadium in Paris shows the distances from the 
Roland Garros Stadium to tennis stadiums where the 
other three grand slams of tennis are played. 


8.2 Length, Area, and Volume 443 


a) How much farther is Melbourne Park (in Australia) 73. 9000 cm 74, 2000 mm 
than Flushing Meadows (in New York)? 
75. 0.000 06 hg 76. 3000 dm 
b) What is the distance determined in part (a) in meters? 
77. 0.02 k€ 78. 500 cm 
Challenge Exercises/Group Activities Recreational Mathematics 
In Exercises 69-72, fill in the blank to make a true In Exercises 79—88, unscramble the word to make a metric 


statement. unit of measurement. 


69. 1 gigameter = megameters 79, magr 80. migradec 

70. 1 nanogram = ______ micrograms 81. rteli 82. raktileed 

71. | teraliter = picoliters Me) dasart Cul iesgtsiFikeal 

72. | megagram = ________ nanograms 85. reketolim 86. timenceret 

Large and Small Numbers One advantage of the metric 87. greseed sulesic 88. togmeharc 

system is that by using the proper prefix, you can write 

large and small numbers without large groups of zeroes. Internet/Research Activity 

In Exercises 73—78, write an equivalent metric measurement 89. Write a report on the development of the metric system 
without using any zeroes. For example, you can write in Europe. Indicate which individual people had the most 
3000 m without zeroes as 3 km and 0.0003 hm as 3 cm. influence in its development. 


SECTIONS.2. Length, Area, and Volume 


me 1 . a 


When U.S. companies send their cars overseas, the gas mileage given on the car's 


window sticker is usually given in liters per hundred kilometers rather than miles per 


gallon. For example, a smart car's gas mileage may be ts. Other measurements, 


such as the car's length and weight, are also given in metric measurements. When 
clothing manufacturers ship clothing overseas, the clothing sizes will be given in met- 
ric units, such as centimeters. Can you convert a pants waist size of 38 inches to centi- 
meters? In this chapter, you will learn how to make conversions to and from the metric 


system. 


This is Important \f we export goods to other countries, our exports need to 
be sized in metric units. Imports from other countries, such as tires, are often sized in 


' ; metric units. 
A In most countries, dress sizes are 


given in centimeters. 


This section and the next section are designed to help you think metric, that is, to be- 
come acquainted with day-to-day usage of metric units. In this section, we consider 
length, area, and volume. 


Did You Know? 


1Yard 3 Feet = 
36Inches = ... 


n the U.S. Customary system, 

27 different units of length are 
used. How many of them can you 
name? Don’t forget rod, mil, paris 
line, toise, cubit, and light-year. 
The different units can be found in 
the CRC Handbook of Chemistry 
and Physics or at the website 
www.hbcpnetbase.com. 


Length 


The basic unit of length in the metric system is the meter. In all English-speaking 
countries except the United States, meter is spelled “metre.” Until 1960, the meter 
was officially defined by the length of a platinum bar kept in a vault in France. The 
modern definition of the meter is based on the speed of light, a constant that has 
been determined with great precision. Other commonly used units of length are the 
kilometer, centimeter, and millimeter. The meter, which is a little longer than 
1 yard, is used to measure things that we normally measure in yards and feet. A man 


444 CHAPTERS The Metric System 


RECREATIONAL MATH 


Ancient Olympiad 
ag iliac. Acai) TA AOR I Ne yore 


he photo shows the original an- 

cient Olympic running track in 
Greece. The first Olympiad is be- 
lieved to have taken place in 
Olympia, Greece, in 776 B.c. At 
that time only one event was fea- 
tured. It was called the stadion (or 
stade) and was a short, straight 
sprint of about 180 meters. A 
meter is about 1.1 yards. Using this 
information, can you estimate the 
race length in feet? 

In Section 8.4 we will show how 
this distance can be calculated, but 
you may be able to determine the 
answer now. 


12S 76S) = 


A Statue of Babe, at Trees of Mystery, 
Klamath, California. See Example 1(a). 


whose height is about 2 meters is a tall man. A tractor trailer unit (an 18-wheeler) is 
about 18 meters long. 

The kilometer is used to measure what we normally measure in miles. For exam- 
ple, the distance from New York to Seattle is about 5120 kilometers. One kilometer is 
about 0.6 mile, and | mile is about 1.6 kilometers. 

Centimeters and millimeters are used to measure what we normally measure in 
inches. The centimeter is a little less than 4 inch (see Fig. 8.1), and the millimeter is a 
little less than 3p inch. A millimeter is about the thickness of a dime. A book may 
measure 20 cm by 25 cm with a thickness of about 3 cm. Millimeters are often used in 
scientific work and other areas in which small quantities must be measured. The 
length of a small insect may be measured in millimeters. 


SARE AAEEEERAEEAARAARAREREAREA LERAGRAAAALERRDRRREG GEREEERARA EREERREREERREREEEREERRREREEEEL ennaa daa Centimeters 


0 1 2 3 4 5 6 7 8 9 10 ¢ smaller 
markings 
are 
millimeters) 

pape 


Se ee +-———| Inches 
3 4 


Figure 8.1 


Example {J Choosing an Appropriate Unit of Length 


Determine which metric unit of length you would use to express the following. 


a) The height of the statue of Babe, Paul Bunion’s Blue Ox, shown in the photo 
below in the margin. 


b) The length of your nose 

c) The length of a flea 

d) The height of the Empire State Building 

e) The diameter of a half-dollar 

f) The distance between Dallas, Texas, and Chicago, Illinois. 
g) The diameter of a round wastepaper basket 

h) The diameter of a pencil 

i) Your waist size 

j) Your height 


a) Meters 
c) Millimeters 


b) Millimeters or centimeters 
d) Meters 

f) Kilometers 

h) Millimeters 

j) Meters or centimeters 


e) Centimeters or millimeters 
g) Centimeters 
i) Centimeters 


In some parts of this solution, more than one possible answer is listed. Measurements 
can often be made by using more than one unit. For example, if someone asks your 
height, you might answer 5 4 feet or 66 inches. Both answers are correct. a 


Area 


In Chapter 9, we provide formulas and discuss procedures for finding the area and 
volume of many geometric figures. The procedures and formulas for finding area and 
volume are the same regardless of whether the units are metric units or customary 
units. When finding areas and volumes, each side of the figure must be given in (or 
converted to) the same unit. 


A Yellowstone National Park, 
Wyoming; see Example 2(a). 
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The area enclosed in a square with 1-centimeter sides (Fig. 8.2) is 1 cm X 1 cm = 
lcm’. A square whose sides are 2 cm (Fig. 8.3) has an area of 2cm X 2cm = 
2? em? = 4cm?. 


lcm 


coy 
‘Lem? lcm 


Levaaatl 
Figure 8.2 Figure 8.3 


Areas are always expressed in square units, such as square centimeters, square 
kilometers, or square meters. When finding areas, be careful that all the numbers be- 
ing multiplied are expressed in the same units. 

In the metric system, the square centimeter replaces the square inch. The square 
meter replaces the square foot and square yard. In the future, you might purchase car- 
pet or other floor covering by the square meter instead of by the square foot. 

For measuring large land areas, the metric system uses a square unit 100 meters 
on each side (a square hectometer). This unit is called a hectare (pronounced “hectair” 
and symbolized ha). A hectare is about 2.5 acres. One square mile of land contains 
about 260 hectares. Very large units of area are measured in square kilometers. One 
square kilometer is about a square mile. 


Example Choosing an Appropriate Unit of Area 
Determine which metric unit of area you would use to measure the area of the 
following. 

a) Yellowstone National Park (see photo) 

b) The top of a kitchen table 

c) The floor of the classroom 

d) A person’s property with an average-sized lot 

e) A newspaper page 

f) A baseball field 

g) An ice-skating rink 

h) A dime 

i) A lens in eyeglasses 

j) A dollar bill 


a) Square kilometers or hectares _b) Square meters 


c) Square meters d) Square meters or hectares 

e) Square centimeters f) Hectares or square meters 

g) Square meters h) Square millimeters or square centimeters 

i) Square centimeters j) Square centimeters a 


To find the area, A, of a square, we use the formula A = s”, where s is the length 
of a side of the square. The area can also be found by the formula area = side X side. 
We use this information in Example 3. 
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1 m? or 
10 000 em? 
kK——_ 100 cm ——_ 


Figure 8.4 

1.1m 
K 1.5m 1 
Figure 8.5 


Figure 8.7 


Example Converting Square Meters to Square Centimeters 
A square meter is how many times larger than a square centimeter? 


A square meter is a square whose sides are | meter long. Since | m 
equals 100 cm, we can replace 1 m with 100 cm (see Fig. 8.4). The area of 

1m? = 1m X 1m = 100cm X 100cm = 10000 cm’. Thus, the area of one 
square meter is 10,000 times larger than the area of one square centimeter. This 
technique can be used to convert from any square unit to a different square unit. = 


Example £4 Table Top 


Find the area of a rectangular table top if its length is 1.5 m and its width is 1.1 m 
(see Fig. 8.5). 


To find the area, we use the formula 


Area = length X width 


A=I1Xw 


Substituting values for / and w, we have 


A=15mX 1.1m 
= 1.65 m? 
Notice that the area is measured in square meters. a 


Example By A Circular Table 


A circular table has a diameter of about 76 cm (Fig. 8.6). Find the surface area of 
the table. 


The formula for the area of a circle is A = mr”, where 7 is approximately 
3.14. The radius, r, is one-half the diameter. Since the diameter is about 76 cm, the 
radius is about 38 cm. Substituting values for 7 and r, we get the following. 

A= ar 
3.14 (38 cm)? 
~ 4534.16 cm? 


N 


Thus, the area is approximately 4534.16 square centimeters. Recall from earlier 
chapters that the symbol ~ means “is approximately equal to.” a 


Many calculators contain a key. If your calculator contains a key, you should use 


that key to input the value of 7. If you do so, you will get a more accurate answer than if you 
used 3.14 for pi. 


Volume 


When a figure has only two dimensions—length and width—we can find its area. 
When a figure has three dimensions—length, width, and height—we can find its vol- 
ume. The volume of an item can be considered the space occupied by the item. 

In the metric system, volume may be expressed in terms of liters or cubic meters, 
depending on what is being measured. In all English-speaking countries except the 
United States, liter is spelled “litre.” 

The volume of liquids is expressed in liters. A liter is a little larger than a 
quart. Liters are used in place of pints, quarts, and gallons. A liter can be divided 
into 1000 equal parts, each of which is called a milliliter. Figure 8.7 illustrates a 
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graduated cylinder containing about 50 mf of liquid. In chemistry, 100 m¢ and 
other metric graduated cylinders are often used. Milliliters are used to express the 
volume of very small amounts of liquid. Drug dosages are often expressed in mil- 
liliters. An 8-oz cup will hold about 240 mé of liquid. 


RECREATIONAL MATH 


poe 2 the Customary The kiloliter, 1000 liters, is used to represent the volume of large amounts of liquid. 
nace Tank trucks carrying gasoline to service stations hold about 10.5 k€ of gasoline. 

hroughout the English language Cubic meters are used to express the volume of large amounts of solid and gaseous 
guag Pp g g 

there are sayings that use material. The volume of a dump truck’s load of topsoil is measured in cubic meters. 

customary units. In the following The volume of natural gas used to heat a house may soon be measured in cubic meters 

examples, replace the customary instead oficubic feet 

measure (sh i th it oii Te ; 5 ; ; , é ; 

(showin Pater eae The liquid in a liter container will fit exactly in a cubic decimeter (Fig. 8.8). Note 


the appropriate metric measure. 


that 1 € = 1000 mé and that 1 dm? = 1000 cm*. Because 1 € = 1 dm?, 1 m€ must 


a) Give hima (inch), and 
he will take a (mile). equal I cm*. Other useful facts are illustrated in Table 8.3. Thus, within the metric 
b) There was a crooked man and he system, conversions are much simpler than in the U.S. customary system. For example, 
walked a crooked —___ how would you change cubic feet of water into gallons of water? 
(mile). 
c) One-hundred ______ (yard) 
dash. 
d) | wouldn’t touch a skunk with a 
10-__________ (foot) pole. 
e) This is a _______ __ — _(mile)stone 
in my life. 


Jajawo| (8 JajewW (p Ja}sW 
JOJOWOII} (G Je}SWOIPy ‘JeyewiUSd (e 


1 liter = 1000 mé¢ 1 dm? = 1000 cm? 
Figure 8.8 
Table 8.3 
‘Volume in Cubic Units Volume in Liters 
1 cm? = 1 mé 
1 dm? = 1¢ 
Im? ~ 1k€ 


Example [4 Choosing an Appropriate Unit of Volume 


Determine which metric unit of volume you would use to measure the volume of 
the following. 

a) The water in Crater Lake (the deepest lake in the United States) 

b) A carton of milk 

c) A truckload of topsoil 

d) A liquid drug dosage 

e) Sand in a paper cup 


A Crater Lake in Oregon. See Example 
6(a). f) A dime 
g) Water in a drinking glass 
h) Water in a swimming pool 
i) The storage area of a sports utility vehicle with the back seats folded down or 
removed 


j) Concrete used to lay the foundation for a basement 
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Figure 8.10 


a) Kiloliters 
c) Cubic meters 


b) Liters 

d) Milliliters 
e) Cubic centimeters f) Cubic millimeters 
g) Milliliters 


i) Cubic meters 


h) Kiloliters or liters or cubic meters 
j) Cubic meters a 


Example (4 Swimming Pool Volume 


A swimming pool is 18 m long and 9 m wide, and it has a uniform depth of 3 m 
(Fig. 8.9). Find (a) the volume of the pool in cubic meters and (b) the volume of 
water in the pool in kiloliters. 


a) To find the volume in cubic meters, we use the formula 


V=1XwxXh 


Substituting values for /, w, and h we have 


V= 18 m< 9m < 3m 
= 486 m? 


b) Since 1 m= I k€, the pool will hold 486 k€ of water. a 


Example E Choose an Appropriate Unit 


Select the most appropriate answer. The volume of a shoe box is approximately 
a) 1500 mm°. b) 6500 ¢. c) 6500 cm. 


A shoe box is not a liquid, so its volume is not expressed in liters. Thus, 
(b) is not the answer. The volume of the rectangular solid in Fig. 8.10 is approxi- 
mately 1500 mm’, so (a) is not an appropriate answer. A shoe box may measure 
about 33 cm X 18cm X 11 cm, or 6534 cm?, Therefore, 6500 cm? or (c) is the 
most appropriate answer. a 


When the volume of a liquid is measured, the abbreviation cc is often used in- 
stead of em? to represent cubic centimeters. For example, a nurse may give a patient 
an injection of 3 cc or 3 mé of the drug ampicillin. 


Example B] Measuring Medicine 


A nurse must give a patient 3 cc of the drug gentamicin mixed in 100 cc of a nor- 
mal saline solution. 

a) How many milliliters of the drug will the nurse administer? 

b) What is the total volume of the drug and saline solution in milliliters? 


a) Because | cc is equal in volume to | mf, the nurse will administer 3 mé of 
the drug. 
b) The total volume is 3 + 100 or 103 ce, which is equal to 103 mé. gE 


Figure 8.11 


MATHEMATICS TODAY 


Metrics and Medicine 


oth milliliters and cubic centi- 


meters are commonly used in 
medicine. In the United States, cubic 
centimeters are commonly denoted 
ce rather than the cm? used in the 
metric system. A patient's intake 
and output of fluids and intravenous 
injections are commonly measured 
in cubic centimeters. Drug dosage is 
measured in milliliters. 

The following question is from a 
nursing exam. Can you determine 
the correct answer? 

In caring for a patient after de- 
livery, you are to give 12 units of 
Pitocin (in 1000 cc of intravenous 
fluid). The ampule is labeled 10 
units per 0.5 m€. How much of the 
solution would you draw and give? 
a) 0.6 cc 
b) 1.2 cc 
c) 6.0 cc 
d) 9.6 cc 

(e) amsuy 


LD This is Important Our 
own health is important to us. The 
vitamins and minerals we take, as 
well as prescription drugs, are of- 
ten given in metric units. 


8.2 Length, Area, and Volume 449 


Example {{@ A Hot-Water Heater 


A hot-water heater, in the shape of a right circular cylinder, has a radius of 50 cm 
and a height of 148 cm. What is the capacity, in liters, of the hot-water heater? 


The hot-water heater is illustrated in Fig. 8.11. The formula for the vol- 
ume of a right circular cylinder is V = ar7h, where 7 is approximately 3.14. Since 
we want the capacity in liters, we will express all the measurements in meters. The 
volume will then be given in cubic meters, which can be easily converted to liters. 
Thus, 50 cm = 0.5 m, and 148 cm = 1.48 m. 


V=arh 
= 3.14(0.5)7(1.48) 
~ 3.14(0.25)(1.48) ~ 1.1618 m? 


We want the volume in liters, so we must change the answer from cubic meters to liters. 


1m? = 1000 ¢ 
So, 
1.1618 m® = 1.1618 X 1000 = 1161.82 
Therefore, the hot-water heaters capacity is about 1161.8 ¢. ] 


Example {] Comparing Volume Units 


a) How many times larger is a cubic meter than a cubic centimeter? 
b) How many times larger is a cubic dekameter than a cubic meter? 


a) The procedure used to determine the answer is similar to that used in Example 3 
in this section. First we draw a cubic meter, which is a cube 1 m long by | m 
wide by | m high. In Fig. 8.12, we represent each meter as 100 centimeters. The 
volume of the cube is its length times its width times its height, or 

V=I1Xwxh 
= 100cm X 100cm X 100cm = 1 000 000 cm? 


Since 1 m? = 1 000 000 cm?, a cubic meter is one million times larger than a 
cubic centimeter. 


LE th. ig 


100 cm}1 m 


lm <o om ¢ ga 


100em—s 1 dam 
Figure 8.12 Figure 8.13 


b) Work part (b) in a similar manner (Fig. 8.13). A dekameter is 10 meters. Thus, 


V=ixwxh 
= 10m X 10m X 10m = 1000 m? 


Since 1 dam? = 1000 m?, a cubic dekameter is one thousand times larger than a 
cubic meter. a 
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SECTION 8.2 : 
Exercises 


Warm Up Exercises 


In Exercises 1-12, fill in the blanks with an appropriate 
word, phrase, or symbol (s). 


1. Cubic meters, m°, are a measure of 

2. Millimeters, mm, are a measure of 

3. Hectares, ha, are a measure of 

4. Centimeters, cm, are a measure of 

5. Meters, m, are a measure of 

6. Liters, €, are a measure of 

7. Kiloliters, k€, are a measure of 

8. Square meters, m’, are a measure of 

9. Cubic centimeters, cm?, are a measure of 
10. Kilometers, km, are a measure of 


11. Centiliters, cf, are a measure of 


12. Cubic kilometers, km, are a measure of 


Practice the Skills 


In Exercises 13-22, indicate the metric unit of measure- 
ment that you would use to express the following. 


13. The length of a this book 

14. The distance between cities 

15. The diameter of a nickel 

16. The diameter of a dinner plate 

17. The length of a newborn infant 

18. The diameter of a helicopter landing pad 
19. The distance between freeway exits 

20. The length of a butterfly 

21. The distance to the moon 


22. The height of an adult male 


In Exercises 23—30, choose the best answer. 


23. The length of a football field, including both end zones, is 


about how long? 


a) 110 hm b) 110 km ec) 110m 


24 


25% 


26. 


27. 


28. 


29. 


30. 


A U.S. postage stamp is about how wide and how long? 
a) 2cm X 3cm b) 2mm X 3mm 


c) 2hm X 3hm 


The distance between Los Angeles and San Diego could 
be how far? 

a) 130cm b) 130m c) 130km 

The longest snake, a full-grown reticulated python, may be 
about how long? 

a) 800 cm b) 800 mm c) 800 dm 

A ruler is about how wide? 

a) 4mm b) 4cm c) 4dm 

The diameter of a coffee cup is about which of the following? 
a) 8mm b) 8cm c) 8dm 

The world’s tallest building, Burj Khalifa, in Dubai is 
about how tall? 

a) 828 cm b) 828 km c) 828m 

The length of the New River Gorge Bridge near Fayette- 


ville, West Virginia, is about how long? 


a) 1000 dam b) 1000 m ce) 1000 cm 


a New River Gorge Bridge in West Virginia 


In Exercises 31—36, (a) estimate the item in metric units 
and (b) measure it with a metric ruler. Record your result. 


31. 
32. 
BA) 
34. 
354 
36. 


The width of a card from a deck of cards 
The width of a classroom door 

The length of a car 

The diameter of a can of soda 

The height of a box of cereal 


The thickness of a quarter 


In Exercises 37—44, indicate the metric unit of measure- 
ment you would use to express the area of the following. 


37. The floor space in Walmart 
38. A computer monitor’s screen 
39. A kitchen table 

40. A building lot for a house 
41. A postage stamp 

42. A ceiling tile 

43. Disney World 


A The Magic Kingdom, Disney 
World, Florida 


44, A professional basketball court 


In Exercises 45—52, choose the best answer. 


45. A credit card has an area of about 


a) 50 cm’. b) 50 mm’. c) 50 dm?. 
46. The area of a city lot is about 

a) 800 m?. b) 800 hm?. c) 800 cm. 
47. The area of a city lot is about 

a) $m’. b) ¢ ha. c) § km’. 
48. The area of a floor tile is about 

a) 930 m’. b) 930km*, ce): 930. cm”. 


49. The area of one side of a nickle is about 


a) 3 cm’. b) 3 m?. c) 3mm”. 
50. The area of the screen of a tabletop TV is about 


a) 1200dm?. _b) 1200mm*. c) 1200 cm. 
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51. The area of Grand Canyon National Park is about 
a) 4900m*. —b) 4900 cm”. ) 4900 km”. 
52. The area of a U.S. flag is about 


c) 2.2 km?. 


b) 2.2 m2. 


a) 2.2 cm’. 


In Exercises 53-58, (a) estimate the area of the item in met- 
ric units and (b) measure its dimensions in metric units and 


compute its area. 
53. The cover of this book 


54. A typical photograph 

55. A $20 bill 

56. The top of your kitchen table 

57. A compact disk (or CD) 

58. The face of a penny 

In Exercises 59-66, determine the metric unit that would 
best be used to measure the volume of the following. 
59. Liquid in an eye dropper 

60. Water in a hot-water heater 

61. Water flowing over Niagara Falls per minute 

62. A bag of topsoil 

63. A truckload of ready-mix concrete 

64. Water in a bottle of water 

65. Air in a hot air balloon 


66. Air in a soccer ball 
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In Exercises 67-74, choose the best answer to indicate the 77. Oil in a barrel that has a height of 1 m and a diameter of 

volume of the following. 0.5 m (Use V = rh.) 

67. A shoe box 78. Water in a cylindrical tank that is 40 cm in diameter and 
2m high 


a) 7780mm> ~—+b) :7780dm?~ ec) 7780 cm? 


Ge Witer dateould RE ee In Exercises 79-82, select the best answer. 


79. One liter of liquid has the equivalent volume of which of 
the following: a cubic centimeter, a cubic decimeter, or a 
cubic meter? 


a) 3mf€ b) 3¢ c) 3dé 


69. Water in a 24-ft-diameter above-ground circular swim- 


=e 
ome 80. One cubic meter has the equivalent volume of which of 


a) 55€ b) 55 mé c) 55k€ the following liquid measures: a liter, a milliliter, or a 
kiloliter? 
70. Soda in a can of soda 
81. One milliliter of liquid has the equivalent volume of which 
a) 355 ¢ b) 355m€ —e) 355m” of the following: a cubic centimeter, a cubic decimeter, or 
a cubic meter? 
71. A carry-on suitcase 
82. A hectare has an area of about how many acres: 2.5, 25, 


3 3 3 
a) 0.04 cm b) 0.04mm° ec) 0.04m or 250? 


72. Juice that can be squeezed out of an orange F 
a : Problem Solving 


a) 120keé b) 120m€ se) 120€ In Exercises 83-98, when appropriate, use the m key on 


sr your calculator. 
73. Air in a soccer ball 


83. Area Use a metric ruler to measure the length and width 
of the sides of the rectangle. Then compute the area of the 
rectangle. Give your answers in metric units. 


a) 5000 m? b) 5000cm> ce) 5000 mm? 
74. Air in a balloon with a diameter of about 17 meters 


a) 2600 m? b) 2600cm? cc) 2600 km? 


84. Area Use a metric ruler to find the radius of the circle. 
Then compute the area of the circle. Give your answers in 
metric units. 


In Exercises 75—78, (a) estimate the volume in metric 
units and (b) compute the actual volume of the item. When 


appropriate, use the Pi key on your calculator. Round 85. Merry-Go-Round The base of the merry-go-round (or 
answers to two decimal places. carousel) at Hershey Park in Hershey, Pennsylvania, is 

a circle of radius 15.0 meters. Determine the area of the 
75. Air in a pizza box that is 46 cm long, 46 cm wide, and base. Use the formula A = ar?. 


5 cm tall (Use V = /wh.) 

86. Painting The total area of a framed painting including 
the matting is 2540 cm? (see photo on top of page 453). 
If the length and width of the actual painting are 37 cm 


76. Water in a water bed that is 2 m long, 1.5 m wide, and 25 cm 
deep 
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and 28 cm, respectively, determine the area of the 92. Volume of a saucepan A saucepan has a diameter of 
matting. 18.0 cm and a height of 9.0 cm. Determine the volume of 
the sauce pan in cubic centimeters. 


93. Fish Tank Volume A rectangular fish tank is 70 cm long, 
40 cm wide, and 20 cm high. 


a) How many cubic centimeters of water will the tank hold? 
b) How many milliliters of water will the tank hold? 


c) How many liters of water will the tank hold? 


87. A Walkway A rectangular building 50 m by 70 m is sur- 
rounded by a walkway 1.5 m wide. 


a) Find the area of the region covered by the building and 
the walkway. 


b) Find the area of the walkway. 


88. Farmland Kim Martello has purchased a farm that is in 
the shape of a rectangle. The dimensions of the piece of 
land are 1.4 km by 3.75 km. 


94. Hot-Water Heater A cylindrical shaped hot-water heater 


a) How many square kilometers of land did she purchase? ‘ 
has a diameter of 0.56 m and a height of 1.17 m. If the hot- 


b) If 1 km? equals 100 ha, determine the amount of land water heater is filled, determine the volume of water in the 
she purchased in hectares. hot-water heater in 
89. Children’s Playground The dimensions of a large rectan- a) cubic meters. 


gular playground are 42.4 m by 32.5 m. 
b) liters. 
a) Determine the area of the playground in square meters. 


e : 95. How many times larger is a square kilometer than a square 
b) If 1 m* equals 0.0001 ha, determine the area of the hectometer? 


playground in hectares. 
96. How many times larger is a square kilometer than a square 
dekameter? 


97. How many times larger is a cubic meter than a cubic deci- 
meter? 


98. How many times larger is a cubic centimeter than a cubic 
millimeter? 


In Exercises 99-104, replace the question mark with the 
appropriate value. 


99. 1 cm? = ? mm? 100. 1 km? = ? dam? 


90. Volume of Water a) What is the volume of water in a ; : , ; 
rectangular swimming pool that is 18 m long and 10 m 101.1 cm* = ?m° 102. 1 mm” = ? dm” 
wide and has an average depth of 2.5 m? Give your answer 


— 3 Bie as 3 
in cubic meters. 103. 1 m’ = ? cm 104. 1 hm’ = ?km 
b) How many kiloliters of water will the pool hold? In Exercises 105-108, fill in the blank. 
91. Cost of Paint The first coat of paint for the, outside of a 1050. 410lema= ne 
building requires 1 ¢ of paint ue each 10 m?. The second 
coat requires 1 ¢ for every 15 m?. If the paint costs 106. 435 cm? = e 
$4.75 per liter, what will be the cost of two coats of paint 
denerallaoe ilding 2 107. 76k¢ = m* 
for the four outside walls of a rectangular building 20 m 


d 6m high? 
long, 12 m wide, and 6 m hig 108. 42¢ = ae 
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Glacier In Exercises 109-110, assume that a part of a rect- b) Is converting from one unit of area to a different unit 
angular glacier that contains 60 cubic meters of ice calves of area generally easier in the metric system or the 
(or breaks) off and falls into the ocean. U.S. customary system? Explain. 
109. When the ice that has fallen into the ocean melts, de- F fi 

termine the approximate amount of water, in kiloliters, Recreational Mathematics 

obtained from the ice. 114. Water Usage a) How much water do we use daily? 

2 , b On the average, people in the United States use more 

110. When the ice melts, determine the approximate amount water than people anywhere else in the world. Take a 

of water, in cubic centimeters, obtained from the ice. guess at the number of liters of water used per day per 


person in the United States. 
Challenge Problems/Group Activities 


b) Now take a guess at the number of liters used per day 


In Exercises 111 and 112, fill in the blank to make a true per person in China. 
statement. anes? : 
Compare your answers to those given in the answer section. 
111. 6.7k¢ = dm? 
112. 1.4ha = em2 Internet/Research Activity 
2 é 115. The Meter The definition of the meter has changed sev- 
113. Conversions In Example 3, we illustrated how to change eral times throughout history. Write a one- to two-page 
an area in a metric unit to an area measured with a differ- report on the history of the meter, from when it was first 
ent Meme UAC. named to the present. 


a) Using Example 3 as a guide, change 1 square mile to 
square inches. 


SECTION8.3. | Mass and Temperature 


rid 


It is January, and you and your friends go for a visit to Niagara Falls, Canada. The 
thermostat in your hotel room is set on 20° Celsius. Will you need to adjust the ther- 
mostat? If the temperature outside is 15°C, how should you dress? 

While watching television, you see an astronaut floating while working on the 
Space Station. Does this floating astronaut have any weight? Does the astronaut have 
any mass? In this section, we will discuss these two important metric measurements, 
temperature and mass. 


4 Niagara falls in the winter. 


This is Important Temperatures outside the United States are almost always given 
in degrees Celsius. Also, temperatures used in the sciences are measured in degrees 
Celsius. The concept of mass is important to all sciences. 


Mass 


Weight and mass are not the same. //ass is a measure of the amount of matter in an 
object. It is determined by the molecular structure of the object, and it will not change 
from place to place. Weight is a measure of the gravitational pull on an object. For 
example, the gravitational pull of Earth is about six times as great as the gravitational 
pull of the moon. Thus, a person on the moon weighs about , as much as on Earth, 
even though the person’s mass remains the same. In space, where there is no gravity, 
a person has no weight but does have mass. 


Did You Know? 
The Kilogram 


Se 1889, a single platinum- 
iridium bar has been sealed in 
an airtight jar in the International 
Bureau of Weights and Measures in 
Sevres, France. 

Nicknamed “Le Grand K,” this 
bar constitutes the one and only 
true kilogram. Of all the standard 
international units of measure, 
the kilogram remains the only one 
whose definition relies on a physi- 
cal artifact. All the other units have 
their definitions rooted in constants 
of nature, such as the speed of 
light or atomic vibrations. 

The kilogram has varied by as 
much as 0.05 part per million in the 
last 100 years. The cause of that vari- 
ance remains unknown. 

Some scientists want to redefine 
the kilogram in a way that will make 
the standard absolute, unchanging, 
and accessible to anyone, anywhere. 


A See Example 1(a) 
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Even on Earth, the gravitational pull varies from point to point. The closer you 
are to Earth’s center, the greater the gravitational pull. Thus, a person weighs very 
slightly less on a mountain than in a nearby valley. Because the mass of an object 
does not vary with location, scientists generally use mass rather than weight. 

Although weight and mass are not the same, on Earth they are proportional to 
each other (the greater the weight, the greater the mass). Therefore, for our purposes, 
we can treat weight and mass as the same. 

The kilogram is the basic unit of mass in the metric system. It is about 2.2 pounds. 
The official kilogram is a cylinder of platinum—iridium alloy kept by the International 
Bureau of Weights and Measures, located in Sévres, France, near Paris. (See the Did 
You Know? in the margin.) 

Items that we normally measure in pounds are usually measured in kilograms in 
other parts of the world. For example, an average-sized man has a mass of about 75 kg. 

The gram (a unit that is 0.001 kg) is relatively small and is used for items nor- 
mally measured in ounces. A nickel has a mass of about 5 g, a cube of sugar has a 
mass of about 2 g, and a large paper clip has a mass of about | g. 

The milligram is used extensively in the medical and scientific fields as well as in 
the pharmaceutical industry. Nearly all bottles of tablets are now labeled in either mil- 
ligrams or grams. 

The metric tonne (t) is used to express the mass of heavy items. One metric tonne 
equals 1000 kg. A metric tonne is a little larger than our customary ton of 2000 lb. 
The mass of a large truck may be expressed in metric tonnes. 


EXAMPLE {i Choosing the Appropriate Unit 


Determine which metric unit you would use to express the mass of the following. 


a) A 1|-year-old child b) A whale c) A pair of eyeglasses 
d) A box of cereal e) Alaptop computer _f) A spider 

g) A frog h) A refrigerator 

a) Kilograms b) Metric tonnes c) Grams 


d) Grams 
g) Grams 


e) Grams or kilograms f) Milligrams 


h) Kilograms i 


One kilogram of water has a volume of exactly | liter. In fact, 1 liter is defined to be 
the volume of 1 kilogram of water at a specified temperature and pressure. Thus, mass and 
volume are easily interchangeable in the metric system. Converting from weight to vol- 
ume is not nearly as convenient in the U.S. customary system. For example, how would 
you change pounds of water to cubic feet or gallons of water in our customary system? 


Water 


Liquid measure 


Mass of water 


Cubic measure 


Figure 8.14 One cubic decimeter of water has the volume 
of one liter and the mass of one kilogram. 
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MATHEMATICS TODAY 


It’s a Metric World 


Figure 8.16 


he United States is the only 

westernized country not cur- 
rently using the metric system as its 
primary system of measurement. 
The only countries in the world be- 
sides the United States not com- 
mitted to using the metric system 
are Liberia and Myanmar (although 
Liberia and Myanmar use it in prac- 
tice); see Fig. 8.16. 


This is Important The 

European Union (EU) adopted a di- 
rective that requires all exporters to 
EU nations to indicate the dimen- 
sions of their products in metric 
units. To trade goods in many parts 
of the world, U.S. manufacturers 
must use metric measurements. 


Since 1 dm? = 1000 cm?, 1 € = 1000 mé, and 1 kg = 1000 g, we have the fol- 
lowing relationship which holds for water. 


1000cm? = 1000 mé 1000 g 


or, lcm? = Im€ = 1g 


Il 


Figure 8.14 on page 455 illustrates the relationship between volume of water in 
cubic decimeters, in liters, and mass in kilograms. Table 8.4 expands on this relation- 
ship between the volume and mass of water. 


Table 8.4 Volume and Mass of Water 


“Volume in vi i v Volume os gt! ‘Mass of Water Ay 
Cable Units) &- 0) in Liters 9 eS 
lcm? = 1 mé = Ig 
1 dm? = ihe = kg 
1m? = Wit = 91) (1000.ke) 


EXAMPLE Volume of a Fish Tank 
A fish tank is 1 m long, 50 cm high, and 250 mm wide (Fig. 8.15). 


Figure 8.15 


a) Determine the number of liters of water the tank holds. 
b) What is the mass of the water in kilograms? 


a) We must convert all the measurements to the same units. Let’s convert them all 
to meters: 50 cm is 0.5 m, and 250 mm is 0.25 m. 


WA [LK yn S< Ip 
0.25 055 
0.125 m? 


Since 1 m? of water = 1 k€ of water. 
0.125 m? = 0.125 ké, or 125 ¢ of water 


Thus the tank holds 125 € of water. 
b) Since | € of water has a mass of | kg, 125 ¢ of water has a mass of 125 kg. 


Thus the water in the fish tank has a mass of 125 kg. a 


ee AC 


210 0 
200 
190 90 
180 
17o—e 
160-32 45 
150 
140-2 60 
130-4 


120-2 50 


| 10-3 
100-2E 40 
90-30 
80 SE 
70 20 
60 
50 10 
40 
30 -=-0 
20 
190 10 
OnE 350 
-10 


Figure 8.17 
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To convince yourself of the advantages of the metric system, do a similar prob- 
lem involving the U.S. customary system of measurement, such as Challenge 
Problems/Group Activities Exercise 72 at the end of this section. 


Temperature 


The Celsius scale is used to measure temperatures in the metric system. Figure 8.17 
shows a thermometer with the Fahrenheit scale on the left and the Celsius scale on 
the right. 

The Celsius scale was named for Swedish astronomer Anders Celsius (1701-— 
1744), who first devised it in 1742. On the Celsius scale, water freezes at O°C and 
boils at 100°C. In the past, the Celsius thermometer was called a “centigrade 
thermometer.” Recall that centi means 79, and there are 100 degrees between the 
freezing point of water and the boiling point of water. Thus, 1°C is ww of this 
interval. Table 8.5 gives some common temperatures in both degrees Celsius (°C) 
and degrees Fahrenheit (°F). 


Table 8.5 
ir Was Gee Se bes es " 
Calg ote ee ere ey Fahrenheit 
Temperature — Ar ris i eee ee Temperature 
SSC A very cold day O°F 
OAS Freezing point of water 322K 
10°C A warm winter day 50°F 
20°C A mild spring day 68°F 
502€ A warm summer day 86°F 
37° Body temperature 98.6°F 
100°C Boiling point of water 212°F 
| NG TAS: Oven temperature for baking Spl! 


At a temperature of —40° the Celsius and Fahrenheit temperatures are the same. 
That is, —40°C = —40°F. 


Example Metric Temperatures 


Choose the best answer. (Refer to the dual-scale thermometer in Fig. 8.16.) 


a) Chicago, Illinois, on New Year’s Day might have a temperature of 


id) WOKE ad) ANAC 1) M4 5°: 
b) Washington, D.C., on July 4 might have a temperature of 
iD) XE: ni) BORE. iii) 40°C. 


c) The oven temperature for baking a cake might be 
i) 60°C ii) 100°C. inti): LGEXe. 


a) A temperature of 20°C is possible if it is a very mild winter, but 45°C is much 
too hot. The best answer for a normal winter is —10°C. 
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b) The best estimate is 30°C. A temperature of 15°C is too chilly, and 40°C is too 


hot for July 4. 
c) A cake bakes at temperatures well above boiling, so the only reasonable answer 
1S W)C. al 


Comparing the temperatures in Table 8.5, we see that the Celsius scale has 100° 
from the boiling point of water to the freezing point of water and the Fahrenheit 
scale has 180° from the boiling point of water to the freezing point of water. 
Therefore, one Celsius degree represents a greater change in temperature than one 
Fahrenheit degree does. In fact, one Celsius degree is the same as tips or 2 Fahrenheit 
degrees. When converting from one system to the other system, use the following 
formulas. 


From Celsius to Fahrenheit From Fahrenheit to Celsius 


ee c= 28-32 
B= C42 9‘ ) 


Example £4 Convert to °C 


A typical setting for home thermostats is 72°F. What is the equivalent temperature 
on the Celsius thermometer? 


We use the formula C = 3 (F — 32) to convert from °F to °C. Substitut- 
ing F = 72 gives 


5 
G=— (72, — 32 

9 | ) 
5 

= —(40 
9 | ) 

= 22.2 

Thus, the equivalent temperature of 72°F is about 22.2°C. r | 


Example B¥ Convert to °F 
If the temperature outdoors is 28°C, what is the temperature in degrees Fahrenheit? 


We use the formula F = 2C + 32 to convert from °C to °F. Substituting 
C = 28 yields 


a5] 
ll 


2 (08) ar ey) 
5) 


50.4 + 32 
82.4 


Thus the temperature is about 82.4°F. a 


8.3 Mass and Temperature 459 


Did You Know? 


Year of Metrification 


ee every country in the world, except for the United States, Liberia, and Myanmar, presently use the metric system. The chart 
below shows the official year of metrification for various countries. Space prohibits us from listing all the countries. For a more 
complete chart see http://lamar.colostate.edu/~hillger/internat.htm. 


Year of Official Metrication 
1780 1800 1820 1840 1860 1880 1900 1920 1940 1960 1980 2000 2020 


France 
Belgium/Netherlands 
Columbia, Monaco 
Brazil, Mexico 

Italy, Uruguay 

Peru, Puerto Rico 
Germany, Portugal 
Sweden, Switzerland 
Argentina, Finland 
Denmark, Costa Rica 
Panama, Venezuela 
Poland, Mongolia 
Russia, China 
Indonesia, Thailand 
Albania, Korea, Israel 
India, Sudan 

Japan, Greece, 

Niger, Senegal, Togo 
Ethiopia, Nigeria 
Saudi Arabia 

Britain 

Ireland, Pakistan 
South Africa 
Australia/New Zealand 
Canada 

Jamaica 


Advance of Metric Usage in the World 


Courtesy of U. S. Metric Association (www.metric.org) 


SECTION 8.3 4 
Exercises 


Warm Up Exercises 


In Exercises 1-8, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


1. The basic unit of mass in the metric system is the 


2. The mass of a nickel is about 5 


3. A metric tonne is the unit used to express the 
of a very heavy item, such as a dump truck. 


4. The metric unit that is a little more than 2.2 pounds is the 


5. Temperatures in the metric system are measured in 


degrees 
6. The freezing point of water is _______ °C. 
7. The boiling point of water is _________ °C. 
8. Normal body temperature is ________ °C 


Practice the Skills 


In Exercises 9-18, indicate the metric unit of measurement 


that would best express the mass of the following. 
9. A 10-year-old boy 10. A quarter 


11. A baseball 12. A box of cereal 


13. A new pencil 14. A sports utility vehicle 
15. A refrigerator 16. A mosquito 


17. A full-grown elephant 18. A calculator 


A See Exercise 17. 
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In Exercises 19-24, select the best answer. 
19. The mass of a 5-lb bag of sugar is about how much? 
a) 2.27¢ 


b) 2.27 kg c) 2.27 dag 


20. The mass of a tea bag is about how much? 


a) 4mg b) 4kg c) 4g 

21. The mass of a coffee pot filled with coffee is about how 
much? 
a) 1.4 mg b) 1.4kg c) 14g 


22. The mass of a box of Cheerios is about how much? 


a) 0.45t b) 0.45 g c) 0.45 kg 

23. The mass of a full-grown rhinoceros is about how 
much? 
a) 2300 g b) 2300 kg c) 2300 dag 


24. The mass of a full-size car is about how much? 


a) 1 962 000 hg b) 380 kg c) 1.6t 


In Exercises 25—28, estimate the mass of the item. If a scale 


with metric measure is available, find the mass. 
25. Your body 26. A gallon of water 


27. A telephone book 28. A tomato 


In Exercises 29-38, choose the best answer. Use Table 8.5 
and Fig. 8.16 to help select your answers. 


29. Freezing rain is most likely to occur at a temperature of 


Pa) =P SC. 


b) 32°C. 


c) O°C. 


30. The thermostat for an air conditioner was set for 70°F. 
This setting is closest to 
b) 21°C. 


EVE AAC, C) 22; 


31. The temperature of the water in a certain lake is 5°C. You 
could 


a) ice fish. 
b) dress warmly and walk along the lake. 
c) swim in the lake. 


32. The temperature of the water coming out of the geyser Old 
Faithful at Yellowstone National Park might be 


a) 50°C. b) 96°C. c) 3000°C. 
33. The temperature of flowing volcanic lava might be 


a) 50°C. 


b) 100°C. 


c) 1200°C. 


34. What might be the temperature at which a refrigerator is set? 


a) 30°C b) 5°C c) 0°C 
35. The temperature in Phoenix, Arizona, on a summer day 


might be 


a) ioe b) 20°C c) 40°C 

36. What might be the temperature of an apple pie baking in 
the oven? 
a) 90°C b) 100°C CG Ae 


37. The temperature of water in a hot tub might be 


a) 30°C. b) 50°C. c) 40°C. 


38. The temperature of the snow on top of Mount Rainier, 
Washington, might be 
a) —155€ 


li) ate c) S°C 


4 Mount Rainier, Washington 


In Exercises 39-52, convert each temperature as indicated. When 
appropriate, give your answer to the nearest tenth of a degree. 


39 0 Ce A aC eens eee 
41, O20R Sy Sled a) SNL AD MS] ()9p) = SOG CRC 
4350 == eee 44, 100°F = ____ °C 
45.3) CS a Gs el Ce = ee 
47, 19" ee CASS (5b = 

49. 0°C = aes ae er 5055 0° Crs4 Sin YF 

51. —20°F = Ce 52: AD SSRs) lest uhh 


In Exercises 53-58, use the following graph, which shows 
the daily low and high temperatures, in degrees Celsius, for 
the week in the outback in Australia. The week illustrated 
was unseasonably warm. Determine the following tempera- 
tures in degrees Fahrenheit. 


THE HEAT OF THE DAY 
Average January Temperature: 
Maximum 22.0° Minimum 12.0° 


A Daily 
Minimum 


A Daily 
Maximum 


53. The average January maximum temperature 
54. The maximum temperature for the week 
55. The maximum temperature on Wednesday 
56. The maximum temperature on Saturday 

57. The range of temperatures on Monday 

58. The range of temperatures on Tuesday 


Problem Solving 


59. Blueberries As shown in the photo above and to the right, 
blueberries in Bologna, Italy, cost 9.00 euros per kilogram. 


a) Determine the cost, in euros, for 2.5 kilograms of 
blueberries. 


b) If a euro has a value of $1.46, determine the cost of 
1 kilogram of blueberries in U.S. dollars. 
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c) Ifa kilogram is 2.2 pounds, determine the cost of 1 pound 
of blueberries in U.S. dollars. 


60. Bridge Weight Restriction A bridge has a weight restric- 
tion of 3.5 metric tonnes (t). If the weight of an empty 
truck is 2.92 t and the driver and passengers together weigh 
180 kilograms, how much cargo, in metric tonnes, can be 
added to the truck without exceeding the 3.5 t weight limit? 


61. Salt and Soda A mixture of 45 g of salt and 29 g of 
baking soda is poured into 370 mf of water. What is the 
total mass of the mixture in grams? 


62. Jet Fuel A jet can travel about 1 km on 17 kg of fuel. 
How many metric tonnes of fuel will the jet use flying 
nonstop between Baltimore and Los Angeles, a distance 
of about 4320 km? 


63. A Storage Tank The dimensions of a rectangular storage 
tank are length 16 m, width 12 m, and height 12 m. If the 
tank is filled with water, determine 


a) the volume of water in the tank in cubic meters. 
b) the number of kiloliters of water the tank will hold. 
c) the mass of the water in metric tonnes. 


64. A Water Heater A hot-water heater in the shape of a 
right circular cylinder has a radius of 50 cm and a height 
of 150 cm. If the tank is filled with water, determine 


a) the volume of water in the tank in cubic meters. 
b) the number of liters of water the tank will hold. 
c) the mass of the water in kilograms. 
65. Earth or Space 
a) Is a person’s mass the same in space as on Earth? Explain. 


b) Is a person’s weight the same in space as on Earth? 
Explain. 


66. Is There a Problem? A temperature display at a bank flashes 
the temperature in degrees Fahrenheit and then flashes the 
temperature in degrees Celsius. If it flashes 78°F, then 20°C, 
is there a problem with the display? Explain. 
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In Exercises 67-70, convert as indicated. Recreational Mathematics 
es es 73. Balance the Scale Determine the quantity needed to 
5 (6. Sy ee ees 8. 9:5 2b = ee kk 
a? Sei : replace the question mark to make the scale balance. The 
69. 17.4t = g weight times the distance on both sides of the fulcrum (the 


triangle) must be the same to make the scale balance. 


2m 400 em 


70. 1 460000 mg = ______t 


Challenge Problems/Group Activities 

71. Gatorade Gatorade is poured into a plastic bottle that 
holds 1.2 € of liquid. The bottle is then placed in a freezer. 74. Interesting Facts The 2009 Guinness Book of World Re- 
When the bottle is removed from the freezer, the plastic is cords provides some interesting facts. 
cut away, leaving just the frozen Gatorade. 


a) The lowest temperature ever recorded in the United 
States was —62.11°C on January 23, 1971, in Prospect 
Creek, Alaska. What is this temperature in degrees 
Fahrenheit? 


a) What is the approximate mass of the frozen Gatorade in 
grams? 


b) What is the approximate volume of the frozen Gatorade 


: : E > . : 
in cubic centimeters? b) International Falls, Minnesota, has the lowest annual 


mean (average) temperature in the United States (includ- 


In Example 2, we showed how to find the volume and mass ing Alaska). Its mean annual temperature is about 2.5°C. 
of water in a fish tank. Exercise 72 demonstrates how much What is this temperature in degrees Fahrenheit? 
more complicated solving a similar problem is in the U.S. 
customary system. c) The warmest temperature in the United States ever 
: recorded was 56. 7°C on July 10, 1913, in Death Valley, 
72. Fish Tank A rectangular fish tank is 1 yd long by 1.5 ft California. What is this temperature in degrees Fahren- 
high by 15 in. wide. heit? 


a) Determine the volume of water in the fish tank in cubic i 
feet. Internet/Research Activity 


75. Do industries in your area export goods? If so, are they 
training employees to use and understand the metric sys- 
tem? Contact local industries that export goods and write a 

c) If 1 gal of water weighs about 8.3 lb, how many gallons report on your findings. 

will the tank hold? 


b) Determine the weight of the water in pounds. One cubic 
foot of water weighs about 62.5 lb. 


Dimensional Analysis and Conversions to and from 
the Metric System 


SECTION 8.4 


In this section we will use dimensional analysis to convert measurements from our U.S. 
customary system to the metric system, and vice versa. Dimensional analysis can be 
useful in many of your science courses, as well as in real-life situations. For example, if 
you drive to Mexico for a vacation, you could use dimensional analysis to determine if 
your 6 foot 2 inch high SUV will fit in an underground garage that accepts cars with a 
maximum height of 2.3 meters. Or you can use dimensional analysis to figure out how 


many pesos you should get when you convert your U.S. currency into Mexican currency. 


This is Important As you will see by the examples, the conversion techniques dis- 
cussed in this section can be used in everyday life. 


4 Dimensional analysis can be used to 
determine how many pesos you should 
recieve when you convert your dollars 


foipesds. Ss may sometimes need to change units of measurement in the metric system to 
equivalent units in the U.S. customary system. To do so, use dimensional analy- 
sis, which is a procedure used to convert from one unit of measurement to a different 


Did You Know? 


The Importance of 
Measurements 


John Quincy Adams, 6th president of the 
United States 


W5 all realize how important 
the abilities to read and to 
write are. Yet do we realize how 
important an understanding of 
measurements is in our daily lives? 
As John Quincy Adams wrote in 
his report to the U.S. Congress in 
1821: “Weights and measures may 
be ranked among the necessities 
of life to every individual of human 
society. They enter into the eco- 
nomical arrangements and daily 
concerns of every family. They are 
necessary to every occupation of 
human industry.” 
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unit of measurement. To perform dimensional analysis, you must first understand 
what is meant by a unit fraction. A wnit fraction is any fraction in which the numera- 
tor and denominator contain different units and the value of the fraction is 1. From 
Table 8.6, we can obtain many unit fractions involving U.S. customary units. 


Table 8.6 U.S. Customary Units 


1 foot = 12 inches 

1 yard = 3 feet 

1 mile = 5280 feet 

1 pound = 16 ounces 
1 ton = 2000 pounds 

1 cup (liquid) = 8 fluid ounces 
1 pint = 2 cups 

1 quart = 2 pints 

1 gallon = 4 quarts 

1 minute = 60 seconds 
1 hour = 60 minutes 

1 day = 24 hours 

1 year = 365 days 


Examples of Unit Fractions 


12 in. Mie 16 oz 1 lb 60 min 1 hr 
1 ft 12m: 1 |b 16 oz 1 hr 60 min 


In each of these examples, the numerator equals the denominator, so the value of the 
fraction is 1. 

To convert an expression from one unit of measurement to a different unit, 
multiply the given expression by the unit fraction (or fractions) that will result in the 
answer having the units you are seeking. When two fractions are being multiplied and 
the same unit appears in the numerator of one fraction and in the denominator of the 
other fraction, that common unit may be divided out and eliminated. For example, 
suppose we want to convert 30 inches to feet. We consider the following: 


30 in. = ? ft 


Since inches are given, we will need to eliminate them. Thus, inches will need to 
appear in the denominator of the unit fraction. We need to convert to feet, so feet will 
need to appear in the numerator of the unit fraction. If we multiply a quantity in inches 
by a unit fraction containing feet/inches, the inches will divide out as follows, leaving 
feet. In the following illustration we have omitted the numbers in the unit fraction so 
we can concentrate on the units. 

‘ ft 

wa(®) =n 


Thus, to convert 30 inches to feet, we do the following. 


1 ft 30 
30 in. = (30 uf. = —ft = 2.5 ft 
owe ( 2 =| 12 
In Examples | through 3, we will give examples that do not involve the metric 
system. After that, we will use dimensional analysis to make conversions to and from 
the metric system. 
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A Mexican currency 


Example 4} Using Dimensional Analysis 
A container contains 26 ounces of salt. Convert 26 ounces to pounds. 


One pound is 16 ounces. Therefore, we write 


lib \ 26 
26.02 = (600| ——= |) = = 1beetaee 
icant: (22) 16 


Thus, 26 oz equals 1.625 Ib. rT] 


Example #4 Mexican Pesos 


On February 19, 2010, $1 U.S. could be exchanged for about 12.85 Mexican pesos. 
What was the amount in U.S. dollars of 2500 pesos? 


$1.00 ) $2500 
2500 = 2500 pesos = = $194.55 
ee i oes MI 
Thus, 2500 pesos had a value of about $194.55. r 


If more than one unit needs to be changed, more than one multiplication may be 
needed, as illustrated in Example 3. 


Example Using Several Unit Fractions 
Convert 60 miles per hour to feet per second. 


Let’s consider the units given and where we want to end up. We are 
given i and wish to end with — Thus, we need to change miles into feet and 
hours into seconds. Because two units need to be changed, we will need to multiply 
the given quantity by two unit fractions, one for each conversion. First we show 
how to convert the units of measurement from miles per hour to feet per second: 


(= (+) ti epee 
ie ai ane gives an answer in wee 


Now we multiply the given quantity by the appropriate unit fractions to obtain the 


answer: 
69 mi _ (co )( SRE) 1 br ) _ (60)(5280) ft 
hr hr 1 mt 3600 sec (1)(3600) sec 
ft 
= 88 — 
sec 
mi 1 hr 5280 ft 
Note that i i 2 
ote tha («0 m(— —)( eu ) will give the same answer - 


Conversions to and from the Metric System 


Now we will apply dimensional analysis to the metric system. 

Table 8.7 on page 465 is used in making conversions between the U.S. customary 
system and the metric system. The values given in Table 8.7 are often approxima- 
tions. A more exact table of conversion factors may be found in many science books 
at your college’s library or on the Internet. However, we can use this table to obtain 
many unit fractions. 
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Table 8.7 Conversions Table 


Length 

1 inch (in.) = 2.54 centimeters (cm) 

1 foot (ft) = 30 centimeters (cm) 

1 yard (yd) = 0.9 meter (m) 

1 mile (mi) = 1.6 kilometers (km) 
Area 

1 square inch (in.*) = 6.5 square centimeters (cm?) 
1 square foot (ft) = 0.09 square meter (m7) 

1 square yard (yd?) = 0.8 square meter (m?) 

1 square mile (mi?) = 2.6 square kilometers (km?) 
1 acre = 0.4 hectare (ha) 

Volume 

1 teaspoon (tsp) = 5 milliliters (mf) 


1 tablespoon (tbsp) = 15 milliliters (mf) 
1 fluid ounce (fl.oz) = 30 milliliters (m¢) 


1 cup (c) = (0.24 liter () 
1 pint (pt) = 0.47 liter (€) 
1 quart (qt) = 0.95 liter (€) 
1 gallon (gal) = 3.8 liters (€) 
1 cubic foot (ft?) = 0.03 cubic meter (m*) 


1 cubic yard (yd3) = 0.76 cubic meter (m*) 


Weight (Mass) 

1 ounce (0z) = 28 grams (g) 

1 pound (Ib) = (0.45 kilogram (kg) 
1 ton (T) = 0.9 tonne (t) 


Table 8.7 shows that 1 in. = 2.54 cm. From this equality, we can write the two 
unit fractions 


1 in. 2.54 cm 
or a 
2.54 cm 1 in. 
Examples of other unit fractions from Table 8.7 are 
l yd 0.9 m 1 gal 3.8 ¢ 1 Ib . 0.45 kg 
? > ? > ; n 
0.9 m 1 yd 3.8 € 1 gal 0.45 kg 1 Ib 


To change from a metric unit to a customary unit or vice versa, multiply the 
given quantity by the unit fraction whose product will result in the units you are seek- 
ing. For example, to convert 5 in. to centimeters, multiply 5 in. by a unit fraction with 
centimeters in the numerator and inches in the denominator. 


5 in. = (5 in( 2 =m) 
| it. 

= 5(2.54) cm 

= 12.7 cm 
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| A 


A See Example 4(b) 


A Jacksonville, Florida 


Example ZY Volume and Length Conversions 


a) A recipe requires 3 t cups of chicken broth. How many liters does this amount equal? 
b) A man measures 1.86 m (see photo). What is his height in feet? 


a) In Table 8.7, under the heading of volume, we see that 1 cup = 0.24 ¢. Thus, 
the unit fractions involving cups and liters are 
1 cup 0.24 € 
or 
0.24 € 1 cup 


We need to convert from cups to liters. Therefore, we use the unit fraction with 
cup in the denominator. Since 35 is 3.5 in decimal form, we write 


3.5 cups = 3.5 cus( $2 = (3.5)(0.24) € = 0.84 


b) In Table 8.7, under the heading of length, we see that there is no conversion 
given from meters to feet. There are a number of ways this example could be 
worked. One method is to convert meters to yards and then convert yards to 
feet. The procedure is shown below. 


1.86 m = (1.86 m(a2)(2*) 


0.9 nt /\ 1 yd 
1.86 
_ 1.86)3) 
0.9 
= Oa 
Thus, the man is 6.2 ft. r 


Example [ky Area Conversion 
An area of 54.62 hectares is for sale. Find the area in acres. 
From Table 8.7, we determine that 1 acre = 0.4 ha. Thus, 


ee | _ 34.62 
04ha/ = 0.4 


54.62 ha = (54.62 ba( acres = 136.55 acres a 


Example [@ Largest City in Area 


Jacksonville, Florida, is the largest city in area in the contiguous 48 states*. Its area 
is 758 square miles. Determine this area in square kilometers. 


We need to convert square miles to square kilometers. From Table 8.7 we 


find the unit fractions 


Imi? 2.6 km? 
7) Ol D 
2.6 km 1 mi 


Since we are converting 758 square miles to square kilometers, the square miles in 


2 
the unit fraction must go in the denominator. Thus we use the unit fraction ae 
mi 
2.6 km* 
758 mi? = 758 m( = ) = 758(2.6)km? = 1970.8 km? 
1 mi? 
Therefore, the area of Jacksonville is 1970.8 square kilometers. r 


*Yakutat, Alaska is the largest city in area in the United States. 
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} 


BE REATION in MATH Example @@ Administering a Medicine 


A nurse must administer 4 cc of codeine elixir to a patient. 


What Metric Unit am I? a) How many milliliters of the drug will be administered? 


b) How many ounces is this dosage equivalent to? 
a) | am a length greater than a yard, 


but less than the length of a large 
kitchen tabletop: a) Since 1 cc = 1 mf, the nurse will administer 4 mé of the drug. 
b) | am a weight greater than a cal- ; 
culator, but less than a rocking b) Since | floz = 30 mé, 
chair. 1fl 4 
c) |ama liquid volume greater than 4mt = (4 mo 2) = — fl OZ OMS OZ | 
a glass of water, but less than a 30 mt 30 


large jug of milk or a gallon of 
gasoline. 
d) | am an area greater than a foot- 


Suppose we want to convert 150 millimeters to inches. Table 8.7 does not have a 
conversion factor from millimeters to inches, but it does have one for inches to centi- 


ball field, but less than the Magic meters. Because 1 inch = 2.54 centimeters and | centimeter = 10 millimeters, we 
Kingdom at Disney World? can reason that 1 inch = 25.4 millimeters. Therefore, unit fractions we may use are 
as follows. 
areyay y (P seujy © 
weiboly yy (Gq Jejouy (e 1 in. on 25.4 mm 
25.4 mm 1 in. 


We can solve the problem as follows. 


150 mm = (150 mem ( vit ie ar 
= Sidney) 254” 
=~ 5.91 in. 


If we wish, we can use dimensional analysis using two unit fractions to make the con- 
version. The procedure follows: 


AG (150 me ( vent) 1 in. ) 150 x 

mM a => in. 

i 10 mam /\2.54em/  (10)(2.54) 
225/01 in. 


Example Eq Eggplant 


The photo from Italy shows that melanzane (or eggplant) costs 2.40 euros per kilo- 
gram. If 1 euro could be converted to $1.42, determine the cost of the eggplant in 
U. S. dollars per pound. 


In Table 8.7 we see that 1 pound = 0.45 kilogram. The two unit fractions 
involving pounds and kilograms are 


1 pound 0.45 kilogram 
0.45 kilogram 7 1 pound 
The two unit fractions involving euros and dollars are 


1 euro r $1.42 
$1.42 : 1 euro 


The conversion from euros per kilogram to U.S. dollars per pound follows. 


2.40 euros 0.45 kalegram : $1.42 


| kilegram 1 pound 1 euro 


1.53 
~ 3 or = $1.53 per pound 
1 pound 


2.40 euros per kilogram = 


Thus, the eggplant costs about $1.53 per pound. a 
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Example §) Understanding the Label 


The label on a bottle of Vicks Formula 44D Cough Syrup indicates that the active 

ingredient is dextromethorphan hydrobromide and that 5 mf (or 1 teaspoon) con- 

tains 10 mg of this ingredient. If the recommended dosage for adults is 3 teaspoons, 

determine the following. 

a) How many milliliters of cough medicine should be taken? 

b) How many milligrams of the active ingredient should be taken? 

c) If the bottle contains 8 fluid ounces of medicine, how many milligrams of the 
active ingredient are in the bottle? 


a) Since each teaspoon contains 5 m¢ and 3 teaspoons should be taken, 15 mé of 
the cough medicine should be taken. 


3 tsp = 3 woi(F) = 15m 


b) Since each teaspoon contains 10 mg of the active ingredient, 30 mg of the active 
ingredient should be taken. 


10 mg 


3 tsp = (3 wp (72) = 30 mg 


c) Table 8.7 shows that each fluid ounce contains 30 mé€. Since each 5 mf contains 
10 mg of the active ingredient, we can work the problem as follows. 


8 floz = (8 (2 m\(S me) 8(30)(10) ae; 
DOESN ae gee 5c anaes 
Therefore, there are 480 mg (or 0.48 g) of the active ingredient in the bottle of 


cough syrup. | 


Example Determining Dosage by Weight 


Drug dosage is often administered according to a patient’s weight. For example, 
30 mg of the drug vancomycin is to be given for each kilogram of a person’s 
weight. If Martha Greene, who weighs 136 |b, is to be given the drug, what dosage 
should she be given? 


First we need to convert Martha’s weight into kilograms. From 
Table 8.7, we see that 1 lb = 0.45 kg. We obtain our unit fraction from this 
information. 


0.45 i) aren 
Ta) aoe 


136 lb = 136 mt 


Next, since 30 mg of the drug is to be given for each kilogram of a person’s 
weight, we multiply 61.2 kg by 30 to determine the dosage. 


30 mg 
Amount of drug = 61.2 kg ire = 1836 mg 


Thus, 1836 mg, or 1.836 g, of the drug should be given. a 
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MATHEMATICS TODAY 


Metrics on the Moon 


(@) Earth, only the United States, Liberia, and Myanmar (formerly Burma) still use U.S. 
customary units instead of metric units. And now the moon is metric, too. On January 8, 
2007, NASA and 13 other international space agencies decided to use the metric system for 
all lunar exploration programs. All the agencies agreed that using a single measurement sys- 
tem would make the human habitats and vehicles placed on the moon by different space 
agencies more compatible with one another. That could come in handy if, say, one agency's 
moon base needs emergency spare parts from another agency's base. In addition, metric 
standardization will make it easier for countries to form new partnerships and collaborations 
after their lunar operations are already in place. 


This is Important When countries collaborate on a scientific mission, such as the 
International Space Station, they must all use the same units of measurements. The common 
units of measures agreed upon for the use on the International Space Station, and other sci- 


entific areas, are those of the metric system. 


SECTION 8.4 


Exercises 


Warm Up Exercises 


In Exercises 1-10, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


1. A procedure used to convert from one unit of measurement 
to a different unit of measurement is called 
analysis. 


2. A fraction in which the numerator and denominator con- 
tain different units, and the value of the fraction 1s 1, is 
called a(n) fraction. 


3. The two unit fractions that relate seconds and minutes are 
and 


4. The two unit fractions that relate feet and inches are 
and 


5. The two unit fractions that relate meters and centimeters 
are and 


6. The two unit fractions that relate liters and milliliters are 
and 


7. a) When converting from kilograms to pounds, you would 
use the unit fraction 


b) When converting from pounds to kilograms, you would 
use the unit fraction 


8. a) When converting from centimeters to feet, you would 
use the unit fraction 


b) When converting from feet to centimeters, you would 
use the unit fraction 


9. a) When converting from gallons to liters, you would use 
the unit fraction 


b) When converting from liters to gallons, you would use 
the unit fraction 


10. a) When converting from square yards to square meters, 
you would use the unit fraction 


b) When converting from square meters to square yards, 
you would use the unit fraction 


Practice the Skills 


In Exercises 11-26, convert the quantity to the indicated 
units. When appropriate, give your answer to the nearest 
hundredth. 


11. 82 in. to centimeters 12. 9 lb to kilograms 

13. 4.2 ft to meters 14. 427 g to ounces 

15. 162 kg to pounds 16. 20 yd? to square meters 
17. 39 mi to kilometers 18. 765 mm to inches 

19. 675 ha to acres 20. 253 oz to grams 

21. 20.3 € to pints 22. 4 T to tonnes 


23. 3.8 km? to square miles 24. 25.6 mé to fluid ounces 


25. 120 Ib to kilograms 26. 6.2 acres to hectares 


470 CHAPTER8 The Metric System 


In Exercises 27-30, use the part of the scorecard that 38. Swimming Pool A swimming pool holds 12,500 gal of 
shows the distance in meters for the first four holes of water. What is this volume in kiloliters? 

the Millbrook Resort Golf Course in Queenstown, 
New Zealand. Determine the distances indicated. 


39. Area of Tribal Park The Monument Valley Navajo Tribal 
Park has an area of 91,696 acres. What is its area in hectares? 


HOLE 
BLUE Tees _ 


pl]le 


A Monument Valley in Utah 
27. Hole 1, black tees, in yards 
40. Building a Basement A basement is to be 50 ft long, 30 ft 


28. Hole 2, blue tees, in yards wide, and 8 ft high. How much dirt will have to be removed 


. § when this basement is built? Answer in cubic meters. 
29. Hole 3, white tees, in feet 


41. Cost of Rice If rice costs $1.10 per kilogram, determine 


30. Hole 4, red tees, in feet the cost of 1 pound of tice, 


Problem Solving 42. Weight Restriction The weight restriction on a road in 


31. Speed Limit The photo shows that the speed limit is Italy is 7.5 t. 


50 kph. Determine the speed in miles per hour. a) How many tons does this weight equal? 


b) How many pounds? 


43. Capacity of a Tank Truck A tank truck holds 34.5 k€ of 
gasoline. How many gallons does it hold? 


44. Cost per Gram A ().25-oz bottle of Chanel perfume costs 
$80. What is the cost per gram? 


45. Car’s Engine A specific car’s engine has a capacity of 5.7 € 
of oil. How many quarts of oil does the engine have? 


46. Death Valley Elevation The lowest elevation in the 
United States is —282 ft at Badwater in Death Valley, 


32. How Far? Carol Ann Harle’s new car traveled 105 mi on California. Determine this elevation in 
5 gal of gasoline. How many kilometers can Carol Ann’s 
car travel with the same amount of gasoline? a) centimeters. b) meters. 

33. Buying Carpet Victoria Montoya is buying outdoor car- 47. Sign in Russia Using the White sign in the photo, deter- 
pet for her rectangular lanai, which is 6 yd by 9 yd. The mine the distance to the Consulate General of Sweden in 
carpeting is sold in square meters. How many square me- 
ters of carpeting will she need? a) kilometers. b) miles. 


34. Chicago to Atlanta The distance from Chicago, Illinois, 
to Atlanta, Georgia, is about 717 mi. What is the distance 
in kilometers? : : 

TFEHEPASIbBHOE KOHCYSIbCTBO 


35. The QEW Part of the Queen Elizabeth Way in Canada has eS Le HIBEL UIs 
Daven p SaLene : Consulate Genera! of Sweden 
a speed limit of 80 kph. What is the speed limit in miles per M. Konrowennan yn. 2.1/9 550m 


Malaya Konyushennaya st., 1/3 


hour? 


36. Milliliters ina Glass A glass holds 8 fl oz. How many 
milliliters will it hold? 


37. Poison Dart Frog A full-grown strawberry poison dart frog 
has a weight of about 6 g. What is its weight in ounces? 


48. 


49. 


50. 


51. 


52. 


BSE 


54. 


55. 


56. 


. 


Sve 
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A Precious Stone One gram is the same as 5 carats. 
David Erich’s new ring contains a precious stone that is 
g carat. Find the weight of the stone in grams. 


Square Meters to Square Feet One meter is about 3.3 ft. 
Use this information to determine 


a) the equivalent of one square meter in square feet. 
b) the equivalent of one cubic meter in cubic feet. 
Acres to Hectares One acre is about 0.4 hectare. 


a) Use this information to determine the equivalent of 
15.3 acres in hectares. 


b) If 1 hectare is 10 000 m2, determine the area of the 
15.3 acres in square meters. 


Dosage for a Child The recommended dosage of the drug 
codeine for pediatric patients is 1 mg per kilogram of a 
child’s weight. What dosage of codeine should be given to 
April Adam, who weighs 56 Ib? 


Dosage for a Man For each kilogram of a person’s 
weight, 1.5 mg of the antibiotic drug gentamicin is to be 
administered. If Ron Gigliotti weighs 170 lb, how much 
of the drug should he receive? 


Ampicillin The recommended dosage of the drug ampi- 
cillin for pediatric patients is 200 mg per kilogram of a 
patient’s weight. If Janine Baker weighs 76 lb, how much 
ampicillin should she receive? 


Medicine for a Dog For each kilogram of weight of a dog, 
5 mg of the drug bretylium is to be given. If Blaster, an Irish 
setter, weighs 82 lb, how much of the drug should be given? 


Active Ingredients The label on the bottle of Triaminic 
expectorant indicates that each teaspoon (5 mf) contains 
12.5 mg of the active ingredient phenylpropanolamine 
hydrochloride. 


a) Determine the amount of the active ingredient in the 
recommended adult dosage of 2 teaspoons. 


b) Determine the quantity of the active ingredient in a 
12-oz bottle. 


Stomach Ache Remedy The label on the bottle of Maximum 
Strength Pepto-Bismol indicates that each tablespoon con- 
tains 236 mg of the active ingredient bismuth subsalicylate. 


a) Determine the amount of the active ingredient in the 
recommended dosage of 2 tablespoons. 


b) If the bottle contains 8 fl oz, determine the quantity of 
the active ingredient in the bottle. 


Gibraltar Gibraltar is a British territory that shares a 
1.2-kilometer border with Spain. The territory covers an 
area of about 6.84 square kilometers and the Rock of 
Gibraltar has a maximum height of 426 meters. 


a) Determine the length of the border with Spain in miles. 


58. 


59. 
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b) Determine the area of the territory in square miles. 


c) Determine the height of the rock in feet. 


A Gibraltar 


Disney Magic The Disney Magic Cruise Ship is 964 feet 
long, has a weight of 85,000 tons, and can travel 28 mph. 


a) Determine the length of the ship in meters. 
b) Determine the weight in tonnes. 


c) Determine the speed in kilometers per hour. 


Overseas Flight The photo of the monitor taken during an 
overseas flight shows information about the location and 
speed of the airplane. 


a) Determine the altitude in miles. 

b) Determine the ground speed in miles per hour. 

c) Determine the headwind in miles per hour. 

d) Determine the temperature in degrees Fahrenheit using 


9 
the formula F = a + 32 (see Section 8.3). 


9730 m 


708 kmih 


Outside Air Temperature 


45 °C 


Head Wind 181 km/h 
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Peppers Peppers in Rome, Italy, cost 2 euros (€) 
per kilogram. 


a) Determine the cost per pound, in euros, for the peppers. 


b) If 1 € can be converted to $1.40 U.S., determine the 
cost, in U.S. dollars, of 1 pound of peppers. 


Saffron The photo shows Saffron for sale in Europe. 


a) Saffron cost 7 euros (€) per 100 grams. Determine the 
price, in euros, of | kg of Saffron. 


b) Determine the cost in euros of 1 pound of Saffron. 


c) If 1 € can be converted to $1.40 U.S., determine the cost, 
in U.S. dollars, of 1 pound of Saffron. 


Unit Fractions On February 25, 2010, the conversion rate 
for the U.S. dollar was as follows. One U.S. dollar could buy 
0.74 euros, 1.06 Canadian dollars, or 12.85 Mexican pesos. 
Using this information, determine a unit fraction to convert 


a) euros to Mexican pesos. 
b) Canadian dollars to euros. 


c) Canadian dollars to Mexican pesos. 


Unit Fractions An advertisement for Piaggio airplanes 
stated that their Avanti II had a speed of 402 knots, or 745 
kilometers per hour, or 463 miles per hour. Using this in- 
formation, determine a unit fraction to convert. 


a) knots to kilometers per hour. 

b) miles per hour to knots. 

c) kilometers per hour to miles per hour. 

Making Cookies Change all the measurements in the 


cookie recipe to metric units. Do not forget pan size, tem- 
perature, and size of cookies. 


Magic Cookie Bar 
+C graham cracker crumbs 


12 oz nuts 

8 oz chocolate pieces 
1 Ic flaked coconut 
14C condensed milk 


Coat the bottom of a 9 in. X 13 in. pan with melted mar- 
garine. Add rest of ingredients one by one: crumbs, nuts, 
chocolate, and coconut. Pour condensed milk over all. 
Bake at 350°F for 25 minutes. Allow to cool 15 minutes 
before cutting. Makes about two dozen Lyin. by 3 in. bars. 


Challenge Problems/Group Activities 


65 


66. 


67. 


. Nursing Question The following question was selected 
from a nursing exam. Can you answer it? 


In caring for a patient after delivery, you are to give 0.2 
mg Ergotrate Maleate. The ampule is labeled ato grain/mé. 
How much would you draw and give? (60 mg = 1 grain) 


a) 15cc b) 1.0cc ec) 05cce d) 0.01 cc 


How Much Beef Paul Gosse is planning a picnic and 
plans on purchasing 0.18 kg of ground beef for each 100 
Ib of weight of guests who will be in attendance. If he 
expects 15 people whose average weight is 130 Ib, how 
many pounds of beef should he purchase? 


An Auto Engine The displacement of automobile engines 
is measured in liters. A 2012 Ford Fusion SE Hybrid has a 
3.0 € engine. 


a) Determine the displacement of the engine in cubic 
centimeters. 


b) Determine the displacement of the engine in cubic 
inches. 


Recreational Mathematics 


In 
68 
69 
70 
71 
72 
73 
74 
75 


Exercises 68-75, try to solve the puzzle. What is 
. | millionth of a mouthwash? 

. 2000 pounds of Chinese soup? 

. 448 grams of cake? 

. 1000 aches? 

. | million bicycles? 

. | million phones? 

. 10 cards? 


. 2000 mockingbirds? 
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(chapters ) Summa ae 


Important Facts and Concepts 


Examples and Discussion 


Section 8.1 
Metric Units. and Conversions Within the Metric System 
Metric Units 
Prefix Symbol Meaning 
kilo k 1000 X base unit 
hecto h 100 X base unit 
deka da 10 X base unit 
— — base unit 
deci d ip of base unit 
centi c a5 of base unit 
milli m 700 of base unit 
Section 8.2 
Length, Area, Volume 
Length 
Area 
Volume 
Section 8.3 
Water 
Volume in Volume Mass of 
Cubic Units in Liters Water 
lcm? = 1 mé So lg 
1 dm? = 1 = lke 
im =A elele =  1t(1000kg) 
5) 
°C S(O = 32, 
9 ( ) 
9 
oe (od, 
5 
Section 8.4 


Dimensional Analysis 


Using dimensional analysis 


Using dimensional analysis with the metric system 


Discussion pages 435-440 
Examples 1—4, pages 438-440 


Discussion pages 443 and 444. 
Example 1, page 444 


Discussion pages 444—446. Examples 2-5, 
pages 445-446 


Discussion pages 446-449. Examples 6-11, 
pages 447-449 


Discussion pages 454—457. Examples 1-2, 
pages 455-457 


Discussion pages 457—458. Examples 3-5, 
pages 457—458 


Discussion pages 462—464. Examples 1-3, 
pages 464 


Discussion pages 464—468. Examples 4-10, 
pages 466-468 
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8.1 

In Exercises 1-6, indicate the meaning of the prefix. 
1. Kilo 2. Centi 3. Milli 
4. Hecto 5. Deka 6. Deci 


In Exercises 7-12, change the given quantity to the quantity 
indicated. 


7. 82 mg to grams 

8. 3.2 € to centiliters 

9. 0.0035 cm to millimeters 
10. 1 000 000 mg to kilograms 
11. 4.62 k¢ to liters 


12. 192.6 dag to decigrams 


In Exercises 13 and 14, arrange the quantities from 
smallest to largest. 


13. 2.67 k€, 3000 mf, 14 630 cf 
14. 0.047 km, 4700 m, 47 000 cm 


8.2, 8.3 


In Exercises 15—22, indicate the metric unit of measure- 
ment that would best express the following. 


15. The length of a jump rope 

16. The temperature of the sun’s surface 
17. The floor area of a department store 
18. The volume of a glass of milk 

19. The length of an ant 

20. The mass of a car 


21. The distance from Miami, Florida, to Los Angeles, 
California 


22. The length of the deer’s ears in the following photo 


In Exercises 23 and 24, (a) first estimate the following in 
metric units and then (b) measure with a metric ruler. 
Record your results. 


23. Your waist 24. The length of a new pencil 


In Exercises 25—30, select the best answer. 


25. The length of the distance between Detroit, Michigan, and 
Boston, Massachusetts, is about 


a) 9950 m. b) 9950 km. —c) :995 km. 


26. The mass of a full-grown border collie is about 
a) 600 g. 


b) 20 kg. c) 100 kg. 


27. The volume of a gallon of gasoline is about 


a) 0.1 ké. b) 0.5 €. c) 4¢. 

28. The area of a large vegetable garden in a person’s yard 
may be 
a) 200 m’. b) 0.5 ha. c) 0.02 km’. 


29. The temperature on a hot summer day in Florida may be 


a) 34°C. b) 55°C. () PEC. 


30. The height of El Capitan, a vertical peak in Yosemite 
National Park, is about 
a) 900 cm. 


b) 900 km. c) 900 m. 


A El Capitan, Yosemite National Park, California 


31. Convert 3600 kg to tonnes. 
32. Convert 4.3 t to grams. 


33. The temperature on a thermometer is 24°C. What is the 
Fahrenheit temperature? 


34. If the room temperature is 68°F, what is the Celsius 
temperature? 


35. If your outdoor thermometer shows a temperature of 
—6°F, what is the Celsius temperature? 


36. If Lynn Colgin’s body temperature is 39°C, what is her 
Fahrenheit temperature? 


37. Measure, in centimeters, each of the line segments, then com- 
pute the area of the figure. 


38. Measure, in centimeters, the radius of the circle, then com- 
pute the area of the circle. 


39. a) A Hot Tubs’s Volume What is the volume of water in 
a full circular hot tub that has a diameter of 2 m and has a 
depth of 1 m? Answer in cubic meters. 


b) What is the mass of the water in kilograms? 


40. Computer Monitor A rectangular computer monitor’s 
screen measures 33.7 cm by 26.7 cm. Determine the area in 


a) square centimeters. 
b) square meters. 


41. Volume of a Fish Tank A small rectangular fish tank 
measures 80 cm long, 40 cm wide, and 30 cm high. 


a) What is its volume in cubic centimeters? 

b) What is its volume in cubic meters? 

c) How many milliliters of water will the tank hold? 
d) How many kiloliters of water will the tank hold? 


42. A square kilometer is a square with length and width both 
1 km. How many times larger is a square kilometer than a 
square dekameter? 


8.4 


In Exercises 45—58, change the given quantity to the indicated 
quantity. When appropriate, round answers to the nearest 
hundredth. 


43. 80.cn = ane 

AVN, sy ges yl 

45, 83:yd = ee 

46. 100m = _______yd 

47. 45 mph = ______ kmph 
48.42 ¢ = __ ego 


APO) cole ae 


50. 
51. 
52. 
Bh 
54. 
Bb 


56. 


57. 


58. 


Dos 


60. 


61. 


62. 
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60 =e yd? 

96om? = ______ in? 

Ate 

(Syd? = 22 =. 

DAD p= geeeeeeeeeemee KCL 

Distance Traveled The distance from Dallas, Texas, to 


Houston, Texas, is 241 miles. Determine this distance in 
kilometers. 


Natural Gas Used The photo taken in Poland of a natural 
gas meter shows that 326,285 cubic meters of natural gas 
have been used at this location. Determine this volume in 
cubic yards. 


Building a Chimney Ron Haines bought 700 bricks to 
build a chimney. Each brick has a mass of 1.5 kg. 


a) What is the total mass of the bricks in kilograms? 
b) What is the total weight of the bricks in pounds? 


Carpeting a Room Irene Doo is buying new carpet for her 
rectangular family room. The room is 15 ft wide and 24 

ft long. The carpeting is sold only in square meters. How 
many square meters of carpeting will she need? Round 
your answer to the nearest tenth of a square meter. 


Milk Tank A cylindrical milk tank can store 50,000 gal 
of milk. 


a) Determine the volume in kiloliters. 


b) Estimate the weight of the milk in kilograms. Assume 
that milk has the same weight as water. 


The Speed Limit The speed limit on a certain road is 65 mph. 
What is the speed limit in 


a) kilometers per hour? 
b) meters per hour? 


A Water Tank A rectangular tank used to test leaks in 
tires is 90 cm long by 70 cm wide by 40 cm deep. 


a) Determine the number of liters of water the tank holds. 
b) What is the mass of the water in kilograms? 


Oranges If the cost of oranges is $3.50 per kilogram, de- 
termine the cost of 1 lb of oranges. 
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. Change 759 cl to daf. 
. Change 273 hm to cm. 
. How many times greater is a kilometer than a dekameter? 


. Jogging A high school track is an oval that measures 


400 m around. If Dave Camp jogs around the track six 
times, how many kilometers has he gone? 


In Exercises 5~9, choose the best answer. 


5. The width of this page is about 


a) 5cm. b) 20cm. c) 60cm. 


. The surface area of the top of a kitchen table is about 


c) 2000 cm?. 


b) 200 cm?. 


a) 2m?. 


. The amount of gasoline that an automobile’s gas tank 


can hold is about 


a) 200 €. b) 20 €. c) 75 £. 


. The distance that a typical car can go on a full tank of 


gas is about 


a) 50m. b) 500 km. c) 5000 km. 


. The outside temperature on a snowy day is about 


a) 18°C. b) 252°C. c) —40°C. 


. How many times greater is a square meter than a square 


centimeter? 


- How many times greater is a cubic meter than a cubic 


centimeter? 


. Convert 225 oz. to grams. 


. Washington Monument The Washington Monument is 


the world’s tallest stone structure and the world’s tallest 
obelisk. It stands about 169.29 meters tall. Determine its 
height in feet. 


. Natural Park Wrangell — St. Elias National Park and 


Preserve in southern Alaska is the largest national park 
in the United States. Its area is 53,321 square kilometers. 
Determine the park’s area in square miles. 


. Change 10°F to degrees Celsius. 
. Change 20°C to degrees Fahrenheit. 


. Elevator A sign in an elevator in France indicates that its 


maximum capacity is 300 kg. Determine the maximum 
capacity in 


a) grams. b) pounds. 


. At the Aquarium A rectangular fish tank at an aquarium 


is 20 m long by 20 m wide by 8 m deep. 
a) Determine the volume of the tank in cubic meters. 


b) Determine the number of liters of water the tank 
holds. 


c) Determine the weight of the water in kilograms. 


. Cost of Paint The first coat of paint for the outside 


walls of a building requires 1 € of paint for each 10 m? 
of wall surface. The second coat requires | € for every 
15 m?. If the paint costs $3.50 per liter, what will be the 
cost of two coats of paint for the four outside walls of 

a rectangular building 20 m long, 15 m wide, and 6 m 
high? 


. Premium Gasoline Premium gasoline (S plomb 98) at a 


gas station in France costs 1.65 euros per liter, as shown 
in the photo. 


a) Determine the cost, per gallon, of premium gasoline 
in euros. 


b) If one dollar could be exchanged for 0.67 euro deter- 
mine the cost per gallon of the premium gasoline in 
US. dollars per gallon. 
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Health and Medicine 3. The largest airplane in the world is the Russian-built 
Antonov Airlines An-225 Mriya; see photo. Below are 
some facts about the airplane. If the measurement is given 
in U.S. customary units, convert the measurement to met- 
ric units. If the measurement is given in metric units, con- 
vert the measurement to U.S. customary units. 


Throughout this chapter, we have shown the importance of 
the metric system in the medical professions. The following 
two questions involve applications of the metric system to 
medicine. 


1. a) Twenty milligrams of the drug lincomycin is to be 
given for each kilogram of a person’s weight. The 
drug is to be mixed with 250 cc of a normal saline so- 
lution, and the mixture is to be administered intrave- 
nously over a 1-hr period. Clyde Dexter, who weighs 
196 Ib, is to be given the drug. Determine the dosage 
of the drug he will be given. 


b) At what rate per minute should the 250-cc solution be 
administered? 


2. a) Ata pharmacy, a parent asks a pharmacist why her 


child needs such a small dosage of a certain medicine. A An Antonov Airlines An—225 Mriya 
The pharmacist explains that a general formula may 

be used to estimate a child’s dosage of certain medi- Payload: 250,000 kg 

cines. The formula is Length: 84 m 


Wingspan: 88.4 m 


me weight Height: 18.1 m 


in kilograms 


Child’s dose* = eek x adult dose Cargo volume: 1300 m? 
; Empty weight: 175,000 kg 
What is the amount of medicine you would give a 60-Ib Maximum take-off weight: 1,323,000 lbs 
child if the adult dosage of the medicine is 70 mg? Take-off-run with maximum weight: 11,500 ft 


b) At what weight, in pounds, would the child receive an Maximum speed: 530 mph 
adult dose? Range with maximum fuel: 9570 mi 


Range with maximum payload: 2500 mi 
Service ceiling: 36,100 ft 


*Consult a pediatrician before giving a child medicine. 


Ll» What You Will Learn 
| ia = Points, lines, planes, and angles 
we 4 = Polygons, similar figures, and 
I congruent figures 
a = Perimeter and area 
= Pythagorean theorem 
= Circles 
= Volume 


= Transformational geometry, 
symmetry, and tessellations 

= The Mobius strip, Klein bottle, and 
maps 

= Non-Euclidean geometry and 
fractal geometry 


Many objects we encounter each 
day can be described in terms of 
geometry. Spherical baseballs hit 
on square baseball “diamonds,” 
cylindrical cans of soda, and 
rectangular computer screens are 
all examples of geometric objects 
we frequently encounter. In 
addition to these items, scientists 
also use geometry to conduct 
research and create items that 
improve our lives. For example, 
the antenna on your cell phone 

is an example of a geometric 
object known as a fractal. In 

this chapter, we will study many 
geometric objects that we see in 
our everyday lives. 


i | < Baseballs and baseball diamonds are examples 
>» of geometric objects. 


SECTION 9.1 


Ans 


4 Billiard games involve many 
geometric concepts. 


Profile In Mathemat. 
Euclid 


uclid (320-275 8.c.) lived in 

Alexandria, Egypt, and was a 
teacher and scholar at Alexandria’s 
school called the Museum. It was 
here that Euclid collected and ar- 
ranged many of the mathematical 
results known at the time. This col- 
lection of works became his 13- 
volume masterpiece known as 
Elements. Beginning with a list of 
definitions, postulates, and axioms, 
Euclid proved one theorem after an- 
other, using only previously proven 
results. This method of proof be- 
came a model of mathematical and 
scientific investigation that survives 
today. Remarkably, the geometry in 
Elements does not rely on making 
exact geometric measurements us- 
ing a ruler or protractor. Rather, the 
work is developed using only an un- 
marked straightedge and a drawing 
compass. Next to the Bible, Euclid’s 
Elements may be the most trans- 
lated, published, and studied of all 
the books produced in the Western 
world. 
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Playing billiards involves many geometric concepts. In this section, we will introduce 
the geometric terms points, lines, planes, and angles. |n a typical billiard game, each 
of these terms is evident. The billiard balls rest on specific points on the table, which 
is part of a plane. After being struck with a cue, the ball travels along a path that is 
part of a line. Angles are involved in the path the ball takes when the ball hits a table 
bumper or another ball. The concepts we will discuss in this section form an important 
basis for the study of geometry. 


| Why Sua is Important Geometry is used in our everyday lives to describe the world 
around us. An understanding of fundamental geometric concepts can help us better 
understand our world. 


uman beings recognized shapes, sizes, and physical forms long before geometry 

was developed. Geometry as a science is said to have begun in the Nile Valley of 
ancient Egypt. The Egyptians used geometry to measure land and to build pyramids 
and other structures. 

The word geometry is derived from two Greek words: ge, meaning earth, and 
metron, meaning measure. Thus, geometry means “earth measure” or “measurement 
of the earth.” 

Unlike the Egyptians, the Greeks were interested in more than just the applied 
aspects of geometry. The Greeks attempted to apply their knowledge of logic to ge- 
ometry. In about 600 B.c., Thales of Miletus was the first to be credited with using 
deductive methods to develop geometric concepts. Another outstanding Greek math- 
ematician, Pythagoras, continued the systematic development of geometry that Thales 
had begun. 

In about 300 B.c., Euclid (see Profile in Mathematics in the margin) collected 
and summarized much of the Greek mathematics of his time. In a set of 13 books 
called Elements, Euclid laid the foundation for plane geometry, which is also called 
Euclidean geometry. 

Euclid is credited with being the first mathematician to use the axiomatic method 
in developing a branch of mathematics. First, Euclid introduced undefined terms 
such as point, line, plane, and angle. He related these to physical space by such state- 
ments as “A line is length without breadth” so that we may intuitively understand 
them. Because such statements play no further role in his system, they constitute 
primitive or undefined terms. 

Second, Euclid introduced certain definitions. The definitions are introduced 
when needed and are often based on the undefined terms. Some terms that Euclid in- 
troduced and defined include triangle, right angle, and hypotenuse. 

Third, Euclid stated certain primitive propositions called postulates (now called 
axioms ) about the undefined terms and definitions. The reader is asked to accept 
these statements as true on the basis of their “obviousness” and their relationship with 
the physical world. For example, the Greeks accepted all right angles as being equal, 
which is Euclid’s fourth postulate. 

Fourth, Euclid proved, using deductive reasoning (see Section 1.1), other proposi- 
tions called rheorems. One theorem that Euclid proved is known as the Pythagorean 


*The concept of the axiom has changed significantly since Euclid’s time. Now any statement may be 
designated as an axiom, whether it is self-evident or not. All axioms are accepted as true. A set of axioms 
forms the foundation for a mathematical system. 
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Did You Know? a: 


Compass and Eee 
Constructions 


y . 
“4 \ 
Straightedge Compass 


Ga constructions were 
central to ancient Greek math- 
ematics. Although these construc- 
tions are often referred to as Euclid- 
ean constructions, they were used 
centuries before Euclid wrote his 
classic work, Elements. The tools 
allowed in geometric constructions 
are a pencil, an unmarked straight- 
edge, and a drawing compass. The 
straightedge is used to draw line 
segments, and the compass is used 
to draw circles and arcs. The Internet 
has many sites devoted to classic 
geometric constructions. Exercise 
107 on page 489 shows you how 
to construct a triangle with sides of 
equal length (an equilateral triangle). 


theorem: “The sum of the areas of the squares constructed on the arms of a right tri- 
angle is equal to the area of the square constructed on the hypotenuse.” He also proved 
that the sum of the angles of a triangle is 180°. 

Using only 10 axioms, Euclid deduced 465 propositions (or theorems) in plane 
and solid geometry, number theory, and Greek geometric algebra. 


Point and Line 


Three basic terms in geometry are point, line, and plane. These three terms are not 
given a formal definition, but we recognize points, lines, and planes when we see them. 

Let’s consider some properties of a line. Assume that a line means a straight line 
unless otherwise stated. 


1. A line is a set of points. Each point is on the line and the line passes through each 
point. When we wish to refer to a specific point, we will label it with a single 
capital letter. For example, in Fig. 9.1(a) three points are labeled A, B, and C, 
respectively. 

2. Any two distinct points determine a unique line. Figure 9.1(a) illustrates a line. 
The arrows at both ends of the line indicate that the line continues in each direc- 
tion. The line in Fig. 9.1(a) may be symbolized with any two points on the line by 
placing a line with a double- “sided arrow above the letters that correspond to the 
points, such as AB, BA, AC, CA, BC, or CB. 

3. Any point on a line separates the line into three parts: the point itself and two 
half lines (neither of which includes the point). For example, in Fig. 9.1(a) point 
B B separates the line into the point B and two half lines. Half line BA, symbolized 
°BA , is illustrated in Fig. 9.1(b). The open circle above the B indicates that point 
Bis not included i in the half line. Figure 9.1(c) illustrates half line BC, symbol- 
ized BC. 


A B © 
(a) 
SS SSS SD 
A B 
(b) 
—————— 
B G 


Figure 9.1 


Look at the half line AB’ in Fig. 9.2(b) on page 481. If the end point, A, is in- 
cluded with the set of points on the half line, the result is called a d a ray. Ray AB, 
symbolized AB , is illustrated in Fig. 9.2(c). Ray BA, symbolized BA, is illustrated 
in Fig. 9.2(d). 

A line segment is that part of a line between two points, including the end points. 
Line segment AB, symbolized AB, is illustrated in Fig. 9.2(e). 

An open line segment is the set of points on a line be between two points, excluding 
the end points. Open line segment AB, symbolized *AB , is illustrated in in Fig. Oh 2(f). 

Figure 9.2(g) illustrates two half open line segments, symbolized AB and AB. 

Recall from Chapter 2 that the intersection (symbolized (1) of two sets is the 
set of el elements (points in this case) common to both sets. Consider the rays AB 
and BA _in Fig: 9.3(a) on page 481. The intersection of AB and BA is AB. Thus, 
AB (1 BA = AB. 


Did You Know? — 
Let There Be Light 


Kodak Camera advertisement 


appeared in the first issue 
of the Photographic Herald and 
Amateur Sportsman, in November 
1889. The slogan “You press the 
button, we do the rest” summed 
up George Eastman’s ground- 
breaking snapshot camera system. 

Sunlight travels in straight lines, 
or rays. When these rays pass 
through a small hole of a darkened 
room, they converge and then 
spread out to form an inverted 
image of the sun on the opposite 
wall. In the eighteenth century, 
chemists discovered that certain 
salts of silver would darken when 
exposed to light, effectively cre- 
ating a negative image. For the 
population at large, it all came to- 
gether in 1888 when 23-year-old 
George Eastman, using basic geo- 
metric concepts, developed the 
first modern camera intended for 
the “casual millions,” which sold 
for $25 apiece. 

Today, digital cameras have 
almost replaced film cameras. In- 
stead of focusing the image onto 
film, a digital camera focuses the 
image onto a semiconductor that 
records the image as a series of 
tiny colored dots called pixels. 
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Description Diagram Symbol 
(a) Line AB <—_e————_e— Sa 
A B AB 
(b) Half line AB ene oOo 
A B AB 
(c) Ray AB rs = 
_ A B AB 
d) Ray BA Cae = 
: 4 A B BA 
(e) Line segment AB ——— 3 
A B AB 
f) Open line segment AB o———o 
ee : A B ‘AB 
————_ ee 
(g) Half open line segments AB A B AB 
Se os 
A B AB 


Figure 9.2 


Also recall from Chapter 2 that the union (symbolized U) of two sets is the set 
of elements | (points in this case) that belong to either of the Sets or both sets. The 
union of AB and BA is AB (Fig. 9.3b). Thus, AB U BA = AB. 


Intersection 


BA 


ie 
——1~-——+—> Solution: AB 
A B 
(a) 
Union 
—> 
Qe AB 
— > 
~+—_———"""8 BA eed 
— > — > Solution: AB 
A B 
(b) 
Figure 9.3 


Example Unions and Intersections of Parts of a Line 


Using line AD, determine the solution to each part. 


< - 4- - ; : 
A B (@ D 
a) ABMDC b) ABUDC c) ABMCD d) ADUCA 
a) ABM DC 


Ray AB and ray DC are shown below. The intersection of these two rays is that part 
of line AD that is a part of both ray AB and ray DC. The intersection of ray AB and 
ray DC is line segment AD. 


— 
) AB 
—> 
aah DC = 
ttt Fs 
A B ( D 


AB MDC = AD 
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b) ABU DC 

Once again ray AB and ray DC are shown below. The union of these two rays is 
that part of line AD that is part of either ray AB or ray DC. The union of ray AB and 
ray DC is the entire line AD. 


= 
Cl 
ay 
——_—————— "ee DC > 
{tf 
A B G D 
AB U DC = AD 
ae ee 
c) AB!1CD 
Line segment AB and ray CD have no points in common, so their intersection is empty. 
——2 AB 
—_————P- CD 
————S—SS_ i ee none 


A B Cc D 


ABN CD =@ 
d) ADU CA 
The union of line segment AD and half line CA is ray DA (or equivalently, DB or DC). 


ee ee 4D 
o> 
ot a SO eee CA = 
ee 
A B G D 
— —d => 
ADU CA =DA e 


Plane 


The term plane is one of Euclid’s undefined terms. For our purposes, we can think of 
a plane as a two-dimensional surface that extends infinitely in both directions, like an 
infinitely large blackboard. Euclidean geometry is called plane geometry because it is 
the study of two-dimensional figures in a plane. 

Two lines in the same plane that do not intersect are called parallel lines. 
Figure 9.4(a) illustrates two parallel lines in a plane (AB is parallel to ‘OD, 

Properties of planes include the following: 


1. Any three points that are not on the same line (noncollinear points) determine a 
unique plane (Fig. 9.4b). 
2. A line in a plane divides the plane into three parts, the line and two half planes 
(Fig. 9.4c). 
. Any line and a point not on the line determine a unique plane. 
4. The intersection of two distinct planes is a line (Fig. 9.4d). 


i) 


Two planes that do not intersect are said to be parallel planes. For example, in 
Fig. 9.5 plane ABE is parallel to plane GHF. 

Two lines that do not lie in the same plane and do not intersect are called skew 
lines. Figure 9.5 illustrates many skew lines (for example, ‘AB and CD y. 


(d) 
Figure 9.4 Figure 9.5 
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Angles 
An angle, denoted xX, is the union of two rays with a common end point (Fig. 9.6): 
BA U BC = XABC (or XCBA) 


An angle can be formed by the rotation of a ray about a point. An angle has an initial 
side and a terminal side. The initial side indicates the position of the ray prior to rota- 


tion; the terminal side indicates the position of the ray after rotation. The point com- 
mon to both rays is called the verfex of the angle. The letter designating the vertex is 
always the middle one of the three letters designating an angle. The rays that make up 


the angle are called its sides. 
x. CBA, or XB 


There are several ways to name an angle. The angle in Fig. 9.6 may be denoted 
XABC, 


An angle divides a plane into three distinct parts: the angle itself, its interior, and 


A 
Terminal side 
a its exterior. In Fig. 9.6, the angle is represented by the blue lines, the interior of the 
B inital ade angle is shaded pink, and the exterior is shaded green. 
The measure of an angle, symbolized m, is the amount of rotation from its initial 
; side to its terminal side. In Fig. 9.6, the letter x represents the measure of X ABC; 
eee therefore, we may write mxABC = x. 
Angles can be measured in degrees, radians, or gradients. In this text, we will 
discuss only the degree unit of measurement. An angle of 45 degrees is written 45°. A 
protractor is used to measure angles. The angle shown being measured by the 


yc i a Tn 
wy AS i UT) Vin, 
0 /0 


protractor in Fig. 9.7 is SO°. 


/ 


Pip, 
Wt 
4 


fir 


10. 


K— 
ib ] 2 
outed teraction ce Perth eee 


ehet | my 


Figure 9.7 


Example #4 Union and Intersection 
Refer to Fig. 9.8. Determine the following. 


Figure 9.8 
b) AB CB c) BEN BF d) XDBGNM x ABD 


a) BC UBG 
a) BC UBG = XCBGorXxGBC ___ b) ABM CB = AC 
d) XDBGM x ABD = BD 


c) BEM BF = {B} 
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Did You Know? a 


Classical Geometry 
Problems 


ave you ever spent several 

hours trying to solve a difficult 
homework problem? Can you imag- 
ine studying the same problem for 
your entire life? Entire generations 
of mathematicians throughout his- 
tory spent their entire lives study- 
ing three geometry construction 
problems that originated in ancient 
Greece. The three problems are (1) 
trisecting an angle, (2) squaring the 
circle, and (3) doubling the cube. 
Trisecting an angle refers to divid- 
ing a given angle into three equal 
angles. Squaring the circle refers 
to constructing a square that has 
the exact same area as the area of 
a given circle. Doubling the cube 
refers to constructing a cube that 
has exactly double the volume of a 
given cube. Eventually, mathemati- 
cians came to realize that if one is 
limited to using only an unmarked 
straightedge and a compass, then 
these constructions are impossible. 
Finally, in 1837 Pierre Wantzel 
proved the impossibility of the first 
two constructions, and in 1882 Carl 
Lindemann proved the impossibil- 
ity of the third construction. 


Es, B A 
Figure 9.10 


Consider a circle whose circumference is divided into 360 equal parts. If we draw 
a line from each mark on the circumference to the center of the circle, we get 360 
wedge-shaped pieces. The measure of an angle formed by the straight sides of each 


wedge-shaped piece is defined to be 1°. 


Angles are classified by their degree measurement, as shown in the following 
summary. A right angle has a measure of 90°, an acute angle has a measure less than 
90°, an obtuse angle has a measure greater than 90° but less than 180°, and a straight 


angle has a measure of 180°. 


Two angles in the same plane are adjacent angles when they have a common 
vertex and a common side but no common interior points. In Fig. 9.9, x DBC and 


Xx CBA are adjacent angles, but X DBA and x CBA are not adjacent angles. 


Two angles are called complementary angles if the sum of their measures is 90°. 


Two angles are called supplementary angles if the sum of their measures is 180°. 


B A 
Figure 9.9 


Example Determining Complementary and Supplementary Angles 


In Fig. 9.10, we see that mx ABC = 28°. 
a) XABC and x CBD are complementary angles. Determine mx.CBD. 
b) XABC and x CBE are supplementary angles. Determine mx.CBE. 


a) The sum of two complementary angles must be 90°, so 
mxX ABC + mx CBD = 90° 


28° + mx.CBD = 90° 
mx, CBD = 90° — 28° = 62° Subtract 28° from each side of the 
equation. 


b) The sum of two supplementary angles must be 180°, so 


mx%ABC + mXCBE = 180° 
28° + mXCBE = 180° 


mX.CBE = 180° — 28° = 152° Subtract 28° from each side of 
the equation. 


B A 
Figure 9.11 


D B C 


Figure 9.12 


Figure 9.13 


Transversal 


Figure 9.14 
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Example Determining Complementary Angles 


If xABC and x.CBD are complementary angles and mx ABC is 26° less than 
mx&.CBD, determine the measure of each angle (Fig. 9.11). 


Let mx. CBD = x. Then mx ABC = x — 26 since it is 26° less than 
mx.CBD. Because these angles are complementary, we have 
mx.CBD + mx ABC = 90° 
x + (x — 26) = 90° 


Da 26 90" 
2x = 116° 
eS BY 


Therefore, mx.CBD = 58° and mx ABC = 58° — 26°, or 32°. Note that 
58° + 32° = 90°, which is what we expected. a 


Example Determining Supplementary Angles 


If xABC and x ABD are supplementary and mx_ABC is five times larger than 
mx ABD, determine mx ABC and mx ABD (Fig. 9.12). 


Let mx ABD = x, then mx ABC = 5x. Since these angles are supple- 
mentary, we have 


mxABD + mx ABC = 180° 


ip se She = IP 
Ox 130" 
es 30° 


Thus, mx ABD = 30° and mx ABC = 5(30°) = 150°. Note that 30° + 150° = 
180°, which is what we expected. z 


When two straight lines intersect, the nonadjacent angles formed are called yerti- 
cal angles. In Fig. 9.13, X.1 and X3 are vertical angles, and X.2 and x4 are vertical 
angles. We can show that vertical angles have the same measure; that is, they are 
equal. For example, Fig. 9.13 shows that 


mx.1 + mx2 = 180°. Why? 
mx.2 + mx3 = 180°. Why? 


Since X.2 has the same measure in both cases, mX_1 must equal mx_3. 


Vertical Angles 
Vertical angles have the same measure. 


A line that intersects two different lines, /, and /5, at two different points is called 
a transversal. Figure 9.14 illustrates that when two parallel lines are cut by a transver- 
sal, eight angles are formed. Angles 3, 4, 5, and 6 are called inferior angles, and an- 
gles 1, 2, 7, and 8 are called exterior angles. Eight pairs of supplementary angles are 
formed. Can you list them? 

Special names are given to the angles formed by a transversal crossing two paral- 
lel lines. We describe these angles on page 486. 
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Easy Pairs of Angles 
Name Description — Illustration Meeting Criteria 
Alternate Interior angles on X3 and x6 
interior angles opposite sides of the X4 and x5 
transversal 
Alternate Exterior angles on X1 and x8 
exterior angles opposite sides of the X%2 and X7 
transversal 
Corresponding One interior and X1 and x5 
angles one exterior angle X2 and X6 
on the same side of 
the transversal # Sean. 2.7 
X4 and x8 


Parallel Lines Cut by a Transversal 

When two parallel lines are cut by a transversal, 

1. alternate interior angles have the same measure. 
2. alternate exterior angles have the same measure. 
3. corresponding angles have the same measure. 


Example [@ Determining Angle Measures 


Figure 9.15 shows two parallel lines cut by a transversal. Determine the measure of 
X1 through x7. 


mx6 = 49° X8 and xX 6 are vertical angles. 
mx5 = 131° X8 and X5 are supplementary angles. 
mx7 = 131° x5 and X7 are vertical angles. 


mx.8 = 49° 


Figure 9.15 mxX.1 = 131° = X1 and X7 are alternate exterior angles. 
mx4 = 49° X4 and X.6 are alternate interior angles. 
mx2 = 49° X.6 and X2 are corresponding angles. 
mxX3 = 131° X3 and xX 1 are vertical angles. P 


In Example 6, the angles could have been determined in alternate ways. For example, we 
mentioned mx1 = 131° because X.1 and X7 are alternate exterior angles. We could 
have also stated that mx_1 = 131° because x1 and x5 are corresponding angles. 


SECTION 9.1 : 
Exercises 


Warm Up Exercises 2. Two lines that do not lie in the same plane and do not 

In Exercises 1—12, fill in the blanks with an appropriate intersect are called ____——_ lines. 

word, phrase, or symbol(s). 3. The union of two rays with a common endpoint is called 
a(n) 2S ee 


1. Two lines in the same plane that do not intersect are called 
lines. 4. Two angles, the sum of whose measures is 90°, are called 
angles. 
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5. Two angles, the sum of whose measures is 180°, are called 25. XICAN EG 26. XIFG XEFH 
angles. 
. 27. “AB HC 28. "BD 1 °CB 
6. Two angles in the same plane that have a common vertex 
and a common side, but no common interior points, are 29. BC U BF 30. BC U CF U FB 
called _____ angles. 
31. BD UCB 32, TCI CH 


7. An angle whose measure is 180° is called a(n) 


angle: In Exercises 33-44, use the figure to find the following. 


8. An angle whose measure is 90° is called a(n) 
angle. 


9. An angle whose measure is greater than 90° but less than 
180° is called a(n) ________ angle. 


10. An angle whose measure is less than 90° is called a(n) 
angle. 


11. When two straight lines intersect, the nonadjacent angles 


formed are called _______ angles. 
12. A line that intersects two different lines at two different re Pere 

points is called a(n) 33. DB U EB 34. Xx ABD (1) X.CBG 
Practice the Skills 35. X GBC al Xx CBE 36. DE U BE 
In Exercises 13-20, identify the figure as a line, half line, 37. XABE U AB 38. ‘BF U BE 
ray, line segment, open line segment, or half open line seg- po See ae Bf Be Ey «ili 
ment. Denote the figure by its appropriate symbol. 39. FG () BF 40. BE U BD 
i 41. AC MAC 42. “AC 1 BE. 

5 84 OO SS 
‘ 43. EB BE 44, FB U BG 


In Exercises 45—52, classify the angle as acute, right, 
straight, obtuse, or none of these angles. 


45. 


4 Z 47. 


In Exercises 21-32, use the figure to find the following: 


wast 
ahd 


In Exercises 53—58, find the complementary angle of the 
given angle. 


mere 422% = 53. 10° 54. 15° 55. 323 
21. ABM DC 22. "FE U FG 4 


33. FUG 5 or ED 56. 312 57. 64.7° 58. 0.01° 
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In Exercises 59-64, find the supplementary angle of the 
given angle. 


59. 80° 60. 150° 
61. 20.5° 62. 148.7° 
63. 433° 64. 64,5 


In Exercises 65—70, match the names of the angles with the 
corresponding figure in parts (a)-(f). 

65. Complementary angles 66. Supplementary angles 
67. Vertical angles ‘68. Corresponding angles 


69. Alternate exterior angles 70. Alternate interior angles 


a) b) 


Problem Solving 


71. MODELING - Complementary Angles If x1 and x2 are 
complementary angles and if the measure of X_1 is five 
times the measure of x2, determine the measures of x1 
and x.2. 


72. MODELING - Complementary Angles The difference be- 
tween the measures of two complementary angles is 22°. 
Determine the measures of the two angles. 


73. MODELING - Supplementary Angles The difference be- 
tween the measures of two supplementary angles is 88°. 
Determine the measures of the two angles. 


74, MODELING - Supplementary Angles If x1 and x2 are 
supplementary angles and if the measure of 2 is 17 times 
the measure of x1, determine the measures of the two 
angles. 


In Exercises 75-78, parallel lines are cut by the transversal 
shown. Determine the measures of X.1 through xX.7. 


75. 76. 
(Payal 
2/3 
hie 1\2 3\4 
6/7 INOW Z0EN7 


In Exercises 79-82, the angles are complementary angles. 
Determine the measures of X1 and X.2. 


x 


5x-6 


Th): 80. 
2x + 12 
81 


82. 


In Exercises 53-86, the angles are supplementary angles. 
Determine the measures of X.1 and X.2. 


83. ee 84. TaD 
x eo ee 
85. 5x+6 86. 6x+5 


The figure below suggests a number of lines and planes. 
The lines may be described by naming two points, and 
the planes may be described by naming three points. In 
Exercises 87-94, use the figure to name the following. 


87. Two parallel planes 


88. Two parallel lines 


89. Two lines that intersect at right angles 

90. Two planes that intersect at right angles 

91. Three planes whose intersection is a single point 
92. Three planes whose intersection is a line 

93. A line and a plane whose intersection is a point 
94. A line and a plane whose intersection is a line 


Concept/Writing Exercises 


95. a) What are the four key parts in the axiomatic method 
used by Euclid? 


b) Discuss each of the four parts. 
96. What is the difference between an axiom and a theorem? 
97. a) How many lines can be drawn through a given point? 


b) How many planes can be drawn through a given 
point? 


98. What is the intersection of two distinct nonparallel 
planes? 


99. How many planes can be drawn through a given line? 


100. a) Will three noncollinear points A, B, and C always 
determine a plane? Explain. 


b) Is it possible to determine more than one plane with 
three noncollinear points? Explain. 


c) How many planes can be constructed through three 
collinear points? 


In Exercises 101—106, determine whether the statement is 
always true, sometimes true, or never true. Explain your 
answer. 


101. Two lines that are both parallel to a third line must be 
parallel to each other. 


102. A triangle contains exactly two acute angles. 

103. Vertical angles are complementary angles. 

104. Alternate exterior angles are supplementary angles. 
105. Alternate interior angles are complementary angles. 
106. A triangle contains two obtuse angles. 


Challenge Problems/Group Activities 


107. Use a straightedge and a compass to construct a triangle 
with sides of equal length (an equilateral triangle) by do- 
ing the following: 


a) Use the straightedge to draw a line segment of any 
length and label the end points A and B (Fig. a). 
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b) Place one end of the compass at point A and the 
other end at point B and draw an arc as shown 
(Fig. b). 


c) Now turn the compass around and draw another arc as 
shown. Label the point of intersection of the two arcs 
C (Fig. c). 


d) Draw line segments AC and BC. This completes the 
construction of equilateral triangle ABC (Fig. d). 


1 ee BA B 
Figure a Figure b 


G Cc 
A ax B x B 
Figure c Figure d 


108. If lines / and m are parallel lines and if lines / and n 
are skew lines, is it true that lines m and n must also 
be skew? (Hint: Look at Fig. 9.5 on page 482.) Explain 
your answer and include a sketch to support your 
answer. 


109. Two lines are perpendicular if they intersect at right 
angles. If lines / and m are perpendicular and if lines m 
and n are perpendicular, is it true that lines / and n must 
also be perpendicular? Explain your answer and include 
a sketch to support your answer. 


110. Suppose you have three distinct lines, all lying in 
the same plane. Find all the possible ways in which 
the three lines can be related. Sketch each case (four 
cases). 


111. If two straight lines intersect at a point, determine the 
sum of the measures of the 4 angles formed. 


112. xABC and x CBD are complementary and mx_CBD is 
twice the mx ABC. X ABD and x DBE are supplemen- 
tary angles. 


a) Draw a sketch illustrating x ABC, x CBD, and 
XDBE. 


b) Determine mx ABC. 
c) Determine mx_CBD. 


d) Determine mx DBE. 
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Internet/Research Activities 


113. Using the Internet and other sources, write a research 
paper on Euclid’s contributions to geometry. 


115. Search the Internet or other sources such as a geometry 
textbook to study the geometric constructions that use a 
straightedge and a compass only. Prepare a poster dem- 
onstrating five of these basic constructions. 


114. Using the Internet and other sources, write a research 
paper on the three classic geometry problems of Greek 
antiquity (see the Did You Know? on page 484). 


SECTION9.2 | Polygons 


\ ) 


& The shapes of these road signs are 
examples of polygons. 


Figure 9.17 


What shape would you use to best describe the following road signs: a stop sign, a 
yield sign, a speed limit sign? In this section, we will study the shapes of these and 
other geometric figures that can be classified as polygons. 


EZ) This is Important Polygons appear in many aspects of our daily lives. The proper- 
ties of polygons can be used in many problem-solving applications. 


polygon is a closed figure in a plane determined by three or more straight line 

segments. Examples of polygons are given in Fig. 9.16. 

The straight line segments that form the polygon are called its sides, and a point 
where two sides meet is called a vertex (plural, vertices). The union of the sides of a 
polygon and its interior is called a polygonal region. A regular polygon is one whose 
sides are all the same length and whose interior angles all have the same measure. 
Figures 9.16(b) and (d) are regular polygons. 


(a) (b) 


(d) 


Figure 9.16 


Polygons are named according to their number of sides. The names of some poly- 
gons are given in Table 9.1. 


Table 9.1 
ie ‘Number of : 5 ih rm 
Sides __Na splopieu NOI 
3 Triangle 8 Octagon 
4 Quadrilateral 9 Nonagon 
5 Pentagon 10 Decagon 
6 Hexagon 12 Dodecagon 
7 Heptagon 20 Icosagon 


One of the most important polygons is the triangle. The sum of the measures of 
the interior angles of a triangle is 180°. To illustrate, consider triangle ABC given in 
Fig. 9.17. The triangle is formed by drawing two transversals through two parallel 
lines /; and / with the two transversals intersecting at a point on /;. 


lon) 


(a) 


(b) 


(c) 
Figure 9.18 


Figure 9.19 


9.2 Polygons 491 


In Fig. 9.17, notice that XA and XA’ are corresponding angles. Recall from 
Section 9.1 that corresponding angles are equal, so mxA = mxXA'. Also, XC and 
x.C’ are corresponding angles; therefore, mx.C = mx.C’. Next, we notice that x B and 
xB’ are vertical angles. In Section 9.1, we learned that vertical angles are equal; therefore, 
mxXB = mX.B’. Figure 9.17 shows that XA’, XB’, and x C’ form a straight angle; there- 
fore, mx A’ + mxXB' + mx.C’ = 180°. Since mxA = mxXA’', mXB = mxXB", and 
mX.C = mxXC’, we can reason that mx_A + mx.B + mxXx.C = 180°. This example il- 
lustrates that the sum of the interior angles of a triangle is 180°. 

Consider the quadrilateral ABCD (Fig. 9.18a). Drawing a straight line segment 
between any two vertices forms two triangles. Since the sum of the measures of the 
angles of a triangle is 180°, the sum of the measures of the interior angles of a quadri- 
lateral is 2 - 180°, or 360°. 

Now let’s examine a pentagon (Fig. 9.18b). We can draw two straight line seg- 
ments to form three triangles. Thus, the sum of the measures of the interior angles of 
a five-sided figure is 3 - 180°, or 540°. Figure 9.18(c) shows that four triangles can be 
drawn in a six-sided figure. Table 9.2 summarizes this information. 


Table 9.2 


ge prey Wes: Sum of the Measures hi 
‘Triangles _of the Interior Angles _ 


3 1 1(180°) = 180° 
2(180°) = 360° 
3(180°) = 540° 
4(180°) = 720° 


n nn £ 
RW NY 


If we continue this procedure, we can see that for an n-sided polygon the sum of 
the measures of the interior angles is (n — 2)180°. 


Sum of the Measures of Interior Angles 
The sum of the measures of the interior angles of an n-sided polygon is 
(n — 2)180°. 


Example iJ Angles of a Hexagon 


The surfaces of the heads of many bolts are in the shape of regular hexagons. 

A regular hexagon is a six-sided figure with all the sides the same length and all 
interior angles with the same measure. See Fig. 9.19. Determine 

a) the measure of an interior angle. 

b) the measure of exterior x1. 


a) Using the formula (n — 2)180°, we can determine the sum of the measures of 
the interior angles of a hexagon as follows. 


Sum = (6 — 2)180° 
= 4(180°) 
= 720° 
The measure of an interior angle of a regular polygon can be determined by di- 


viding the sum of the interior angles by the number of angles. 
The measure of an interior angle of a regular hexagon is determined as follows: 


re} 


Measure = = 120° 
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MATHEMATICS TODAY 


Making Movies 
Come Alive 


Jake and Neytiri from Avatar 


M athematics plays a key role in 


the animation you see in 
movies such as those in Avatar. The 
images you see on the movie 
screen are created using software 
that combines pixels (the smallest 
piece of a screen image) into geo- 
metric shapes including polygons. 
These shapes are then stored in a 
computer and manipulated using 
various mathematical techniques so 
that the new shapes formed (from 
the original geometric shapes) ap- 
proximate curves. Each movie frame 
has over 2 million pixels and can 
have over 40 million polygons. With 
such a huge amount of data, com- 
puters are used to carry out the 
mathematics needed to create 
animation. 


This is Important 
Computer animation is just one of 
the many applications of the ge- 
ometry presented in this chapter. 


B A E D 


Figure 9.20 


b) Since x1 is the supplement of an interior angle, 
mxX1 = 180° — 120° = 60° a 


To discuss area in the next section, we must be able to identify various types of 
triangles and quadrilaterals. The following is a summary of certain types of triangles 
and their characteristics. 


Triangles 


Acute Triangle Obtuse Triangle 


| ; hypotenuse 


All angles are acute One angle is obtuse. One angle is a right 
angles. angle. 


Right Triangle 


Isosceles Triangle | Equilateral Triangle 


he, 


Scalene Triangle 


- | 


Two equal sides Three equal sides No two sides are 
Two equal angles Three equal angles equal in length. 
(60° each) 


Similar Figures 


In everyday living, we often have to deal with geometric figures that have the “same 
shape” but are of different sizes. For example, an architect will make a small-scale 
drawing of a floor plan or a photographer will make an enlargement of a photograph. 
Figures that have the same shape but may be of different sizes are called similar 


figures. Two similar figures are illustrated in Fig. 9.20. 


Similar figures have corresponding angles and corresponding sides. In Fig. 9.20, 
triangle ABC has angles A, B, and C. Their respective corresponding angles in triangle 
DEF are angles D, E, and F. Sides AB, BC, and AC in triangle ABC have correspond- 
ing sides DE, EF, and DF, respectively, in triangle DEF. 


Definition: Similar Figures 
Two figures are similar if their corresponding angles have the same measure and 
the lengths of their corresponding sides are in proportion. 


In Figure 9.20, XA and xD have the same measure, X.B and x E have the same 
measure, and 4.C and x F have the same measure. Also, the lengths of corresponding 
sides of similar triangles are in proportion. 

When we refer to the line segment AB, we place a line over the AB and write AB. 
When we refer to the length of a line segment, we do not place a bar above the 
two letters. For example, if we write AB = 12, we are indicating the length of line 
segment AB is 12. The proportion below shows that the lengths of the corresponding 
sides of the similar triangles in Fig. 9.20 are in proportion. 


ABs BC @ AC 
DE EF (DF 


Did You Know? 


aa 


Buckyballs 


The molecular structure of Cgg resembles 
the patterns found on a soccer ball. 


Be ee known 
as buckyballs, are a class of 
pure carbon molecules. Along with 
graphite and diamond, buckyballs 
are the only naturally occurring 
forms of pure carbon. Named af- 
ter American architect-engineer 
F. Buckminster Fuller, who de- 
signed hemispherical geodesic 
domes from hexagonal and pen- 
tagonal faces, fullerenes are the 
most spherical molecules known. 
Discovered in 1985 at Rice Univer- 
sity, buckyballs are used primarily 
as microscopic lubricant and have 
potential applications in molecu- 
lar medical engineering, electrical 
superconductivity, and computer 
chip design. The most common 
form of buckminsterfullerene con- 
tains 60 carbon atoms and has the 
chemical symbol Cgo. The mo- 
lecular structure of Cgg contains 
12 pentagons and 20 hexagons ar- 
ranged in a pattern similar to that 
found on a soccer ball. 
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Example 4 Similar Figures 


Consider the similar figures in Fig. 9.21. 


D 
Figure 9.21 


Determine 
a) the length of side BC. 


a) We will represent the length of side BC with the variable x. Because the 
corresponding sides of similar figures must be in proportion, we can write a 
proportion (as explained in Section 6.2) to determine the length of side BC. 
Corresponding sides CD and RS are known, so we use them as one ratio in 
the proportion. The side corresponding to BC is QR. 


b) the length of side PQ. 


Be mc 

OR RS 

Nae eo 

Suey 

Now we solve for x. 

x45 —=3°3 

45x =9 

x=2 


Thus, the length of side BC is 2 units. 


b) We will represent the length of side PQ with the variable y. The side corre- 
sponding to PQ is AB. We will work part (b) in a manner similar to part (a). 


PODS: 
AB CD 
y 45 
| 
y°3=4:°45 
3y = 18 

ye 


Thus, the length of side PO is 6 units. 


Example Using Similar Triangles to Find the Height of a Tree 


Monique Currie plans to remove a tree from her backyard. She needs to know the 


height of the tree. Monique is 6 ft tall and determines that when her shadow is 9 ft long, 


the shadow of the tree is 45 ft long (see Fig. 9.22 on page 494). How tall is the tree? 


494 CHAPTER9 Geometry 


Figure 9.23 


Figure 9.22 


We will let x represent the height of the tree. From Fig. 9.22, we can see 
that the triangle formed by the sun’s rays, Monique, and her shadow is similar to 
the triangle formed by the sun’s rays, the tree, and its shadow. To find the height of 
the tree, we will set up and solve the following proportion: 


height of the tree length of tree’s shadow 
height of Monique ie length of Monique’s shadow 
x 45 
655 
9x = 270 
x = 30 
Therefore, the tree is 30 ft tall. a 


Congruent Figures 


If the corresponding sides of two similar figures are the same length, the figures are 
called congruent figures. Corresponding angles of congruent figures have the same 
measure, and the corresponding sides are equal in length. Two congruent figures co- 
incide when placed one upon the other. 


Example @3 Congruent Triangles 
Triangles ABC and A'B’C’ in Fig. 9.23 are congruent. Determine 


a) the length of side A'C’. b) the length of side AB. 
c) mXC'A'B’. d) mXACB. 
e) mx.ABC. 


Because AABC is congruent to AA’B’C’, we know that the correspond- 
ing side lengths are equal and corresponding angle measures are equal. 


a) A’C’ = AC = 13 b) AB = A'B’' = 10.6 
c) mx.C'A'B' = mx.CAB = 60° d) mx ACB = mxA'C'B' = 50° 
e) The sum of the angles of a triangle is 180°. Since mx_BAC = 60° and 
mxXACB = 50°, mx ABC = 180° — 60° — 50° = 70°. a 


Earlier we learned that guadrilaferals are four-sided polygons, the sum of whose 
interior angles is 360°. Quadrilaterals may be classified according to their characteris- 
tics, as illustrated in the summary box on page 495. 
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Example |} Angles of a Trapezoid 


Trapezoid ABCD is shown in Fig. 9.24. 
a) Determine the measure of the interior angle, x. 
b) Determine the measure of the exterior angle, y. 


Figure 9.24 


a) We know that each of the two right angles in trapezoid ABCD has a measure 
of 90°. We also know that the sum of the interior angles in any quadrilateral is 
360°. Therefore, we have 


mx DAB + mx ABC + mxBCD + mxx = 360° 
130° + 90° + 90° + mxx = 360° 
310° + mx.x = 360° 

mxx = 50° 


Thus, the measure of the interior angle, x, is 50°. 


b) Angle x and angle y are supplementary angles. Therefore, mXx + mxXy = 180° 
and mx y = 180° — mxx = 180° — 50° = 130°. Thus, the measure of the 
exterior angle, y, is 130°. a 


Note that in Example 5 part (b) we could also have determined the measure of 
angle y as follows. By the definition of a trapezoid, sides AB and CD must be 
parallel. Therefore, side AD may be considered a transversal and x BAD and 
X ADE are alternate interior angles. Recall from Section 9.1 that alternate interior 
angles are equal. Thus, mx. BAD = mx ADE and mx. = 130°. 
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SECTION 9.2 


Exercises 


Warm Up Exercises 


In Exercises 1-6, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


1. A closed figure in a plane determined by three or more 
straight line segments is called a(n) 


2. A polygon whose sides are all the same length and whose 
interior angles all have the same measure is called a(n) 
polygon. 


3. Two polygons are similar if their corresponding angles 
have the same measure and the lengths of their corre- 
sponding sides are in 


4. The sum of the measures of the interior angles of a triangle 
is 


5. If the corresponding sides of two similar figures are the same 
length, the figures are called figures. 


6. The sum of the measures of the interior angles of a quadri- 
lateral is 


In Exercises 7-14, (a) name the polygon. If the polygon is 
a quadrilateral, give its specific name. (b) State whether or 
not the polygon is a regular polygon. 


——s 


In Exercises 15-22, identify the triangle as (a) scalene, isos- 
celes, or equilateral and as (b) acute, obtuse, or right. The 


parallel markings (the two small parallel lines) on two or 
more sides indicate that the marked sides are of equal length. 


15. 


7 


In Exercises 29-32, find the measure of Xx. 


29. : 
133° a 


31. 
57? 
212 
32. 
geet 
35° 30° 
aaa ae 
ve 


In Exercises 33—34, lines 1, and ly are parallel. Determine 
the measures of X1 through x12. 


33s 34. 


In Exercises 35-40, determine the sum of the measures of 
the interior angles of the indicated polygon. 


35. Pentagon 36. Heptagon 37. Nonagon 


38. Decagon 39. Icosagon 40. Dodecagon 


In Exercises 41-46, (a) determine the measure of an inte- 
rior angle of the named regular polygon. (b) If a side of the 
polygon is extended, determine the supplementary angle of 
an interior angle. See Example 1. 


41. Triangle 42. Quadrilateral 


43. Octagon 44, Nonagon 


45. Decagon 46. Icosagon 


In Exercises 47-52, the figures are similar. Find the length 
of side x and side y. 


47. B 


9.2 Polygons 


48. B 
50 
A 40 
49. 
4 
A B 
3 
Daa 6 
50. 15 x 
24 
45 
12 
y 
51. ‘i B' 
Al 
17 B 
2 22.5 
18 
Digs aie D ; Gi 
Ys, 
A 27 B 
2 
F G 
LIES) 
E D 


In Exercises 53-56, triangles ABC and DEC are similar 


figures. Determine the length of 


A 
5 
3 
US , 
B jh 
53. side BC. 54. side DC. 
55. side AD. 56. side BE. 
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In Exercises 57-62, find the length of the sides and the 
measures of the angles for the congruent triangles ABC 
and A'B'C’. 


C' 
28° 
B 14 
ne 15 
7 
A @ B' A’ 


57. The length of side AC 58. The length of side A’B’ 
59. The length of side B‘C’ 60. xB’A'C’ 


61. ACB 62. x ABC 


In Exercises 63-68, determine the length of the sides and 
the measures of the angles for the congruent quadrilaterals 
ABCD and A'B'C'D’. 


A 10 8B PE 
pes G Bi Al 


63. The length of side AD 64. The length of side B’C’ 


65. The length of side A'B’ 66. XBCD 


67. XA'D'C' 68. X DAB 
Problem Solving 


In Exercises 69-72, determine the measure of the angle. 
In the figure, X ABC makes an angle of 125° with the floor 
and 1, and ly are parallel. 


69. X GBC 


70. x EDF 


71. X DFE 72. X.DEC 


73. Height of a Silo Steve Runde is buying a farm and 
needs to determine the height of a silo on the farm. 
Steve, who is 6 ft tall, notices that when his shadow 
is 9 ft long, the shadow of the silo is 105 ft long (see 
diagram above and to the right). How tall is the silo? 
Note that the diagram is not to scale. 


74. Angles ona Picnic Table The legs of a picnic table form an 
isosceles triangle as indicated in the figure. If xABC = 80°, 
determine mx_x and mxX_y so that the top of the table will be 
parallel to the ground. 


75. Distances in Minnesota A triangle can be formed by 
drawing line segments on a map of Minnesota connecting 
the cities of Austin, Rochester, and St. Paul (see figure 
below). If the actual distance from Austin to Rochester 
is approximately 44 miles, use the lengths of the line 
segments indicated in the figure along with similar 
triangles to approximate 


a) the actual distance from St. Paul to Austin. 


b) the actual distance from St. Paul to Rochester. 


\ 
: 


76. Distances in Illinois A triangle can be formed by 
drawing line segments on a map of Illinois connecting 
the cities of Rockford, Chicago, and Bloomington (see 
figure below). If the actual distance from Chicago to 
Rockford is approximately 90 miles, use the lengths of 
the line segments indicated in the figure along with simi- 
lar triangles to approximate 


a) the actual distance from Chicago to Bloomington. 


b) the actual distance from Bloomington to Rockford. 


Concept/Writing Exercises 
77. List six different types of triangles and in your own words 
describe the characteristics of each. 


78. List five different types of quadrilaterals and in your own 
words describe the characteristics of each. 


Challenge Problems/Group Activities 


Scaling Factor In Exercises 79 and 80 we use a scaling 
factor. Examine the similar triangles ABC and A'B'C' in 
the figure below. 


A 
10 
6 A’ 
haw 
Cc 8 (GUA elasBa 
l h gp bln BG d GA we see 
Se a a are at 
Tf we calculate the ratios AB” B'C! C’A' 


that each of these ratios is equal to 2. We call this common 

ratio the scaling factor of AABC with respect to AA'B'C’. 
: ’ A 'B ' B ! (6 

If we calculate the reciprocal ratios —~-, =, and 

Cas ont il 

—— ., we see that each of these ratios is equal to 5. We 

call this common ratio the scaling factor of AA'B'C' with 

respect to AABC. Every pair of similar figures has two 
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scaling factors that show the relationship between the cor- 
responding side lengths. Notice that the length of each side 
of AABC is two times the length of the corresponding side 
in AA'B'C’. We can also state that the length of each side 
of AA'B'C' is one-half the length of the corresponding 
side of AABC. 


79. In the figure, ADEF is similar to AD'E'F’. The 
length of the sides of ADEF is shown in the figure. 
If the scaling factor of ADEF with respect to AD'E'F’ 
is 3, determine the length of the sides of triangle 
INDIE TE, 


D 
9 i 
12 
eng ri \ 
EF’ 
15 E 
80. In the figure, quadrilateral EFGH is similar to quadrilat- 
eral E'F'G'H'. The length of the sides of quadrilateral 
EFGH is shown in the figure. If the scaling factor of quad- 
rilateral E’F’G'H' with respect to quadrilateral EFGH 


is 4, determine the length of the sides of quadrilateral 
ISON Tel 


gE; 21 
El 
F F’ 
12 
“) HG 
H 9 G 


81. Height of a Wall You are asked to measure the height 
of an inside wall of a warehouse. No ladder tall enough to 
measure the height is available. You borrow a mirror from 
a salesclerk and place it on the floor. You then move away 
from the mirror until you can see the reflection of the top 
of the wall in it, as shown in the figure. 


a) Explain why triangle HFM is similar to triangle 
TBM. (Hint: In the reflection of light the angle of 
incidence, X HMF,, equals the angle of reflection, 
X.TMB. Thus, xHMF = x TMB.) 


b) If your eyes are 5 5 ft above the floor and you are 2h ft 
from the mirror and the mirror is 20 ft from the wall, 
how high is the wall? 
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Recreational Mathematics 


82. Distance Across a Lake 


Internet/Research Activities 


83. Using the Internet and history of mathematics texts, write 
a paper on the history and use of the theodolite, a survey- 


a) In the figure, mx CED = mx_ABC. Explain why tri- ing instrument. 
angles ABC and DEC must be similar. 


84. Using the Internet and other sources, write a paper on the 


b) Determine the distance across the lake, DE. use of geometry in the photographic process. Include dis- 


cussions on the use of similar figures. 


D 


A We will study the perimeter and 
area of rectangles, such as those on 
which volleyball games are played. 


lf you were to walk around the outside edge of a volleyball court, how far would you 
walk? If you had to place floor tiles that each measured 1 foot by 1 foot on a basket- 
ball court, how many tiles would you need? In this section, we will study the geomet- 
ric concepts of perimeter and area that are used to answer these and other questions. 


| Why us is Important The concepts of area and perimeter are involved in many real-life 
applications of geometry. These include calculating the cost of flooring for your home, 
calculating the amount of fencing needed for your yard, and determining the best value 


when purchasing pizza! 


Perimeter and Area 


he perimeter, P, of a two-dimensional figure is the sum of the lengths of the sides 
of the figure. In Figs. 9.25 and 9.26, the sums of the lengths of the red line seg- 
ments are the perimeters. Perimeters are measured in the same units as the sides. For 
example, if the sides of a figure are measured in feet, the perimeter will be measured 
in feet. 
The area, A, is the region within the boundaries of the figure. The blue color in 
Figs. 9.25 and 9.26 indicates the areas of the figures. Area is measured in square 
units. For example, if the sides of a figure are measured in inches, the area of the 


i 


Figure 9.25 Figure 9.26 


3 
units 
k—— 5 units ——>| 

Figure 9.27 

Ss 
S Ss 

Ss 
Figure 9.28 


Figure 9.30 
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figure will be measured in square inches (in.”). (See Table 8.7 on page 465 for com- 
mon units of area in the U.S. customary and metric systems.) 

Consider the rectangle in Fig. 9.26 on page 500. Two sides of the rectangle have 
length /, and two sides of the rectangle have width w. Thus, if we add the lengths of 
the four sides to get the perimeter, we find P= 1+ w+1+ w= 2I + 2w. 


Consider a rectangle of length 5 units and width 3 units (Fig. 9.27). Counting the 
number of 1-unit by 1-unit squares within the figure, we obtain the area of the rect- 
angle, 15 square units. The area can also be obtained by multiplying the number of 
units of length by the number of units of width, or 5 units X 3 units = 15 square units. 
We can find the area of a rectangle by the formula area = length = width. 


Using the formula for the area of a rectangle, we can determine the formulas for 
the areas of other figures. 

A square (Fig. 9.28) is a rectangle that contains four equal sides. Therefore, the 
length equals the width. If we call both the length and the width of the square s, then 


A=I1xXw, so Te Se 


A parallelogram with height h and base b is shown in Fig. 9.29(a). 


_——— 
(a) 
Figure 9.29 


If we were to cut off the red portion of the parallelogram on the left, Fig. 9.29(a), 
and attach it to the right side of the figure, the resulting figure would be a rectangle, 
Fig. 9.29(b). Since the area of the rectangle is b X h, the area of the parallelogram is 
also b X h. 


Consider the triangle with height, h, and base, b, shown in Fig. 9.30(a). Using 
this triangle and a second identical triangle, we can construct a parallelogram, 
Fig. 9.30(b). The area of the parallelogram is bh. The area of the triangle is one-half 
that of the parallelogram. Therefore, the area of the triangle is 4 X base X height. 
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Area Versus Perimeter 


New Mexico 


hich geographic area, Italy 

or New Mexico, do you think 
has the larger land area? As a mat- 
ter of fact, the land areas of Italy 
and New Mexico are very similar: 
Italy's area is 116,304 mi2, and 
New Mexico’s area is 121,593 miz. 
Italy's perimeter, 5812 mi, is almost 
five times greater than New Mexi- 
co's 1200 mi, however. 


Area of a Triangle 


Now consider the trapezoid shown in Fig. 9.31(a). We can partition the trapezoid 
into two triangles by drawing diagonal DB, as in Fig. 9.31(b). One triangle has base 
AB (called b>) with height DE, and the other triangle has base DC (called b,) with 
height FB. Note that the line used to measure the height of the triangle need not be 
inside the triangle. Because heights DE and FB are equal, both triangles have the 
same height, h. The area of triangles DCB and ADB are $b, h and 5 bo h, respectively. 
The area of the trapezoid is the sum of the areas of the triangles, 5b, h + 3byh, which 
can be written 4h(b, + bp). 


Figure 9.31 


Area of a Trapezoid 
A = 5h(b, + by) 


Following is a summary of the perimeters and areas of selected figures. 


Perimeters and Areas 


Triangle Rectangle 
Ss : 55 : : , 
C = 
b (or 53) 1 
P= s; + sop + 53 (53 = b) P=4s [2 es A) ae Dy 
A =tbh Aas A=lw 


Parallelogram 


Example §i§ Sodding a Lacrosse Field 


Rob Marshall wishes to replace the grass (sod) on a lacrosse field. One pallet of 
Bethel Farms sod costs $175 and covers 450 square feet. If the area to be covered is 
a rectangle with a length of 330 feet and a width of 270 feet, determine 


Did You Know? 


Pythagorean Theorem 


he Pythagorean theorem is one 

of the most famous theorems 
of all time. One book, Pythagorean 
Propositions, contains 370 different 
proofs of the Pythagorean theo- 
rem. U.S. President James A. Gar- 
field gave one notable proof. The 
Pythagorean theorem has found 
its way into popular culture as well. 
In the movie The Wizard of Oz, 
the scarecrow incorrectly recites the 
Pythagorean theorem once the 
wizard grants him his diploma (see 
Exercise 60 p. 511). In the play 
The Pirates of Penzance, the Major 
General refers to the Pythagorean 
theorem when he sings “I’m teem- 
ing with a lot o’ news, with many 
cheerful facts about the square of 
the hypotenuse.” Lewis Carroll, au- 
thor of Through the Looking Glass 
and Alice‘s Adventures in Wonder- 
land, stated that the Pythagorean 
theorem “is as dazzlingly beauti- 
ful now as it was in the day when 
Pythagoras discovered it.” Actu- 
ally, the Pythagorean theorem was 
known to the ancient Babylonians 
in about 1600 B.c., 1000 years be- 
fore Pythagoras, and it continues to 
play a huge role in mathematics. 
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a) the area to be covered with sod. 
b) how many pallets of sod Rob needs to purchase. 
c) the cost of the sod purchased. 


a) The area to be covered is 
A =1*w = 330 - 270 = 89,100 ft? 


The area to be covered is in square feet because both the length and the width 
are measured in feet. 

b) To determine the number of pallets of sod Rob needs, divide the area to be cov- 
ered by the area covered by one pallet of sod. 


Area to be covered 2 ROD 198 
Area covered by one pallet 450 
Rob needs 198 pallets of sod. 
c) The cost of 198 pallets of sod is 198 X $175, or $34,650. a 


Pythagorean Theorem 


We introduced the Pythagorean theorem in Chapter 5. Because this theorem is an 
important tool for finding the perimeter and area of triangles, we restate it here. 


Pythagorean Theorem 
The sum of the squares of the lengths of the legs of a right triangle equals the 
square of the length of the hypotenuse. 


leg? + leg? = hypotenuse” 


Symbolically, if a and b represent the lengths of the legs and c represents the 
length of the hypotenuse (the side opposite the right angle), then 


a+b? =? 


Example & Crossing a Moat 


The moat surrounding a castle is 18 ft wide and the wall by the moat of the castle 
is 24 ft high (see Fig. 9.32). If an invading army wishes to use a ladder to cross the 
moat and reach the top of the wall, how long must the ladder be? 


moat 


K-18 ft—| 
Figure 9.32 
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Circumference 


Figure 9.33 


Did You Know? 
City Planning 


he Roman poet Virgil tells the 

story of Queen Dido, who fled 
to Africa after her brother mur- 
dered her husband. There, she 
begged for some land from King 
larbas, telling him she only needed 
as much land as the hide of an ox 
would enclose. Being very clever, 
she decided that the greatest area 
would be enclosed if she tore the 
hide into thin strips and formed 
the strips into a circle. On this land 
she founded the city of Byrsa (the 
Greek word for “hide”), later known 
as Carthage in present-day Tunisia. 


The moat, the castle wall, and the ladder form a right triangle. The moat 
and the castle wall form the legs of the triangle (sides a and b), and the ladder 
forms the hypotenuse (side c). By the Pythagorean theorem, 


Ce=a +b 


c* = (18) + (24) 
C =1324 +1576 
E7 = 900 
Ve? = 900 nee re ae 
c = 30 
Therefore, the ladder would need to be at least 30 ft long. | 


Circles 


A commonly used plane figure that is not a polygon is a circle. A circle is a set of 
points equidistant from a fixed point called the center. A radius, r, of a circle is a 
line segment from the center of the circle to any point on the circle (Fig. 9.33). 
A diameter, d, of a circle is a line segment through the center of a circle with 
both end points on the circle. Note that the diameter of the circle is twice its 
radius. The circumference is the length of the simple closed curve that forms the 
circle. The formulas for the area and circumference of a circle are given in the 
box below. 


The symbol pi, 7, was introduced in Chapter 5. Recall that 7 is approximately 
3.14. However, when solving problems, you should use the [7] key on your calculator 
to get a more accurate answer. 


Example ¥ Comparing Pizzas 


Victoria Montoya wishes to order a large cheese pizza. She can choose among three 
pizza parlors in town: Antonio’s, Steve’s, and Dorsey’s. Antonio’s large cheese 
pizza is a round 16-in.-diameter pizza that sells for $15. Steve’s large cheese pizza 
is around 14-in.-diameter pizza that sells for $12. Dorsey’s large cheese pizza is 

a square 12-in. by 12-in. pizza that sells for $10. All three pizzas have the same 
thickness. To get the most for her money, from which pizza parlor should Victoria 
order her pizza? 


To determine the best value, we will calculate the cost per square inch 
of pizza for each of the three pizzas. To do so, we will divide the cost of each 
pizza by its area. The areas of the two round pizzas can be determined using the 
formula for the area of a circle, A = mr?. Since the radius is half the diameter, 


Did You Know? — 


Le 


Fermat’s Last Theorem 


Andrew J. Wiles 


n 1637, Pierre de Fermat, an 

amateur French mathematician, 
scribbled a note in the margin of 
the book Arithmetica by Diophan- 
tus. The note would haunt math- 
ematicians for centuries. Fermat 
stated that the generalized form 
of the Pythagorean theorem, 

a’ + b"=c", has no positive 
integer solutions where n= 3. 
Fermat's note concluded, “| have 
a truly marvelous demonstration of 
this proposition, which this margin 
is too narrow to contain.” This con- 
jecture became known as Fermat's 
last theorem. A formal proof of this 
conjecture escaped mathemati- 
cians until on September 19, 1994, 
Andrew J. Wiles of Princeton Uni- 
versity announced he had found 
a proof. It took Wiles more than 
8 years of work to accomplish the 
task. Wiles was awarded the Wolf- 
skehl prize at Gottingen University 
in Germany in acknowledgment of 
his achievement. 
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we will use r = 8 and r = 7 for Antonio’s and Steve’s large pizzas, respec- 
tively, and we will use the [7] key on our calculator. The area for the square 


pizza can be determined using the formula for the area of a square, A = s7. 


We will use s = 12. 
Area of Antonio’s pizza = mr> = 1(8)° = (64) ~ 201.06 in.” 
Area of Steve’s pizza = ar? = m(7)° = 7(49) = 153.94 ine 
Area of Dorsey’s pizza = sa= (12)? = 144 in? 


Now, to find the cost per square inch of pizza, we will divide the cost of the pizza 
by the area of the pizza. 


$15 
Cost per square inch of Antonio’s pizza ~ ————_> =~ $0.0746 
ee 4 201.06 in 
Thus, Antonio’s pizza costs about $0.0746, or about 7.5 cents, per square inch. 
Cost inch of Steve’s pi ale $0.0780 
ost per square inch of Steve’s pizza ~ ————~ ~ $0. 
ils - 153.94 in? 
Thus, Steve’s pizza costs about $0.0780, or about 7.8 cents, per square inch. 


10 


Cost per square inch of Dorsey’s pizza = pe Calthe = $0.0694 
144 in.” 


Thus, Dorsey’s pizza costs about $0.0694, or about 6.9 cents, per square inch. 


Since the cost per square inch of pizza is the lowest for Dorsey’s pizza, Victo- 
ria would get the most pizza for her money by ordering her pizza from Dorsey’s. ™ 


Example J Determining the Shaded Area 


Determine the shaded area. Use the [7] key on your calculator and round your an- 
swer to the nearest hundredth. 


10 ft 


To determine the area of the shaded region, we will first determine the 
area of the parallelogram and then subtract the area of the circle. Notice that the 
height of the parallelogram is equal to the diameter of the circle. Since the diameter 
of a circle is twice its radius, the height of the parallelogram = 2 - 2 feet, or 4 feet. 
Area of the parallelogram = bh = 10+ 4 = 40 ft” 
Area of the circle = ar? = (2) = 7-4 ~ 12.57 ft” 
Area of the shaded region = Area of the parallelogram — Area of the circle 
=40 — 12.57 = 27.43 ft” 


I] 


Thus, the area of the shaded region is approximately 27.43 ft”. a 


Example by Applying Lawn Fertilizer 


Altay Ozgener plans to fertilize his lawn. The shapes and dimensions of his lot, 
house, driveway, pool, and rose garden are shown in Fig. 9.34 on page 506. One bag 
of fertilizer costs $29.95 and covers 5000 ft”. Determine how many bags of fertilizer 
Altay needs and the total cost of the fertilizer. 
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Profile In Mathematics — 


Pierre de Fermat 


P ierre de Fermat (1601-1665) is 
considered one of the greatest 
mathematicians of the seventeenth 
century. Fermat (pronounced Fair- 
MAH), however, was a lawyer by 
trade and considered mathematics a 
hobby. Although he is mostly known 
for his famous “last theorem” (see 
the Did You Know? on page 505), 
Fermat also made many contribu- 
tions to mathematics through his 
correspondence with leading math- 
ematicians of Europe. Although 
Fermat published very little himself, 
his letters to other mathematicians 
influenced virtually all branches of 
mathematical study in his time, in- 
cluding analytic geometry, calculus, 
probability, and number theory. 


ee 


vA 


150 ft 


16 ft 
Figure 9.34 


The total area of the lot is 150 - 180, or 27,000 ft. To determine the area 
to be fertilized, subtract the area of house, driveway, pool, and rose garden from the 
total area. 


Area of house = 60 + 40 = 2400 ft? 
Area of driveway = 40 + 16 = 640 ft? 
Area of pool = 20 + 30 = 600 ft? 


The diameter of the rose garden is 24 ft, so its radius is 12 ft. 
Area of rose garden = ar? = w(12)? = 7(144) = 452.39 ft? 


The total area of the house, driveway, pool, and rose garden is approxi- 
mately 2400 + 640 + 600 + 452.39, or 4092.39 ft. The area to be fertilized 
is 27,000 — 4092.39 ft”, or 22,907.61 ft”. The number of bags of fertilizer is 
found by dividing the total area to be fertilized by the number of square feet 
covered per bag. 

22,907.61 


5000 
Altay needs five bags. At $29.95 per bag, the total cost is 5 X $29.95, or $149.75. m= 


The number of bags of fertilizer is , or about 4.58 bags. Therefore, 


Example [4 Converting Between Square Feet and Square Inches 


b) Convert 37 ft” to square inches. 
d) Convert 2196 in? to square feet. 


a) Convert 1 ft” to square inches. 
c) Convert 432 in” to square feet. 


a) 1ft = 12in. Therefore, 1 ft? = 12in. X 12in. = 144 in?. 
b) From part (a), we know that 1 ft? = 144 in’. Therefore, 
37 ft? = 378 144 in? = 5328 in’. 
c) In part (b), we converted from square feet to square inches by multiplying 
the number of square feet by 144. Now, to convert from square inches to 
square feet we will divide the number of square inches by 144. Therefore, 
432 in? = #2 ft? = 3 ft?. 
d) As in part (c), we will divide the number of square inches by 144. Therefore, 
2196 in? = 2128 ft? = 15.25 ft. . 
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Example §@ Installing Ceramic Tile 


Rebecca Williams wishes to purchase ceramic tile for her family room, 
which measures 30 ft X 27 ft. The cost of the tile, including installation, is 


$72 per square yard. 


a) Find the area of Rebecca’s family room in square yards. 


b) Determine Rebecca’s cost of the ceramic tile for her family room. 


a) The area of the family room in square feet is 30 - 27 = 810 ft. Since 
l yd = 3 ft, 1 yd? = 3 ft X 3 ft = 9 ft. To find the area of the family room in 
square yards, divide the area in square feet by 9 ft. 


810 
Area in square yards = ee 90 


Therefore, the area is 90 yd’, 
b) The cost of 90 yd? of ceramic tile, including installation, is 90 - $72 = $6480. = 


When multiplying units of length, be sure that the units are the same. You can 
multiply feet by feet to get square feet or yards by yards to get square yards. However, 
you cannot get a valid answer if you multiply numbers expressed in feet by numbers 


expressed in yards. 


SECTION 9.3 z 
Exercises 


Warm Up Exercises 


In Exercises I, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


1. a) The sum of the lengths of the sides of a two- 
dimensional figure is called the of the 
figure. 


b) The region within the boundaries of a two-dimensional 
figure is called the of the figure. 


2. In a right triangle, the side that is opposite the right angle 
is called the 


3. A set of points equidistant from a fixed point is called a(n) 


4. a) A line segment from the center of a circle to any point 
on the circle is called the of the circle. 


b) A line segment through the center of the circle with 
both endpoints on the circle is called the ________ of 
the circle. 


c) The length of the simple closed curve that forms a 
circle is called the of the circle. 


Practice the Skills 


In Exercises 5—8, determine the area of the triangle. 


6cm 9 ft 


In Exercises 9-14, determine (a) the area and (b) the 
perimeter of the quadrilateral. 


5 
5 ft 


10 ft 
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10. Problem Solving 
Sint In Exercises 23-32, determine the shaded area. When ap- 
propriate, use the |x] key on your calculator and round 
13 in. your answer to the nearest hundredth. 
11. 
| 20cm 27cm 
3m 

13. 5 in. 

Gi 

19 in. 


In Exercises 15-18, determine (a) the area and (b) the cir- 
cumference of the circle. Use the [x] key on your calculator 
and round your answer to the nearest hundredth. 


= 
= 


17. 


27. 


11 yd 


In Exercises 19-22, (a) use the Pythagorean theorem to 
determine the length of the unknown side of the triangle, 
(b) determine the perimeter of the triangle, and (c) 
determine the area of the triangle. 


19. 20. 

c 15 yd ‘ 

ie 12 in. 
8 yd 
a 
21. ph, a 
cm 
te 10cm ee 
5 km 7 


30. 


k a 


In Exercises 33-36, one square yard equals 9 ft”. Use this 


information to convert the following. 


33. 72 ft” to square yards 34, 153 ft” to square yards 


35. 14.7 yd* to square feet 36. 15.2 yd? to square feet 


In Exercises 37-40, one square meter equals 10,000 cm?. 
Use this information to convert the following. 


38. 0.25 m? to square 
centimeters 


37. 5 m? to square 
centimeters 


40. 608 cm? to square 
meters 


39. 8625 cm? to square 
meters 


In Exercises 41—46, Nancy Wallin has just purchased a new 
house that is in need of new flooring. Use the measurements 


given on the floor plans of Nancy’s house to obtain the answer. 


israel oa 


Bedroom 
10'x 20' 


Bedroom 
10’x 14" 


Bedroom 
10'x 14’ 


a 
First floor 


41. 


42. 


43. 


44. 


45. 


46. 


47. 
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Cost of Hardwood Flooring The cost of Thomasville 
Walnut hardwood flooring is $9.99 per square foot if 
Nancy installs the flooring herself or $11.99 per square 
foot if she has the flooring installed by the flooring com- 
pany. Determine the cost for hardwood flooring in the liv- 
ing/dining room if 


a) Nancy installs it herself. 
b) Nancy has it installed by the flooring company. 


Cost of Laminate Flooring The cost of Prestige 

August Oak laminate flooring is $2.29 per square foot if 
Nancy installs the flooring herself or $4.29 per square foot 
if she has the flooring installed by the flooring company. 
Determine the cost for the flooring in the living/dining 
room if 


a) Nancy installs it herself. 
b) Nancy has it installed by the flooring company. 


Cost of Ceramic Tile The cost of Mohawk Porcelain ce- 
ramic tile is $8.99 per square foot. This price includes the 
cost of installation. Determine the cost for Nancy to have 
this ceramic tile installed in the kitchen and in both bath- 
rooms. 


Cost of Linoleum The cost of Armstrong Marmorette 
Parchment linoleum is $2.59 per square foot. This price 
includes the cost of installation. Determine the cost for 
Nancy to have this linoleum installed in the kitchen and in 
both bathrooms. 


Cost of Berber Carpeting The cost of Shaw Golden 
Wheat Berber carpeting is $7.99 per square foot. This 
price includes the cost of installation. Determine the cost 
for Nancy to have this carpeting installed in all three bed- 
rooms. 


Cost of Saxony Carpeting The cost of DuPont Stain- 
master Saxony carpeting is $6.99 per square foot. This 
price includes the cost of installation. Determine the cost 
for Nancy to have this carpeting installed in all three bed- 
rooms. 


Cost of a Lawn Service Clarence and Rose Cohen’s 
home lot is illustrated here. Clarence and Rose wish to hire 
Picture Perfect Lawn Service to cut their lawn. How much 
will it cost Clarence and Rose to have their lawn cut if Pic- 
ture Perfect charges $0.02 per square yard? 


€ 400 ft ee, 
40 ft 
I Nis f 
<i 
Goldfish pond 
1x apace 300 ft 
; Garage 
20 ft A 3551) 
ey 
40 ft 
Driveway 
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48. Cost of a Lawn Service Jim and Wendy Scott’s home lot 
is illustrated here. The Scotts wish to hire a lawn service 
to cut their lawn. M&M Lawn Service charges $0.02 per 
square yard of lawn. How much will it cost the Scotts to 
have their lawn cut? 


49. Area of a Basketball Court A National Basketball As- 
sociation (NBA) basketball court is a rectangle that is 94 ft 
long and SO ft wide. 


a) If you were to walk around the outside edge of a bas- 
ketball court, how far would you walk? 


b) If you had to place floor tiles that each measured 1 foot 
by 1 foot on a basketball court, how many tiles would 
you need? 


50. Quartz Countertops Larry Shedden wishes to have 
three Cambria Windsor quartz countertops installed in 
his new kitchen. The countertops are rectangular and 
have the following dimensions: 33 ft X 6 ft, 2 ft X 8 ft, 
and 3 ft x 114 ft. The cost of the countertops is 
$75 per square foot, which includes the cost of 
installation. 


a) Determine the total area of the three countertops. 


b) Determine the total cost to have all three countertops 
installed. 


51. Ladder on a Wall Lorrie Morgan places a 29-ft ladder 
against the side of a building with the bottom of the ladder 
20 ft away from the building (see figure). How high up on 
the wall does the ladder reach? 


Bo 29 ft ladder 


20 ft 


52. Docking a Boat Brian Murphy is bringing his boat into 
a dock that is 9 ft above the water level (see figure above 
and to the right). If a 41-ft rope is attached to the dock on 


one side and to the boat on the other side, determine the 
horizontal distance from the dock to the boat. 


53. The Green Monster In Fenway Park, home of baseball’s 
Boston Red Sox, the left field wall is known as the Green 
Monster. The distance from home plate down the third base- 
line to the bottom of the wall is 310 feet (see photo). In left 
field, at the end of the baseline, the Green Monster is perpen- 
dicular to the ground and is 37 feet tall. Determine the dis- 
tance from home plate to the top of the Green Monster along 
the third baseline. Round your answer to the nearest foot. 


54. Plasma Television The screen of a plasma television is 
in the shape of a rectangle with a diagonal of length 43 in. 
If the height of the screen is 21 in., determine the width of 
the screen. 


Challenge Problems/Group Activities 


55. Doubling the Sides of a Square In the figure below, 
an original square with sides of length s is shown. Also 
shown is a larger square with sides double in length, or 2s. 


(S—ae | 


—— = 


tN 
i) 
| 

| 

| 


ee 
Ce es 


a) Express the area of the original square in terms of s. 
b) Express the area of the larger square in terms of s. 


c) How many times larger is the area of the square in part 
(b) than the area of the square in part (a)? 


56. Doubling the Sides of a Parallelogram In the figure 


Die 


58. 


below, an original parallelogram with base b and height h 
is shown. Also shown is a larger parallelogram with base 
and height double in length, or 2b and 2h, respectively. 


a) Express the area of the original parallelogram in terms 
of b and h. 


b) Express the area of the larger parallelogram in terms of 
band h. 


c) How many times larger is the area of the parallelogram 
in part (b) than the area of the parallelogram in part (a)? 


Heron’s Formula A second formula for determining the 
area of a triangle (called Heron’s formula) is 


A = Vs(s — als — bls — 0) 


where 5 = Sa + b + c) anda, b, and c are the lengths 
of the sides of the triangle. Use Heron’s formula to 
determine the area of right triangle ABC and check 
your answer using the formula A = Sab. 


10cm 


Expansion of (a + by In the figure, one side of the 
largest square has length a + b. Therefore, the area of the 
largest square is (a + b)*. Answer the following questions 
to find a formula for the expansion of (a + b). 


a+b 


a+b 
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a) What is the area of the square marked (1)? 
b) What is the area of the rectangle marked (2)? 
c) What is the area of the rectangle marked @)? 
d) What is the area of the square marked @? 


e) Add the four areas found in parts (a) through (d) to 
write a formula for the expansion of (a + by’. 


Recreational Mathematics 


59. 


60. 


Sports Areas Use the Internet to research the official 
dimensions of the playing surface of your favorite 
sport and determine the area of the playing surface. 
Choices may include a basketball court, volleyball 
court, tennis court, racquetball court, hockey rink, 
football field, soccer field, lacrosse field, and a 
baseball diamond. 


Scarecrow’s Error In the movie The Wizard of Oz, 
once the scarecrow gets his diploma he states the 
following: “In an isosceles triangle, the sum of the 
square roots of the two equal sides is equal to the 
square root of the third side.” Discuss why this 
statement is incorrect. 


Internet/Research Activities 


For Exercises 61-63, references include the Internet, 
history of mathematics textbooks, and encyclopedias. 


61. 


62. 


63. 


Research the proof of the Pythagorean theorem 
provided by President James Garfield. Write a brief 
paper and make a poster of this proof and the associated 
diagrams. 


The early Babylonians and Egyptians did not know 
about 7 and had to devise techniques to approximate 
the area of a circle. Do research and write a paper on 
the techniques these societies used to approximate the 
area of a circle. 


Write a paper on the contributions of Heron of Alexandria 
to geometry. 
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SECTION 9.4 Volume and Surface Area 


5 


4 The amount of paint in a can refers 
to volume, and the amount of wall 
space that the paint covers refers to 
surface area. 


5 units I 
2 units 


Figure 9.35 


On the label of a can of Color Place paint is the following sentence: “One gallon 
will cover about 400 sq. ft.” This sentence refers to the two main geometric topics 
that we will cover in this section. One gallon refers to volume of the paint in the can, 
and 400 sq. ft refers to the surface area that the paint will cover. 


This is Important The concepts of volume and surface area have many real-life 
applications. These include calculating the volume of a freezer, the displacement of an 
engine, and the amount of paint needed to paint a room. 


hen discussing a one-dimensional figure such as a line, we can find its length. When 
discussing a two-dimensional figure such as a rectangle, we can find its area and its 
perimeter. When discussing a three-dimensional figure such as a cube, we can find its 
volume and its surface area. Volume is a measure of the capacity of a three-dimensional 
figure. Surface area is the sum of the areas of the surfaces of a three-dimensional figure. 
Volume refers to the amount of material that you can put inside a three-dimensional 
figure, and surface area refers to the total area that is on the outside surface of the figure. 
Solid geometry is the study of three-dimensional solid figures, also called space 
jigures. Volumes of three-dimensional figures are measured in cubic units such as 
cubic feet or cubic meters. Surface areas of three-dimensional figures are measured in 
square units such as square feet or square meters. 


Rectangular Solids, Cylinders, Cones, and Spheres 


Rectangular Solid 

If the length of a rectangular solid is 5 units, the width is 2 units, and the height is 
3 units, the total number of cubes is 30 (Fig. 9.35). Thus, the volume is 30 cubic units. 
The volume of a rectangular solid can also be found by multiplying its length times 
width times height; in this case, 5 units X 2 units X 3 units = 30 cubic units. In 
general, the volume of any rectangular solid is V = 1 X w X A. 

The surface area of the rectangular solid in Fig. 9.35 is the sum of the area of the 
surfaces of the rectangular solid. Notice that each surface of the rectangular solid is 
a rectangle. The left and right side of the rectangular solid each has an area of 5 units 
x 3 units, or 15 square units. The front and back sides of the rectangular solid each 
has an area of 2 units X 3 units, or 6 square units. The top and bottom sides of the 
rectangular solid each has an area of 5 units X 2 units, or 10 square units. Therefore, 
the surface area of the rectangular solid is 2(5 X 3) + 2(2 X 3) + 2(5 X 2) = 
2(15) + 2(6) + 2(10) = 30 + 12 + 20 = 62 square units. In general, the surface 
area of any rectangular solid is SA = 2lw + 2wh + 2Ih (see the figure to the left). 


‘Volume and Surface Area of a Rectangular Solid 


V = lwh SA = 2lw + 2wh + 2Ih 


Cube 

A cube is a rectangular solid with the same length, width, and height. If we call the length 
of the side of the cube s and use the volume and surface area formulas for a rectangular 
solid, substituting s in for /, w, and h, we obtain V = s+ s*s = seandSA =2+s*s+ 
Q+ses+2+s+5 =2s* + 2s? + 25” = 65? (see the figure to the left). 


Figure 9.37 
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Volume and Surfac 


Cylinder 
Now consider the right circular cylinder shown in Fig. 9.36(a). When we use the term 
cylinder in this book, we mean a right circular cylinder. The volume of the cylinder is 
found » multiplying the area of the circular base, wr, by the height, h, to get 
V= ar-h. 

The surface area of the cylinder is the sum of the area of the top, the area of the bot- 
tom, and the area of the side of the cylinder. Both the top and bottom of the cylinder are 
circles with an area of wr. To determine the area of the side of the cylinder, examine 
Fig. 9.36(b) and (c). 


Figure 9.36 


Notice how when flattened, the side of the cylinder is a rectangle whose length is 
the circumference of the base of the cylinder and whose width is the height of the 
cylinder. Thus, the side of the cylinder has an area of 27r + h, or 277rh. Therefore, the 
surface area of the cylinder is wr? + mr? + 2mrh, or SA = 2arh + Qn’. 


Volume and Si 


Now consider the right circular cone illustrated in Fig. 9.37. When we use the 
term cone in this book, we mean a right circular cone. The volume of a cone is less 
than the volume of a cylinder that has the same base and the same height. In fact, the 
volume of the cone is one-third the volume of the cylinder. The formula for the sur- 
face area of a cone is the sum of the area of the circular base of the cone, wr”, and the 
area of the side of the cone, 7rV r+ h2, or SA = mr? + arV r? + h?. The deri- 
vation of the area of the side of the cone is beyond the scope of this book. 


Sphere 


Baseballs, tennis balls, and so on have the shape of a sphere. The formulas for the 
volume and surface area of a sphere are as follows. The derivation of the volume and 
surface area of a sphere are beyond the scope of this book (see the figure to the left). 
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Following is a summary of the formulas for the volumes and surface areas of the 
three-dimensional figures we have discussed thus far. 


Example §] Volume and Surface Area 


Determine the volume and surface area of each of the following three-dimensional 
figures. When appropriate, use the [7] key on your calculator and round your answer 
to the nearest hundredths. 


() (d) 


a) V=lwh=11-3°6 = 198 ft° 
SA = 2lw + 2wh + 2Ih = 2+11°34+2+3+64+2+11°6 
66 + 36 + 132 = 234 ft? 


b) V=amrh = 7+ 4 +8 = 128% ~ 402.12 in? 
SA = 2arh + Qmr? = 24-8 + IW: 4? 
= 647 + 327 = 967 ~ 301.59 in? 
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c) V=4nrh = 40+ 3° +8 = 40 °9+8 = 240 ~ 75.40 m 
SA =r? + arV rr +h? = 7+ 3" + 3 V3" + 8? 
=9-74+3+m7+V73 = 108.80 m 
d) V=4ar =4- 7-9 = $+ 7-729 = 972m ~ 3053.63 cm? 
7+ 9 =4+q7-81 = 3247 ~ 1017.88 cm” Py 


Example Replacing a Sand Volleyball Court 


Robin Ayers is the manager at the Colony Apartments and needs to replace the 
sand in the rectangular sand volleyball court. The court is 30 ft wide by 60 ft long, 
and the sand has a uniform depth of 18 in. (see figure below). Sand sells for $27 per 
cubic yard. 


x 


18 in. 
60 NX i) 


a) How many cubic yards of sand does Robin need? 


30 ft 


b) How much will the sand cost? 


a) Since we are asked to find the volume in cubic yards, we will convert each 
measurement to yards. There are 3 ft in a yard. Thus, 30 ft equals 0 or 10 yd, 
and 60 ft equals 9 or 20 yd. There are 36 in. in a yard, so 18 in. equals 8, or 
I yd. The amount of sand needed is determined using the formula for the volume 
of a rectangular solid, V = / + w « h. In this case, the height of the rectangular 
solid can be considered the depth of the sand. 


V=1-w-h=10-20-4 = 100yd* 


Note that since the measurements for length, width, and height are each in terms 
of yards, the answer is in terms of cubic yards. 


b) One cubic yard of sand costs $27, so 100 yd? will cost 100 X $27, or $2700. m 


Example EJ Homecoming Float 


The basketball team at Southwestern High School is building a float for the home- 

coming parade. On the float is a large papier-maché basketball that has a radius of 

4.5 ft. Team members need to know the surface area of the basketball so that they 

can determine how much paint they will need to buy to paint the basketball. 

a) Determine the surface area of the basketball. 

b) If 1 quart of paint covers approximately 100 sq. ft, how many quarts of paint 
will team members need to buy? 


a) The basketball has the shape of a sphere. We will use the formula for the surface 
area of a sphere: SA = 4ar7 = 4+ 77> (4.5)? = 81m ~ 254.47 sq. ft. 


b) Since each quart of paint will cover about 100 sq. ft, they will need about 


254.47 
——— = 2.5447 quarts. Since you cannot buy a portion of a quart of paint, the 


team will need to buy 3 quarts of paint to paint the basketball. rT] 
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A Pablo Picasso 


he cubist painters of the early 

twentieth century sought to 
analyze forms as geometric shapes. 
They were greatly influenced by 
Paul Cézanne, who, in a famous 
letter, wrote of treating nature in 
terms of the cylinder, sphere, and 
cone. In one of the first paintings 
of the cubist period, Les Demoi- 
selles d’Avignon, Pablo Picasso dis- 
missed the idea of the human fig- 
ure as a dynamic unity and instead 
fractured volumes and planes to 
present them from multiple angles 
of vision at one time. 


Example EJ Silage Storage 


Gordon Langeneger has three silos on his farm. The silos are each in the shape of 

a right circular cylinder (see Fig. 9.38). One silo has a 12-ft diameter and is 40 ft 
tall. The second silo has a 14-ft diameter and is 50 ft tall. The third silo has an 18-ft 
diameter and is 60 ft tall. 


40 ft 


eorerce k— 14 ft—} es 


Figure 9.38 


a) What is the total capacity of the three silos in cubic feet? 


b) If Gordon fills all three of his silos and then feeds his cattle 150 ft? of silage per 
day, in how many days will all three silos be empty? 


a) The capacity of each silo can be determined using the formula for the volume 
of a right circular cylinder, V = amr-h. Since the radius is half the diameter, the 
radii for the three silos are 6 ft, 7 ft, and 9 ft, respectively. Now let’s determine 
the volumes. 


Volume of the first silo = mr7h = 7 + 6 + 40 
= 7+ 36°40 = 14407 ~ 4523.89 ft? 
Volume of the second silo = mr7h = 7 + 77 + 50 
= 7+ 49+50 = 24507 ~ 7696.90 ft 
Volume of the third silo = mr7h = 7 - 97 - 60 
= 7+ 81+ 60 = 48607 ~ 15,268.14 ft? 


Therefore, the total capacity of all three silos is about 
4523.89 + 7696.90 + 15,268.14 ~ 27,488.93 ft° 


b) To find how long it takes to empty all three silos, we will divide the total capac- 
ity by 150 ft*, the amount fed to Gordon’s cattle every day. 


27,488.93 


~ 183.26 
150 


Thus, the silos will be empty in about 183 days. Pr] 


Polyhedra, Prisms, and Pyramids 


A polyhedron (plural, polyhedra) is a closed surface formed by the union of polygo- 
nal regions. Figure 9.39 on page 517 illustrates some polyhedra. 

Each polygonal region is called a face of the polyhedron. The line segment 
formed by the intersection of two faces is called an edge. The point at which two or 
more edges intersect is called a vertex. In Fig. 9.39(a), there are 6 faces, 12 edges, and 
8 vertices. 


Did You Kn 


Platonic Solids 


Tetrahedron: 4 faces, Cube: 6 faces, 8 
4 vertices, 6 edges vertices, 12 edges 


Octahedron: 8 faces, Dodecahedron: 
é vertices, 12edges 12 faces, 20 vertices, 
30 edges 


Icosahedron: 20 faces, 12 vertices, 30 edges 


FN solid is a polyhedron 
whose faces are all regular 
polygons of the same size and 
shape. There are exactly five pla- 
tonic solids, as shown above. Pla- 
tonic solids, also called regular 
polyhedra, are named after the an- 
cient Greek philosopher Plato and 
are included in Euclid’s Elements 
(see the Profile in Mathematics on 
page 479). The figures above show 
each of the platonic solids, along 
with the number of faces, vertices, 
and edges for each. 
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Polyhedra 


(a) (b) (c) (d) 
Figure 9.39 


Note that: 
Number of vertices — number of edges + number of faces = 2 


8 = 12 + 6 =2 


This formula, credited to Leonhard Euler, is true for any polyhedron. 


Euler’s Polyhedron Formula — 
Number of vertices — number of edges + number of faces = 2 


We suggest that you verify that this formula holds for Fig. 9.39(b), (c), and (d). 


Example Using Euler’s Polyhedron Formula 


A certain polyhedron has 20 vertices and 12 faces. Determine the number of edges 
on the polyhedron. 


Since we are seeking the number of edges, we will let x represent the 
number of edges on the polyhedron. Next, we will use Euler’s polyhedron formula 
to set up an equation: 


Number of vertices — number of edges + number of faces = 2 
20 = dé ste 12 = 2 
32) y= 2 
=x = 30 
x = 30 
Therefore, the polyhedron has 30 edges. g 


A platonic solid, also known as a regular polyhedron, is a polyhedron whose 
faces are all regular polygons of the same size and shape. There are exactly five pla- 
tonic solids. All five platonic solids are illustrated in the Did You Know? at left. 

A prism is a special type of polyhedron whose bases are congruent polygons and 
whose sides are parallelograms. These parallelogram regions are called the lateral 
faces of the prism. If all the lateral faces are rectangles, the prism is said to be a right 
prism. The prisms illustrated in Fig. 9.40 are all right prisms. When we use the word 
prism in this book, we are referring to a right prism. 


Prisms 


(d) 
Figure 9.40 


518 CHAPTER9 Geometry 


The volume of any prism can be found by multiplying the area of the base, B, by 
the height, h, of the prism. 


~. ae 


(> 


Example [4 Volume of a Hexagonal Prism Fish Tank 

Frank Nicolzaao’s fish tank is in the shape of a hexagonal prism as shown in Fig. 9.41. 
Use the dimensions shown in the figure and the fact that 1 gal = 231 in? to 

a) determine the volume of the fish tank in cubic inches. 


b) determine the volume of the fish tank in gallons (round your answer to the near- 
est gallon). 


a) First we will need to calculate the area of the hexagonal base of the fish tank. 
Notice from Fig. 9.41 that by drawing a diagonal as indicated, the base can be 
divided into two identical trapezoids. To find the area of the hexagonal base, we 
will calculate the area of one of these trapezoids and then multiply by 2. 


Area of one trapezoid = 5h(b, + bp) 
= 5(8)(16 + 8) = 96 in? 
Area of the hexagonal base = 2(96) = 192 in? 


Figure 9.41 


Now to determine the volume of the fish tank, we will use the formula for the vol- 
ume of a prism, V = Bh. We already determined that the area of the base, B, is 
192 in”. 


V=B-h= 192° 24 = 4608 in? 


In the above calculation, the area of the base, B, was measured in square inches 
and the height was measured in inches. The product of square inches and inches is 
cubic inches, or in.’. 

b) To determine the volume of the fish tank in gallons, we will divide the volume 


of the fish tank in cubic inches by 231. 


4608 
V = —— = 19.95 gal 
231 . 
Thus, the volume of the fish tank is approximately 20 gal. r] 


Example Q4 Volumes Involving Prisms 


Determine the volume of the remaining solid after the cylinder, triangular prism, 
and square prism have been cut from the solid (Fig. 9.42). 


Figure 9.42 


Figure 9.44 
ene 
3m 

re | 

i ppt 

2m 

(i ares 
i 2m - 

Figure 9.45 
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To determine the volume of the remaining solid, first determine the vol- 
ume of the rectangular solid. Then subtract the volume of the two prisms and the 
cylinder that were cut out. 
Volume of rectangular solid = 1+ wh 
= 20:3+8 = 480in’ 
Volume of circular cylinder = mr7h 
= 1(27)(3) 
= m(4)(3) = 120 ~ 37.70 in? 
Volume of triangular prism = area of the base - height 
= 5(6)(4)(3) = 36 in? 
Volume of square prism = sch 
=4? + 3 = 48 in? 
Volume of solid ~ 480 — 37.70 — 36 — 48 
~ 358.30 in? " 


Another special category of polyhedra is the pyramid. Unlike prisms, pyramids 
have only one base. The figures illustrated in Fig. 9.43 are pyramids. Note that all but 
one face of a pyramid intersect at a common vertex. 


Pyramids 


(a) 
Figure 9.43 


If a pyramid is drawn inside a prism, as shown in Fig. 9.44, the volume of the 
pyramid is less than that of the prism. In fact, the volume of the pyramid is one-third 
the volume of the prism. 


Example EE] Volume of a Pyramid 


Determine the volume of the pyramid shown in Fig. 9.45. 


First find the area of the base of the pyramid. Since the base of the pyra- 
mid is a square, 


Area of base = s? = 2? = 4m? 


Now use this information to find the volume of the pyramid. 


Thus, the volume of the pyramid is 4 m’. a 
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Ko =| 
l yd Se 1 yd 
Figure 9.46 


Cubic Unit Conversions 


In certain situations, converting volume from one cubic unit to a different cubic unit 
might be necessary. For example, when purchasing topsoil you might have to change 
the amount of topsoil from cubic feet to cubic yards prior to placing your order. 
Example 9 shows how that may be done. 


Example ] Cubic Yards and Cubic Feet 


a) Convert 1 yd? to cubic feet. (See Fig. 9.46.) 
b) Convert 8.9 yd? to cubic feet. 
c) Convert 749.25 ft? to cubic yards. 


a) We know that 1 yd = 3 ft. Thus, 1 yd* = 3 ft X 3 ft X 3 ft = 27 ft>. 

b) In part (a), we learned that 1 yd? = 27 ft. Thus, 8.9 yd? = 8.9 X 27 = 
240.3 ft?, 

c) In part (b), we converted from cubic yards to cubic feet by multiplying the 
number of cubic yards by 27. Now, to convert from cubic feet to cubic yards we 
will divide the number of cubic feet by 27. Therefore, 749.25 ft? = ug yd? = 
QT aya i 


Example |{@) Filling in a Swimming Pool 


Madeline Bates recently purchased a home with a rectangular swimming pool. 

The pool is 30 ft long and 15 ft wide, and it has a uniform depth of 4.5 ft. Madeline 
lives in a cold climate, so she plans to fill the pool in with dirt to make a flower 
garden. How many cubic yards of dirt will Madeline have to purchase to fill in the 
swimming pool? 


To find the amount of dirt, we will use the formula for the volume of a 
rectangular solid: 


V =lwh 
= (30)(15)(4.5) 
=e 


Now we must convert this volume from cubic feet to cubic yards. In Example 9, we 
learned that 1 yd? = 27 ft?. Therefore, 2025 ft? = “97° = 75 yd°. Thus, Madeline 
needs to purchase 75 yd? of dirt to fill in her swimming pool. a 


SECTION 9.4 : 
Exercises 


Warm Up Exercises 


In Exercises 1-6, fill in the blanks with an appropriate 


word, phrase, or symbol(s). 


1. A measure of the capacity of a three-dimensional figure is 


called the figure’s 


2. The sum of the areas of the surfaces of a three-dimensional 


figure is called the figure’ s 


4. A polyhedron whose bases are congruent polygons and 
whose sides are parallelograms is called a 


5. A prism whose sides are rectangles is called a 
prism. 


6. Euler’s polyhedron formula states that, for any polyhe- 
dron, the number of vertices minus the number of edges 


plus the number of faces equals 
area. 


3. A regular polyhedron, whose faces are all regular polygons of 
the same size and shape, is also called a______ solid. 
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Practice the Skills 16. 


In Exercises 7-16, determine (a) the volume and (b) the 
surface area of the three-dimensional figure. When 


appropriate, use the |m] key on your calculator and round 
your answer to the nearest hundredth. 


7. K-7 mis 
In Exercises 17-20, determine the volume of the three- 
dimensional figure. When appropriate, round your answer 
to the nearest hundredth. 
17. 
8 9, 
| 
15m 
1 
25 mm H 
19. 
{ 
! 
4 
10. 11. A> lem 


12. ee: 13; uw 
= 15 ft EX 
So 9 ft 
‘< 
24 in. 
14cm Problem Solving 
In Exercises 21-28, determine the volume of the shaded 
6 in. region. When appropriate, use the {i] key on your calcula- 
= tor and round your answer to the nearest hundredth. 


a 15. 21. ke4 ft} 


24 ft Lenina 
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In Exercises 29-32, use the fact that I yd? equals 27 ft’ to 
make the conversion. 


29. 


31. 


3 yd? to cubic feet 30. 7.25 yd? to cubic feet 


153 ft? to cubic yards 32. 2457 ft? to cubic yards 


In Exercises 33-36, use the fact that 1 m 3 equals 
1,000,000 cm? to make the conversion. 


33. 
34. 
35: 
36. 
Bile 


38. 


39. 


40. 


41. 


42. 


0.56 m? to cubic centimeters 
17.6 m? to cubic centimeters 
7,500,000 cm? to cubic meters 
7,300,000 cm? to cubic meters 


Playground Mulch Bob Malena is building a backyard 
playground for his grandchildren and wishes to put down 
rubber mulch to provide safety from falls. Bob wishes to 
put the mulch in a pit in the shape of a rectangular solid 
20 ft long, 15 ft wide, and 9 in deep. 


a) Determine the volume, in cubic feet, of mulch Bob will 
need. 


b) If mulch costs $11 per cubic foot, what will the cost of 
the mulch be? 


Volume of a Freezer The dimensions of the interior of an 
upright freezer are height 46 in., width 25 in., and depth 25 
in. Determine the volume of the freezer 


a) in cubic inches. b) in cubic feet. 


CD Case A compact disc case is a rectangular solid that 
is 142 mm long, 125 mm wide, and 10 mm high. Deter- 
mine its surface area. 


Globe Surface Area The Everest model globe has a di- 
ameter of 20 in. Determine the surface area of this globe. 
Round your answer to the nearest hundredth. 


Volume of a Bread Pan A bread pan is 12 in. X 
4 in. X 3 in. How many quarts does it hold, if 1 in? ~ 
0.01736 qt? 


Ice-Cream Comparison The Louisburg Creamery packages 
its homemade ice cream in tubs and in boxes. The tubs are in 
the shape of a right cylinder with a radius of 3 in. and height 


43. 


45. 


46. 


47. 


of 5 in. The boxes are in the shape of a cube with each side 
measuring 5 in. Determine the volume of each container. 


A Fish Tank 

a) How many cubic centimeters of water will a rectangu- 
lar fish tank hold if the tank is 80 cm long, 50 cm wide, 
and 30 cm high? 


b) If 1 cm? holds 1 mé of liquid, how many milliliters 
will the tank hold? 


c) If 1 € = 1000 mé, how many liters will the tank hold? 


. The Pyramid of Cheops The Pyramid of Cheops in Egypt 


has a square base measuring 720 ft on a side. Its height is 
480 ft. What is its volume? 


Engine Capacity The engine in a 1957 Chevrolet Cor- 
vette has eight cylinders. Each cylinder is a right cylinder 
with a bore (diameter) of 3.875 in. and a stroke (height) 
of 3 in. Determine the total displacement (volume) of this 
engine. 


Rose Garden Topsoil Marisa Raffaele wishes to plant a 
rose garden in her backyard. The rose garden will be in the 
shape of a 9 ft by 18 ft rectangle. Marisa wishes to add a 


4-in. layer of organic topsoil on top of the rectangular area. 


The topsoil sells for $42 per cubic yard. Determine 
a) how many cubic yards of topsoil Marisa will need. 
b) how much the topsoil will cost. 


Pool Toys A Wacky Noodle Pool Toy, frequently referred 
to as a “noodle,” is a cylindrical flotation device made 
from cell foam (see photo). One style of noodle is a cyl- 
inder that has a diameter of 2.5 in. and a length of 5.5 ft. 
Determine the volume of this style of noodle in 


48. 


49. 


50. 
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a) cubic inches. 


b) cubic feet. 


Comparing Cake Pans When baking a cake, you can 
choose between a round pan with a 9-in. diameter and a 
7 in. X 9 in. rectangular pan. 


a) Determine the area of the base of each pan. 


b) If both pans are 2 in. deep, determine the volume of 
each pan. 


c) Which pan has the larger volume? 


Cake Icing A bag used to apply icing to a cake is in the 
shape of a cone with a diameter of 3 in. and a height of 
6 in. How much icing will this bag hold when full? 


Flower Box The flower box shown below is 4 ft long, 
and its ends are in the shape of a trapezoid. The upper 

and lower bases of the trapezoid measure 12 in. and 8 in., 
respectively, and the height is 9 in. Find the volume of the 
flower box 

a) in cubic inches. b) in cubic feet. 


K-12 ini 4 


In Exercises 51—56, find the missing value indicated by the 
question mark. Use the following formula. 


51. 
52. 
53. 
54. 
55. 
56. 


Number of i number of ‘pe number \ _ 3 
vertices edges of faces 


Number of | Number of Number of 
‘Vertices = —_ Edges Faces 
8 ? 4 
12 16 2 
? 8 4 
11 2 5 
i 12 ? 
? 10 4 
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Challenge Problems/Group Activities 


57. Earth and Moon Comparisons The diameter of Earth is 
approximately 12,756.3 km. The diameter of the moon is 
approximately 3474.8 km. Assume that both Earth and the 
moon are spheres. 


a) Determine the surface area of Earth. 
b) Determine the surface area of the moon. 


c) How many times larger is the surface area of Earth than 
the surface area of the moon? 


d) Determine the volume of Earth. 
e) Determine the volume of the moon. 


f) How many times larger is the volume of Earth than the 
volume of the moon? 


58. Packing Orange Juice A box is packed with six cans of 
orange juice. The cans are touching each other and the 
sides of the box, as shown. What percent of the volume 
of the interior of the box is not occupied by the cans? 


59. Doubling the Edges of a Cube In this exercise, we will 
explore what happens to the volume of a cube if we double 
the length of each edge of the cube. 


a) Choose a number between 1 and 10 and call this number s. 


b) Calculate the volume of a cube with the length of each 
edge equal to s. 


c) Now double s and call this number f. 


d) Calculate the volume of a cube with the length of each 
edge equal to f. 


e) Repeat parts (a) through (d) for a different value of s. 


f) Compare the results from part (b) with the results from 
part (d) and explain what happens to the volume of a 
cube if we double the length of each edge. 


60. Doubling the Radius of a Sphere In this exercise, we 
will explore what happens to the volume of a sphere if we 
double the radius of the sphere. 


a) Choose a number between | and 10 and call this num- 
ber r. 


b) Calculate the volume of a sphere with radius r (use the 
a|key on your calculator). 


c) Now double r and call this number f. 


d) Calculate the volume of a sphere with radius t. 
e) Repeat parts (a) through (d) for a different value of r. 


f) Compare the results from part (b) with the results from 
part (d) and explain what happens to the volume of a 
sphere if we double the radius. 


61. a) Explain how to demonstrate, using the cube shown 
below, that 


(@ se by =a + 3a*b + 3ab? + BD? 


b) What is the volume in terms of a and b of each num- 
bered piece in the figure? 


c) An eighth piece is not illustrated. What is its volume? 


Recreational Mathematics 


62. More Pool Toys Wacky Noodle Pool Toys (see Exercise 
47) come in many different shapes and sizes. 


Base for part (b) 


Base for part (a) 


a) Determine the volume, in cubic inches, of a noodle that 
is in the shape of a 5.5-ft-long solid octagonal prism 
whose base has an area of 5 in’. 


b) Determine the volume, in cubic inches, of a hollow 
noodle that has the same shape as the noodle de- 
scribed in part (a) except that a right circular cylinder 
of diameter 0.75 in. has been removed from the 
center. 


Internet/Research Activities 


63. Air-Conditioner Selection Calculate the volume of the 
room in which you sleep or study. Go to a store that sells 
room air conditioners and find out how many cubic feet 
can be cooled by the different models available. Describe 
the model that would be the proper size for your room. 
What is the initial cost? How much does that model cost to 
operate? If you moved to a room that had twice the amount 
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of floor space and the same height, would the air condi- 65. Platonic Solids Construct cardboard models of one 
tioner you selected still be adequate? Explain. or more of the platonic solids. Visit the Web site www. 


64, Pappus of Alexandria (ca. A.D. 350) was the last of the ie a ee is aoa 
well-known ancient Greek mathematicians. Write a paper ; 
on his life and his contributions to mathematics. 


Transformational Geometry, Symmetry, 
and Tessellations 


SECTION 9.5 


Consider the capital letters of the alphabet. Now consider a kindergarten-age child 
who is practicing to write capital letters. Usually, children will write some of the letters 
"backwards." However, some letters cannot be made backwards. For example, the 
capital letter A would look the same backwards as it does forwards, but the capital 
letters B and C would look different backwards than they do forwards. The capital 
letters that appear the same forwards as they do backwards have a property called 
symmetry that we will define and study in this section. Symmetry is part of another 


A Capital letters can be used to display 
symmetry. 


branch of geometry known as transformational geometry. 


ED This is Important Transformational geometry can be used to describe many natural 


phenomena in biology, physics, chemistry, and other scientific areas. 


| n our study of geometry, we have thus far focused on definitions, axioms, and theo- 
rems that are used in the study of Euclidean geometry. We will now introduce a 
second type of geometry called transformational geometry. In transformational 
geometry, we study various ways to move a geometric figure without altering the 
shape or size of the figure. When discussing transformational geometry, we often use 
the term rigid motion. 


Dennttions Rigid Motion or Transformation 
The act of moving a geometric figure from some starting Peon to some ending 


Ar ip iD! Cc. position without altering its shape or size is called a rigid motion (or transformation). 


D cae . Consider trapezoid ABCD in Fig. 9.47. If we move each point on this trapezoid 
4 units to the right and 3 units up, the trapezoid is in the location specified by trapezoid 
A'B'C'D’. This figure illustrates one type of rigid motion. When studying rigid mo- 
tions, we are concerned only about the starting and ending positions of the figure and not 
what happens in between. When discussing rigid motions of two-dimensional figures, 
we note there are four basic types of rigid motions: reflections, rotations, translations, 
and glide reflections. We call these four types of rigid motions the basic rigid motions in 
a plane. After we discuss the four rigid motions, we will discuss symmetry of geometric 
figures and tessellations. 


Figure 9.47 


Reflections 


The first rigid motion we will study is reflection. In our everyday life, we are 
quite familiar with the concept of reflection. In transformational geometry, a re- 
flection is an image of a geometric figure that appears on the opposite side of a 
designated line. 
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Definition: Reflection 

A reflection is a rigid motion that moves a geometric figure to a new position 
such that the figure in the new position is a mirror image of the figure in the start- 
ing position. In two dimensions, the figure and its mirror image are equidistant 
from a line called the reflection line or the axis of reflection. 


Figure 9.48 shows trapezoid ABCD, a reflection line /, and the reflected trapezoid 
A'B'C'D’. Notice that vertex A is 6 units to the /eft of reflection line / and that vertex 
A’ is 6 units to the right of reflection line /. Next notice that vertex B is 2 units to the 
left of | and that vertex B’ is 2 units to the right of /. A similar relationship holds true 
for vertices C and C’ and for vertices D and D’. It is important to see that the trape- 
zoid is not simply moved to the other side of the reflection line, but instead it is 
reflected. Notice in the trapezoid ABCD that the longer base BC is on the right side of 
the trapezoid, but in the reflected trapezoid A’B'C'D’ the longer base B’C’ is on the 
left side of the trapezoid. Finally, notice the colors of the sides of the two trapezoids. 
Side AB in trapezoid ABCD and side A’B’ in the reflected trapezoid are both blue. 
Side BC and side B’C’ are both red, sides CD and C’D’ are both gold, and sides DA 
and D’A’ are both green. In this section, we will occasionally use such color coding 
to help you visualize the effect of a rigid transformation on a figure. 


B’ 
A A’ 
6 units 6 units 
D D 
(GE (Oe 
Reflection line / 


vy 


Figure 9.48 


Example §i§ Reflection of a Triangle 


Construct the reflection of triangle ABC, shown in Fig. 9.49, about reflection line /. 


G 
l 


Figure 9.49 
The reflection of triangle ABC will be called A’B’C’. To determine 


the position of the reflection, we first examine vertex A in Fig. 9.49. Notice that 
vertex A is 2 units to the right of line /. Thus, in the reflected triangle A’B’'C’, 


Figure 9.57 


m 


B 


Figure 9.54 
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vertex A’ must also be 2 units away from, but to the /eft of, reflection line / (see 
Fig 9.50 below). Next, notice that vertex B is 6 units to the right of line /. Thus, 
in the reflected triangle A’B’C’, vertex B’ must also be 6 units away from, but 
to the left of, reflection line /. Next, notice that vertex C is 6 units to the right of 
line /. Thus, in the reflected triangle A’B’C’, vertex C’ must also be 6 units 
away from, but to the Jeft of, reflection line /. Figure 9.50 shows vertices A’, B’, 
and C’. Finally, we draw line segments between vertices A’ and B’, between B’, 
and C’, and between A’ and C’ to form the sides of the reflection triangle A’ B’ 
C’, as illustrated in Fig. 9.50. 


6 units if 6 units 
A. JN 
ig 2 units]2 units \ 
1 Fe SS 

B A A B 
Ci (S 

‘6 units 6 units 

l 

Figure 9.50 wi 


In Example 1, the reflection line did not intersect the figure being reflected. 
We will now study an example in which the reflection line goes directly through the 
figure to be reflected. 


Example #4 Reflection of a Hexagon 
Construct the reflection of hexagon ABCDEF, shown in Fig. 9.51, about reflection line /. 


From Fig. 9.51 (in the margin above), we see that vertex A in hexagon 
ABCDEF is 2 units to the left of reflection line /. Thus, vertex A’ in the reflected 
hexagon will be 2 units to the right of / (see Fig. 9.52). Notice that vertex A’ of the re- 
flected hexagon is in the same location as vertex B of hexagon ABCDEF in Fig. 9.51. 
We next see that vertex B in hexagon ABCDFF is 2 units to the right of /. Thus, 
vertex B’ in the reflected hexagon will be 2 units to the left of /. Notice that vertex 
B’ of the reflected hexagon is in the same location as vertex A of hexagon ABCDEF. 
We continue this process to determine the locations of vertices C’, D’, E’, and F' 
of the reflected hexagon. Notice once again that each vertex of the reflected hexagon 
is in the same location as a vertex of hexagon ABCDEF. Finally, we draw the line 
segments to complete the reflected hexagon A'B'C'D'E'F' (see Fig. 9.52). For this 
example, we see that other than the vertex labels, the positions of the hexagon before 
and after the reflection are identical. a 


In Example 2, the reflection line was in the center of the hexagon in the original 
position. As a result, the reflection line was also in the center of the reflected hexa- 
gon. In this particular case the reflected hexagon lies directly on top of the hexagon in 
its original position. We will revisit reflections such as that in Example 2 again when 
we discuss reflective symmetry later in this section. 

Now consider hexagon ABCDEF in Fig. 9.53 and its reflection about line m, 
hexagon A'B'C'D'E'F' in Fig. 9.54. Notice that the positions of the hexagon before 
and after the reflection, relative to line m, are not the same. Furthermore, if we line up 
reflection line m in Fig. 9.53 and Fig. 9.54, we would see that hexagon ABCDEF and 
hexagon A’B'C'D'E’F’ are in different positions. 
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Translations 


The next rigid motion we will discuss is the translation. In a translation, we simply 
move a figure along a straight line to a new position. 


Definition: Translation or Glide 

A translation (or glide) is a rigid motion that moves a geometric figure by sliding 
it along a straight line segment in the plane. The direction and length of the line 
segment completely determine the translation. 


After conducting a translation, we say the figure was translated to a new position. 

A concise way to indicate the direction and the distance that a figure is moved 
during a translation is with a translation vector. In mathematics, vectors are typically 
represented with boldface letters. For example, in Fig. 9.55 we see trapezoid ABCD 
and a translation vector, v, which is pointing to the right and upward. This translation 
vector indicates a translation of 9 units to the right and 4 units upward. Notice that in 
Fig. 9.55 the translated vector appears on the right side of the polygon. The placement 
of the translation vector does not matter. Therefore, the translation vector could have 
been placed to the left, above, or below the polygon, and the translation would not 
change. When trapezoid ABCD is translated using v, every point on trapezoid ABCD 
is moved 9 units to the right and 4 units upward. This movement is demonstrated for 
vertex A in Fig. 9.56(a). Figure 9.56(b) shows trapezoid ABCD and the translated 
trapezoid A'B'C'D'. Notice in Fig. 9.56(b) that every point on trapezoid A’B'C'D' 
is 9 units to the right and 4 units up from its corresponding point on trapezoid ABCD. 


Translation vector 


4 units 
upward 


Figure 9.55 


Cc’ 


Figure 9.56 
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Figure 9.59 
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Example ¥ A Translated Square 


Given square ABCD and translation vector v, shown in Fig. 9.57, construct the 
translated square A’B'C'D’. 


Figure 9.57 


The translated figure will be a square of the same size and shape as 
square ABCD. We notice that the translation vector, v, points 6 units downward 
and 3 units to the right. To determine the location of vertex A’ of the translated 
square, start at vertex A of square ABCD and move down 6 units and to the right 
3 units. We label this vertex A’ (see Fig. 9.58a). We determine vertices B’, C’, 
and D' in a similar manner by moving down 6 units and to the right 3 units from 
vertices B, C, and D, respectively. Figure 9.58(b) shows square ABCD and the 
translated square A’B'C'D’. Notice in Fig. 9.58(b) that every point on square 
A'B'C'D’ is 6 units down and 3 units to the right of its corresponding point on 
square ABCD. 


A B A B 
6. units 
downward 
D G D a 
A’ B' A’ B' 
; i 
3.units to 
the right 
e e 
D' Gi D' Gi 
(a) (b) 
Figure 9.58 | 
Rotations 


The next rigid motion we will discuss is rotation. To help visualize a rotation, exam- 
ine Fig. 9.59, which shows right triangle ABC and point P about which right triangle 
ABC is to be rotated. 

Imagine that this page was removed from this book and attached to a bulletin 
board with a single pin through point P. Next imagine rotating the page 90° in the 
counterclockwise direction. The triangle would now appear as triangle A’B’C’ 
shown in Fig. 9.60 on page 530. Next, imagine rotating the original triangle 180° in 
a counterclockwise direction. The triangle would now appear as triangle A”B’C” 
shown in Fig. 9.61 on page 530. 

Now that we have an intuitive idea of how to determine a rotation, we give the 
definition of rotation. 
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Figure 9.60 


© 
P 


Figure 9.62 
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Figure 9.61 


Definition: Rotation 

A rotation is a rigid motion performed by rotating a geometric figure in the plane 
about a specific point, called the rotation point or the center of rotation. The 
angle through which the object is rotated is called the angle of rotation. 


We will measure angles of rotation using degrees. In mathematics, generally, 
counterclockwise angles have positive degree measures and clockwise angles have 
negative degree measures. 


Example [J A Rotated Rectangle 


Given rectangle ABCD and rotation point P, shown in Fig. 9.62, construct rectangles 
that result from rotations through 


a) 90°. b) 180°. ©) ZIM. 


a) First, since 90 is a positive number, we will rotate the figure in a counterclock- 
wise direction. We also note that the rotated rectangle will be the same size 
and shape as rectangle ABCD. To get an idea of what the rotated rectangle will 
look like, pick up this book and rotate it counterclockwise 90°. Figure 9.63 
shows rectangle ABCD and rectangle A'B'C'D' which is rectangle ABCD 
rotated 90°about point P. Notice how line segment AB in rectangle ABCD is 
horizontal, but in the rotated rectangle in Fig. 9.63 line segment A’B’ is vertical. 
Also notice that in rectangle ABCD vertex D is 3 units to the right and 1 unit 
above rotation point P, but in the rotated rectangle, vertex D’ is 3 units above 
and | unit to the /eft of rotation point P. 


B’ (Ee A B 
A D’ 
A D Cc 
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Figure 9.63 


9.5 Transformational Geometry, Symmetry, and Tessellations 531 


b) To gain some perspective on a 180° rotation, again pick up this book, but this 
time rotate the book 180° in the counterclockwise direction. The rotated rect- 
angle A”B”C"D" is shown along with the rectangle ABCD in Fig. 9.64. 


A B 
D C 
; e 
(G4 Do P 
A B 
R” 4” 
é D c Figure 9.64 
P 
. ey c) To gain some perspective on a 270° rotation, rotate this book 270° in the coun- 
terclockwise direction. The rotated rectangle A”’B’”"C""D” is shown along with 
rectangle ABCD in Fig. 9.65. a 
e- 7 Thus far in our examples of rotations, the rotation point was outside the figure 
S 4 being rotated. We now will study an example where the rotation point is inside the 
figure to be rotated. 
Figure? .c2 Example ky A Rotation Point Inside a Polygon 
A i Given polygon ABCDEFGH and rotation point P, shown in Fig. 9.66, construct 


polygons that result from rotations through 
G H a) 90°. b) 180°. 


a) We will rotate the polygon 90° in a counterclockwise direction. The resulting 


ei ss polygon will be the same size and shape as polygon ABCDEFGH. To visualize 
what the rotated polygon will look like, pick up this book and rotate it counter- 

E Z clockwise 90°. Figure 9.67 shows the polygon ABCDEFGH, in pale blue, and 
Figure 9.66 the rotated polygon A’B'C'D'E'F'G'H', in deeper blue. Notice how line seg- 


ments AB, CD, EF, and GH in polygon ABCDEFGH are horizontal, but in the 
rotated polygon A'B'C'D' E'F'G'H', line segments A’B’, C'D', E'F', and 
G'H' are vertical. Also notice in polygon ABCDEFGH that line segment GH 
is 1 unit above rotation point P, but in the rotated polygon, line segment G'H' 
is 1 unit to the /eft of rotation point P. 

b) To visualize the polygon obtained through a 180° rotation, we can pick up 
this book and rotate it 180° in the counterclockwise direction. Notice from 
Fig. 9.68 on page 532 that vertex A” of the rotated polygon is in the same 
position as vertex E of polygon ABCDEFGH. Also notice from Fig. 9.68 
that vertex B” of the rotated polygon is in the same position as vertex F of 
polygon ABCDEFGH. In fact, each of the vertices in the rotated polygon 
is in the same position as a different vertex in polygon ABCDEFGH. From 


Figure 9.67 


532 CHAPTERS Geometry 


BE F” 
c" D” 
H’ Gl 
RB” A’ 
Figure 9.68 


Figure 9.70 


Fig. 9.68 we see that, other than vertex labels, the position of rotated polygon 

A"B"C'"D"E"F"G'H'" is the same as the position of polygon ABCDEFGH.  & 

The polygon used in Example 5 will be discussed again later when we discuss rota- 
tional symmetry. The three rigid motions we have discussed thus far are reflection, 
translation, and rotation. Now we will discuss the fourth rigid motion, glide reflection. 


Glide Reflections 


Definition: Glide Reflection 
A glide reflection is a rigid motion formed by performing a translation (or glide) 
followed by a reflection. 


A glide reflection, as its name suggests, is a translation (or glide) followed by a re- 
flection. Both translations and reflections were discussed earlier in this section. 
Consider triangle ABC (shown in blue), translation vector v, and reflection line / in 
Fig. 9.69. The translation of triangle ABC, obtained using translation vector v, is tri- 
angle A'B'C’ (shown in red). The reflection of triangle A'B’C’ about reflection line 
lis triangle A"B”C” (shown in green). Thus, triangle A”B’C” is the glide reflection of 
triangle ABC using translation vector v and reflection line /. 


Figure 9.69 


Example [@ A Glide Reflection of a Parallelogram 


Construct a glide reflection of parallelogram ABCD, shown in Fig. 9.70, using 
translation vector v and reflection line /. 


To construct the glide reflection of parallelogram ABCD, first translate 
the parallelogram 2 units to the left and 5 units up, as indicated by translation vector 
y. This translated parallelogram is labeled A’B’C’D’, shown in red in Fig. 9.71(a) 
on page 533. Next, we will reflect parallelogram A’B’C’D' about reflection line /. 
Parallelogram A'B’'C'D’, shown in red, and the reflected parallelogram, labeled 
A"B"C"D", shown in green, are shown in Fig. 9.71(b). The glide reflection of the 
parallelogram ABCD is parallelogram A”B’C"D". rT 


Symmetry 


We are now ready to discuss symmetry. Our discussion of symmetry involves a rigid 


motion of an object. 
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Definition: Symmetry 

A symmetry of a geometric figure is a rigid motion that moves the figure back 
onto itself. That is, the beginning position and ending position of the figure must 
be identical. 


Suppose we start with a figure in a specific position and perform a rigid motion 
on this figure. If the position of the figure after the rigid motion is identical to the po- 
sition of the figure before the rigid motion (if the beginning and ending positions of 
the figure coincide), then the rigid motion is a symmetry and we say that the figure 
has symmetry. For a two-dimensional figure, there are four types of symmetries: 
reflective symmetry, rotational symmetry, translational symmetry, and glide reflec- 
tive symmetry. In this textbook, however, we will discuss only reflective symmetry 
and rotational symmetry. 

Consider the polygon and reflection line / shown in Fig. 9.72(a). If we use the 
rigid motion of reflection and reflect the polygon ABCDEFGH about line /, we get 
polygon A'B'C'D'E'F'G'H'. Notice that the ending position of the polygon is 
identical to the starting position, as shown in Fig. 9.72(b). Compare Fig. 9.72(a) 
with Fig. 9.72(b). Although the vertex labels are different, the reflected polygon is 
in the same position as the polygon in the original position. Thus, we say that the 
polygon has reflective symmetry about line J. We refer to line J as a line of 
symmetry. 


Figure 9.72 


Recall Example 2 on page 527 in which hexagon ABCDEF was reflected about 
reflection line /. Examine the hexagon in the original position ( Fig. 9.51) and the 
hexagon in the final position after being reflected about line / ( Fig. 9.52). Other than 
the labels of the vertices, the beginning and ending positions of the hexagon are iden- 
tical. Therefore, hexagon ABCDEF has reflective symmetry about line /. 


Example Reflective Symmetries of Polygons 


Determine whether the polygon shown in Fig. 9.73 has reflective symmetry about 
each of the following lines. 


a) Line/ b) Line m 


a) Examine the reflection of the polygon about line / as seen in Fig. 9.74(a) on page 534. 
Notice that other than the vertex labels, the beginning and ending positions of the 
polygon are identical. Thus, the polygon has reflective symmetry about line /. 

b) Examine the reflection of the polygon about line m as seen in Fig. 9.74(b). No- 
tice that the position of the reflected polygon is different from the original posi- 
tion of the polygon. Thus, the polygon does not have reflective symmetry about 
line m. a 
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T 1 We will now discuss a second type of symmetry, rotational symmetry. Consider 
the polygon and rotation point P shown in Fig. 9.75(a). The rigid motion of rotation 
of polygon ABCDEFGH through a 90° angle about point P gives polygon 
A'B'C'D'E'F'G'H' shown in Fig. 9.75(b). Compare Fig. 9.75(a) with Fig. 9.75(b). 
Although the vertex labels are different, the position of the polygon before and after 
the rotation is identical. Thus, we say that the polygon has 90° rofational symmetry 
about point P. We refer to point P as the point of symmetry. 


(a) 


Figure 9.75 


Recall Example 5 on page 531, in which polygon ABCDEFGH was rotated 90° 
about point P in part (a) and 180° in part (b). First examine the polygon in the original 
(b) position in Fig. 9.66 and the 90° rotated polygon in Fig. 9.67. Notice the position of 
the polygon after the 90° rotation is different from the original position of the poly- 
gon. Therefore, polygon ABCDEFGH in Fig. 9.67 does not have 90° rotational sym- 
metry about point P. Now examine the 180° rotated polygon in Fig. 9.68 on page 532. 
Notice that other than the vertex labels, the positions of the two polygons ABCDEFGH 
and A'B'C'D'E'F'G'H' are identical with respect to rotation about point P. 
Therefore, polygon ABCDEFGH in Fig. 9.66 has 180° rotational symmetry about 
point P. 


Figure 9.74 


‘A . Example E¥ Rotational Symmetries 


Determine whether the polygon shown in Fig. 9.76 on page 533 has rotational sym- 
metry about point P for rotations through each of the following angles. 


: g a) 90° b) 180° 


a) To determine whether the polygon has 90° counterclockwise rotational sym- 
metry about point P, we rotate the polygon 90° as shown in Fig. 9.77(a). 
Compare Fig. 9.77(a) with Fig. 9.76. Notice that the position of the polygon 
after the rotation in Fig. 9.77(a) is different than the original position of the 
polygon (Fig. 9.76). Therefore, the polygon does not have 90° rotational 
symmetry. 


Figure 9.76 


Figure 9.77 (a) (b) 


RECREATIONAL MATH 


Symmetry in Nature 


ymmetry can be found every- 

where in nature. One type of 
symmetry in nature is reflective 
symmetry, or bilateral symmetry. 
For example, if you draw a line 
down the center of a maple leaf, 
you will often find that one half has 
the same shape as the other half. 


Rotational symmetry, or radial 
symmetry, is also found in nature. 
Starfish, sand dollars, and many 
flowers all display rotational sym- 
metry. For example, if you rotate a 
daisy 90°,180°, or 270°, the rotated 
daisy will look identical to the origi- 
nal daisy. There are many other 
examples of symmetry in nature. In 
Exercise 63 on page 542 you are 
asked to find other examples of re- 
flective symmetry and _ rotational 
symmetry. 
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b) To determine whether the polygon has 180° counterclockwise rotational sym- 
metry about the point P, we rotate the polygon 180° as shown in Fig. 9.77(b) 
on page 534. Compare Fig. 9.77(b) with Fig. 9.76. Notice that other than vertex 
labels, the position of the polygon after the rotation in Fig. 9.77(b) is identical to 
the position of the polygon before the rotation (Fig. 9.76). Therefore, the poly- 
gon has 180° rotational symmetry. a 


Tessellations 


A fascinating application of transformational geometry is the creation of tessellations. 


Definition: Tessellation or Tiling 

A tessellation (or tiling) is a pattern consisting of the repeated use of the same 
geometric figures to entirely cover a plane, leaving no gaps. The geometric figures 
used are called the tessellating shapes of the tessellation. 


Figure 9.78 shows an example of a tessellation from ancient Egypt. Perhaps the 
most famous person to incorporate tessellations into his work is M. C. Escher (see 
Profiles in Mathematics on page 536). 


Figure 9.78 


The simplest tessellations use one single regular polygon as the tessellating 
shape. Recall that a regular polygon is one whose sides are all the same length and 
whose interior angles all have the same measure. A tessellation that uses one single 
regular polygon as the tessellating shape is called a regular tessellation. It can be 
shown that only three regular tessellations exist: those that use an equilateral trian- 
gle, a square, or a regular hexagon as the tessellating shape. Figure 9.79 shows each 
of these regular tessellations. Notice that each tessellation can be obtained from a 
single tessellating shape through the use of reflections, translations, or rotations. 


Figure 9.79 
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We will now learn how to create unique tessellations. We will do so by construct- 
ing a unique tessellating shape from a square. We could also construct other tessellating 
shapes, using an equilateral triangle or a regular hexagon. If you wish to follow along 

| with our construction, you will need some lightweight cardboard, a ruler, cellophane 

tape, and a pair of scissors. We will start by measuring and cutting out a square 2 in. by 

2 2 in. from the cardboard. We next cut the square into two parts by cutting it from top to 

bottom using any kind of cut. One example is shown in Fig. 9.80. We then rearrange the 

\ pieces and tape the two vertical edges together as shown in Fig. 9.81. Next we cut this 

k— 2” — new shape into two parts by cutting it from left to right using any kind of cut as shown 

Figure 9.80 in Fig. 9.82. We then rearrange the pieces and tape the two horizontal edges together as 
shown in Fig. 9.83. This completes our tessellating shape. 


| Move this 
| piece below. 
| 


Move nae 
piece to ce) 
right wie) 


y. as 7 Figure 9.82 


Figure 9.81 Figure 9.83 


We now set the cardboard tessellating shape in the middle of a blank piece of 
paper (the tessellating shape can be rotated to any position as a starting point) and 
trace the outline of the shape onto the paper. Next move the tessellating shape so that 
it lines up with the figure already drawn and trace the outline again. Continue to do 
that until the page is completely covered. Once the page is covered with the tessella- 
tion, we can add some interesting colors or even some unique sketches to the tessel- 
lation. Figure 9.84 shows one tessellation created using the tessellation shape in Fig. 
9.83. In Fig. 9.84, the tessellation shape was rotated about 45° counterclockwise. 

An infinite number of different tessellations can be created using the method de- 
scribed by altering the cuts made. We could also create different tessellations using an 
equilateral triangle, a regular hexagon, or other types of polygons. There are also other, 
more complicated ways to create the tessellating shape. The Internet has many sites de- 
voted to the creation of tessellations by hand. Many computer programs that generate 
tessellations are also available. 


Figure 9.84 


Profile In Mathematics 


Maurits Cornelius Escher 


n addition to being wonderfully engaging art, the work of M. C. Escher (1898-1972) also displays 

some of the more beautiful and intricate aspects of mathematics. Escher's work involves Euclidean, 
non-Euclidean (to be studied shortly), and transformational geometries. Amazingly, Escher had no 
formal training in mathematics. 

In 1936, Escher became obsessed with tessellations, that is, with creating art that used 
objects to cover a plane so as to leave no gaps. Symmetry became a cornerstone of Escher’s 
famous tessellations. In 1995, the mathematician Donald Coxeter published a paper in which 
he proved that the mathematics Escher displayed in the etching Circle Limit III (see page 557) 
was indeed perfectly consistent with mathematical theory. 

Escher kept a notebook in which he kept background information for his artwork. In this 
notebook, Escher characterized all possible combinations of shapes, colors, and symmetrical 
properties of polygons in the plane. By doing so, Escher had unwittingly developed areas of 
a branch of mathematics known as crystallography years before any mathematician had 
done so! 


This asset is intentionally omitted 
from this text www.mcescher.com 
“Self-Portrait in Spherical Mirror”. 


Escher’s Self Portrait in Spherical Mirror 
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SECTION 9.5 : 
, Exercises 


Warm Up Exercises 


In Exercises 1-14, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


1. 


10. 


11. 


The act of moving a geometric figure from some starting 
position to some ending position without altering its shape 
or size is called a(n) motion. 


- Arigid motion that moves a geometric figure to a 


new position such that the new position is a mirror 
image of the figure in the starting position is called 


a(n) 24a 


. In two dimensions, the geometric figure and its reflected 


image are equidistant from a line called the reflection line, 
or the of reflection. 


. A rigid motion that moves a geometric figure by sliding 


it along a straight line segment in the plane is called a(n) 


. A concise way to indicate the direction and the distance 


that a figure is moved during a translation is with a 
translation 


. A rigid motion performed by rotating a geometric 


figure in the plane about a specific point is called a(n) 


. The point about which a geometric figure is rotated during 


a rotation is called the rotation point, or the 
of rotation. 


. The angle through which a geometric figure is rotated 


during a rotation is called the angle of 


. A rigid motion formed by performing a translation 


followed by a reflection is called a(n) 
reflection. 


A rigid motion that moves the geometric figure back onto 
itself is called a(n) 

Rectangle ABCD shown below has symmetry 
about line 1. 


> 
= Z 


S 
Q 


12. 


13. 


14. 


Rectangle ABCD shown below has 180° 
symmetry about point P. 


A pattern consisting of the repeated use of the same geo- 
metric figures to entirely cover a plane, leaving no gaps, is 
called a(n) 


The geometric figures used to cover a plane are called the 
shapes of the tessellation. 


Practice the Skills/Problem Solving 


In Exercises 15-22, use the given figure and lines of reflec- 
tion to construct the indicated reflections. Show the figure 
in the positions both before and after the reflection. 


In Exercises 15 and 16, use the following figure. Construct 


15. 
16. 


m 


Nea B 
Jose 
i 


the reflection of rectangle ABCD about line m. 


the reflection of rectangle ABCD about line 1. 


In Exercises 17 and 18, use the following figure. Construct 


aA 
m 
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17. the reflection of triangle ABC about line /. 


18. the reflection of triangle ABC about line m. 


In Exercises 19 and 20, use the following figure. Construct 


m 


19. the reflection of circle C about line /. 


20. the reflection of circle C about line m. 


In Exercises 21 and 22, use the following figure. Construct 


< > 
A l 
B 
GC 
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21. the reflection of trapezoid ABCD about line m. 


22. the reflection of trapezoid ABCD about line /. 


In Exercises 23-30, use the translation vectors v and w, 
shown below, to construct the translations indicated in the 
exercises. Show the figure in the positions both before and 
after the translation. 


In Exercises 23 and 24, use the following figure. Construct 


An B 


C 


23. the translation of triangle ABC using translation vector v. 


24. the translation of triangle ABC using translation vector w. 


In Exercises 25 and 26, use the following figure. Construct 


A B 


D Ee 


25. the translation of square ABCD using translation vector w. 


26. the translation of square ABCD using translation vector v. 
In Exercises 27 and 28, use the following figure. Construct 


A B 


F y 


27. the translation of polygon ABCDEF using translation 
vector Y. 


28. the translation of polygon ABCDEF using translation 
vector w. 


In Exercises 29 and 30, use the following figure. Construct 


29. the translation of polygon ABCDEFGH using translation 
vector w (shown on page 538). 


30. the translation of polygon ABCDEFGH using translation 
vector v (shown on page 538). 


In Exercises 31-38, use the given figure and rotation point 


P to construct the indicated rotations. Show the figure in 
the positions both before and after the rotation. 


In Exercises 31 and 32, use the following figure. Construct 


A Bo 


P D & 
31. a 90° rotation of square ABCD about point P. 
32. a 180° rotation of square ABCD about point P. 
In Exercises 33 and 34, use the following figure. Construct 


A 


33. a 180° rotation of triangle ABC about point P. 


34. a 270° rotation of triangle ABC about point P. 


In Exercises 35 and 36, use the following figure. Construct 


D Cc 


35, a 270° rotation of parallelogram ABCD about point P. 


36. a 180° rotation of parallelogram ABCD about point P. 
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In Exercises 37 and 38, use the following figure. Construct 


37. a 90° rotation of trapezoid ABCD about point P. 


38. a 270° rotation of trapezoid ABCD about point P. 


In Exercises 39—46, use the given figure, translation vec- 
tors Vv and w, and reflection lines | and m to construct the 
indicated glide reflections. Show the figure in the positions 
before and after the glide reflection. 


In Exercises 39 and 40, use the following figure. Construct 


39. a glide reflection of triangle ABC using vector v and 
reflection line /. 


40. a glide reflection of triangle ABC using vector v and 
reflection line m. 


In Exercises 41 and 42, use the following figure. Construct 


41. a glide reflection of square ABCD using vector w and 
reflection line /. 


42. a glide reflection of square ABCD using vector w and 
reflection line m. 


540 CHAPTER9 Geometry 


In Exercises 43 and 44, use the following figure. Construct 


‘Vv 
A B 
D G 
ne wal 


43. a glide reflection of rectangle ABCD using vector v and 
reflection line J. 


44. a glide reflection of rectangle ABCD using vector v and 
reflection line m. 


In Exercises 45 and 46, use the following figure. Construct 


45. a glide reflection of trapezoid ABCD using vector w and 
reflection line /. 


46. a glide reflection of trapezoid ABCD using vector w and 
reflection line m. 


47. a) Reflect triangle ABC, shown below, about line /. Label 
the reflected triangle A’B'C’. 


b) Other than vertex labels, is the position of triangle 
A'B'C’' identical to the position of triangle ABC? 


c) Does triangle ABC have reflective symmetry about 
line /? 


48. a) Reflect rectangle ABCD, shown below, about line /. 
Label the reflected rectangle A'B’C’D’. 


: i 
A B 
l 


D Ee 


vy 


b) Other than vertex labels, is the position of rectangle 
A'B'C'D’ identical to the position of rectangle 
ABCD? 


c) Does rectangle ABCD have reflective symmetry about 
line /? 


49. a) Reflect parallelogram ABCD, shown below, about line 
1. Label the reflected parallelogram A'B'C'D’. 


A. Bo 
ss 
l 
D G 


b) Other than vertex labels, is the position of parallelo- 
gram A’B'C'D' identical to the position of parallelo- 
gram ABCD? 


c) Does parallelogram ABCD have reflective symmetry 
about line /? 


50. a) Reflect triangle ABC, shown below, about line /. Label 
the reflected triangle A’B’C’. 


A B 
r 
io LC 


b) Other than vertex labels, is the position of triangle 
A'B’C’ identical to the position of triangle ABC? 


c) Does triangle ABC have reflective symmetry about 
line /? 


51. a) Rotate rectangle ABCD, shown below, 90° about point 
P. Label the rotated rectangle A'’B'C'D’. 


A B 


b) Other than vertex labels, is the position of rectangle 
A'B'C'D’ identical to the position of rectangle 
ABCD? 


c) Does rectangle ABCD have 90° rotational symmetry 
about point P? 


d) Now rotate the rectangle in the original position, rect- 
angle ABCD, 180° about point P. Label the rotated 
rectangle A”B"C"D". 


e) Other than vertex labels, is the position of rectangle 
A"B"C"D" identical to the position of rectangle 
ABCD? 


f) Does rectangle ABCD have 180° rotational symmetry 
about point P? 


52. a) Rotate parallelogram ABCD, shown below, 
90° about point P. Label the rotated parallelogram 
ACBLGED er 


b) Other than vertex labels, is the position of parallelo- 
gram A’B'C'D' identical to the position of parallelo- 
gram ABCD? 


c) Does parallelogram ABCD have 90° rotational symme- 
try about point P? 


d) Now rotate the parallelogram in the original position, 
parallelogram ABCD, shown above, 180° about point 
P. Label the rotated parallelogram A”B"C"D". 
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e) Other than vertex labels, is the position of parallelo- 
gram A”B"C"D" identical to the position of parallelo- 
gram ABCD? 


f) Does parallelogram ABCD have 180° rotational symmetry 
about point P? 


53. Consider the following figure. 


a) Insert a vertical line m through the figure so the figure 
has reflective symmetry about line m. 


b) Insert a horizontal line / through the figure so the figure 
has reflective symmetry about line /. 


c) Insert a point P within the figure so the figure has 180° 
rotational symmetry about point P. 


d) Is it possible to insert a point P within the figure so 
the figure has 90° rotational symmetry about point P? 
Explain your answer. 


54. Consider the following figure. 


A B 


Bh B 


a) Insert a vertical line m through the figure so the figure 
has reflective symmetry about line m. 


b) Is it possible to insert a horizontal line / through the 
figure so the figure has reflective symmetry about line /? 
Explain your answer. 


c) Is it possible to insert a point P within the figure so the 
figure has 90° rotational symmetry about point P? 
Explain your answer. 


d) Is it possible to insert a point P within the figure so 
the figure has 180° rotational symmetry about point P? 
Explain your answer. 
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Challenge Problems/Group Activities 


55. Glide Reflection, Order Examine the figure below and 
then do the following: 


a) Determine a glide reflection of trapezoid ABCD 
by first applying translation vector v and then re- 
flecting about the line /. Label the glide reflection 
A Bi CID: 


b) In this step, we will reverse the order of the translation 
and the reflection. First reflect trapezoid ABCD about 
the line / and then translate the reflection using vector 
v. Label the resulting figure A”B”C"D". 


c) Is figure A'B’C'D' in the same position as figure 
AUB GED? 


d) What can be said about the order of the translation 
and the reflection used in a glide reflection? Is the 
figure obtained in part (a) or part (b) the glide 
reflection? 


56. Tessellation with a Square Create a unique tessellation 
from a square piece of cardboard by using the method de- 
scribed on page 536. Be creative, using color and sketches 
to complete your tessellation. 


57. Tessellation with a Hexagon Using the method de- 
scribed on page 536, create a unique tessellation using 
a regular hexagon like the one shown below. Be 
creative, using color and sketches to complete your 
tessellation. 


58. Tessellation with an Octagon? 


Trace the regular octagon, shown below, onto a separate 
piece of paper. 


Try to create a regular tessellation by tracing this octagon 
repeatedly. Attempt to cover the entire piece of paper 
where no two octagons overlap each other. What conclu- 
sion can you draw about using a regular octagon as a tes- 
sellating shape? 


59. Tessellation with a Pentagon? Repeat Exercise 58 using 
the regular pentagon below instead of a regular octagon. 


Recreational Mathematics 


60. Examine each capital letter in the alphabet and determine 
which letters have reflective symmetry about a horizontal 
line through the center of the letter. 


61. Examine each capital letter in the alphabet and determine 
which letters have reflective symmetry about a vertical 
line through the center of the letter. 


62. Examine each capital letter in the alphabet and determine 
which letters have 180° rotational symmetry about a point 
in the center of the letter. 


Internet/Research Activities 


63. In the study of biology, reflective symmetry is called 
bilateral symmetry and rotational symmetry is called 
radial symmetry. Do research and write a report on the 
role symmetry plays in the study of biology. 


64. Write a paper on the mathematics displayed in the 
artwork of M. C. Escher. Include such topics as tessella- 
tions, optical illusions, perspective, and non-Euclidean 
geometry. 
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_ SECTION9.6 | Topology 


Examine the outline of the map of the continental United States shown below. Now 
suppose you were given four crayons, each of a different color. Could you color this 
map with the four crayons in a way so that no two bordering states have the same 
color? In this section, we will discuss this question and many other questions that are 


relevant to the branch of mathematics known as topology. 


| Why aos is important Topology is used in many applications in the fields of map mak- 
ing (cartography), computer science, robotics, and biology. 


4 How many different colors are needed so that no two bordering states share the same color? 


he branch of mathematics called ‘opology is sometimes referred to as “rubber sheet 
geometry” because it deals with bending and stretching of geometric figures. 

One of the first pioneers of topology was the German astronomer and mathe- 
matician August Ferdinand Mobius (1790-1866). A student of Gauss, M6bius 
was the director of the University of Leipzig’s observatory. He spent a great deal 
of time studying geometry and he played an essential part in the systematic devel- 
opment of projective geometry. He is best known for his studies of the properties 
of one-sided surfaces, including the one called the Mobius strip. 


a 
@) MObius Strip 

ee If you place a pencil on one surface of a sheet of paper and do not remove it from the 
(b) sheet, you must cross the edge to get to the other surface. Thus, a sheet of paper has 


one edge and two surfaces. The sheet retains these properties even when crumpled 
into a ball. The MOébius strip, also called a M6bius band, is a one-sided, one-edged 
surface. You can construct one, as shown in Fig. 9.85, by (a) taking a strip of paper, 
(b) giving one end a half twist, and (c) taping the ends together. 
The MGbius strip has some very interesting properties. To better understand these 
(c) properties, perform the following experiments. 


Figure 9.85 
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ES 


Figure 9.86 


ES 


Figure 9.87 


Figure 9.88 


Figure 9.89 


Limericks from unknown writers: 


“A mathematician confided 

That a Mobius band is one-sided, 

And you'll get quite a laugh 

If you cut one in half 

For it stays in one piece when divided.” 


“A mathematician named Klein 
Thought the Mobius band was divine. 
He said, ‘If you glue 

the edges of two 

You'll get a weird bottle like mine.’ ” 


Experiment 1 Make a Mobius strip using a strip of paper and tape as illustrated 
in Fig. 9.85. Place the point of a felt-tip pen on the edge of the strip (Fig. 9.86). 
Pull the strip slowly so that the pen marks the edge; do not remove the pen from 
the edge. Continue pulling the strip and observe what happens. 


Experiment 2 Make a Mobius strip. Place the tip of a felt-tip pen on the surface 
of the strip (Fig. 9.87). Pull the strip slowly so that the pen marks the surface. 
Continue and observe what happens. 


Experiment 3 Make a Mobius strip. Use scissors to make a small slit in the mid- 
dle of the strip. Starting at the slit, cut along the strip, keeping the scissors in the 
middle of the strip (Fig. 9.88). Continue cutting and observe what happens. 


Experiment 4 Make a Mobius strip. Make a small slit at a point about one- 
third of the width of the strip. Cut along the strip, keeping the scissors the 
same distance from the edge (Fig. 9.89). Continue cutting and observe what 
happens. 


If you give a strip of paper several twists, you get variations on the Mobius strip. 
To a topologist, the important distinction is between an odd number of twists, which 
leads to a one-sided surface, and an even number of twists, which leads to a two-sided 
surface. All strips with an odd number of twists are topologically the same as a 
Mobius strip, and all strips with an even number of twists are topologically the same 
as an ordinary cylinder, which has no twists. 


Klein Bottle 


Another topological object is the punctured Klein bottle; see Fig. 9.90. This ob- 
ject, named after Felix Klein (1849-1925), resembles a bottle but only has one 
side. 

A punctured Klein bottle can be made by stretching a hollow piece of glass 
tubing. The neck is then passed through a hole and joined to the base. 

Look closely at the model of the Klein bottle shown in Fig. 9.90. The punctured 
Klein bottle has only one edge and no outside or inside because it has just one side. 
Figure 9.91 shows a Klein bottle blown in glass by Alan Bennett of Bedford, 
England. 

Imagine trying to paint a Klein bottle. You start on the “outside” of the large 
part and work your way down the narrowing neck. When you cross the self- 
intersection, you have to pretend temporarily that it is not there, so you continue to 


Figure 9.91 Klein bottle, a one-sided 
Figure 9.90 surface, blown in glass by Alan Bennett. 


Paper-strip Klein bottle 


he Life, the Times, and the Art 

of Branson Graves Stevenson, 
by Herbert C. Anderson Jr. (Janher 
Publishing, 1979), reports that “in 
response to a challenge from his 
son, Branson made his first Klein 
bottle. ... He failed in his first try, un- 
til the famous English potter, Wedg- 
wood, came to Branson in a dream 
and showed him how to make the 
Klein bottle.” Branson's study of 
claywork and pottery eventually led 
to the formation of the Archie Bray 
Foundation in Helena, Montana. 

People have made Klein bottles 
from all kinds of materials. There is 
a knitting pattern for a woolly Klein 
bottle and even a paper Klein bot- 
tle with a hole. 
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follow the neck, which is now inside the bulb. As the neck opens up, to rejoin the 
bulb, you find that you are now painting the inside of the bulb! What appear to be 
the inside and outside of a Klein bottle connect together seamlessly since it is 
one-sided. 

If a Klein bottle is cut along a curve, the results are two (one-twist) Mobius strips; 
see Fig. 9.92. Thus, a Klein bottle could also be made by gluing together two M6bius 
strips along the edges. 


Figure 9.92 Two Mobius strips result 
from cutting a Klein bottle along a curve. 


Maps 


Mapmakers have known for a long time that regardless of the complexity of the 
map and whether it is drawn on a flat surface or a sphere, only four colors are 
needed to differentiate each country (or state) from its immediate neighbors. Thus, 
every map can be drawn by using only four colors, and no two countries with a 
common border will have the same color. Regions that meet at only one point (such 
as the states of Arizona, Colorado, Utah, and New Mexico) are not considered to 
have a common border. In Fig. 9.93(a), no two states with a common border are 
marked with the same color. 


Virginia 


Figure 9.93 


The “four-color” problem was first suggested by a student of Augustus 
DeMorgan in 1852. In 1976, Kenneth Appel and Wolfgang Haken of the University 
of Illinois—using their ingenuity, logic, and 1200 hours of computer time— 
succeeded in proving that only four colors are needed to draw a map. They solved 
the four-color map problem by reducing any map to a series of points and connect- 
ing line segments. They replaced each country with a point. They connected two 
countries having a common border with a straight line; see Fig. 9.93(b). They then 
showed that the points of any graph in the plane could be colored by using only 
four colors in such a way that no two points connected by the same line were the 
same color. 

Mathematicians have shown that, on different surfaces, more than four colors 
may be needed to draw a map. For example, a map drawn on a Mobius strip requires 
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RECREATIONAL MATH 


Topological Paper 
Constructions 


n addition to the Mdbius strip, 

many other interesting surfaces 
can be made using paper, scissors, 
and cellophane tape. Shown above 
is a surface that shares some of the 
same characteristics as a Mobius 
strip, but is not topologically equiv- 
alent to a Mobius strip. Notice that, 
like a Mobius strip, this surface has 
1 side and 1 edge. 

Construct the surface shown 
above using two strips of paper, 
scissors, and tape. Attempt to cut 
the surface “in half” by making a 
small slit along a dashed line in 
the middle of the paper surface. 
Then cut along the dashed line 
shown in the figure, keeping the 
scissors the same distance from 
the edge. What happens? Exercise 
45 on page 549 describes another 
topological construction. 

Many Internet Web sites are 
devoted to topological construc- 
tions. One such Web site is www. 
woollythoughts.com/mobius. html. 
This Web site demonstrates a 
Mobius strip made with a zipper. 
This process allows you to “cut” the 
Mobius strip and then put the two 
parts back together again. 


a maximum of six colors, as in Fig. 9.94(a). A map drawn on a torus (the shape of a 
doughnut) requires a maximum of seven colors, as in Fig. 9.94(b). 


<0 


(a) (b) 
Figure 9.94 


Jordan Curves 


A Jordan curve is a topological object that can be thought of as a circle twisted out of 
shape; see Fig. 9.95 (a)-(d). Like a circle, it has an inside and an outside. To get from 
one side to the other, at least one line must be crossed. Consider the Jordan curve in 
Fig. 9.95(d). Are points A and B inside or outside the curve? 


G) 
(d) 


A quick way to tell whether the two dots are inside or outside the curve is to 
draw a straight line from each dot to a point that is clearly outside the curve. If the 
straight line crosses the curve an even number of times, the dot is outside. If the 
straight line crosses the curve an odd number of times, the dot is inside the curve. 
Can you explain why this procedure works? Determine whether point A and point 
B are inside or outside the curve (see Exercises 17 and 18 at the end of this 
section). 


(b) 


Figure 9.95 


Topological Equivalence 


Someone once said that a topologist is a person who does not know the difference 
between a doughnut and a coffee cup. Two geometric figures are said to be fopologi- 
cally equivalent if one figure can be elastically twisted, stretched, bent, or shrunk into 
the other figure without puncturing or ripping the original figure. If a doughnut is 
made of elastic material, it can be stretched, twisted, bent, shrunk, and distorted until 
it resembles a coffee cup with a handle, as shown in Fig. 9.96 on page 547. Thus, the 
doughnut and the coffee cup are topologically equivalent. 
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In topology, figures are classified according to their genus. The genus of an 
object is determined by the number of holes that go through the object. A cup and a 
doughnut each have one hole and are of genus | (and are therefore topologically 
equivalent). Notice that the cup’s handle is considered a hole, whereas the opening 
at the rim of the cup is not considered a hole. For our purposes, we will consider an 
object’s opening a hole if you could pour liquid through the opening. For example, 
a typical bowling ball has three openings in the surface into which you can put your 
fingers when preparing to roll the ball, but liquid cannot be poured through any of 
these openings. Therefore, a bowling ball has genus 0 and is topologically equiva- 
lent to a marble. Figure 9.97 illustrates the genus of several objects. 


Genus 0 Genus 1 Genus 2 Genus 3 or more 


Figure 9.96 Doughnut Kettle Strainer 
Bowling Ball Coffee Cup Scissors Grater 
Figure 9.97 
SECTION 9.6 g 
Exercises 
Warm Up Exercises 7. A compact disc is an example of an object that has a genus 
In Exercises 1-8, fill in the blanks with an appropriate et : 
word, phrase, or symbol(s). 8. A pair of scissors is an example of an object that has a 
genus of 


1. Because it deals with bending and stretching of geometric 
figures, topology is sometimes referred to as Practice the Skills 
sheet geometry. 

In Exercises 9-12, color the map by using a maximum of 

2. A one-sided, one-edged surface is a(n) _______ strip. four colors so that no two regions with a common border 


have the same color. 
3. A topological object that resembles a bottle but has only 


one side is a(n) _________ bottle. 9, (1) 10. 
oo 1(2) 
4. If you color a map of the United States, the maximum eS ) 5 
number of colors needed so that no two states that share a (4) 6 
common border have the same color is i 


5. A topological object that can be thought of as a circle 
twisted out of shape is a(n) _________ curve. 11. 


6. The number of holes that go through an object determines EN 


the ______ of the object. DIAN 
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Using the Four-Color Theorem In Exercises 13-16, At right is a Jordan curve. 
maps show certain areas of the United States, Canada, In Exercises 19-22, 
and Mexico. Shade in the states (or provinces) using a determine if the point is 
maximum of four colors so that no two states (or inside or outside 
provinces) with a common border have the same color. the curve. 

19. Point A 

20. Point B 

21. Point C 

22. Point D 


In Exercises 23-34, give the genus of the object. If 
the object has a genus larger than 5, write “larger 
than 5.” 


23. 


17. Determine whether point A in Fig. 9.95(d) on page 546 is ay. 32. 
inside or outside the Jordan curve. 


18. Determine whether point B in Fig. 9.95(d) is inside or out- 
side the Jordan curve. 


) 


33. 34. 

35. Name at least three objects not mentioned in this section 
that have 
a) genus 0. b) genus 1. 
c) genus 2. d) genus 3 or more. 


ST. 


38. 


39. 


40. 


41. 


42. 


. Use the result of Experiment 1 on page 544 to find the 


number of edges on a Mobius strip. 


Use the result of Experiment 2 on page 544 to find the 
number of surfaces on a Mobius strip. 


How many separate strips are obtained in Experiment 3 on 
page 544? 


How many separate strips are obtained in Experiment 4 on 
page 544? 


Make a MGbius strip. Cut it one-third of the way from the 
edge, as in Experiment 4 on page 544. You should get two 
loops, one going through the other. Determine whether 
either (or both) of these loops is itself a Mobius strip. 


a) Take a strip of paper, give it one full twist, and con- 
nect the ends. Is the result a Mobius strip with only one 
side? Explain. 

b) Determine the number of edges, as in Experiment 1. 

c) Determine the number of surfaces, as in Experiment 2. 

d) Cut the strip down the middle. What is the result? 

Take a strip of paper, make one whole twist and another 


half twist, and then tape the ends together. Test by a 
method of your choice to determine whether this has the 
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Recreational Math 
45. Topological Paper Constructions Using paper, scissors, 


and tape, perform the construction described in the Rec- 
reational Mathematics box on page 546. Once you have 
completed the construction, cut along the dashed line as 
instructed. Set the result aside. 

In this exercise we will construct another interesting 
surface. We begin by constructing a “cross” shape from 
two strips of paper, as shown below, using scissors and 
tape. Note the red dashed line and the green dashed line 
and the ends of the strips labeled A or B. 


Next, using tape connect the two ends labeled A without 
twisting the ends. Then, connect the two ends labeled B 

by giving one end a half twist. The strip that connects the 
B ends should resemble a M6bius strip. Finally, cut the 
object first along the green dashed line and then along the 
red dashed line. Compare the result with that from the con- 
struction on page 546. What do you notice? 


Internet/Research Activities 
46. Use the Internet to find a map of your state that shows the 


same properties as a Mobius strip. 


Challenge Problems/Group Activities 


43. Using clay (or glazing compound), make a doughnut. 
Without puncturing or tearing the doughnut, reshape 
it into a topologically equivalent figure, a cup with a 
handle. 


44, Using at most four colors, color the following map of the 


counties of New Mexico. Do not use the same color for 
any two counties that share a common border. 


outline of all the counties within your state. Print this map 
and, using at most four colors, color it. Do not use the same 
color for any two counties that share a common border. 


47. The short story Paul Bunyan versus the Conveyor Belt 


(1947) by William Hazlett Upson focuses on a conveyor belt 
in the shape of a Mobius strip. The story can be found in sey- 
eral books that include mathematical essays. Read Upson’s 
short story and write a 200-word description of what Paul 
Bunyan does to the conveyor belt. Confirm the outcome of the 
story by repeating Paul’s actions with a paper Mobius strip. 
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SECTION 9.7 


A Many branches of geometry are 
needed to accurately represent 
space. 


Figure 9.98 


———> Given line 


Line parallel to the 


—_e——} given line through 


Given point 


Figure 9.99 


the given point 


Non-Euclidean Geometry 
and Fractal Geometry 


Ponder the following question: Given a line | and a point P not on the line |, how many 


lines can you draw through P that are parallel to |? 


eP 


You may answer that only one line may be drawn through P parallel to |. This 
answer would be correct provided the setting of the problem is in a plane and not on 
the surface of a curved object. The study of this question led to the development of 
several new branches of geometry. It is now believed all of these branches of geom- 
etry, taken together, can be used to accurately represent space. In this section, we 
will study the geometry of surfaces other than the geometry of the plane. 


LD This is Important Scientists now believe that space and time can best be repre- 
sented using a combination of these different branches of geometry. In addition, many 
applications of the geometry described in this section are used in modem technology, 
such as cellular phones, computer memory, and medical imaging. 


Non-Euclidean Geometry 


In Section 9.1, we stated that postulates or axioms are statements to be accepted as 
true. In his book Elements, Euclid’s fifth postulate was, “If a straight line falling on 
two straight lines makes the interior angles on the same side less than two right an- 
gles, the two straight lines, if produced indefinitely, meet on that side on which the 
angles are less than the two right angles.” 

Euclid’s fifth axiom may be better understood by observing Fig. 9.98. The sum 
of angles A and B is less than the sum of two right angles (180°). Therefore, the two 
lines will meet if extended. 

John Playfair (1748-1819), a Scottish physicist and mathematician, wrote a 
geometry book that was published in 1795. In his book, Playfair gave a logically 
equivalent interpretation of Euclid’s fifth postulate. This version is often referred to 
as Playfair’s postulate or the Euclidean parallel postulate. 


The Euclidean Parallel Postulate © 

Given a line and a point not on the line, one and only one line can be drawn 
through the given point parallel to the given line ( Fig. 9.99). 

11 LEA NER OS RROES Si bis 3 : 

The Euclidean parallel postulate may be better understood by looking at 
Fig. 9.99. Many mathematicians after Euclid believed that this postulate was not as 
self-evident as the other nine postulates given by Euclid. Others believed that this 
postulate could be proved from the other nine postulates and therefore was not 
needed at all. Of the many attempts to prove that the fifth postulate was not needed, 
the most noteworthy one was presented by Girolamo Saccheri (1667-1733), a Jesuit 


MATHEMATICS TODAY 


Mapping The Brain 


Photograph courtesy of Dr. Monica K. 
Hurdal (mhurdal@math.fsu.edu), Dept. of 
Mathematics, Florida State University 


edical researchers and mathe- 

maticians are currently attempt- 
ing to capture an image of the 
three-dimensional human brain on a 
two-dimensional map. In some 
respects, the task is like capturing the 
image of Earth on a two-dimensional 
map, but because of the many folds 
and fissures on the surface of the 
brain, the task is much more com- 
plex. Points of the brain that are at 
different depths can appear too close 
in a flat image. Therefore, to develop 
an accurate mapping, researchers 
use topology, hyperbolic geometry, 
and elliptical geometry to create an 
image known as a conformal map- 
ping. Researchers use conformal 
mappings to precisely identify the 
parts of the brain that correspond to 
specific functions. 


This is Important Medical 
imaging is just one application of 
the various branches of geometry 
described in this section. 
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priest in Italy. In the course of his elaborate chain of deductions, Saccheri proved 
many of the theorems of what is now called hyperbolic geometry. However, Saccheri 
did not realize what he had done. He believed that Euclid’s geometry was the only 
“true” geometry and concluded that his own work was in error. Thus, Saccheri nar- 
rowly missed receiving credit for a great achievement: the founding of non-Euclidean 
geometry. 

Over time, geometers became more and more frustrated at their inability to prove 
Euclid’s fifth postulate. One of them, a Hungarian named Farkos Bolyai, in a letter to 
his son, Janos Bolyai, wrote, “I entreat you leave the science of parallels alone.... I 
have traveled past all reefs of this infernal dead sea and have always come back with 
a broken mast and torn sail.” The son, refusing to heed his father’s advice, continued 
to think about parallels until, in 1823, he saw the whole truth and enthusiastically de- 
clared, “I have created a new universe from nothing.” He recognized that geometry 
branches in two directions, depending on whether Euclid’s fifth postulate is applied. 
He recognized two different geometries and published his discovery as a 24-page ap- 
pendix to a textbook written by his father. The famous mathematician George Bruce 
Halsted called it “the most extraordinary two dozen pages in the whole history of 
thought.” Farkos Bolyai proudly presented a copy of his son’s work to his friend Carl 
Friedrich Gauss, then Germany’s greatest mathematician, whose reply to the father 
had a devastating effect on the son. Gauss wrote, “I am unable to praise this work.... 
To praise it would be to praise myself. Indeed, the whole content of the work, the path 
taken by your son, the results to which he is led, coincides almost entirely with my 
meditations which occupied my mind partly for the last thirty or thirty-five years.” 
We now know from his earlier correspondence that Gauss had indeed been familiar 
with hyperbolic geometry even before Janos was born. In his letter, Gauss also indi- 
cated that it was his intention not to let his theory be published during his lifetime, but 
to record it so that the theory would not perish with him. It is believed that the reason 
Gauss did not publish his work was that he feared being ridiculed by other prominent 
mathematicians of his time. 

At about the same time as Bolyai’s publication, Nikolay Ivanovich Lobachevsky, 
a Russian, published a paper that was remarkably like Bolyai’s, although it was quite 
independent of it. Lobachevsky made a deeper investigation and wrote several books. 
In marked contrast to Bolyai, who received no recognition during his lifetime, 
Lobachevsky received great praise and became a professor at the University of Kazan. 

After the initial discovery, little attention was paid to the subject until 1854, when 
G. F. Bernhard Riemann (1826-1866), a student of Gauss, suggested a second type of 
non-Euclidean geometry, which is now called spherical, elliptical, or Riemannian 
geometry. The hyperbolic geometry of his predecessors was synthetic; that is, it was 
not based on or related to any concrete model when it was developed. Riemann’s 
geometry was closely related to the theory of surfaces. A mode! may be considered a 
physical interpretation of the undefined terms that satisfies the axioms. A model may 
be a picture or an actual physical object. 

The two types of non-Euclidean geometries we have mentioned are elliptical ge- 
ometry and hyperbolic geometry. The major difference among the three geometries 
lies in the fifth axiom. The fifth axiom of the three geometries is summarized here. 


The Fifth Axiom of Geometry 
Euclidean 


Given a line and a point 
not on the line, one and 


Elliptical Hyperbolic 
Given a line anda point Given a line and a point 
not on the line, no line not on the line, two or 


only one line can be can be drawn through more lines can be drawn 
drawn parallel to the the given point parallel _—_ through the given point 
given line through the to the given line. parallel to the given line. 


given point 
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Profiles in Mathematics 


Grigori Perelman 


rigori Perelman (1966-) is a 

Russian mathematician whose 
major contributions in 2003-2004 
to non-Euclidean geometry allowed 
him to prove a long-standing con- 
jecture in topology. The Poincaré 
conjecture, first posed in 1904 by 
French mathematician Henri 
Poincaré, concerns the relationship 
between three-dimensional space 
and spheres. In addition to gaining 
fame for proving such an important 
idea, Perelman attained notoriety 
by refusing to accept two major 
recognitions for his accomplish- 
ment. In 2006 Perelman turned 
down a Fields Medal, often consid- 
ered the highest honor that can be 
bestowed upon a mathematician. 
Then in 2010, Perelman turned 
down the $1 million Millennium 
Prize awarded for solving one of the 
seven most important unsolved 
problems in mathematics. Perelman 
had also refused a cash award for a 
previously achieved result. When 
asked why he refused both the 
prestigious Fields Medal and the 
Millennium Prize, Perelman re- 
marked: “I'm not interested in 
money or fame. | don’t want to be 
on display like an animal in a zoo. 
I'm not a hero of mathematics. I’m 
not even that successful; that is why 
| don't want to have everybody 
looking at me." 


To understand the fifth axiom of the two non-Euclidean geometries, remember 
that the term line is undefined. Thus, a line can be interpreted differently in different 
geometries. A model for Euclidean geometry is a plane, such as a blackboard 
(Fig. 9.100a). A model for elliptical geometry is a sphere (Fig. 9.100b). A model for 
hyperbolic geometry is a pseudosphere (Fig. 9.100c). A pseudosphere is similar to 
two trumpets placed bell to bell. Obviously, a line on a plane cannot be the same as a 
line on either of the other two figures. 


(a) Plane 


(c) Pseudosphere 


Figure 9.100 


Elliptical Geometry 


A circle on the surface of a sphere is called a great circle if it divides the sphere into 
two equal parts. If we were to cut through a sphere along a great circle, we would 
have two identical pieces. If we interpret a line to be a great circle, then the two red 
curves in Fig. 9.101(a) are lines. Figure 9.101(a) shows that the fifth axiom of ellipti- 
cal geometry is true. Two great circles on a sphere must intersect; hence, there can be 
no parallel lines ( Fig. 9.101a). 

If we were to construct a triangle on a sphere, the sum of its angles would be 
greater than 180° (Fig. 9.101b). The theorem “The sum of the measures of the angles 
of a triangle is greater than 180°” has been proven by means of the axioms of ellipti- 
cal geometry. The sum of the measures of the angles varies with the area of the trian- 
gle and gets closer to 180° as the area decreases. 


ed 


(a) (b) 
Figure 9.101 


Hyperbolic Geometry 


Lines in hyperbolic geometry are represented by geodesics on the surface of a pseu- 
dosphere. A geodesic is the shortest and least-curved arc between two points on a 
surface. Figure 9.102 shows two different lines represented by geodesics on the sur- 
face of a pseudosphere. For simplicity of the diagrams, we only show one of the 
“bells” of the pseudosphere. 


Figure 9,102 


“A formal discussion of hyperbolic geometry is beyond the scope of this text. 


Did You Know: 


It’s All Relative 


Actual position 
“ot star 


‘Apparent position 


You can visualize Einstein's theory by 
thinking of space as a rubber sheet 
pulled taut on which a mass is placed, 
causing the rubber sheet to bend. 


Ibert Einstein's general the- 

ory of relativity, published in 
1916, approached space and time 
differently from our everyday un- 
derstanding of them. Einstein’s 
theory unites the three dimensions 
of space with one of time in a four- 
dimensional space-time continuum. 
His theory dealt with the path that 
light and objects take while mov- 
ing through space under the force 
of gravity. Einstein conjectured that 
mass (such as stars and planets) 
caused space to be curved. The 
greater the mass, the greater the 
curvature. 

To prove his conjecture, Einstein 
exposed himself to Riemann’s 
non-Euclidean geometry. Einstein 
believed that the trajectory of a 
particle in space represents not a 
straight line but the straightest curve 
possible, a geodesic. Einstein's 
theory was confirmed by the solar 
eclipses of 1919 and 1922. 

Space-time is now thought to 
be a combination of three differ- 
ent types of curvature: spherical 
(described by Riemannian geom- 
etry), flat (described by Euclidean 
geometry), and  saddle-shaped 
(described by hyperbolic geometry). 


“The Great Architect of the universe now 


appears to be a great mathematician.” 


British physicist Sir James Jeans 
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Figure 9.103 


Figure 9.103(a) illustrates the fifth axiom of hyperbolic geometry. The diagram 
illustrates one way that, through the given point, two lines are drawn parallel to the 
given line. If we were to construct a triangle on a pseudosphere, the sum of the mea- 
sures of the angles would be less than 180° (Fig. 9.103b). The theorem “The sum of 
the measures of the angles of a triangle is less than 180°” has been proven by means 
of the axioms of hyperbolic geometry. 

We have stated that the sum of the measures of the angles of a triangle is 180°, is 
greater than 180°, and is less than 180°. Which statement is correct? Each statement is 
correct in its own geometry. Many theorems hold true for all three geometries; verti- 
cal angles still have the same measure, we can uniquely bisect a line segment with a 
straightedge and compass alone, and so on. 

The many theorems based on the fifth postulate may differ in each geometry. It is 
important for you to realize that each theorem proved is true in its own geometry be- 
cause each is logically deduced from the given set of axioms of the geometry. No one 
system is the “best” system. Euclidean geometry may appear to be the one to use in 
the classroom, where the blackboard is flat. In discussions involving Earth as a whole, 
however, elliptical geometry may be the most useful since Earth is a sphere. If the 
object under consideration has the shape of a saddle or pseudosphere, hyperbolic ge- 
ometry may be the most useful. 


Fractal Geometry 


We are familiar with one-, two-, and three-dimensional figures. Many objects, how- 
ever, are difficult to categorize as one-, two-, or three-dimensional. For example, how 
would you classify the irregular shapes we see in nature, such as a coastline, or the 
bark on a tree, or a mountain, or a path followed by lightning? For a long time math- 
ematicians assumed that making realistic geometric models of natural shapes and 
figures was almost impossible, but the development of fractal geometry now makes it 
possible. Both color photos on the next page were made by using fractal geometry. 
The discovery and study of fractal geometry has been one of the most popular math- 
ematical topics in recent times. 

The word fractal (from the Latin word fractus, “broken up, fragmented”) was 
first used in the mid-1970s by mathematician Benoit Mandelbrot to describe shapes 
that had several common characteristics, including some form of “self-similarity,” as 
will be seen shortly in the Koch snowflake. 
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Typical fractals are extremely irregular curves or surfaces that “wiggle” enough 
so that they are not considered one-dimensional. Fractals do not have integer dimen- 
sions; their dimensions are between | and 2. For example, a fractal may have a di- 
mension of 1.26. Fractals are developed by applying the same rule over and over 
again, with the end point of each simple step becoming the starting point for the next 
step, in a process called recursion. 

Using the recursive process, we will develop a famous fractal called the Koch 
snowflake named after Helga von Koch, a Swedish mathematician who first discoy- 
ered its remarkable characteristics. The Koch snowflake illustrates a property of all 
fractals called self-similarity; that is, each smaller piece of the curve resembles the 
whole curve. 

To develop the Koch snowflake: 


1. Start with an equilateral triangle (Step 1, Fig. 9.104). 
replace it with _/\_ (Steps 2-4). 


2. Whenever you see an edge 


What is the perimeter of the snowflake in Fig. 9.104, and what is its area? A portion 
of the boundary of the Koch snowflake known as the Koch curve, or the snowflake 
curve, is represented in Fig. 9.105. 

The Koch curve consists of infinitely many pieces of the form —_/\_. Notice that 
after each step, the perimeter is 4 times the perimeter of the previous step. Therefore, 
the Koch snowflake has an infinite perimeter. It can be shown that the area of the 
snowflake is 1.6 times the area of the starting equilateral triangle. Thus, the area of 
the snowflake is finite. The Koch snowflake has a finite area enclosed by an infinite 
boundary! This fact may seem difficult to accept, but it is true. However, the Koch 
snowflake, like other fractals, is not an everyday run-of-the-mill geometric shape. 


« Fractal images 


Step | Step 2 
Step 3 Step 4 
Figure 9.104 Figure 9.105 


Let us look at a few more fractals made using the recursive process. We will 
now construct what is known as a fractal tree. Start with a tree trunk (Fig. 9.106a on 
page 555). Draw two branches, each one a bit smaller than the trunk (Fig. 9.106b). 
Draw two branches from each of those branches, and continue; see Fig. 9.106(c) and 
(d). Ideally, we continue the process forever. 

If you take a little piece of any branch and zoom in on it, it will look exactly like 
the original tree. Fractals are scale independent, which means that you cannot really 
tell whether you are looking at something very big or something very small because 
the fractal looks the same whether you are close to it or far from it. 


MATHEMATICS TODAY 


Fractal Applications 


Fractal antennas are used in many aspects 
of modern technology. 


M any irregular shapes found in 


nature can be represented 
using fractals. Coastlines, cloud for- 
mations, mountainous landscapes, 
and plant growth all can be repre- 
sented using fractals. Within our 
own bodies, brain surface, lung tis- 
sue, and blood vessels have pat- 
terns that can be modeled using 
fractals. Fractals can also be used 
to model the growth of bacteria or 
viruses in the study of various 
diseases. 

In addition, fractals have many 
commercial applications. Computer 
animation in movies often involves 
fractal images. Fractals are used to 
increase the amount of data that 
can be stored on compact discs, 
flash drives, and other data storage 
devices found in computers, cell 
phones, and cameras. Many cellular 
and satellite telephones, cordless 
microphones, wireless headphones, 
and wireless computer networks 
use fractal antennas. These anten- 
nas involve a pattern that is self 
similar, to maximize the reception 
of the desired signal with a mini- 
mum amount of area and material. 


This is Important Fractal 
geometry is involved in many as- 
pects of modern technology, in 
cluding many products that you 
use every day! 
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Figure 9.106 The fractal tree 


In Figs. 9.107 and 9.108, we develop two other fractals through the process of 
recursion. Figure 9.107 shows a fractal called the Sierpinski triangle, and Fig. 9.108 
shows a fractal called the Sierpinski carpet. Both fractals are named after Waclaw 
Sierpinski, a Polish mathematician who is best known for his work with fractals and 
space-filling curves. 


Figure 9.107 Sierpinski triangle 
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si 
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Figure 9.108 Sierpinski carpet 


Fractals provide a way to study natural forms such as coastlines, trees, mountains, 
galaxies, polymers, rivers, weather patterns, brains, lungs, and blood supply. Fractals 
also help explain that which appears chaotic. The blood supply in the body is one ex- 
ample. The branching of arteries and veins appears chaotic, but closer inspection re- 
veals that the same type of branching occurs for smaller and smaller blood vessels, 
down to the capillaries. Thus, fractal geometry provides a geometric structure for cha- 
otic processes in nature. The study of chaotic processes is called chaos theory. 

Fractals nowadays have a potentially important role to play in characterizing 
weather systems and in providing insight into various physical processes such as the 
occurrence of earthquakes or the formation of deposits that shorten battery life. Some 
scientists view fractal statistics as a doorway to unifying theories of medicine, offer- 
ing a powerful glimpse of what it means to be healthy. 

Fractals lie at the heart of current efforts to understand complex natural phenom- 
ena. Unraveling their intricacies could reveal the basic design principles at work in 
our world. Until recently, there was no way to describe fractals. Today, we are begin- 
ning to see such features everywhere. Tomorrow, we may look at the entire universe 
through a fractal lens. 
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SECTION 9.7 i 
Exercises 


Warm Up Exercises 


In Exercises 1-8, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


1. The fifth axiom of Euclidean geometry states that given a 
line and a point not on the line, one and only one line can 
be drawn through the given point to the given 
line. 


2. The fifth axiom of elliptical geometry states that given a 
line and a point not on the line, line can be 
drawn through the given point parallel to the given line. 


3. The fifth axiom of hyperbolic geometry states that given a 
line and a point not on the line, or more lines 
can be drawn through the given point parallel to the given 
line. 


4. A model for Euclidean geometry is a(n) 
5. A model for elliptical geometry is a(n) 
6. A model for hyperbolic geometry is a(n) 


7. The shortest and least-curved arc between two points on a 
surface is a(n) 


8. The study of chaotic processes is known as 
theory. 


Practice the Skills 


In the following, we show a fractal-like figure made us- 
ing a recursive process with the letter “M.” In Exercises 
9-12, use this fractal-like figure as a guide in constructing 
fractal-like figures with the letter given. Show three steps, 
as is done here. 


MM SME 


Om 10.E 11.H 12. W 


13. a) Develop a fractal by beginning with a square and replacing 
each side with a _-L. Repeat this process twice. 


b) If you continue this process, will the fractal’s perimeter 
be finite or infinite? Explain. 


c) Will the fractal’s area be finite or infinite? Explain. 


Problem Solving/Group Activity 


14. In forming the Koch snowflake in Figure 9.104 on 
page 554, the perimeter becomes greater at each step in 
the process. If each side of the original triangle is 1 unit, 
a general formula for the perimeter, L, of the snowflake at 
any step, n, may be found by the formula 


4 n-1 
L=3(- 
(3) 


For example, at the first step when n = 1, the perimeter is 
3 units, which can be verified by the formula as follows: 


4\1-1 (3) 
b=3(=) =3(=) 23-153 
G) -3G 


At the second step, when n = 2, we find the perimeter as 


follows: 
4 Ail (2) 
L=3{ > =3(-]=4 
(ales 


Thus, at the second step the perimeter of the snowflake is 
4 units. 


a) Use the formula to complete the following table. 


b) Use the results of your calculations to explain why the 
perimeter of the Koch snowflake is infinite. 


c) Explain how the Koch snowflake can have an infinite 
perimeter, but a finite area. 


Concept/Writing Exercises 
15. What do we mean when we say that no one axiomatic sys- 
tem of geometry is “best”? 


16. List the three types of curvature of space and the types of 
geometry that correspond to them. 


17. List at least five natural forms that appear chaotic that we 
can study using fractals. 
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18. State the theorem concerning the sum of the measures of the Poincaré disk. Write a paper on the Poincaré disk and 
the angles of a triangle in how it was used in Escher’s art. Include representations 
, of infinity and the concepts of point and line in hyperbolic 
a) Euclidean geometry. geometry. 


b) Hyperbolic geometry. 


c) Elliptical geometry. 


In Exercises 19-24 describe the accomplishments of the 
mathematician. 


19. Benoit Mandelbrot 


20. G. F. Bernhard Riemann 


21. Nikolay Ivanovich Lobachevsky 


29 (Carl Briedeich Gauss A Escher’s Circle Limit III 
23. Janos Bolyai 26. To transfer his two-dimensional tiling known as Symmetry 

; ; Work 45 to a sphere, M. C. Escher used the spherical geom- 
24, Girolamo Saccheri etry of Bernhard Riemann. Write a paper on Escher’s use of 


geometry to complete this masterpiece. 


internet/Research Activities 
. 27. Go to the Web site Fantastic Fractals at www .fantastic- 
In Exercises 25-27, references include the Internet, books fractals.com and study the information about fractals given 


on art, encyclopedias, and history of mathematics books. there. Print copies, in color if a color printer is available, of 


25. To complete his masterpiece Circle Limit III, M. C. ee aso eree serene ie Tuba eek 


Escher studied a model of hyperbolic geometry called 


(cuarters ) Summan eae a aaa 


Important Facts and Concepts Examples and Discussion 
Section 9.1 
Point, line, plane, ray, half line, line segment, angle, and related Discussion, pages 480-482, Examples | and 2, 
terms and definitions are discussed throughout Section 9.1. pages 481-483 


Two angles are complementary angles if the sum of their measures Examples 3 and 4, pages 484 and 485 
is 90°. Two angles are supplementary angles if the sum of their mea- 
sures is 180°. 


Vertical angles, alternate interior angles, alternate exterior angles, | Discussion, pages 485—486, Example 6, page 486 
and corresponding angles and related terms are discussed in 
Section 9.1 


Section 9.2 
The sum of the measures of the interior angles of an n-sided polygon is | Discussion, page 491, Example 1, page 491 
(n —2) 180°. 


Two polygons are similar if their corresponding angles have the same | Discussion, page 492, Examples 2-3, pages 493-494 
measure and the lengths of their corresponding sides are in proportion. 
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Section 9.3 
Perimeter, P, and Area, A 


TRIANGLE SQUARE Discussion, pages 500-502, Example 1, page 502, 
Examples 3-5, pages 504—506 


P=5, +5. +53 (53 = dD) P=A4s 
A=tbh Az 3? 
RECTANGLE PARALLELOGRAM 


P=21 + 2w P = 2b + 2w 
A=lw A= bh 
TRAPEZOID 


P=s,+5.+b, + bo 
A = 5h(b, + by) 


Pythagorean Theorem Example 2, page 503 


Discussion, page 504, Examples 3-5, pages 504-506 


A = ar’; C = 2mrorC = ad 
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Section 9.4 


Volume, V, and Surface Area, SA 


CUBE Discussion, pages 512-514, 


Examples 1—8, pages 514-519 


Ves V =lwh 
SA = 652 SA = 2lw + 2wh + 21h 
CYLINDER CONE 


V =e V= darr?h 
SA = 2mrh + 2ar? QA epee peg ye 
SPHERE PYRAMID 


V= + Bh, where 
B is the area of the base 


V = Bh, where B is the area of the base 


Section 9.5 
Rigid Motions 


The rigid motions: Reflections, translations, rotations, and glide Discussion, pages 525-526, 528, 529, 532, 


reflections are defined and discussed throughout Section 9.5. Examples 1—6, pages 526-532 

Reflective symmetry, rotational symmetry, and tessellations are Discussion, pages 532-533, Examples 7-8, 
described in Section 9.5. pages 533-534 

Section 9.6 


Topology 
Mobius strip, Klein bottle, maps, Jordan curves, and topological Discussion, pages 543-547 
equivalence are described in Section 9.6. 


560 CHAPTER9 Geometry 


Section 9.7 

Discussion, pages 550-555 
Fifth axiom in Euclidean geometry: Given a line and a point not on 

the line, only one line can be drawn through the given point parallel to 

the given line. 

Fifth axiom in elliptical geometry: Given a line and a point not on the 

| line, no line can be drawn through the given point parallel to the given line. 

Fifth axiom in hyperbolic geometry: Given a line and a point not on 

the line, two or more lines can be drawn through the given point paral- 

lel to the given line. 


(Ccuapters ) Review Exerciees 0!) 


9.1 13. In the following figure, /, and /5 are parallel lines. Deter- 
mine mxX.1 through mxX.6. 


In Exercises 1-6, use the figure shown to determine the fol- 
lowing. 


1. XABF (1) XDBI 
2. AB(\DC 
3. BF U FC UBC 


oo o> 
4. BH U HB 


<-> _ <> 
Sh ail (JG 


é CF al CG 14. Determine the sum of the measures of the interior angles 
of an octagon. 
7. mXxA = 35.4°. Determine the measure of the complement 
of XA. 9.3 
In Exercises 15—18, determine (a) the area and (b) the pe- 
8. mxB = 100.5°. Determine the measure of the supplement rimeter of the figure. 


XB. 15. 16. 4 in. 
oF E1____ 
In Exercises 9-12, use the similar triangles ABC and eae = 
A'B'C shown to determine the following. 

9. The length of BC 
3 km 
10. The length of A’B’ 
121 4km 
In. 
11. mx BAC 
19. Determine (a) the area and (b) the circumference of the 

12. mx ABC circle. Use the || key on a calculator and round your an- 


swer to the nearest hundredth. 


In Exercises 20 and 21, determine the shaded area. When 
appropriate, use the |z| key on your calculator and round 
your answer to the nearest hundredth. 


20. 
if m 
PAE, 12 yd 


a 


12 yd 


= 


22. Cost of Kitchen Tile Determine the total cost of covering 
a 14-ft by 16-ft kitchen floor with ceramic tile. The cost of 
the tile selected is $5.25 per square foot. 


9.4 


In Exercises 23-26, determine (a) the volume and (b) the 
surface area of the figure. When appropriate, use the 
key on your calculator and round your answer to the 
nearest hundredth. 


26. 


16mm 


In Exercises 27 and 28, determine the volume of the figure. 


28. 
ay 
Sv 


27. 
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In Exercises 29 and 30, determine the volume of the shaded 
area. When appropriate, use the |7| key and round your an- 
swer to the nearest hundredth. 


29. 30. 


31. Water Trough Steven Dale has a water trough whose 
ends are trapezoids and whose sides are rectangles, as 
illustrated. He is afraid that the base it is sitting on will 
not support the weight of the trough when it is filled 
with water. He knows that the base will support 4800 Ib. 


aan sate a 


a) If the trough is filled with water, determine the number 
of cubic feet of water contained in the trough. 


b) Determine the total weight, assuming that the trough 
weighs 375 lb and the water weighs 62.4 Ib per cubic 
foot. Is the base strong enough to support the trough 
filled with water? 


c) If 1 gal of water weighs 8.3 lb, how many gallons of 
water will the trough hold? 


95 


In Exercises 32 and 33, use the given triangle and reflection 
lines to construct the indicated reflections. Show the triangle 
in the positions both before and after the reflection. 
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32. Construct the reflection of triangle ABC (see p. 561) about 
line /. 


33. Construct the reflection of triangle ABC (see p. 561) about 
line m. 


In Exercises 34 and 35, use translation vectors v and w to 
construct the indicated translations. Show the rectangle in 
the positions both before and after the translation. 


34, Construct the translation of rectangle ABCD using transla- 
tion vector v. 


35. Construct the translation of rectangle ABCD using transla- 


tion vector w. 


In Exercises 36-38, use the given figure and rotation point 
P to construct the indicated rotations. Show the trapezoid 
in the positions both before and after the rotation. 


A B 


36. Construct a 90° rotation of trapezoid ABCD about point P. 
37. Construct a 180° rotation of trapezoid ABCD about point P. 
38. Construct a 270° rotation of trapezoid ABCD about point P . 
In Exercises 39 and 40, use the given figure, translation 
vector v, and reflection lines | and m to construct the indi- 


cated glide reflections. Show the triangle in the positions 
both before and after the glide reflection. 


39. Construct a glide reflection of triangle ABC using vector v 
and reflection line /. 


40. Construct a glide reflection of triangle ABC using vector v 
and reflection line m. 


In Exercises 41 and 42, use the following figure to answer 
the following questions. 


41. Does triangle ABC have reflective symmetry about line /? 
Explain. 


42. Does triangle ABC have reflective symmetry about line m? 
Explain. 


In Exercises 43 and 44, use the following figure to answer 
the following questions. 


iA 


'D 
43. Does rectangle ABCD have 90° rotational symmetry about 
point P? Explain. 


44, Does rectangle ABCD have 180° rotational symmetry 
about point P? Explain. 


9.6 
45. Give an example of an object that has 
a) genus 0. b) genus 1. 
c) genus 2. d) genus 3 or more. 


46. Color the map by using a maximum of four colors so that 
no two regions with a common border have the same color. 
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47. Determine whether point A is inside or outside the Jordan 9.7 


curve. 
48. State the fifth axiom of Euclidean, elliptical, and hyper- 


bolic geometry. 


49. Develop a fractal by beginning with a square and replacing 
each side with a_r-_. Repeat this process twice. 


50. Construct a Koch snowflake by beginning with an equilat- 
eral triangle and replacing each side with a _/\_. Repeat 
this process twice. 


In Exercises 1-4, use the figure to describe the following 10. Right triangle ABC (see below) has one leg of length 12 
sets of points. in. and a hypotenuse of length 13 in. 


oo o> 
1. AF() EF a) Determine the length of the other leg. 


2. BCU CD U BD b) Determine the perimeter of the triangle. 


. XEDF 1) Xx BDC c) Determine the area of the triangle. 
. AC U BA B 


. mXA = 74.9°. Determine the measure of the comple- 
ment of XA. 


. mXB = 10.4°. Determine the measure of the supplement 
of XB. 12 in. 


. In the figure, determine the measure of xx. . Determine (a) the volume and (b) the surface area of a 
sphere of diameter 14 cm. 


. Determine the volume of the shaded area. Use the || key 
on your calculator and round your answer to the nearest 
hundredth. 


. Determine the sum of the measures of the interior angles 
of a pentagon. 


. Triangles ABC and A’B'C’ are similar figures. Deter- 
mine the length of side B’C’. 
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14. Construct a reflection of rectangle ABCD, shown below, 17. Construct a glide reflection of rectangle ABCD, shown 
about line /. Show the rectangle in the positions both be- below, using translation vector v and reflection line /. 
fore and after the reflection. Show the rectangle in the positions both before and after 

the glide reflection. 
l 


18. Use the figure below to answer the following questions. 


15. Construct a translation of quadrilateral ABCD, shown 
below, using translation vector v. Show the quadrilateral 
in the positions both before and after the translation. 


Want! 


a) Does rectangle ABCD have reflective symmetry about 
line /? Explain. 

16. Construct a 180° rotation of triangle ABC, shown below, 
about rotation point P. Show the triangle in the positions b) Does rectangle ABCD have 180° rotational symmetry 
both before and after the rotation. about point P? Explain. 


19, What is a Mobius strip? 
20. a) Sketch an object of genus 1. 


b) Sketch an object of genus 2. 


Supporting a Hot Tub d) Will the deck support the weight of the hot tub and 
? 
1. Samantha Saraniti is thinking of buying a circular hot aoe 
tub 12 ft in diameter, 4 ft deep, and weighing 475 lb. e) Will the deck support the weight of the hot tub, water, 
She wants to place the hot tub on a deck built to support and four people, whose average weight is 115 Ib? 
30,000 Ib. ae 
Designing a Ramp 


a) Determine the volume of the water in the hot tub in 


Subic fect. 2. David and Sandra Jessee are planning to build a ramp so 
that the front entrance of their home is wheelchair acces- 
b) Determine the number of gallons of water the hot tub sible. The ramp will be 3 feet wide. It will rise 2 in. for each 
will hold. (Note: 1 ft? ~ 7.5 gal.) foot of length of horizontal distance. Where the ramp meets 
the porch, the ramp must be 2 ft high. To provide stability 
c) Determine the weight of the water in the hot tub. for the ramp, the Jessees will install a slab of concrete 4 
(Hint: Fresh water weighs about 62.4 Ib/ft?.) in. thick and 6 in. longer and wider than the ramp (see ac- 


companying figure on page 565). The top of the slab will 


be level with the ground. The ramp may be constructed of 
concrete or pressure-treated lumber. You are to estimate the 
cost of materials for constructing the slab, the ramp of con- 
crete, and the ramp of pressure-treated lumber. 


Slab 
a) Determine the length of the base of the ramp. 


b) Determine the dimensions of the concrete slab on 
which the ramp will be set. 


c) Determine the volume of the concrete in cubic yards 
needed to construct the slab. 


d) If ready-mix concrete costs $45 per cubic yard, deter- 
mine the cost of the concrete needed to construct the 
slab. 


Concrete Ramp 


e) To build the ramp of concrete, a form in the shape of 
the ramp must be framed. The two sides of the form are 
triangular, and the shape of the end, which is against 
the porch, is rectangular. The form will be framed 
from 3-in. plywood, which comes in 4 ft X 8 ft sheets. 
Determine the number of sheets of plywood needed. 
Assume that the entire sheet(s) will be used to make the 
sides and the end of the form and that there is no waste. 


f) If the plywood costs $18.95 for a 4 ft X 8 ft sheet, 
determine the cost of the plywood. 


g) To brace the form, the Jessees will need two boards 
2in. X 4in. X 8 ft (referred to as 8-ft 2 X 4’s) and 
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six pieces of lumber 2 in. X 4 in. X 3 ft. These six 
pieces of lumber will be cut from 8-ft 2 x 4 boards. 
Determine the number of 8-ft 2 < 4 boards needed. 


h) Determine the cost of the 8-ft 2 < 4 boards needed in 
part (g) if one board costs $2.14. 


i) Determine the volume, in cubic yards, of concrete 
needed to fill the form. 


j) Determine the cost of the concrete needed to fill the form. 


k) Determine the total cost of materials for building the 
ramp of concrete by adding the results in parts (d), (f), 
(h), and (j). 


Wooden Ramp 
1) Determine the length of the top of the ramp. 


m) The top of the ramp will be constructed of 
}-in. X 6in. X 10 ft pressure-treated lumber. The 
boards will be butted end to end to make the neces- 
sary length and will be supported from underneath by a 
wooden frame. Determine the number of boards needed 
to cover the top of the ramp. The boards are laid length- 
wise on the ramp. 


n) Determine the cost of the boards to cover the top of the 
ramp if the price of a 10-ft length is $6.47. 


0) To support the top of the ramp, the Jessees will need 
10 pieces of 8-ft 2 < 4’s. The price of a pressure- 
treated 8-ft 2 X 4 is $2.44. Determine the cost of the 
supports. 


p) Determine the cost of the materials for building a 
wooden ramp by adding the amounts from parts (d), 
(n), and (0). 


q) Are the materials for constructing a concrete ramp or a 
wooden ramp less expensive? 


earn 


= Mathematical systems 

=» Commutative and associative 
properties 

= Closure, identity element, and 
inverses 

= Groups and commutative groups 

# Clock arithmetic 

= Mathematical systems without 
numbers 

= Modular arithmetic 


This is Important 


Mathematics plays a crucial role 
in the study of the interaction 
between many objects of interest 
to scientists. One branch of 
mathematics of particular 
importance to this study is group 
theory. Physicists and chemists 
rely on group theory to study the 
behavior of the tiniest particles 
that make up an atom ina 
scientific field known as quantum 
mechanics. Group theory can be 
used to predict the interactive 
behavior of subatomic particles 
within an atom, atoms within a 
molecule, and molecules within a 
chemical reaction. Group theory 
also plays an important role in 
robotics, computer graphics, 
weather forecasting, musical 
theory, and medical image analysis. 


< Group theory plays an important role in 


a other "I of modern 
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SECTION10.1 | Groups 


A The big bang theory uses groups to 
address questions relating to the 
size, structure, and future of the 
universe. 


Throughout this section, we will 
work with many different sets of 
numbers, such as natural numbers, 
whole numbers, integers, rational 
numbers, and real numbers. A re- 
view of the numbers that make up 
each of these sets can be found on 
page 252-253 in Section 5.5. 


How big is the universe? Is there an end to the universe? Does the universe continue 
to expand? Such questions are addressed by the scientific theory known as the big 
bang theory. In this section, we will introduce a mathematical structure known as a 
group. Many modem scientific theories, including the big bang theory, make use of 
groups and other mathematical topics discussed in this book. 


This is Important The more we understand about our universe, the better 
prepared we are to answer questions regarding the history and future of planet 
Earth. 


W e begin our discussion by introducing a mathematical system. As you will learn 
shortly, you already know and use many mathematical systems. 


Definition: Mathematical System 
A mathematical system consists of a set of elements and at least one binary 
operation. 


In the above definition, we mention binary operation. A binary operation is an 
operation, or rule, that can be performed on two and only two elements of a set. The 
result is a single element. When we add two integers, the sum is one integer. When 
we multiply two integers, the product is one integer. Thus, addition and multiplica- 
tion are both binary operations. Is finding the reciprocal of a number a binary oper- 
ation? No, it is an operation on a single element of a set. 

When you learned how to add integers, you were introduced to a mathematical 
system. The set of elements is the set of integers, and the binary operation is addition. 
When you learned how to multiply integers, you became familiar with a second math- 
ematical system. The set of integers with the operation of subtraction and the set of 
integers with the operation of division are two other examples of mathematical sys- 
tems since subtraction and division are also binary operations. 

Some mathematical systems are used in solving everyday problems, such as 
planning work schedules. Others are more abstract and are used primarily in re- 
search, chemistry, physical structure, matter, the nature of genes, and other scien- 
tific fields. 


Commutative and Associative Properties 


Once a mathematical system is defined, its structure may display certain properties. 
Consider the set of integers 


f= 4{5,.,—3,-2,~=1,0, 1,2,3,...} 


Recall that the ellipsis, the three dots at each end of the set, indicates that the set 
continues in the same manner. 

The set of integers can be studied with the operations of addition, subtraction, 
multiplication, and division as separate mathematical systems. For example, when we 
study the set of integers under the operations of addition or multiplication, we see that 
the commutative and associative properties hold. The general forms of the properties 
are shown here. 
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Woody Allen and Diane Keaton in 
Annie Hall 


}-| ow and when will the universe 
end? In the Woody Allen 
movie Annie Hall, a boy (Woody 
Allen), having just read that the 
universe is expanding, becomes 
so worried that he can't do his 
homework. “Someday it will break 
apart,” he tells his psychiatrist, 
“and that will be the end of ev- 
erything.” But his mother snaps, 
"You're here in Brooklyn! Brooklyn 
is not expanding!” 

The universe could break apart. 
That, however, will not be for 
trillions of years, and life as we 
know it on Earth will cease long 
before that. Our sun, halfway 
through its estimated 10-billion- 
year lifetime, is slowly brightening. 
In about 1 billion years, its energy 
output will have increased by at 
least 10%, turning Earth into a 
Venus-like hothouse incapable of 
supporting life as we know it. Long 
before that, humans may make 
plans to escape to Mars, which is 
farther from the sun and hence 


cooler. Although quite some time 
away, scientists are already consid- 
ering various scenarios to make the 
surtace of Mars a livable habitat. 


Commutative and Associative Properties 
For any elements a, b, and c 
Addition Multiplication 
at+b=bta a:b=b:a 
@ + b) 7c = a > (Dee) mal Gil) hee a (Di =e) 


Commutative property 
Associative property 


The integers are commutative under the operations of addition and multiplica- 
tion. For example, 


Addition Multiplication 
2+4=4+2 and 2°4=4:-2 
6 = 6 8 =8 


The integers, however, are not commutative under the operations of subtraction and 
division. For example, 


Subtraction Division 
B= 9} S29) = al and 4=2472+4 
2#-2 DAS 


The integers are associative under the operations of addition and multiplication. For 
example, 


Addition Multiplication 
(Qh <5 Ph) oe 3) th se (52S) and (i O22) 2 By = TL OTe) FS) 
Sp B= MNS DO By = (8) 
6=6 6=6 


The integers, however, are not associative under the operations of subtraction and 
division. See Exercises 21 and 22 at the end of this section. 

To say that a set of elements is commutative under a given operation means that 
the commutative property holds for any elements a and b in the set. Similarly, to say 
that a set of elements is associative under a given operation means that the associative 
property holds for any elements a, b, and c in the set. 

Consider the mathematical system consisting of the set of integers under the 
operation of addition. Because the set of integers is infinite, this mathematical 
system is an example of an infinite mathematical system. We will study certain 
properties of this mathematical system. The first property we will examine is 
closure. 


Closure 


The sum of any two integers is an integer. Therefore, the set of integers is said to be 
closed, or to satisfy the closure property, under the operation of addition. 


Definition: Closure 

If a binary operation is performed on any two elements of a set and the result is an 
element of the set, then that set is closed (or has closure) under the given binary 
operation. 


Is the set of integers closed under the operation of multiplication? The answer is 
yes. When any two integers are multiplied, the product will be an integer. 

Is the set of integers closed under the operation of subtraction? Again, the answer 
is yes. The difference of any two integers is an integer. 
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Is the set of integers closed under the operation of division? The answer is no 
because two integers may have a quotient that is not an integer. For example, if we 
select the integers 2 and 3, the quotient of 2 divided by 3 is z which is not an integer. 
Thus, the integers are not closed under the operation of division. 

We showed that the set of integers was not closed under the operation of division 
by finding two integers whose quotient was not an integer. A specific example illus- 
trating that a specific property is not true is called a counterexample. Mathematicians 
and scientists often try to find a counterexample to confirm that a specific property is 
not always true. 


Identity Element 


Is there an element in the set of integers that, when added to any given integer, results 
in a sum that is the given integer? The answer is yes. The sum of 0 and any integer is 
the given integer. For example, 1 +0 =0+1= 1,-4+0=0+(-4 = -4, 
and so on. For this reason, we call 0 the additive identity element for the set of inte- 
gers. Note that for any integera,a +0 =O +a=a. 


Is there an identity element for the set of integers under the operation of multipli- 
cation? The answer is yes; it is the number |. Note that 2-1 =1-2 = 2, 
3-1 = 1-3 = 3, and so on. For any integer a, a+ 1 = 1 + a = a. For this reason, 
1 is called the multiplicative identity element for the set of integers. 


Inverses 


What integer, when added to 4, gives a sum of 0; that is, 4 + = (0? The 
shaded area is to be filled in with the integer —4: 4 + (—4) = 0. We say that —4 
is the additive inverse of 4 and that 4 is the additive inverse of —4. Note that the 
sum of the element and its additive inverse gives the additive identity element 0. 
What is the additive inverse of 12? Since 12 + (—12) = 0, —12 is the additive 
inverse of 12. 

Other examples of integers and their additive inverses are 


Element + Additive Inverse = Identity Element 
0 = 0 = 0 
2 aE (—») = 0 
=5 AP 5 = 0 


Note that for the operation of addition, every integer a has a unique inverse, —a, 
such that a + (—a) = -—a+a=0. 
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Profiles In Mathematics 


Niels Abel (1802-1829), 
Evariste Galois (1811-1832) 


Niels Abel Evariste Galois 


ntimely ends: Important contri- 

butions to the development of 
group theory were made by two 
young men who would not live to 
see their work gain acceptance: 
Niels Abel, a Norwegian, and 
Evariste Galois, a Frenchman. 
Although their work showed bril- 
liance, neither was noticed in his 
lifetime by the mathematics com- 
munity. Abel lived in poverty and 
died of malnutrition and tuberculo- 
sis at the age of 26, just 2 days 
before a letter arrived with the offer 
of a teaching position. Galois died 
of complications from a gunshot 
wound he received in a duel over a 
love affair. The 20-year-old man 
had spent the night before summa- 
rizing his theories in the hope that 
eventually someone would find it 
“profitable to decipher this mess.” 
After their deaths, both men had 
important elements of group 
theory named after them. 


Note that the set of elements need 
not be commutative for the mathe- 
matical system to be a group. Also 
note that every element in the set 

must have an inverse for the math- 
ematical system to be a group. 


Does every integer have an inverse under the operation of multiplication? For 
multiplication, the product of an integer and its inverse must yield the multiplicative 
identity element, 1. What is the multiplicative inverse of 2? That is, 2 times what 
number gives 1? 


ya ee 


However, since 5 is not an integer, 2 does not have a multiplicative inverse in the set 


of integers. 


Group 


Let’s review what we have learned about the mathematical system consisting of the 
set of integers under the operation of addition. 


1. The set of integers is closed under the operation of addition. 
2. The set of integers has an identity element under the operation of addition. 


3. Each element in the set of integers has an inverse under the operation of 
addition. 


4. The associative property holds for the set of integers under the operation of 
addition. 


The set of integers under the operation of addition is an example of a group. The 
properties of a group can be summarized as follows. 


Properties of a Group 

Any mathematical system that meets the following four requirements is called 
a group. 

1. The set of elements is closed under the given operation. 

2. An identity element exists for the set under the given operation. 

3. Every element in the set has an inverse under the given operation. 

4. The set of elements is associative under the given operation. 


It is often very time consuming to show that the associative property holds for all 
cases. In many of the examples that follow, we will state that the associative property 
holds for the given set of elements under the given operation. 


Commutative Group 


The commutative property does not need to hold for a mathematical system to be a 
group. However, if a mathematical system meets the four requirements of a group and is 
also commutative under the given operation, the mathematical system is a commutative 
(or abelian) group. The abelian group is named after Niels Abel (see the Profiles in 
Mathematics in the margin). 


Definition: Commutative Group 
A group that satisfies the commutative property is called a commutative group 
(or abelian group). 


Because the commutative property holds for the set of integers under the opera- 
tion of addition, the set of integers under the operation of addition is not only a group, 
but it is also a commutative group. 
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Properties of a Commutative Group 

A mathematical system is a commutative group if all five of the following condi- 
tions hold. 

The set of elements is closed under the given operation. 

An identity element exists for the set under the given operation. 

Every element in the set has an inverse under the given operation. 

The set of elements is associative under the given operation. 

The set of elements is commutative under the given operation. 


ie 


To determine whether a mathematical system is a group under a given operation, 
check, in the following order, whether (1) the system is closed under the given opera- 
tion, (2) there is an identity element in the set for the given operation, (3) every ele- 
ment in the set has an inverse under the given operation, and (4) the associative prop- 
erty holds under the given operation. If any of these four requirements is not met, stop 
and state that the mathematical system is not a group. If asked to determine whether 
the mathematical system is a commutative group, you also need to determine whether 
the commutative property holds for the given operation. 


Example §§ Whole Numbers Under Addition 


Determine whether the mathematical system consisting of the set of whole numbers 
under the operation of addition forms a group. 


Recall from Chapter 5 that the set of whole numbers is {0, 1, 2, 3,...}. 
We will check the properties required, using the operation of addition, to determine 
if the mathematical system is a group. 


1. Closure: The sum of any two whole numbers is a whole number. Therefore, the 
set of whole numbers is closed under the operation of addition. 

2. Identity element: The additive identity for the set of whole numbers is 0. For 
example, 1 + 0 = 0+ 1 = 1,and2 + 0 = 0 + 2 = 2, and so on. For any 
whole number a, a + 0 = 0 + a = a. Thus, the mathematical system contains 
an identity element. 


3. Inverse elements: For the mathematical system to be a group, each element must 
have an additive inverse in the set. Remember that the additive inverse of a num- 
ber is the opposite of the number. For example, the additive inverse of 1 is —1, the 
additive inverse of 2 is —2, the additive inverse of 3 is —3, and so on. Since the 
numbers —1, —2, —3, ... are not in the set of whole numbers, not every number 
has an inverse in the set. Therefore, this mathematical system is not a group. 

Because we have already shown that the set of whole numbers under the operation 

of addition is not a group, there is no need to check the associative property. u 


Example 4 Rational Numbers Under Multiplication 


Determine whether the set of rational numbers under the operation of multiplication 
forms a group. 


Recall from Chapter 5 that the rational numbers are the set of numbers 
of the form c where p and g are integers and gq # 0. The set of rational numbers 
includes all fractions and integers. 


1. Closure: The product of any two rational numbers is a rational number. There- 
fore, the rational numbers are closed under the operation of multiplication. 


2. Identity element: The multiplicative identity element for the set of rational 
numbers is 1. Note, for example, that 3 - 1 = 1 + 3 = 3, and 3 Solis ilies ; = 3. 
For any rational number a,a*> 1 = 1+a=a. 
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RECREATIONAL MATH 


Rubik’s Cube 


Gre theory may be viewed as 
the study of the algebra of 


symmetry and transformations (see 
Section 9.5 for a discussion of 
transformational geometry). One of 
the best, and perhaps most enter- 
taining, examples of this view is 
Rubik’s cube. In 1974, Erno Rubik, 
a Hungarian teacher of architecture 
and design, presented the world 
with his popular puzzle. Each face 
of the cube is divided into nine 
squares, and each row and column 
of each face can rotate. The result 
is approximately 43 quintillion dif- 
ferent arrangements of the colors 
on the cube. Rubik's cube is the 
most popular and best-selling puz- 
zle in human history. Although the 
popularity of the puzzle peaked 
during the 1980s, clubs and annual 
contests are still devoted to solving 
the puzzle. For more information, 
visit the Web site www.rubiks.com. 


3. Inverse elements: For the mathematical system to be a group under the 
operation of multiplication, each and every rational number must have a 
multiplicative inverse in the set of rational numbers. Remember that for the 
operation of multiplication, the product of a number and its inverse must 
give the multiplicative identity element, 1. Let’s check a few rational 
numbers: 


Rational Number - Inverse = Identity Element 
rt 
3 i ii alia 1 
5 
2 3 
zs es = 1 
3 2 
1 
as Dolman = 1 
5 


Looking at these examples you might deduce that each rational number does 
have an inverse. However, one rational number, 0, does not have an inverse. 


Oe 


Because there is no rational number that when multiplied by 0 gives 1, 0 does 
not have a multiplicative inverse. Since not every rational number has an inverse, 
this mathematical system is not a group. 

There is no need at this point to check the associative property because we 
have already shown that the mathematical system of rational numbers under the 
operation of multiplication is not a group. r 


Example |e} Real Numbers Under Addition 


Determine whether the set of real numbers under the operation of addition forms a 
commutative group. 


Recall from Chapter 5 that the real numbers can be thought of as the 
numbers that correspond to each point on the real number line. The set of real num- 
bers includes all rational numbers and all irrational numbers. 


1. Closure: The sum of any two real numbers is a real number. Therefore, the real 
numbers are closed under the operation of addition. 


2. Identity element: The additive identity element for the set of real numbers is 0. 
For example, } + 0 =0+2= and V5 + 0=0+ V5= V/5. For any 
real number a,a +0 =0+a=a. 

3. Inverse elements: For the set of real numbers under the operation of addition to 
be a commutative group, each and every real number must have an additive in- 
verse in the set of real numbers. For the operation of addition, the sum of a real 
number and its additive inverse, or opposite, must be the additive identity ele- 
ment, 0. From Chapter 5, we saw that every real number a has an opposite —a 
such that a + (—a) = —a + a = O. Recall also that 0 + 0 = 0; therefore, 0 is 
its own additive inverse. Thus, all real numbers have an additive inverse. 


4. Associative property: From Chapter 5, we know that the real numbers are asso- 
ciative under the operation of addition. That is, for any real numbers a, b, and c, 
(a= b) + 6 = aa (Dee): 

5. Commutative property: From Chapter 5, we know that the real numbers are 
commutative under the operation of addition. That is, for any real numbers a 
andb,a+b=b+a. 

Since all five properties (closure, identity element, inverse elements, associative 

property, and commutative property) hold, the set of real numbers under the opera- 

tion of addition forms a commutative group. ‘a 


SECTION 10.1 


Exercises 
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Warm Up Exercises 


In Exercises 1-14, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


1. A mathematical system consists of a set of elements and at 
least one operation. 


2. A binary operation is an operation or rule that can be 
performed on exactly two elements of a set, with the result 
being a(n) element. 


3. The commutative property of addition states: a + b = 


4. The commutative property of multiplication states: 
a-b= 


5. The associative property of multiplication states: 
(QD) C= 


6. The associative property of addition states: 
(Gai) em 


7. If a binary operation is performed on any two elements of 
a set and the result is an element of the set, then that set is 
under the given binary operation. 


8. A specific example illustrating that a property is not true is 
called a(n) 


9. Since the sum of 0 and any integer is the given integer, we 
say that O is the additive element for the set of 
the integers under the operation of addition. 


10. Since the product of 1 and any integer is the given integer, 
we say that | is the identity element for the set 
of the integers under the operation of multiplication. 


11. When a binary operation is performed on two elements in 
a set and the result is the identity element for the binary 
operation, each element is said to be the of the 
other. 


12. If a mathematical system possesses the following proper- 
ties—closure, identity element, inverses, and the associative 
property—then the mathematical system is a(n) 


13. A group that also satisfies the commutative property is 
called a(n) (or abelian) group. 


14. Another name for a commutative group is a(n) 
group. 


Practice the Skills 
15. Give the commutative property of multiplication and illus- 
trate the property with an example. 


16. Give the commutative property of addition and illustrate 
the property with an example. 


17. Give the associative property of addition and illustrate the 
property with an example. 


18. Give the associative property of multiplication and illus- 
trate the property with an example. 


19. Give an example to show that the commutative property 
does not hold for the set of integers under the operation of 
division. 


20. Give an example to show that the commutative property 
does not hold for the set of integers under the operation of 
subtraction. 


21. Give an example to show that the associative property 
does not hold for the set of integers under the operation of 
subtraction. 


22. Give an example to show that the associative property 
does not hold for the set of integers under the operation of 
division. 

Problem Solving 


In Exercises 23-36, explain your answer. 


23. Is the set of integers a commutative group under the opera- 
tion of addition? 


24. Is the set of integers a group under the operation of 
addition? 


25. Is the set of positive integers a group under the operation 
of addition? 


26. Is the set of positive integers a commutative group under 
the operation of addition? 


27. Is the set of positive integers a group under the operation 
of subtraction? 


28. Is the set of negative integers a group under the operation 
of division? 


29. Is the set of negative integers a commutative group under 
the operation of addition? 


30. Is the set of integers a group under the operation of multi- 
plication? 


31. Is the set of positive integers a commutative group under 
the operation of multiplication? 


32. Is the set of negative integers a group under the operation 
of multiplication? 


33. Is the set of rational numbers a group under the operation 
of addition? 


34. Is the set of rational numbers a commutative group under 
the operation of multiplication? 
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35. Is the set of rational numbers a commutative group under 41. Create a mathematical system with two binary operations. 
the operation of division? Select a set of elements and two binary operations so that 
one binary operation with the set of elements meets the re- 
36. Is the set of rational numbers a group under the operation quirements fora group and the other binary operation does 
of subtraction? not. Explain why the one binary operation with the set of 
elements is a group. For the other binary operation and the 
Challenge Problems/Group Activities set of elements, find counterexamples to show that it is not 
In Exercises 37-40, explain your answer. Oe 
37. Is the set of real numbers a group under the operation of Internet/Research Activity 
addition? 42. There are other classifications of mathematical systems 


besides groups. For example, there are rings and fields. Do 
research to determine the requirements that must be met 
for a mathematical system to be (a) a ring and (b) a field. 
(c) Is the set of real numbers, under the operations of ad- 
dition and multiplication, a field? Ask your instructor for 
references to use. 


38. Is the set of real numbers a group under the operation of 
multiplication? 


39. Is the set of irrational numbers a group under the operation 
of addition? 


40. Is the set of irrational numbers a group under the operation 
of multiplication? 


SECTION10.2 | Finite Mathematical Systems 


Suppose you decide to use your slow cooker to cook a roast for a dinner party. You 
would like to eat at 6:30 P.m., and it will take 10 hours for the roast to cook. What time 
should you begin to cook the roast in the slow cooker? Or, suppose you need to take 
medicine every eight hours. You last took the medicine at 7:45 A.m. When should you 
take the medicine again? Questions such as these involve the use of mathematical 


systems that we will study in this section. 


A Many applications make use of 
mathematical systems. 


LD This is Important Timekeeping is just one application of finite mathematical systems. 


| n the preceding section, we presented infinite mathematical systems. In this sec- 
tion, we present some finite mathematical systems. A finite mathematical system 
is one whose set contains a finite number of elements. 


Clock Arithmetic 


Let’s develop a finite mathematical system called clock 12 arithmetic. The set of ele- 
ments in this system will be the hours on aclock: { 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}. 
The binary operation that we will use is addition, which we define as movement of 
the hour hand in a clockwise direction. Assume that it is 4 o’clock. What time will it 
be in 9 hours? (See Fig. 10.1.) If we add 9 hours to 4 o’clock, the clock will read 
1 o’clock. Thus, 4 + 9 = 1 in clock arithmetic. Would 9 + 4 be the same as 4 + 9? 
Yes it will because 4 +9 =9+4= 1, 

Table 10.1 on page 575 is the addition table for clock arithmetic. Its elements are 
based on the definition of addition as previously illustrated. For example, the sum of 
4 and 9 is 1, so we put a | in the table where the row to the right of the 4 intersects the 
column below the 9. Likewise, the sum of 11 and 10 is 9, so we put a 9 in the table 
where the row to the right of the 11 intersects the column below the 10. 


Figure 10.1 


Did You Know? 


The Enormous Theorem 


he largest theorem known to 

the mathematical world in- 
volves the classification of a special 
type of group. The official name 
of the theorem is the classification 
of finite, simple groups, but it is 
commonly referred to by math- 
ematicians as the enormous theo- 
rem. The full proof consists of more 
than 15,000 pages in about 500 
separate publications written by 
more than 100 mathematicians. In 
addition, many parts of the proof 
were completed by computer and 
some parts are so complex or mas- 
sive that no particular mathemati- 
cian can claim to have a complete 
understanding of the entire proof. 
Instead, mathematicians must rely 
on the reputed expertise of the 
individual contributors to the theo- 
rem, including computer program- 
mers and chip designers. 
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The binary operation of this system is defined by the table. It is denoted by the 
symbol +. To determine the value of a + b, where a and b are any two numbers in 
the set, find a in the left-hand column and find b along the top row. Assume that there 
is a horizontal line through a and a vertical line through b; the point of intersection of 
these two lines is where you find the value of a + b. For example, 10 + 4 = 2 has 
been circled in Table 10.1. Note that 4 + 10 also equals 2, but this result will not 
necessarily hold for all examples in this chapter. 


Table 10.1 Clock 12 Arithmetic 


ee seats ro 7 |) Sd 9 ee 12. 
1 See a 4 5 eG 7) 8 | on | 1 
DA ese h Area Bei. be Gime Wikies Biurrd 29) 4\ > LOS MINUD cate eamaeal f yS 
Siulieayaeses 6 Ser Shai 19 PTO (em UT 2S 
CIRC ee eae 1O FT FP eee Bai, 
Seto me tee Se 20 10 1 Pll.) * Sie Aor 
Cae Ome Ome tT Ste rt a S.A, reg ae 
he ES ACT a Be RE a Gr 47 
Si Ane Oneal Okey eA Phe Gv Deas Sie, | Su 16 RR ER" | 
Quarta liane? mural Dogue id nse v6 aaT Se aaOiis, | 
10 aoe eee oe AS PP Ge 8 PM coon) 
i 12 A De DOL Cie BS ES eae (ORS 
12 geome Bebe ke (Om bed GAC RE AO o ATT bent Bon) | 


Example §§] A Commutative Group? 


Determine whether the clock 12 arithmetic system under the operation of addition 
is a commutative group. 


Check the five requirements that must be satisfied for a commutative group. 
1. Closure: Is the set of elements in clock 12 arithmetic closed under the operation 
of addition? Yes it is, since Table 10.1 contains only the elements in the set 
{1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}. If Table 10.1 had contained an element other 
than the numbers | through 12, the set would not have been closed under addition. 
2. Identity element: Is there an identity element for clock 12 arithmetic? If the time 
is currently 4 o’clock, how many hours have to pass before it is 4 o’clock again? 
Twelve hours: 4 + 12 = 12 + 4 = 4. In fact, given any hour, in 12 hours the 
clock will return to the starting point. Therefore, 12 is the additive identity 
element in clock 12 arithmetic. 

In examining Table 10.1, we see that the row of numbers next to the 12 in 
the left-hand column is identical to the row of numbers along the top. We also see 
that the column of numbers under the 12 in the top row is identical to the column 
of numbers on the left. The search for such a column and row is one technique for 
determining whether an identity element exists for a system defined by a table. 

3. Inverse elements: Is there an inverse for the number 4 in clock 12 arithmetic for 
the operation of addition? Recall that the identity element in clock 12 arithmetic 
is 12. What number when added to 4 gives 12—thatis,4 + = 12? 
Table 10.1 shows that 4 + 8 = 12 and also that 8 + 4 = 12. Thus, 8 is the 
additive inverse of 4, and 4 is the additive inverse of 8. 

To find the additive inverse of 7, find 7 in the left-hand column of 
Table 10.1. Look to the right of the 7 until you come to the identity element 12. 
Then determine the number at the top of this column. The number is 5. Since 
7+5=5+ 7 = 12, Sis the inverse of 7 and 7 is the inverse of 5. The other 
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Did You Know? 
The Changing Times 
ace ‘ 


his photo shows the famous 

clock at the Cathedral of 
St. Mark (called the Basilica) in Pi- 
azza San Marco (St. Mark's Plaza) 
in Venice, Italy. Construction of 
the basilica began in 830, but it 
has been rebuilt a number of times 
due to fires. The clock tower was 
built in the fifteenth century. Note 
that the clock displays all 24 hours 
in Roman numerals. Also note the 
position of the hours. Noon, or Xl, 
is where we expect 9 o'clock to be. 

In Florence, Italy, the oldest 
building is probably the Duomo 
(Cathedral House) in the Piazza del 
Duomo in the city’s center. Floren- 
tines believe it was constructed in 
about 1000. The large clock in the 
cathedral also displays 24 hours us- 
ing Roman numerals. What would 
be the additive identity of clock 
arithmetic if we used the 24-hour 
clock shown? What would be the 
additive inverse of VI? 


inverses can be found in the same way. Table 10.2 shows each element in clock 
12 arithmetic and its inverse. Note that each element in the set has an inverse. 


Table 10.2 Clock 12 Inverses 


Element = + _—_—_—_—iInverse = = Element _ 
1 Er 11 12 
? ar 10 = 12 
3 ate y) = 1 
4 ae 8 = 12 
5 ar 7 = 12 
6 i 6 12 
Wf ae 5 = 12 
8 F 4 = 12 
9 a 3 = 12 
10 =U 2 = 12 
11 at 1 = 12 
12 a UW? 12 


4. Associative property: Now consider the associative property. Does 
(a+ b)+c=a+(b +c) forall values a, b, and c of the set? Remember to 
always evaluate the values within the parentheses first. Let’s select some values 
for a, b, and c. 
Let a = 2, b = 6, and c = 8. Then 


(2+6)+8=2+(6+8) 
BaP fee ape 
4=4 True 


Let a = 5, b = 12, and c = 9. Then 


6 412) £9 =5 + (12 + 9) 
5$+9=5+7+9 
DP Wie 


Randomly selecting any elements a, b, and c of the set reveals 
(a+ b)+c= a+t(b +c). Thus, the system of clock 12 arithmetic is 
associative under the operation of addition. Note that if there is just one set of 
values a, b, and c such that (a + b) + c # a + (b + co), the system is not 
associative. Usually, you will not be asked to check every case to determine 
whether the associative property holds. [fnot every element in the set appears in 
every row and column of the table, however, you need to check the associative 
property carefully. 

5. Commutative property: Does the commutative property hold under the given 
operation? Does a + b = b + a for all elements a and b of the set? Let’s ran- 
domly select some values for a and b to determine whether the commutative 
property appears to hold. Let a = 5 and b = 8; then Table 10.1 shows that 


5+8=8+5 
1 1 True 


lI 


Table 10.3 Symmetry about the 
Main Diagonal 


Table 10.4 A Four-Element System 
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Let a = 9 and b = 6; then 


9+6=67+9 
3 =3 True 


The commutative property holds for these two specific cases. In fact, if we were 
to select any values for a and b, we would find that a + b = b + a. Thus, the com- 
mutative property of addition is true in clock 12 arithmetic. Note that if there is just 
one set of values a and b such that a + b # b + a, the system is not commutative. 

This system satisfies the five properties required for a mathematical system to 
be a commutative group. Thus, clock 12 arithmetic under the operation of addition 
is a commutative, or abelian, group. a 


One method that can be used to determine whether a system defined by a table is 
commutative under the given operation is to determine whether the elements in the 
table are symmetric about the main diagonal. The main diagonal is the diagonal from 
the upper left-hand corner to the lower right-hand corner of the table. In Table 10.3, 
the main diagonal is shaded in color. 

If the elements are symmetric about the main diagonal, then the system is com- 
mutative. If the elements are not symmetric about the main diagonal, then the system 
is not commutative. If you examine the system in Table 10.3, you see that its elements 
are symmetric about the main diagonal because the same numbers appear in the same 
relative positions on opposite sides of the main diagonal. Therefore, this mathemati- 
cal system is commutative. 

It is possible to have groups that are not commutative. Such groups are called 
noncommutative or nonabelian groups. However, a noncommutative group defined 
by a table must be at least a six-element by six-element table. Nonabelian groups are 
illustrated in Exercises 77 through 79 at the end of this section. 

Now we will look at another finite mathematical system. 


Example & A Finite Mathematical System 


Consider the mathematical system defined by Table 10.4. Assume that the associa- 
tive property holds for the given operation. 


a) List the elements in the set of this mathematical system. 
b) Identify the binary operation. 
c) Determine whether this mathematical system is a commutative group. 


a) The set of elements for this mathematical system consists of the elements found 
in the top row or the left-hand column of the table: {2, 4, 6, 8}. 
b) The binary operation is ©. 


c) We will determine whether the five requirements for a commutative group are 
satisfied. 


1. Closure: All the elements in the table are in the original set of elements 
{2, 4, 6, 8}, so the mathematical system is closed. 

2. Identity element: The identity is 6. Note that the row of elements to the right 
of the 6 is identical to the top row and the column of elements under the 6 is 
identical to the left-hand column. 

3. Inverse elements: When an element operates on its inverse element, the result 
is the identity element. For this example, the identity is 6. To determine the 
inverse of 2, determine which element from the set, {2, 4, 6, or 8} replaces the 
shaded area in the following equation and gives a true statement: 


2© = 6 
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RECREATIONAL MATH 


Permutation Puzzles 


|" addition to Rubik's cube 
(see Recreational Math box on 
page 572), group theory is used in 
many other puzzles known as permu- 
tation puzzles. Many permutation 
puzzles are variants of Rubik's cube, 
including a popular puzzle, called 
Rubik's 340 introduced in 2009 by 
Emo Rubik. Another example of a 
permutation puzzle is the classic slid- 
ing tile puzzle called the 15-puzzle, 
shown above. The relationship be- 
tween permutation puzzles and 
group theory is explored in detail in 
the book Adventures in Group 
Theory: Rubik's Cube, Merlin‘s 
Machine, and Other Mathematical 
Toys, by David Joyner. 


Table 10.6 A System of Symbols 


From Table 10.4, we see that 2 © 2 = 6. Thus, 2 is its own inverse. 
To determine the inverse of 4, determine which element replaces the shaded 
area in the following equation and gives a true statement: 
4© = 6 


From Table 10.4, we see that 4 © 8 = 8 © 4 = 6. Therefore, 4 is the inverse of 8, 
and 8 is the inverse of 4. The elements and their inverses are shown in Table 10.5. 
Note that every element in the mathematical system has an inverse. 


Table 10.5 Inverses Under © 


Teena re 
Element © Inverse = Element 
2 © 2) = 6 
4 © 8 = 6 
6 © 6 = 6 
8 © 4 = 6 


4. Associative property: It is given that the associative property holds for this bi- 
nary operation, ©. One example of the associative property is 


(2©8)©4=20(8 ©@4) 
4@©4=2©6 
2=2 True 


II 


5. Commutative property: The elements in Table 10.4 are symmetric about the 
main diagonal, so the commutative property holds for the operation of ©. One 
example of the commutative property is 


2@04=402 
8 =8 True 


The five necessary properties hold. Thus, the mathematical system is a com- 
mutative group. a 


Mathematical Systems Without Numbers 


Thus far, all the systems we have discussed have been based on sets of numbers. 
Example 3 illustrates a mathematical system of symbols rather than numbers. 


Example Investigating a System of Symbols 


Use the mathematical system defined by Table 10.6 and determine 
a) the set of elements. b) the binary operation. 
c) closure or nonclosure of the system. d) the identity element. 

f) (@HP)EIP and @L)(PEIP). 


e) the inverse of @. 
g) WE) P and PE] W. 


a) The set of elements of this mathematical system is {@, P, W}. 


b) The binary operation is L 


c) Because the table does not contain any symbols other than @, P, and W, the 
system is closed under (1. 


Table 10.7 


Table 10.8 Inverses Under # 


| 


Element # Inverse = Element 
lO FRAY eee ae 
Bi Fal Beene 
yo) eS 
Oi! ON Oa ee 
Table 10.9 


10.2 Finite Mathematical Systems o79 


d) The identity element is W. Note that the row next to W in the left-hand column 
is the same as the top row and that the column under W is identical to the left- 
hand column. We see that 


@OW=whHe=@ 
POW=WOllp=P 
wWOW=w 


e) We know that 
element LE] inverse element = identity element, 
and since W is the identity element, to find the inverse of @ we write 
@W =W 


To find the inverse of @, we must determine the element to replace the shaded 
area. Since @ E] P = W and PL] @ = W, P is the inverse of @. 


f) We first evaluate the information within parentheses. 


(@LIP)LP=WEIJP and @L(PHP)=@L@ 
=P =p 
g) WHP=P and PLIW=P a 


Example £4 Is the System a Commutative Group? 


Determine whether the mathematical system defined by Table 10.7 is a commuta- 
tive group. Assume that the associative property holds for the given operation. 


Solution 


1. Closure: The system is closed. 
2. Identity element: The identity element is B. 
3. Inverse elements: Each element has an inverse, as illustrated in Table 10.8. 


4. Associative property: It is given that the associative property holds. An example 
illustrating the associative property is 


(y #8) fFa=yF (6 fa) 
afha=yhy 
6=6 True 
5. Commutative property: By examining Table 10.7, we can see that the elements 


are symmetric about the main diagonal. Thus, the system is commutative under 
the given operation, . One example of the commutative property is 


alds=sfa 
Nisa pairue 
All five properties are satisfied. Thus, the system is acommutative group. 


Example [ky Another System to Study 


Determine whether the mathematical system in Table 10.9 is a commutative group 
under the operation of ©. 


Solution 


1. The system is closed. 
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° ihe 
Did You Know? 
Creating Patterns by Design 


Patterns from Symmetries of Culture by 
Dorothy K. Washburn and Donald W. 
Crowe (University of Washington Press, 
1988) 

hat makes group theory such 

a powerful tool is that it can 
be used to reveal the underlying 
structure of just about any physical 
phenomenon that involves symme- 
try and patterning, such as wallpa- 
per or quilt patterns. Interest in the 
formal study of symmetry in design 
came out of the Industrial Revolu- 
tion in the late nineteenth century. 
The new machines of the Industrial 
Revolution could vary any given 
pattern almost indefinitely. Design- 
ers needed a way to describe and 
manipulate patterns systematically. 
Shown here are the four geomet- 
ric motions that generate all two- 
dimensional patterns: (a) reflection, 
(b) translation, (c) rotation, and (d) 
glide reflection. How these mo- 
tions are applied, or not applied, 
is the basis of pattern analysis. The 
geometric motions, called rigid mo- 
tions, were discussed in Section 9.5. 


2. No row is identical to the top row, so there is no identity element. Therefore, 
this mathematical system is not a group. There is no need to go any further, but 
for practice, let’s look at a few more items. 


3. Since there is no identity element, there can be no inverses. 


4. The associative property does not hold. The following counterexample illus- 
trates the associative property does not hold for every case. 


(x©y)Oz ¥ xO(y Oz) 
zOzAxOx 
We OE 
5. The table is symmetric about the main diagonal. Therefore, the commutative 
property does hold for the operation of ©. 


Note that the associative property does not hold even though the commutative 
property does hold. This outcome can occur when there is no identity element and 
every element does not have an inverse, as in this example. a 


Example [@ Is the System a Commutative Group? 


Determine whether the mathematical system in Table 10.10 is a commutative group 
under the operation of A. 


Table 10.10 


[Solution 


1. The system is closed. 
2. There is an identity element, A. 


3. Each element has an inverse; A is its own inverse, and B and C are inverses of 
each other. 

4. Every element in the set does not appear in every row and every column of the 
table, so we need to check the associative property carefully. There are many 
specific cases in which the associative property does hold. However, the 
following counterexample illustrates that the associative property does not 
hold for every case. 


(BAB) ACA BABAC) 


BACABAA 
TaN Ge 183 


5. The commutative property holds because there is symmetry about the main di- 
agonal. 


Since we have shown that the associative property does not hold under the 
operation of A, this system is not a group. Therefore, it cannot be a commutative 


group. = 
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SECTION 10.2 : 
Exercises 


Warm Up Exercises 
In Exercises 1-12, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


1, In the mathematical system of clock 12 arithmetic, under 
the operation of addition, the set of elements is 


nN 


- In clock 12 arithmetic, under the operation of addition, 
we define addition as a movement of the hour hand in a 
direction. 


Ue 


. Since clock 12 arithmetic, under the operation of addition, 
contains only the elements {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 
12}, the mathematical system is : 


= 


. In clock 12 arithmetic, since a + 12 = 12 + a = a, for 
any element a, we say that 12 is the additive 
element. 


in 


- Inclock 12 arithmetic, since 1 + 11 = 11 + 1 = 12, we 
say that 1 and 11 are additive 


N 


. In clock 12 arithmetic, the additive inverse of 2 is 


~—I 


. Inclock 12 arithmetic, for any elements a, b, and c, 
(a+ b)+c=a+t (b + oc); therefore, the 
property holds under the operation of addition. 


8. In clock 12 arithmetic, for any elements a and b, a + b = 
b + a; therefore, the property holds under the 
operation of addition. 


9, In clock 12 arithmetic under the operation of addition, 
since the system is closed, there is an identity element, 
each element has an inverse, and the associative and 
commutative properties hold, the mathematical system 
[Sq ee OTOND: 


10. In a finite mathematical system, if every element does not 
appear in every row and every column of the table, you 
need to check the property carefully. 


11. In a finite mathematical system, if the elements are symmet- 
ric about the main diagonal, then the system is 


12. Groups that are not commutative are called noncommuta- 
tive or groups. 


Practice the Skills 


In Exercises 13 and 14, determine if the system is closed. 
Explain how you determined your answer. 


In Exercises 15 and 16, determine if the system has an 
identity element. If so, list the identity element. Explain how 
you determined your answer. 


15. 


16. 


In Exercises 17 and 18, the identity element is C. Deter- 
mine the inverse of (a) A, (b) B, and (c) C. 


In Exercises 19 and 20, determine if the system is commu- 
tative. Explain how you determined your answer. 


19. 20. 


In Exercises 21-30, use Table 10.1 on page 575 to deter- 
mine the sum in clock 12 arithmetic. 


21.3 + 6 223 Tik6 
23.9 +5 24.11 +7 
25.4 +12 26. 12 + 12 
27.3: +(8-+9) 28. (Bat) He6 
29.(6 + 4) +8 30. (6 + 10) + 12 


In Exercises 31-40, determine the difference in clock 12 
arithmetic by starting at the first number and counting 
counterclockwise on the clock the number of units given by 
the second number. 


31. 10 — 4 S298 33.2 —4 
SER Il 35. 4 — 10 3650 = 12 
eo 0) Shh oS) = SEES 2) 


40. 12 — 12 
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41. Use the following figure to develop an addition table for 
clock 6 arithmetic. The figure will also be used in Exer- 
cises 42-50. 


In Exercises 42—50, determine the sum or difference in 
clock 6 arithmetic. 


42.5 +2 43. 3 +5 44.4+6 
455552 46. 4-5 47; 22-16 
48.3 —4 LOG = 3)) 6 50. 25 (= 3) 


51. Use the following figure to develop an addition table for 
clock 7 arithmetic. The figure will also be used in Exer- 
cises 52-61. 


In Exercises 52-60, determine the sum or difference in 
clock 7 arithmetic. 


52.4 + 4 EBs Siar (6) 54. 6-4 7 
Beh 8) ae 565.25— 3 Moa —@ 
Ba 3945S) 0 6059312216) 


61. Determine whether clock 7 arithmetic under the operation 
of addition is a commutative group. Explain. 


62. A mathematical system is defined by a three-element by 
three-element table where every element in the set appears 
in each row and each column. Must the mathematical sys- 
tem be a commutative group? Explain. 


63. Consider the mathematical system defined by the follow- 
ing table. Assume that the associative property holds for 
the given operation. 


a) What are the elements of the set in this mathematical 
system? 


b) What is the binary operation? 
c) Is the system closed? Explain. 


d) Is there an identity element for the system under the 
given operation? If so, what is it? 


e) Does every element in the system have an inverse? If 
so, give each element and its corresponding inverse. 


f) Give an example to illustrate the associative property. 


g) Is the system commutative? Give an example to verify 
your answer. 


h) Is the mathematical system a commutative group? 
Explain. 


In Exercises 64-66, repeat parts (a)-(h) of Exercise 63 for 
the mathematical system defined by the following table. 
Assume that the associative property holds for the given 
operation. 


64. 


65. 


66. 


a) the elements in the set. 


b) the binary operation. 


c) closure or nonclosure of the system. 
d) (n~0) ~f e) (ian) =m 
f) the identity element. g) the inverse of r. 


h) the inverse of m. 


68. a) Is the following mathematical system a group? Explain 
your answer. 


b) Find an example showing that the associative property 
does not hold for the given set of elements. 


Uc aaa ae 


ES Nb Eee ge 


In Exercises 69-74, for the mathematical system given, 
determine which of the five properties of a commutative 
group do not hold. 
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73. 


Problem Solving 


75. a) Consider the set consisting of two elements {E, O}, 
where E stands for an even number and O stands for an 
odd number. For the operation of addition, complete 
the table. 


b) Determine whether this mathematical system forms a 
commutative group under the operation of addition. 
Explain your answer. 


76. a) Let E and O represent even numbers and odd numbers, 
respectively, as in Exercise 75. Complete the table for 
the operation of multiplication. 


b) Determine whether this mathematical system forms a 
commutative group under the operation of multiplica- 
tion. Explain your answer. 


In Exercises 77 and 78 on page 584 the tables shown are 
examples of noncommutative, or nonabelian, groups. For 
each exercise, do the following. 


a) Show that the system under the given operation is a 
group. (It would be very time consuming to prove that 
the associative property holds, but you can give some 
examples to show that it appears to hold.) 
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Wik 


78. 


b) Determine a counterexample to show that the commu- 
tative property does not hold. 


oh tes] She te dey SS 
Sq & = ws 
ye SO & > ie 


Challenge Problems/Group Activities 


uo: 


Book Arrangements Suppose that three books numbered 
1, 2, and 3 are placed next to one another on a shelf. If we 
remove volume 3 and place it before volume 1, the new 

order of books is 3, 1, 2. Let’s call this replacement R. We 


can write 
ee le 2 3 
BI 


which indicates the books were switched in order from 1, 
2, 3 to 3, 1, 2. Other possible replacements are S, T, U, V, 
and J, as indicated. 


Bees Gis aot | 

S= = US 

ye i 3 OT anes 
ie De i 2 
me Gi 127.2 03 


Replacement set / indicates that the books were removed 
from the shelves and placed back in their original order. 
Consider the mathematical system with the set of ele- 


ments, {R, S, T, U, V, J} with the operation of *. 
To evaluate R « S, write 


R S 


Deleeeinliyis | 


As shown in Fig. 10.2, R replaces | with 3 and S replaces 
3 with 3 (no change), so R * S replaces | with 3. R 


replaces 2 with 1 and S replaces 1 with 2, so R * S replaces 
2 with 2 (no change). R replaces 3 with 2 and S replaces 2 

with 1, so R * S replaces 3 with 1. R * S replaces 1 with 3, 

2 with 2, and 3 with 1. 


Figure 10.2 


Since this result is the same as replacement set T, we write 
R* S=T. 


a) Complete the table for the operation using the proce- 
dure outlined. 


b) Is this mathematical system a group? Explain. 


c) Is this mathematical system a commutative group? 


Explain. 


80. If a mathematical system is defined by a four-element by 
four-element table, how many specific cases must be illus- 
trated to prove the set of elements is associative under the 
given operation? 


Exercises 81—82 will help prepare you for the next section. 


81. A table is shown below. 
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Fill in the blank areas of the table by performing the Recreational Mathematics 


followi i 
atta es adi 83. A Tiny Group Consider the mathematical system with the 


1. Add the number in the left-hand column and the single element {1} under the operation of multiplication. 


number in the top row. 
co a) Is this system closed? 
2. Divide this sum by 5. 


: ; : b) Does the system have an identity element? 
3. Place the remainder in the cell where the number in ) y . 


the left-hand column and the number in the top row ¢) Does 1 have an inverse? 
would meet. 
For example, in the table, the number 2 is in red. This 2 is d) Does the associative property hold? 


found as follows: 


(3 + 4) + 5 = 1, remainder 2 


e) Does the commutative property hold? 


f) Is {1} under the operation of multiplication a commuta- 


$2. Using Exercise 81 as a guide, complete the following tive group? 


table by dividing the sum of the numbers by 6. Place the 


remainders in the t ined i i ; + cee 
remainders in the table as explained in Exercise 81 Internet/Research Activities 


84. a) Matrices In Section 7.3, we introduced matrices. Show 
that 2 X 2 matrices under the operation of addition 
form a commutative group. 


b) Show that 2 X 2 matrices under the operation of multi- 
plication do not form a commutative group. 


SECTION10.3. Modular Arithmetic 


If your birthday is on a Monday this year, on what day of the week will it fall next year? 
What if next year is a leap year? When will your birthday next fall on a Saturday? These 


questions can be addressed with the type of arithmetic that we will study in this section. 


Ly This is Important Modular arithmetic is a fundamental part of many branches of 
mathematics. A wide variety of applications of modular arithmetic can be found in cryp- 
tography (the study of writing in secret codes), computer science, chemistry, music, and 


economics. 


& When will your birthday next land 
ona Saturday? 


he clock arithmetic we discussed in the previous section is similar to modular 

arithmetic. The set of elements {0, 1, 2, 3, 4,5, 6, 7, 8,9, 10, 11} together with the 
operation of addition is called a modulo 12 or mod 12 system. There is one difference 
in notation between clock 12 arithmetic and modulo 12 arithmetic. In the modulo 12 
system, the symbol 12 is replaced with the symbol 0. 


Modulo m Systems 


A modulo m system consists of m elements, 0 through m — 1, and a binary opera- 
tion. In this section, we will discuss modular arithmetic systems and their properties. 

If today is Sunday, what day of the week will it be in 23 days? The answer, 
Tuesday, is arrived at by dividing 23 by 7. The quotient is 3 and the remainder is 2. 
Twenty-three days represent 3 weeks plus 2 days. Since we are interested only in the 
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Table 10.11 Modular 7 Addition 


| tee | 02 Lie 2nd hee 
0} 0. 1 22 S38 4aSeko 
De 2S aa Aer Seon) 
DA 2. Boel e Sas O mn Oa 
Beebe pS) VO GW) Us 
4.14 \5* 60 Meare) 
ei Meyer oes nie MBS Sy Bp 
686) 0 A 2s ee 

Figure 10.5 


Table 10.12 Modulo 7 Classes 


2 


23 
30 


3 
3 
10 
17 
24 
31 


4 5 
4 5 
itil BB, 
HNtey IG) 
25) 26 
3 88) 


6 


day of the week on which the twenty-third day will fall, the 3-week segment is unim- 
portant to the answer. The remainder of 2 indicates the answer will be 2 days later 
than Sunday, which is Tuesday. 

If we place the days of the week on a clock face as shown in Fig. 10.3, then in 
23 days the hand would have made three complete revolutions and end on Tuesday. If 
we replace the days of the week with numbers, then a modulo 7 arithmetic system will 
result. See Fig. 10.4: Sunday = 0, Monday = 1, Tuesday = 2, and so on. If we start 
at 0 and move the hand 23 places, we will end at 2. Table 10.11 shows a modulo 7 
addition table. 


Sun 
Sat Mon 
Fri Tue 
Thu Wed 
Figure 10.3 Figure 10.4 


If we start at 4 and add 6, we end at 3 on the clock in Fig. 10.5. This number is 
circled in Table 10.11. The other numbers can be obtained in the same way. 

A second method of determining the sum of 4 + 6 in modulo 7 arithmetic is to 
divide the sum, 10, by 7 and observe the remainder. 


10 + 7 = 1, remainder 3 


The remainder, 3, is the sum of 4 + 6 in a modulo 7 arithmetic system. 
The concept of congruence is important in modular arithmetic. 


Definition: Congruent 
a is congruent to b modulo m, written, a = b (mod m), if a and b have the same 
remainder when divided by m. 


We can show, for example, that 10 = 3 (mod 7) by dividing both 10 and 3 by 7 and 
observing that we obtain the same remainder in each case. 


10 + 7= 1, remainder 3 and 3 + 7=0, remainder 3 


Since the remainders are the same, 3 in each case, 10 is congruent to 3 modulo 7, and 
we may write 10 = 3 (mod 7). 

Now consider 37 = 5 (mod 8). If we divide both 37 and 5 by 8, each has the 
same remainder, 5. 

In any modulo system, we can develop a set of modulo classes by placing all 
numbers with the same remainder in the appropriate modulo class. In a modulo 
7 system, every number must have a remainder of either 0, 1, 2, 3, 4, 5, or 6. Thus, 
a modulo 7 system has seven modulo classes. The seven classes are presented in 
Table 10.12. 

Every number is congruent to a number from 0 to 6 in modulo 7. For example, 
24 = 3 (mod 7) because 24 is in the same modulo class as 3. 

The solution to a problem in modular arithmetic, if it exists, will always be a 
number from 0 through m — 1, where m is the modulus of the system. For example, 
in a modulo 7 system, because 7 is the modulus, the solution will be a number from 0 
through 6. 


Did You Know? 
The Enigma 


cipher, or secret code, actually 

has group properties: A well- 
defined operation turns plain text 
into a cipher, and an inverse op- 
eration allows it to be deciphered. 
During World War Il, the Germans 
used an encrypting device based 
on a modulo 26 system (for the 
26 letters of the alphabet) known 
as the Enigma. It has four rotors, 
each with the 26 letters. The rotors 
were wired to one another so that if 
an A were typed into the machine, 
the first rotor would contact a dif- 
ferent letter on the second rotor, 
which contacted a different letter 
on the third rotor, and so on. The 
French secret service obtained the 
wiring instructions, and Polish and 
British cryptoanalysts were able to 
crack the ciphers using group the- 
ory. This breakthrough helped to 
keep the Allies abreast of the de- 
ployment of the German Navy. 
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Example §j] Congruence Modulo 7 


Determine which number, from 0 through 6, the following numbers are congruent 
to in modulo 7. 


a) 47 b) 86 @)) Ms) 


We could determine the answer by listing more entries in Table 10.12. 
Another method of finding the answer is to divide the given number by 7 and 
observe the remainder. In the solutions, we will use a question mark, ?, as a place 
holder. The ? will represent a number from 0 through 6. When we determine the 
answer, we will replace the ? with the answer. 


a) 47 = ? (mod 7) 
To determine the value that 47 is congruent to in mod 7, divide 47 by 7 and 
determine the remainder. 


6 
7)47 
42 
5 <—remainder 
47 + 7 = 6, remainder 5 
Thus, 47 = 5 (mod 7). 
b) 86 = ? (mod 7) 
86 + 7 = 12, remainder 2 
Thus, 86 = 2 (mod 7). 
C)nl337— c(mod 7) 
133 + 7 = 19, remainder 0 
Thus, 133 = O (mod 7). | 


EXAMPLE Congruence Modulo 6 


Evaluate each of the following in modulo 6. 
ZI) hss o) Dee OQ) Bos 
In each part, because we are working in modulo 6, the answer will be a 
number from 0 through 5. 
a) 34.5 = 7? (mod 6) 
8 = ? (mod 6) 
Since 8 + 6 = | with 2 as the remainder, 8 = 2 (mod 6). Therefore, 
3) ae 8) Ss 2 (Ganoyel ayy, 


b) eae (mod.6) 
3 = ? (mod 6) 
3 = 3 (mod 6) 


Remember that we want to replace the question mark with a number between 0 
and 5, inclusive. Thus, 5 — 2 = 3 (mod 6). 


Cc) 3-5 = ? (mod 6) 
15 = ? (mod 6) 
3 (mod 6). Thus, 3-5 = 3(mod6). m@ 


Since 15 + 6 = 2, remainder 3, 15 
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RECREATIONAL MATH 


Cryptography 


I 
pisi413!2 k 


on m 


ryptography is the science of 

communicating in secret codes. 
Modern cryptography involves the 
disciplines of mathematics, com- 
puter science, and engineering. 
Cryptography is used whenever we 
use an ATM, log on to a computer 
account, or purchase items on the 
Internet. Modular arithmetic has long 
been used in cryptography (See the 
Did You Know? box on page 587). 
One example of a coding circle is 
shown above. 

To use it, the person sending 
and receiving the message must 
know the code key to decipher the 
code. The code key for the follow- 
ing message is the letter j. Can you 
decipher this code? (Hint: Subtract 
the code key from the code num- 
bers.) The answer is upside down 
at the bottom of this box. 

23: 1 Seno 
19 2 10 16 4 24 


“un si eV 


Note in Table 10.12 on page 586 that every number in the same modulo class dif- 
fers by a multiple of the modulus, in this case a multiple of 7. Adding (or subtracting) 
a multiple of the modulus to (or from) a given number does not change the modulo 
class or congruence of the given number. For example, 3,3 + 1(7),3 + 2(7), 

3 + 3(7),..., 3 + n(7) are all in the same modulo class, namely, 3. We use this fact 
in the solution to Example 3. 


EXAMPLE Using Modulo Classes in Subtraction 


Determine the positive number replacement (less than the modulus) for the ques- 
tion mark that makes the statement true. 


a) 3 — 5 = 2(mod7) b) ?—4=3(mod5) cc) 5 — 2? = 7 (mod 8) 


In each part, we wish to replace the question mark with a positive 
number less than the modulus. Therefore, in part (a) we wish to replace the ? with 
a positive number less than 7. In part (b), we wish to replace the ? with a positive 
number less than 5. In part (c), we wish to replace the ? with a positive number 
less than 8. 

a) In mod 7, adding 7, or a multiple of 7, to a number results in a sum that is in the 
same modulo class. Thus, if we add 7, 14, 21, ... to 3, the result will be a number 
in the same modulo class. We want to replace 3 with an equivalent mod 7 number 
that is greater than 5. Adding 7 to 3 yields a sum of 10, which is greater than 5. 


3 — 5 = ? (mod 7) 


Cae) == Gods) 
10/5. =7 (nod 7) 

5) — 7, Gnod 7) 

5) = 5) ((inarayel 7) 


Therefore, ? = 5 and 3 — 5 = 5 (mod 7). 

b) We wish to replace the ? with a number less than 5. We know that 7 — 4 = 3 
mod 5 because 3 = 3 mod 5. Therefore, we need to determine what number, 
less than 5, the number 7 is congruent to in mod 5. If we subtract the modulus, 
5, from 7, we obtain 2. Thus, 2 and 7 are in the same modular class. There- 
fore, ? = 2. 

? = 4.= 3 (mod 5) 

Ye 4 = 5) (onareyel >) 

2 4. s1nod)s)) 
Notice in the last equivalence that if we add 5 to 2, we get 7 — 4 = 3 (mod 5), 
which is a true statement. 

Crs") 9) (Mods) 

In mod 8, adding 8, or a multiple of 8, to a number results in a sum that is in the 
same modulo class. Thus, we can add 8 to 5 so that the statement becomes 


(8 + 5) — ? = 7 (mod 8) 
13 — ? = 7 (mod 8) 
We can see that 13 — 6 = 7. Therefore, ? = 6 and 5 — 6 = 7 (mod 8). a 


EXAMPLE Using Modulo Classes in Multiplication 


Determine all positive number replacements (less than the modulus) for the ques- 
tion mark that make the statement true. 


a) eee) = Smodis) Db) esi? = 0iGnod'6) ©) asia, (MOCO) 
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a) One method of determining the solution is to replace the question mark with the 
numbers 0, 1, 2, 3, and 4 and then determine the equivalent modulo class of the 
product. We use the numbers 0—4 because we are working in modulo 5. 


2° ).= 3)(mod'5) 
20 = OK amod'5) 
Di == 2) ((anreyels)) 
2°2 = 4(mod 5) 
25-3)=" 1 (mod) 
2+4 += 3(mod 5) 


Therefore, the question mark can be replaced with 4 since 2 - 4 = 3 (mod 5). 
b) Since we are working in modulo 6, replace the question mark with the numbers 
0-5 and follow the procedure used in part (a). 
3 - ? = 0 (mod 6) 
3 - 0 = 0 (mod 6) 


Sy) == 3\G@nod6) 
3.2, —10 (mod) 
3° 3-= 3 (mod 6) 
3 +4 = 0 (mod 6) 
8) es) ==" i (Cantoyetls)) 


Therefore, replacing the question mark with 0, 2, or 4 results in true statements. 
The answers are 0, 2, and 4. 
c) 3° ?)'= 2 Gnod 6) 


Examining the products in part (b) shows there are no values that satisfy the 
statement. The answer is “no solution.” | 


Whenever a process is repetitive, modular arithmetic may be helpful in answer- 
ing some questions about the process. Now let’s look at an application of modular 
arithmetic. 


Example ky Work Schedule 


Dusty is a chef at a restaurant. His working schedule is to work for 6 days, and 
then he gets 2 days off. If today is the third day that Dusty has been working, de- 
termine the following. 

a) Will he be working 60 days from today? 

b) Will he be working 82 days from today? 


c) Was he working 124 days ago? 


a) Since Dusty works for 6 days and then gets 2 days off, his working schedule 
may be considered a modular 8 system. That is, 8, 16, 24, ... days from today 
will be just like today, the third day of the 8-day cycle. 

If we divide 60 by 8, we obtain 


7 
8)60 


56 
4 — remainder 
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Did You Know? : . 


Secrets of the Universe 


A computer simulation of protons and 


neutrons being smashed together. 


hysicists use group theory in 

their search for the elementary 
particles that make up all matter. 
The operations are transforma- 
tions: the coming together or split- 
ting apart of elementary particles 
as they form larger particles such 
as protons and neutrons. Some 
transformations bring two particles 
together to form a different particle 
(binary operation), some leave a 
particle intact (identity), and some 
follow the rules of associativity and 
commutativity. In fact, understand- 
ing there were distinct “families” 
of particles related to one another 
as groups enabled physicists to 
predict the existence of certain par- 
ticles before any experimental evi- 
dence was available. 


Therefore, in 60 days Dusty will go through 7 complete cycles and will be 4 
days further into the next cycle. If we let W represent a working day and N 
represent a nonworking day, then Dusty’s cycle may be represented as follows: 


(NV YYN 
WWWWWWNN 


today 4 days 
from today 


Notice that 4 days from today will be his first nonworking day. Therefore, Dusty 
will not be working 60 days from today. 


b) We work this part in the same way we worked part (a). Divide 82 by 8 and de- 
termine the remainder. 


10 
8)82 
80 

2 <— remainder 


Thus, in 82 days it will be 2 days later in the cycle than it is today. Because he 
is currently in day 3 of his cycle, Dusty will be in day 5 of his cycle and will be 
working. 


c) This part is worked in the same way as parts (a) and (b), but once we find the 
remainder we must move backward in the cycle. 


15 

8)124 

120 
4 — remainder 


Thus, 124 days ago was 4 days earlier in the cycle. Marking day 3 of the cycle 
(indicated by the word today) and then moving 4 days backwards brings us to 
the first nonworking day. The two N’s shown at the beginning of the letters be- 
low are actually the end days of the previous cycle. 


LIND 
NNWWWWWWNN 
4days today 
earlier 
than today 


Therefore, 124 days ago Dusty was not working. rT 


Modular Arithmetic and Groups 


Modular arithmetic systems under the operation of addition are commutative groups, 
as illustrated in Example 6. 


EXAMPLE {&@ A Commutative Group 


Construct a mod 5 addition table and show that the mathematical system is a com- 
mutative group. Assume that the associative property holds for the given operation. 


Profile in Mathemat. 


Amalie Emmy Noether 
(1882-1935) 


Pier Amalie Emmy Noether 
was described by Albert 
Einstein as the “most significant 
creative mathematical genius thus 
far produced since the higher edu- 
cation of women began.” Because 
she was a woman, she was never to 
be granted a regular professorship 
in her native Germany. In 1933, 
with the rise of the Nazis to power, 
she and many other mathemati- 
cians and scientists emigrated to 
the United States. That brought her 
to Bryn Mawr College, at the age 
of 51, to her first full-time faculty 
appointment. She was to die just 
2 years later. 

Her special interest lay in abstract 
algebra, which includes such top- 
ics as groups, rings, and fields. She 
developed a number of theories that 
helped draw together many impor- 
tant mathematical concepts. Her in- 
novations in higher algebra gained 
her recognition as one of the most 
creative abstract algebraists of mod- 
erm times. 
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The set of elements in modulo 5 arithmetic is {0, 1, 2, 3, 4}; the binary 
operation is +. 


RNY 
cae x Py 
uf ease 4 bf ¥ 


4 


For this system to be a commutative group, it must satisfy the five properties of a 

commutative group. 

1. Closure: Every entry in the table is a member of the set {0, 1, 2, 3, 4}, so the 
system is closed under addition. 

2. Identity element: An easy way to determine whether there is an identity element 
is to look for a row in the table that is identical to the elements at the top of 
the table. Note that the row next to 0 is identical to the top of the table, which 
indicates that 0 might be the identity element. Now look at the column under the 
0 at the top of the table. If this column is identical to the left-hand column, then 
0 is the identity element. Since the column under 0 is the same as the left-hand 
column, 0 is the additive identity in modulo 5 arithmetic. 


Element + Identity = Element 
0 + 0 = 0 
1 ar 0) = 1 
Z + 0 = 2 
3 =P 0 = 3 
4 ap 0 = 4 


3. Inverse elements: Does every element have an inverse? Recall that an element 
plus its inverse must equal the identity element. In this example, the identity 
element is 0. Therefore, for each of the given elements 0, 1, 2, 3, and 4, we must 
find the element that when added to it results in a sum of zero. These elements 
will be the inverses. 


Element + Inverse = Identity 
0 ate ? = Q Since 0 + 0 = 0, 0 is its own inverse. 
1 =P i = Q Since 1 + 4 = 0, 4 is the inverse of 1. 
2 SF a = 0 Since 2 + 3 = O, 3 is the inverse of 2. 
3 Ae x = QO Since 3:+ 2 = O, 2 is the inverse of 3. 
4 + ? = QO Since 4 + 1 = O, 1 is the inverse of 4. 


Note that each element has an inverse. 


4. Associative property: It is given that the associative property holds. One ex- 
ample that illustrates the associative property is 


(2+3)+4=2+(+44) 
O+4=2.4+2 
4=4 True 
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5. Commutative property: Is a + b = b + a for all elements a and b of the given 
set? The table shows that the system is commutative because the elements are 
symmetric about the main diagonal. We will give one example to illustrate the 
commutative property. 


4+2=2+4 
| = {) True 


All five properties are satisfied. Thus, modulo 5 arithmetic under the operation 
of addition is a commutative group. r 


SECTION 10. 3 z 
; Exercises 


Warm Up Exercises 


In Exercises 1-6, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


1. The elements in a modulo m system consist of the m 
numbers, 0 through 


2. In a modulo m system, in addition to the m elements, there 
is also a(n) operation. 


3. In any modulo m system, we can develop a set of modulo 
classes by dividing the numbers by m and placing all numbers 
with the same in the appropriate modulo class. 


4. In a modulo m system, the number mm is called the 
of the system. 


5. If a and b have the same remainder when divided by m, we 
say that a is to b modulo m. 


6. To determine the value that 45 is congruent to in modulo 
7, we 45 by 7 and determine the remainder. 


Practice the Skills 


In Exercises 7-16, assume that Sunday is represented as 
day 0, Monday is represented as day 1, and so on. If today 
is Thursday (day 4), determine the day of the week it will be 
in the specified number of days. Assume no leap years. 


7. 11 days 8. 43 days 
9. 101 days 10. 135 days 
11. 365 days 12. 3 years 
13. 3 years, 34 days 14. 463 days 


15. 400 days 16. 3 years, 27 days 

In Exercises 17-24, consider 12 months to be a modulo 12 
system. If it is currently October, determine the month it 
will be in the specified number of months. 


17. 19 months 18. 73 months 


19. 2 years, 10 months 20. 4 years, 8 months 


21. 83 months 22. 7 years 


23. 105 months 24. 5 years, 9 months 


In Exercises 25—36, determine what number the sum, 
difference, or product is congruent to in mod 5. 


PRY Chaos) 26. 2 + 3 PH elles Omens 
2819 3 PAD 3) al 30. 8°7 
Sib 3) 99) 32, 1 4 3354 = 8 
343 CSM SS (lo 4) 8 30, (4 9) = 7 


In Exercises 37-50, find the modulo class to which each 
number belongs for the indicated modulo system. 


37. 5, mod 3 38. 28, mod 5 39. 60, mod 7 
40. 43, mod 6 41. 41, mod 9 42. 75, mod 8 
43. 30, mod 7 44. 53, mod 4 45. —1, mod7 
46. —7, mod 4 47. —13,mod11 48. —11, mod 13 


49. 205,mod10 50. —12, mod4 


In Exercises 51-66, determine all positive number replace- 
ments (less than the modulus) for the question mark that 
make the statement true. 


51.4 + 5 = ?(mod 8) 52. ? + 3 = 2 (mod 5) 


53.6 + 7? = 2iGnod7) 54, 4 + ? = 3 (mod 6) 
55. 4 — ? = 5 (mod 6) 56. 2+ 5 = ? (mod 7) 
57. 5 - ? = 7 (mod 9) 58. 3 - ? = 5 (mod 6) 
59, 2 - ? = 1 (mod 6) 60. 3 - ? = 3 (mod 12) 


61. 4 - ? = 4 (mod 10) 62. ? — 3 = 4(mod 8) 
63. ? — 8 = 9 (mod 12) 64. 6 — ? = 8 (mod 9) 


65. 3 - ? = 0 (mod 10) 66. 4- ? = 5 (mod 8) 


Problem Solving 


67. Presidential Elections The upcoming presidential election 


68. 


69. 


years are 2012, 2016, 2020, ... 
a) List the next five presidential election years after 2020. 
b) What will be the first election year after the year 3000? 


c) List the election years between the years 2550 and 2575. 


Flight Schedules A pilot is scheduled to fly for 5 consecu- 
tive days and rest for 3 consecutive days. If today is the 
second day of her rest shift, determine whether she will be 
flying or resting 

a) 60 days from today. b) 90 days from today. 
c) 240 days from today. d) Was she flying 6 days ago? 
e) Was she flying 20 days ago? 


Workout Schedule A golf pro’s workout schedule is to 
give both morning and afternoon lessons for 3 days, rest for 
1 day, give only morning lessons for 2 days, rest for 2 days, 
and then start the cycle again. If the golf pro is on his rest for 
1 day part of the schedule, determine what he will be doing 


a) 28 days from today. 
b) 60 days from today. 
c) 127 days from today. 


d) Will the golf pro have a day off 82 days from today? 
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70. Physical Therapy A man has an Achilles’ tendon injury 


and is receiving physical therapy. He must have physical 
therapy twice a day for 5 days, physical therapy once a day 
for 3 days, and then 2 days off; then the cycle begins again. 
If he is in his second day of his twice-a-day therapy cycle, 
determine what he will be doing 

a) 20 days from today. b) 49 days from today. 
c) 103 days from today. 


d) Will the man have a day off 78 days from today? 


. The Weekend Off A manager of a theater has both Saturday 


and Sunday off every 7 weeks. It is week 2 of the 7 weeks. 


a) Determine the number of weeks before he will have 
both Saturday and Sunday off. 


b) Will he have both Saturday and Sunday off 25 weeks 
from this week? 


c) What is the first week, after 50 weeks from this week, 
that he will have both Saturday and Sunday off? 


72. Nursing Shifts A nurse’s work pattern at Community Hos- 


pital consists of working the 7 A.M.—3 P.M. shift for 3 weeks 
and then the 3 p.M.—11 P.M. shift for 2 weeks. 


a) If it is the third week of the pattern, what shift will the 
nurse be working 6 weeks from now? 


b) If it is the fourth week of the pattern, what shift will the 
nurse be working 7 weeks from now? 


c) If it is the first week of the pattern, what shift will the 
nurse be working 11 weeks from now? 


73. Restaurant Rotation A waiter at a restaurant works 


both daytime and evening shifts. He works daytime for 5 
consecutive days, then evenings for 3 consecutive days, 
then daytime for 4 consecutive days, then evenings for 2 
consecutive days. Then the rotation starts again. If it is day 
2 of the 5-day consecutive daytime shift, determine whether 


he will be working the daytime or evening shift 
a) 20 days from today. b) 52 days from today. 


c) 365 days from today. 


74. A Truck Driver’s Schedule A truck driver’s routine is as fol- 


lows: Drive 3 days from New York to Chicago, rest 1 day in 
Chicago, drive 3 days from Chicago to Los Angeles, rest 2 days 
in Los Angeles, drive 5 days to return to New York, rest 3 days 
in New York. Then the cycle begins again. If the truck driver is 
starting her trip to Chicago today, what will she be doing 
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a) 30 days from today? 
b) 70 days from today? 


c) 2 years from today? 


75. a) Construct a modulo 3 addition table. 
b) Is the system closed? Explain. 
c) Is there an identity element for the system? If so, what is it? 


d) Does every element in the system have an inverse? If so, 
list the elements and their inverses. 


e) The associative property holds for the system. Give an 
example. 


f) Does the commutative property hold for the system? 
Give an example. 


g) Is the system a commutative group? 


h) Will every modulo system under the operation of 
addition be a commutative group? Explain. 


76. Construct a modulo 8 addition table. Repeat parts (b)—(h) in 
Exercise 75. 


77. a) Construct a modulo 4 multiplication table. 
b) Is the system closed under the operation of multiplication? 
c) Is there an identity element in the system? If so, what is 1t? 


d) Does every element in the system have an inverse? 
Make a list showing the elements that have a multiplica- 
tive inverse and list the inverses. 


e) The associative property holds for the system. Give an 
example. 


f) Does the commutative property hold for the system? 
Give an example. 


g) Is this mathematical system a commutative group? Explain. 


78. Construct a modulo 7 multiplication table. Repeat parts 
(b)-(g) in Exercise 77. 


Challenge Problems/Group Activities 


We have not discussed division in modular arithmetic. With 
what number or numbers, if any, can you replace the ques- 
tion marks to make the statement true? The question mark 

must be a number less than the modulus. Hint: Use the fact 


a 
that — = c (mod m) means a = b+ c (mod m) and use trial 


and error to obtain your answer. 
79. 2 = 33-4 Gnod's)) S00) 34) 2 (mod 7) 


81. ? + ? = 1 (mod 4) 82. 1 + 2 = ? (mod 5) 


In Exercises 83-85, solve for x where k is any counting number. 
83. 8k = x (mod 8) 84. 7k + 1 = x (mod 7) 


85. 4k — 2 = x (mod 4) 


86. Find the smallest positive number divisible by 5 to which 
2 is congruent in modulo 6. 


87. Birthday Question During a certain year, Clarence Dee’s 
birthday is on Monday, April 18. 


a) If next year is not a leap year, on what day of the week 
will Clarence’s birthday fall next year? 


b) If next year is a leap year, on what day of the week will 
Clarence’s birthday fall next year? 


88. More Birthday Questions During a certain leap year, 
Josephine Emme’s birthday is on Tuesday, May 18. In how 
many years will Josephine’s birthday fall on a 


a) Friday? b) Saturday? 


Recreational Math 


89. Cryptography Read the Recreational Mathematics 
box on page 588. Using the same coding circle and a code 
key of the letter e, decipher the following message. 


NG gD, tI I) Ds aK) 
So LAS A ee ee Oe ee Oss) 


90. Rolling Wheel The wheel shown below is to be rolled. 
Before the wheel is rolled, it is resting on number 0. The 
wheel will be rolled at a uniform rate of one complete roll 
every 4 minutes. In exactly 1 year (not a leap year), what 
number will be at the bottom of the wheel? 


Internet/Research Activity 


91. The Enigma Cipher Machine Do research on the 
Enigma ciphering machine (see the Did You Know? box on 
page 587). Write a paper on the role the machine played 
prior to and during World War II. 


92. The concept and notation for modular systems were intro- 
duced by Carl Friedrich Gauss in 1801. Write a paper on 
Gauss’s contribution to modular systems. 
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(HAPTER IO) Suramiaty LEELA Se 


Important Facts and Concepts Examples and Discussion 
I 
Section 10.1 | 


A mathematical system consists of a set of elements and at least one binary 
operation. 


Commutative Property 
Addition:a +b = b+a 
Multiplication: a:b = b:-a 


Addition: (a + b) +c = a+(b+c) 
G(b.-6) 


Properties of a Group and a Commutative Group 


A mathematical system is a group if the first four following conditions 
hold, and a commutative group if all five conditions hold. 


Discussion, page 567 


Discussion, pages 567-568 


Discussion, pages 567-568 
Multiplication: (a> b)-c = 


Discussion, pages 568-571, 
Examples 1-2, pages 571-572; 
Examples 1-6, pages 575-580; 
Example 6 pages 590-592 


1. The set of elements is closed under the given operation. 
2. An identity element exists for the set. 


3. Every element in the set has an inverse. 


4. The set of elements is associative under the given operation. 
5. The set of elements is commutative under the given operation. 


Section 10.2, 10.3 


If the elements of a finite mathematical system are symmetric about the main 
diagonal, then the system is commutative. 


Section 10.3 
ais congruent to b modulo m, written a = b (mod m), if a and b have the 
same remainder when divided by m. 


Discussion, page 577, Examples 1-6, pages 
575-580; Example 6, page 580 


Discussion, pages 585-586, Examples 1-6, 
pages 587-591 


(CHAPTER 10 ) Revie xereises ay nat anna 


10.1, 10.2 8 4+7+9 Dee 0) dK RS 
1. What is a binary operation? 11. List the properties of a group and explain what each prop- 


: erty means. 
2. List the parts of a mathematical system. a. 


12. What i th f beli ? 
3. Are the set of whole numbers closed under the operation See a ee oe eer ey 


pee : 
of division? Explac In Exercises 13 and 14, explain your answer. 


4. Are the set of real numbers closed under the operation of 


subtraction? Explam 13. Determine whether the set of integers under the operation 


of addition forms a group. 


Determine the sum or difference in clock 12 arithmetic. 14. Determine whether the set of integers under the operation 


of multiplication forms a group. 


Sb 3 Gn 12 fs 3) = 
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15. Determine whether the set of natural numbers under the 10.3 


epemiion of addition Lamps a efeup: In Exercises 21-30, find the modulo class to which the 


16. Determine whether the set of rational numbers under the number belongs for the indicated modulo system. 
operation of multiplication forms a group. 


21. 14, mod 7 22. 37, mod 6 
In Exercises 17-19, for the mathematical system, determine 23.56 modo 24. 68, mod 8 
which of the five properties of a commutative group do not hold. 
e 25. 71, mod 12 26. 54, mod 4 
27. 52, mod 12 28. 54, mod 14 
29. 97, mod 11 30. 31, mod 20 


In Exercises 31-40, determine all positive number replace- 
ments (less than the modulus) for the question mark that 
make the statement true. 


31. 2 + 5 = ? (mod 6) 32. 2 — ? = 3 (mod 7) 
33. 7+ ? = 5 (mod 8) 34. 5+ ? = 3 (mod 8) 


35. ?- 4 = 0 (mod 8) 36. 10° 7 = ? (mod 11) 


37.3 = 5 = ? Gnod 7) 38. ? - 7 = 3 (mod 10) 
39. 2-3 = 5 (mod 6) 40. 7: ? = 2 (mod 9) 


41. Construct a modulo 6 addition table. Then determine 
whether the modulo 6 system forms a commutative group 
under the operation of addition. 


42. Construct a modulo 4 multiplication table. Then determine 
whether the modulo 4 system forms a commutative group 
under the operation of multiplication. 


20. Consider the following mathematical system. Assume the 


associative property holds for the given operation. 


43. Police Officer Shifts Julie Francavilla, a police officer, 
has the following work pattern. She works 3 days, has 
4 days off, then works 4 days, then has 3 days off, and 
then the pattern repeats. Assume that today is the first day 
of the work pattern. 


© 
® 
a 
3 


a) Will Julie be working 30 days from today? 
a) What are the elements of the set in this mathematical 


system? b) Julie’s niece is getting married 45 days from today. 


Will Julie have the day off? 
b) What is the binary operation? © 


c) Is the system closed? Explain. 


d) Is there an identity element for the system under the 
given operation? 


e) Does every element in the system have an inverse? If 
so, give each element and its corresponding inverse. 


f) Give an example to illustrate the associative property. 
ae gama 


g) Is the system commutative? Give an example. 


a 


h) Is this mathematical system a commutative group? 
Explain. 
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. What is a mathematical system? In Exercises 10 and 11, determine whether the mathemati- 
cal system is a commutative group. Explain your answer 


. List the requirements needed for a mathematical system completely. 


to be a commutative group. 


. Is the set of integers a commutative group under the 
operation of addition? Explain your answer com- 
pletely. 


. Is the set of natural numbers a commutative group under 
the operation of subtraction? Explain your answer com- 
pletely. 


- Develop a clock 5 arithmetic addition table. 


. Is clock 5 arithmetic under the operation of addition a 
commutative group? Assume that the associative prop- 
erty holds. Explain your answer completely. 12. Determine whether the mathematical system is a commu- 

tative group. Assume that the associative property holds. 


In Exercises 7 and 8, determine the following in clock Explain your answer. 
5 arithmetic. ; 


Te 2, tA oa 8. 1-4 


9. Consider the mathematical system 


In Exercises 13 and 14, determine the modulo class to 
which the number belongs for the indicated modulo system. 


13. 39, mod 4 14. 107, mod 11 


In Exercises 15—19, determine all positive number re- 
placements for the question mark, less than the modulus, 
a) What is the binary operation? that make the statement true. 


b) Is this system closed? Explain. 15. ? + 5 = 3 (mod 6) 16. ? — 3 = 4 (mod 5) 


-%?= . =? 
c) Is there an identity element for this system under the a eee oe) She CeO) 


given operation? Explain. 19. 3+? = 2 (mod 6) 
d) What is the inverse of the element R? 20. a) Construct a modulo 5 multiplication table. 


e) What is (TU R) 0 W? b) Is this mathematical system a commutative group? 
Explain your answer completely. 
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1. Rotating a Square The square ABCD below has a pin 
through it at point P so that the square can be rotated in a 
clockwise direction. The mathematical system consists of 
the set {A, B, C, D} and the operation #. The elements 
of the set represent different rotations of the square 
clockwise, as follows. 


A = rotate about the point P clockwise 90° 

B = rotate about the point P clockwise 180° 
C = rotate about the point P clockwise 270° 
D = rotate about the point P clockwise 360° 


The operation # means followed by. For example, A * B 
means a clockwise rotation of 90° followed by a clock- 
wise rotation of 180° or a clockwise rotation of 270°. 
Since C represents a clockwise rotation of 270°, we write 
A * B = C. This result and two other results are shown 
in the following table. 


Sa & }|f 
> 


Complete the table and determine if the mathematical 
system is a commutative group. Explain. 


2. Product of Zero In arithmetic and algebra, the statement 
“If a: b = 0, then a = 0 or b = 0” is true. That is, for 
the product of two numbers to be 0, at least one of the 


factors must be 0. Can the product of two nonzero num- 
bers equal 0 in a specific modulo system? If so, in what 
type of modulo systems can this result occur? 


a) Construct multiplication tables for modulo systems 
3-9. 


b) Which, if any, of the multiplication tables in part (a) 
have products equal to 0 when neither factor is 0? 


c) Which, if any, of the multiplication tables in part (a) 
have products equal to 0 only when at least one factor 
is 0? 


d) Using the results in parts (b) and (c), can you write a 
conjecture as to which modulo systems have a product 
of 0 when neither factor is 0? 


3. Conjecture About Multiplicative Inverses Are there cer- 


tain modulo systems where all numbers have multiplica- 
tive inverses? 


a) If you have not worked Group Projects Exercise 2, con- 
struct multiplication tables for modulo systems 3-9. 


b) Which of the multiplication tables in part (a) contain 
multiplicative inverses for all nonzero numbers? 


c) Which, if any, of the multiplication tables in part (a) do 
not contain multiplicative inverses for all nonzero num- 
bers? 


d) Using the results in parts (b) and (c), can you write a 
conjecture as to which modulo systems contain mullti- 
plicative inverses for all nonzero numbers? 


[Pes 


Consumer 
Mathematics 


What You Will Learn 


important goals. 


Percents, fractions, and decimals 


Percent increase, percent decrease, 
and percent markup and markdown 


Simple interest 
Compound interest 
Present value 


Fixed and open-ended installment 
loans 


Mortgages 
Annuities, sinking funds, and 
retirement investments 


This is Important 


Managing your money takes 
much thought and planning. All 
your daily needs must be met, 
but at the same time you should 
consider your long-term goals 
such as purchasing a house, 
saving for college expenses, and 
investing for retirement. This 
chapter will provide information 
to help you reach these 


< Knowledge of consumer mathematics may 
help you reach your long-term goals. 
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SECTION 11.1 


\afoe) 7 


A Daily weather reports include 
percents. 


Your clock radio turns on in the morning and you hear a weather report that says 
there is a 75% chance of rain. Based on this information, you decide to carry your 
umbrella to your class. In this section, we will investigate the meaning of percent and 
learn how percents relate to mathematics and to daily life. 


ED This is Important Many decisions that we make every day involve applications of 
percent. An understanding of percent is essential in making informed decisions. 


ercent, fractions, and decimal numbers all play an important role in consumer 
mathematics. 


Percent, Fractions, and Decimal Numbers 


A basic topic necessary for understanding the material in this chapter is percent. The 
word percent comes from the Latin per centum, meaning “per hundred.” A percent is 
simply a ratio of some number to 100. Thus, in = 15%, and i00 = x%. 

Percents are useful in making comparisons. Consider Ross, who took two psy- 
chology tests. On the first test Ross answered 18 of the 20 questions correctly, and on 
the second test he answered 23 of 25 questions correctly. On which test did he have 
the higher score? One way to compare the results is to write ratios of the number of 
correct answers to the number of questions on the test and then convert the ratios to 
percents. We can find the grades in percent for each test by (a) writing a ratio of the 
number of correct answers to the total number of questions, (b) rewriting these ratios 
with a denominator of 100, and (c) expressing the ratios as percents. 


Test 1 (a) (b) (c) 
Number of correct answers 18 18 x 5 90 90% 
Number of questions onthe test 20 205 100 ; 
Test 2 (a) (b) (c) 
Number of correct answers Dyeye Ds) OX a 92 
= = =) 


Number of questions on the test 9125, | 955A 100 


By changing the results of both tests to percents, we have a common standard for 
comparison. The results show that Ross scored 90% on the first test and 92% on the 
second test. Thus, he had a higher score on the second test. 

Another procedure to change a fraction to a percent follows. 


01632) 8] a TO CHANGE A FRACTION TO A PERCENT 


. Divide the numerator by the denominator to obtain a decimal number. 


. Multiply the decimal number by 100 (which has the effect of moving the 
decimal point two places to the right). 


. Add a percent sign. 


The above procedure has the effect of moving the decimal point in the original num- 
ber two places to the right and adding a percent sign. 

Note that Steps 2 and 3 together are the equivalent of multiplying by 100%. Since 
100% = 100/100 = 1, we are not changing the value of the number, we are simply 
changing the number to a percent. 


MATHEMATICS TODAY 


Percent Versus Percentage 


hen should the word percent 

be used and when should 
the word percentage be used? 
Although writing style manuals are 
not always consistent on the use of 
these words, a general rule is given 
below. 
® Percent (or the symbol %) ac- 
companies a specific number. 

The word percent may also be 
used when a question is seeking 
a specific percent. 

Example 1—Eighty percent of 
the people liked the movie. 
Example 2—More than 80% (or 
80 percent) of the boxes weighed 
more than 1 pound. 

Example 3—If a worker's salary in- 
creased from $35,000 to $38,000 
what is the percent increase? 
Percentage is used without a 
specific number. 

Example 4—A large percentage 
of the population has had their flu 
shot. 

Example 5—The percentage of 
the population that has been ex- 
posed to the virus is between 
60% and 70%. 

Some style manuals state that 
the word percent can be used in 
place of the word percentage on 
tables and graphs, and other 
places where space is limited. Also, 
in the United States, percent is usu- 
ally written as one word, but in 
Europe and elsewhere it is often 
written using two words, per cent. 
Note, too, that, when writing a per- 
cent at the beginning of a sen- 
tence, as in Example 1 above, the 
words should be written out. 


This is Important This in- 
formation may be helpful if you 
need to write reports for school or 
for your job. 
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Example Converting Fractions to Percents 


Change each of the following fractions to a percent. 


eon Ayah es 
100 20 ek 16 
For each fraction, follow the three steps in the procedure box on page 600. 
a) 1. 67 + 100 = 0.67 2. 0.67 X 100 = 67 3. 67% 
67 
Thus, —~ = 67%. 
US, 500 6 
b) ali 20i—3 055 2. 0.55 X 100 = 55 3. 55% 
11 
Thus, ay 55%. 
ole 15 = 16 — 09375 2. 0.9375 X 100 = 93.75 3. 93.75% 
Thus, dis 93.75%. | 


16 


In future examples, when changing a fraction to a percent, we will follow the 
three-step procedure given on page 600 without listing the individual steps. We will 
do this in Examples 4 and 5. To change a decimal number to a percent, follow this 
procedure. 


a0 418] a TO CHANGE A DECIMAL NUMBER TO A PERCENT 


1. Multiply the decimal number by 100. 


2. Add a percent sign. 


The procedure for changing a decimal number to a percent is equivalent to moy- 
ing the decimal point two places to the right and adding a percent sign. 


Example Converting Decimal Numbers to Percents 


Change each of the following decimal numbers to a percent. 
a) 0.14 b) 0.893 c) 0.7625 


a) 0.14 = (0.14 X 100)% = 14%. Thus, 0.14 = 14%. 
b) 0.893 = (0.893 x 100)% = 89.3%. Thus, 0.893 = 89.3%. 
c) 0.7625 = (0.7625 X 100)% = 76.25%. Thus, 0.7625 = 76.25%. wi 


To change a number given as a percent to a decimal number, follow this procedure. 


4001044218) 1 TO CHANGE A PERCENT TO A DECIMAL NUMBER 


1. Divide the number by 100. 


2. Remove the percent sign. 


The procedure for changing a number given as a percent to a decimal number is 
equivalent to moving the decimal point two places to the left and removing the per- 
cent sign. Another way to remember that is: Percent means per hundred (or to divide 
by 100). 
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Example Converting a Percent to a Decimal Number 


a) Change 35% to a decimal number. 
b) Change 69.8% to a decimal number. 


i 
c) Change Be to a decimal number. 


al) 
a) 35% = 700 = 0.35. Thus, 35% = 0.35. 


b) 69.8% = -. = 0.698. Thus, 69.8% = 0.698. 
1 0.5 1 
c) 5 % = 0.5% 100 0.005. Thus, ae = 0.005. a 


Example £§ California Population 


In 2009 about 307,006,550 people lived in the United States, and of these people, about 
36,961,664 people lived in California. Determine the percentage of people living in the 
United States in 2009 who lived in California. (Source: United States Census Bureau.) 


To determine the percentage of people who lived in California, divide the 
California population, 36,961,664, by the United States population, 307,006,550. 
Then move the decimal two places to the right and add a percent sign: 


Percentage of people who lived in California = 3p-tn¢ssn ~ 0.1204 ~ 12.04% 


& Oceanside, CA. Thus, in 2009, about 12.04% of people who lived in the United States lived in 
California. a 


Example [ Cherry Production 


According to the U.S. Department of Agriculture, in 2010 the United States pro- 
duced about 195 million pounds of cherries. Of these cherries, 140 million pounds 
were produced in Michigan, 24 million pounds were produced in Utah, 16 million 
pounds were produced in Washington, and 15 million pounds were produced in 
other states. Determine the percentage of cherries produced in each of the follow- 
ing: Michigan, Utah, Washington, and other states. 


To determine each percentage, divide the number of cherries produced in 
each state by the total number of cherries produced in the United States. Because 
all the numbers given are in millions of pounds, we will calculate the percentage 
using the number of millions of pounds. 


Percent of cherries produced in Michigan = tae = 0.7179 =~ 71.8% 


Percent of cherries produced in Utah = = 0.1231 ~ 12.3% 
Percent of cherries produced in Washington = ié = 0.0821 ~ 8.2% 


Percent of cherries produced in other states = ie aS (OOS) Se 


The sum of the percents, 71.8% + 12.3% + 8.2% + 7.7%, equals 100%. | 


Percent Change 


The percent increase or decrease, or percent change, over a period of time is deter- 
mined by the formula on page 603. 


11.1 Percent 603 


Percent Change 


( amount in ) & ( amount in ) 
latest period previous period 


Percent change = 


: ; ; x 100 
amount in previous period 


If the amount in the latest period is greater than the amount in the previous period, the 
answer will be positive and will indicate a percent increase. If the amount in the latest 
period is smaller than the amount in the previous period, the answer will be negative 
and will indicate a percent decrease. 


Example [J Most Improved Baseball Team 


In 2010, the Major League Baseball team with the most improved record for win- 
ning games was the San Diego Padres. In 2009, the Padres won 75 games. In 2010, 
the Padres won 90 games. Determine the percent increase in the number of games 
won by the Padres from 2009 to 2010. 


The previous period is 2009 and the latest period is 2010. 


amount in ( amount in ) 
latest period previous period 


Percent change = = : - x 100 
amount in previous period 
ils) 
SEE SE a 
75 
15 
= — X 100 
4 San Diego Padre’s rightfielder 75 
Chris Denorfia. = 0.2 * 100 
= 20 


Therefore, there was a 20% increase in the number of games won by the Padres 
from 2009 to 2010. 5 


Example Harley-Davidson Stock Price 


During the month of August 2010, the price of a share of Harley-Davidson stock 
fell from $28.21 the month of to $24.33. Determine the percent change in the price 
of a share of Harley-Davidson stock during August 2010. 


The amount in the latest period is $24.33, and the amount in the previous 


period is $28.21. 
( amount in ) | ( amount in ) 
latest period previous period 


Percent change = - : : x 100 
amount in previous period 


24.33 — 28.21 
= x 
28.21 Le 
—3.88 
= KE 
28.21 v0 
= —0.1375 X 100 


22 NS EISYE 


Il 


Thus, the price of a share of Harley-Davidson stock fell about 13.75% during 
August 2010. a 


604 CHAPTER11 Consumer Mathematics 


Did You Know? 


Tipping 


he practice of tipping began in 

European coffeehouses in the 
eighteenth century. After the Civil 
War, wealthy Americans who trav- 
eled to Europe brought the custom 
back to the United States. Initially 
the custom was vehemently op- 
posed by many groups. In 1897 
the New York Times claimed that 
tipping is “antithetical to Ameri- 
can democratic ideals.” Eventually 
the practice did catch on, and to- 
day many Web sites are devoted 
to tipping guidelines for persons 
who work in a wide variety of oc- 
cupations. For example, accord- 
ing to the Original Tipping Page, 
www.tipping.org, it is custom- 
ary to tip waiters and waitresses 
15%-20% of the total restaurant bill. 
Hairstylists should be tipped 15% 
of the total bill, and pizza delivery 
persons should receive $1-$5 per 
pizza, depending on the distance 
driven. Skycaps at the airport 
should be tipped at least $1 per 
bag that they handle. At holiday 
time newspaper delivery persons, 
lawn maintenance persons, house 
cleaners, and any other domestic 
service people should be tipped 
$15-$25. If you are thinking about 
“stiffing” a person who deserves a 
tip, you may want to think again. 
The site www.lousytippers.com is 
devoted to exposing people who 
leave poor tips or no tips at all! 


aa ve ret 
nipet 
Me 


Percent Markup and Markdown 


A similar formula is used to calculate percent markup or markdown on cost. A posi- 
tive answer indicates a markup, and a negative answer indicates a markdown. 


Percent Markup or Markdown 


selling price — dealer’s cost 
Percent markup (or markdown) on cost = ————_—_—_—_—_——— X 100 
dealer’s cost 


Example FE] Determining Percent Markup 

Holdren Hardware stores pay $48.76 for glass fireplace screens. They regularly sell 
them for $79.88. At a sale they sell them for $69.99. Determine 

a) the percent markup on the regular price. 

b) the percent markup on the sale price. 


a) We determine the percent markup on the regular price as follows. 


selling price — dealer’s cost 
Percent markup = qenlere cee x 100 


79.88 — 48.76 
Ss 100 
48.76 
0.6382 x 100 


= 63.8 


ul 


Thus, the percent markup on the regular price was about 63.8%. 
b) We determine the percent markup on the sale price as follows. 


69.99 — 48.76 
ie t markup = x 100 
ercent markup 18.76 
= 0.4354 x 100 
= 43.5 
Thus, the percent markup on the sale price was about 43.5%. a 


Example —] Determining Percent Markdown 


To help get rid of its remaining 2012 calendars, Cardin’s Pharmacy reduces the 
price to $4.00. If Cardin’s cost per calendar was $5.00, determine the percent mark- 
down on the calendars. 


We will use the same formula that we used for percent markup in 
Example 8. 


selling price — dealer’s cost 
Percent markdown = x 100 
dealer’s cost 


4.00 — 5.00 
= ——__— x 
5.00 ee 
—0.20 100 


= —20 


Thus, the percent markdown on the calendars was 20%. r 
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Other Percent Problems 


In daily life, we may need to know how to solve any one of the following three types 
of problems involving percent: 


1. What is a 15% tip on a restaurant bill of $45.71? The problem can be restated as 
15% of $45.71 is what number? 


2. If Nancy Johnson sells a car for $19,000 and receives a commission of $475, 
what percent of the sale price is the commission? The problem can be 
restated as 


What percent of $19,000 is $475? 


3. If the price of a laptop computer is reduced by 35% or $341.25, what was the 
original price of the computer? The problem can be restated as 


35% of what number is $341.25? 


To answer these three questions, we will translate the words of the problem into 
an equation and then solve the equation. Some common words or phrases that we 
encounter are shown below, along with the symbols used when writing the 
equation. 


Word or Phrase Symbol in the equation 
what number x, 
what percent eG 


is, are, was, OY were = 
of 


To solve each problem given above, we change the percent into a decimal num- 
ber and change the words of the sentence into symbols of an equation. We then solve 
the equation for x. 


1. 15% of $45.71 is what number? 
See ee 


Rasy 

OMS%: 45:71 = ae 
0.15 + 45.71 =x 
6.8565 = x 


Since 15% of $45.71 is $6.8565, the tip would be $6.86. 
2. What percent of $19,000 is $475? 
——————————— —E ee 


x * 19,000 = 475 
x + 19,000 = 475 
19,000x = 475 
475 
= = 0.025 = 2. 
x 19,000 0.025 5% 


Since 2.5% of $19,000 is $475, the commission is 2.5% of the sale price. 
3. 35% of what number is $341.25? 
Se ee 


0.35 x = 341,25 
0.35 +x = 341.25 
0.35x = 341.25 

wa UNE Ee iy oe 
0.35 


Since 35% of $975 is $341.25, the original price of the computer was $975. 
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A Rio Olympic Stadium in Rio de 
Janeiro, Brazil. 


Example {{@ Down Payment on a Condominium Home 


Melissa Bell wishes to buy a condominium home for $189,000. To obtain the mort- 
gage loan, she must pay 20% of the selling price as a down payment. Determine the 
amount of Melissa’s down payment. 


We will let x be the amount of the down payment. This problem can be 
restated as “20% of the selling price is what number?” We will translate this sen- 
tence into an equation and then solve the equation. 
20% of the selling price is what number? 
— YY re 
O20F- 13o:000 i Ba 
0.20 + 189,000 = x 
37,800 = x 


Melissa’s down payment will be $37,800. a 


Example §] Chess Membership 


The U.S. Chess Federation (USCF) has about 74,000 members. Of these members, 

about 24,000 are considered scholastic members, meaning they are attending some 

level of school from kindergarten through college. What percent of USCF members 
are scholastic members? 


Let x = the percent of USCF members who are scholastic members. 
We will translate the words of the problem into an equation and then solve this 
equation. 
What percent of USCF members are scholastic members? 
Sead Sabet ee ge eae Ra dy Renae eg ee ae 
x a 74,000 = 24,000 
x + 74,000 = 24,000 
74,000x = 24,000 


24,00 

= — o = 0.3243 ~ 32.4% 
74,000 

Therefore, about 32.4% of the USCF members are scholastic members. = 


Example {@ Population of Brazil 


About 54,000,000, or about 27%, of Brazil’s population is younger than 15 years 
old. What is the approximate population of Brazil? (Source: CIA World Fact Book.) 


Let x be the population of Brazil. This problem can be restated as “27% 
of what number is 54,000,000?” We will translate this sentence into an equation 
and then solve this equation. 


27% of what number is 54,000,000? 
Se Oe eer 
ODT: t x = 54,000,000 


0.27 + x = 54,000,000 
0.27x = 54,000,000 


ss eS LUN 200,000,000 
(eye ees eG 


Thus, the population of Brazil is about 200,000,000 people. x 


Warm Up Exercises 


In Exercises 1-6, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


1. A percent is a ratio of some number to 


2. To change a fraction to a percent, first divide the nu- 
merator by the denominator to obtain a decimal number. 
Then multiply the decimal number by 100 and add a(n) 

sign. 


3. To change a decimal number to a percent, multiply the 
decimal number by and add a percent sign. 


4, To change a percent to a decimal number, divide the 
number by 100 and the percent sign. 


On 


. To compute the percent change, first determine the difference 
between the amount in the latest period and the amount in the 
previous period, then divide this difference by the amount in 
(hese PeHO: 


6. To compute the percent markup or markdown on cost, first 
find the difference between selling price and the dealer’s cost, 
then divide this difference by the _____ cost. 


Practice the Skills 


In Exercises 7-14, change the number to a percent. Express 


your answer to the nearest tenth of a percent. 
7 4 u 

7. 30 8. 5 9. x 
11. 0.007654 12. 0.5688 


13. 3.78 14. 13.678 


In Exercises 15-24, change the percent to a decimal number. 


15. 7% 16. 9.9% 17. 5.15% 
18. 0.75% 19. 5% 20. $% 
21. 3% 22. 135.9% 23. 1% 
24. 0.50% 


Problem Solving 


For Exercises 25-67, where appropriate, round answers 
to the nearest tenth of a percent unless specified 
otherwise. 


25. Niacin The U.S. Department of Agriculture’s recom- 
mended daily allowance (USRDA) of niacin for adults 
is 20 mg. One serving of Cheerios provides 5 mg of 
niacin. What percent of the USRDA of niacin does one 
serving of Cheerios provide? 
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26. Potassium The U.S. Department of Agriculture’s recom- 
mended daily allowance (USRDA) of potassium for adults 
is 3500 mg. One serving of Cheerios provides 95 mg of 
potassium. What percent of the USRDA of potassium does 
one serving of Cheerios provide? 


27. Reduced Fat Milk One serving of whole milk contains 
8 g of fat. Reduced-fat milk contains 41.25% less fat per 
serving than whole milk. How many grams of fat does one 
serving of reduced-fat milk contain? 


28. River Pollution In a study of U.S. rivers, 693,905 miles 
of river were studied. According to the U.S. Environmen- 
tal Protection Agency, it was found that 36% of the total 
miles of river studied had impaired water quality. How 
many miles of rivers had impaired quality? 


DVD Collection In Exercises 29-32, use the circle graph 

to answer the questions. The Lafayette County Library clas- 
sifies its DVDs into one of the categories shown below. The 
library owns 1743 DVDs. Round your answers to the nearest 
whole number. 


DVD Categories 
Science 


Fiction 
8% 
Foreign 

8% 


Romance 
14% 


29. Determine the number of comedy DVDs. 


30. Determine the number of romance DVDs. 
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31. Determine the number of horror DVDs. 


32. Determine the number of foreign DVDs. 


Seawater Composition In Exercises 33-36, use the table 
to answer the questions. The elements that compose sea- 
water, along with the corresponding percents, are shown 
in the table below. Round your answers to two decimal 
places. 


Chemical 

Oxygen 

Hydrogen 10.82% 
Chlorine 1.94% 
Sodium 1.08% 
Magnesium 0.13% 
Other elements 0.19% 


33. If a sample of seawater contains 25 mf, how many m¢ of 
oxygen are in the sample? 


34. If a saltwater aquarium contains 55 gallons of seawater, 
how many gallons of hydrogen are in the aquarium? 


35. Connie Buller collects a 500-mf sample of seawater for 
her chemistry class. How many mf of chlorine are in the 
sample? 


36. Rob Kimball collects a 6000-mé sample of seawater for 
his marine biology class. How many mf of magnesium are 
in the sample? 


Music Preferences In Exercises 37-40, use the circle graph 
to answer the questions. Students at Lakewood Ranch High 
School were polled to determine the type of music they pre- 
ferred. There were 1960 students who completed the poll. 
Their responses are represented in the circle graph below. 
Round your answers to the nearest tenth of a percent. 


Music Preferences 
Other, 92 
Jazz, 27 


Country, 
176 


Rock and 
roll, 
274 


Alternative, \ 
470 \ 


37. What percent of students preferred rap music? 
38. What percent of students preferred alternative music? 


39. What percent of students preferred rock and roll 
music? 


40. What percent of students preferred country music? 


41. Russian Population The population of Russia has been 
decreasing since the fall of the Soviet Union. In 1990, the 
population of Russia was about 148 million people. In 
2010, the population of Russia was about 143 million peo- 
ple. Determine the percent decrease in Russia’s population 
during this time period. 


42. United States Population Unlike Russia (see Question 
41), the population of the United States has been increas- 
ing since 1990. In 1990, the population of the United 
States was about 249 million. In 2010, the population of 
the United States was about 308 million. Determine the 
percent increase in the U.S. population during this time 
period. 


43. U.S. Debt The graph shows the federal U.S. debt, in tril- 
lions of U.S. dollars, for the years 2004-2010. 


U.S. Debt 


14 12.3114 


13.5616 


U.S. Dollars (trillions) 


i + 2S eS 
004 2005 2006 2007 2008 2009 2010 
Year 


Source: U.S. Census Bureau 


a) Determine the percent increase in the U.S. debt from 
2005 to 2006. 


b) Determine the percent increase in the U.S. debt from 
2006 to 2007. 


c) Determine the percent increase in the U.S. debt from 
2007 to 2008. 


d) Determine the percent increase in the U.S. debt from 
2008 to 2009. 


e) Determine the percent increase in the U.S. debt from 
2009 to 2010. 


44, United States Land Area The graph shows the land area 
of the United States, in millions of square miles, for the 
years 1790, 1810, 1830, 1850, and 1870. 


U.S. Land Area 


Ss 

= 

2 
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Source: United States Census Bureau 


a) Determine the percent increase in U.S. land area from 
1790 to 1810. 


b) Determine the percent increase in U.S. land area from 
1810 to 1830. 


c) Determine the percent increase in U.S. land area from 
1830 to 1850. 


d) Determine the percent increase in U.S. land area from 
1850 to 1870. 


45. Dow Jones Industrial Average The following graph 
shows the Dow Jones Industrial Average (DJIA) for 
2000-2010 at closing on the last trading day of the year. 


Dow Jones Industrial Average 
13264.82 


Closing Average 


0,000 

a i 

in i i 

4000 i i 

be i 1 
; i I 


2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 
Year 


a) Determine the percent change in the DJIA from 2000 to 
2002. 


b) Determine the percent change in the DJIA from 2002 to 
2004. 


c) Determine the percent change in the DJIA from 2007 to 
2008. 


d) Determine the percent change in the DJIA from 2008 to 
2009. 


e) Determine the percent change in the DJIA from 2009 to 
2010. 
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46. Presidential Salary The following graph shows the 
annual salary for the president of the United States for 
selected years from 1789 to 2001. 


Annual U.S. Presidential Salary 


$400,000 
400,000 


350,000 
300,000 
250,000 


200,000 $200,000 


U.S. Dollars 


150,000 


$100,000 
100,000 


$50,000 E 
9. = 


1789 1873 1909 1949 1969 2001* 
Year 


Source: Congressional Quarterly 
*As of 2011, the annual presidential salary is still $400,000. 


a) Determine the percent increase in annual salary from 
1789 to 1873. 


b) Determine the percent increase in annual salary from 
1909 to 1949. 


c) Determine the percent increase in annual salary from 
1969 to 2001. 


d) Determine the percent increase in annual salary from 
1789 to 2001. 


In Exercises 47-52, determine the answer to the question. 
47. What is 15% of $45.00? 

48. What is 6.5% of $150.00? 

49. What percent of 96 is 24? 

50. What percent of 75 is 15? 

51. Five percent of what number is 15? 

52. Ten percent of what number is 75? 


53. Tax and Tip According to the Original Tipping Page, 
www.tipping.org, it is appropriate to tip waiters and 
waitresses 15%-—20% of the total restaurant bill, includ- 
ing the tax. Mary and Keith’s dinner costs $43.50 be- 
fore tax, and the tax rate is 6%. 


a) What is the tax on Mary and Keith’s dinner? 
b) What is the total bill, including tax, before the tip? 


c) If Mary and Keith decide to tip 15% of the total bill, 
how much is the tip? 


d) What is the total cost of the dinner including the tax 
and tip? 
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Fishing The Gordon and Stallard Charter Fishing Boat 
Company has recently increased the number of crewmem- 
bers by 25%, or 10 crewmembers. What was the original 
number of crewmembers? 


Percentage of A’s In a mathematics class, eighteen stu- 
dents received an A on the third test, which is 150% of 
the students who received an A on the second test. How 
many students received an A on the second test? 


Employee Increase The Fastlock Company hired 57 new 
employees, which increased its staff by 30%. What was 
the original number of employees? 


Salary Increase Qami Brown’s present salary is $36,500. 
He is getting an increase of 7% in his salary next year. 
What will his new salary be? 


Salad Dressing Preference In a survey of 300 people, 
17% prefer ranch dressing on their salad. How many peo- 
ple in the surveyed group prefer ranch dressing? 


Vacuum Cleaner Sales A Kirby vacuum cleaner dealer- 
ship sold 430 units in 2011 and 407 units in 2012. Find the 
percent increase or decrease in the number of units sold. 


Vacuum Cleaner Markup If the Kirby dealership in 
Exercise 59 pays $320 for each unit and sells it for $699, 
what is the percent markup? 


Increasing Farm Land Bruce Timmerman is a farmer 
who recently purchased his neighbor’s farm. Before the 
purchase, Bruce owned a total of 356 acres of land. After 
the purchase, Bruce owned a total of 504 acres of land. 
Determine the percent increase in the number of acres of 
land owned by Bruce. 


Weight Loss On January 1, Max Saindoux weighed 235 
pounds and decided to diet and exercise. On June 30, Max 
weighed 210 pounds. Determine the percent decrease in 
Max’s weight from January 1 to June 30. 


63. 


64. 


65. 


66. 


67. 


Television Sale The regular price of a Phillips color TV is 
$539.62. During a sale, Hill TV is selling the TV for $439. 
Find the percent decrease in the price of this TV. 


Restaurant Markup The cost of a fish dinner to the owner 
of the Golden Wharf restaurant is $7.95. The fish dinner is 
sold for $11.95. Find the percent markup. 


Truck Sale Profit Bonnie James sold a truck and made a 
profit of $675. Her profit was 18% of the sale price. What 
was the sale price? 


Furniture Sale Kane’s Furniture Store advertised a table 
at a 15% discount. The original price was $115, and the 
sale price was $100. Was the sale price consistent with the 
ad? Explain. 


Reselling a Car Quincy Carter purchased a used car for 
$1000. He decided to sell the car for 10% above his pur- 
chase price. Quincy could not sell the car so he reduced his 
asking price by 10%. If he sells the car at the reduced price, 
will he have a profit or a loss or will he break even? Explain 
how you arrived at your answer. 


Challenge Problems/Group Activities 


68. 


69. 


70. 


Comparing Markdowns 


a) A coat is marked down 10%, and the customer is given 
a second discount of 15%. Is that the same as a single 
discount of 25%? Explain. 


b) The regular price of a chair is $189.99. Determine the 
sale price of the chair if the regular price is reduced by 
10% and this price is then reduced another 15%. 


c) Determine the sale price of the chair if the regular price 
of $189.99 is reduced by 25%. 


d) Examine the answers obtained in parts (b) and (c). Does 
your answer to part (a) appear to be correct? Explain. 


Selling Ties The Tie Shoppe paid $5901.79 for a shipment 
of 500 ties and wants to make a profit of 40% of the cost 
on the whole shipment. The store is having two special 
sales. At the first sale it plans to sell 100 ties for $9.00 
each, and at the second sale it plans to sell 150 ties for 
$12.50 each. What should be the selling price of the other 
250 ties for the Tie Shoppe to make a 40% profit on the 
whole shipment? 


In parts (a) through (c), determine which is the greater 
amount and by how much. 


a) $100 increased by 25% or $200 decreased by 25%. 
b) $100 increased by 50% or $200 decreased by 50%. 
c) $100 increased by 100% or $200 decreased by 100%. 


Internet/Research Activity 


71. 


Find two circle graphs in newspapers, magazines, or on the 
Internet whose data are not given in percents. Redraw the 
graphs and label them with percents. 
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SECTION11.2. | Personal Loans and Simple Interest 


4 A personal loan may be used to pay 


for emergency expenses. 


Did You Know? 
Origin of Banks 


n ancient Babylonia, as early as 

2000 8.c., temples were consid- 
ered safe depositories for assets. 
It was believed that these sacred 
places enjoyed the special protec- 
tion of the gods and were not likely 
to be robbed. It is no coincidence 
that many of the bank buildings 
built during the early twentieth 
century resembled ancient tem- 
ples. In medieval times, monies 
were kept in vaults protected by 
armies of the ruling nobility. The 
word bank is derived from the Ital- 
ian word banca, meaning “board.” 
lt refers to the counting boards 
used by merchants. Dishonest 
moneychangers in the marketplace 
had their boards smashed to pre- 
vent them from continuing in busi- 
ness. The word bankrupt is literally 
"a broken (ruptured) board.” 


Consider the following dilemma. Your car breaks down and the mechanic tells you 
that the repairs will cost $450. You currently do not have the $450, but your family 
desperately needs to have a car. One option for you would be to borrow the money 
from a friend, a family member, a bank, or other lending institution. In this section, we 
will discuss personal loans and the cost of obtaining such loans. 


This is Important Understanding the cost of borrowing money will help you make 
informed decisions about your personal finances. 


he money a bank or other lender is willing to lend you is called the amount of 

credit extended or the principal of the loan. The amount of credit and the interest 
rate that you may obtain depend on the assurance you can give the lender that you 
will be able to repay the loan. Your credit is determined by your business reputation 
for honesty, by your earning power, and by what you can pledge as security to cover 
the loan. Security (or collateral) is anything of value pledged by the borrower that the 
lender may sell or keep if the borrower does not repay the loan. Acceptable security 
may be a business, a mortgage on a property, the title to an automobile, savings ac- 
counts, or stocks or bonds. 

Bankers sometimes grant loans without security, but they require the signature of 
one or more other persons, called cosigners, who guarantee the loan will be repaid. 
For either of the two types of loans, the secured loan or the cosigner loan, the bor- 
rower (and cosigner, if there is one) must sign an agreement called a personal note. 
This document states the terms and conditions of the loan. 

The most common way for individuals to borrow money is through an install- 
ment loan or using a credit card. (Installment loans and credit cards are discussed in 
Section 11.4.) 

The concept of simple interest is essential to the understanding of installment 
buying. Inferesi is the money the borrower pays for the use of the lender’s money. 
One type of interest is called simple interest. Simple interest is based on the entire 
amount of the loan for the total period of the loan. The formula used to find simple 
interest follows. 


Simple Interest Formula 
Interest = principal X rate X time 
i = prt 


In the simple interest formula, the principal, p, is the amount of money lent, the 
rate, r, is the rate of interest expressed as a decimal number and the fime, t, is the 
number of days, months, or years for which the money will be lent. Time is expressed 
in the same period as the rate. For example, if the rate is 2% per month, the time must 
be expressed in months. Typically, rate means the annual rate unless otherwise stated. 
Principal and interest are expressed in dollars in the United States. 


Ordinary Interest 


The most common type of simple interest is called ordinary interest. For computing 
ordinary interest, each month has 30 days and a year has 12 months or 360 days. On 
the due date of a simple interest note the borrower must repay the principal plus the 
interest. (Note: Simple interest will mean ordinary interest unless stated otherwise.) 
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MATHEMATICS TODAY 


Pawn Loans 


ince ancient times, pawnbro- 
king has been a source of 
credit for people who cannot ob- 
tain loans from other financial insti- 


tutions. A typical pawn transaction 
involves the customer presenting 
an item of value to a pawnbroker. 
The pawnbroker makes a loan to 
the customer based on a percent- 
age of the value of the item. The 
pawnbroker keeps the item as col- 
lateral until the customer repays 
the loan plus the interest. If the 
customer defaults on the loan, the 
pawnbroker keeps the item and 
usually offers it for sale in his or her 
pawnshop. Because of the 15 to 
20% default rate and the need to 
pay for retail space, pawn loans 
usually have a significantly higher 
rate of interest than other financial 
institutions (see Example 3 and 
Exercise 32). 


This is Important 
Although pawn loans are generally 
easy to obtain, it is important to re- 
alize that a pawn loan will involve 
an extremely high interest rate— 
much higher than loan rates from 
other institutions. 


Example Qf) Air Conditioning Loan 


Sherry Tornwall needs to borrow $6200 to replace the air conditioner in her home. 
From her credit union, Sherry obtains a 30-month loan with an annual simple inter- 
est rate of 5.75%. 


a) Calculate the simple interest she is charged on the loan. 


b) Determine the amount, principal plus interest, Sherry will pay the credit union at 
the end of the 30 months to pay off her loan. 


a) To determine the interest on the loan, we use the formula i = prt. We know that 


p = $6200, r = 5.75%, which written as a decimal number is 0.0575, and ¢ in 
years = a = 2.5. We substitute the appropriate values in the simple interest 


formula 
i=~pxrxXt 
= $6200) < 010575 K 2:5 
= $891.25 


The simple interest on $6200 at 5.75% for 30 months is $891.25. 
b) The amount to be repaid is equal to the principal, $6200, plus the interest, 


$891.25. 
A=pti 
= $6200 + $891.25 
= $7091.25 


To pay off her loan, Sherry will pay the credit union $7091.25 at the end of 
30 months. a 


Example 4 Determining the Annual Rate of Interest 


Philip Mahler agrees to lend $850 to his friend Joe Mahoney to help Joe travel to 
Cincinnati to attend a family wedding. Nine months later, Joe repaid the original 
$850 plus $51 interest. What annual rate of interest did Joe pay to Philip? 


We need to solve for the interest rate, r. Since the time is 9 months, the 
time in years is & or 0.75. Using the formula i = prt, we get 


$51 = $850 X r X 0.75 


51 = 637.5r 
51 - 637.57 Divide both sides of the equation 
637.5 637.5 by 637.5. 
0.08 =r 


To change this decimal number to a percent, multiply by 100 and add a percent 
sign. Thus the annual rate of interest paid by Joe to Philip is 8%. u 


Example —¥ A Pawn Loan 


To obtain money for new eyeglasses, Gilbert French decides to pawn his trum- 
pet. Gilbert borrows $240 and after 30 days gets his trumpet back by paying the 
pawnbroker $288. What annual rate of interest did Gilbert pay? 
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Gilbert paid $288 — $240 = $48 in interest, and the length of the loan 
is for one month, or 75 of a year. 
Using the formula i = prt, we get 


1 
$48 = $240 X r XK — 


12 
48 = 20r 
48 
relies 
24=r 


The annual rate of interest as a decimal number is 2.4. To change this number to a 
percent, multiply the number by 100 and add a percent sign. Thus, the annual rate 
of interest paid is 240%. a 


In Examples 1, 2, and 3, we illustrated a simple interest loan, for which the inter- 
est and principal are paid on the due date of the note. There is another type of loan, 
the discount note, for which the interest is paid at the time the borrower receives the 
loan. The interest charged in advance is called the bank discount. A Federal Reserve 
Treasury bill is a bank discount note issued by the U.S. government. Example 4 illus- 
trates a discount note. 


Example True Interest Rate of a Discount Note 

Siegrid Cook took out a $500 loan using a 10% discount note for a period of 3 
months. Determine 

a) the interest she must pay to the bank on the date she receives the loan. 

b) the net amount of money she receives from the bank. 

c) the actual rate of interest for the loan. 


a) To determine the interest, use the simple interest formula. 


i = prt 


3 
= $500 X 0.10 X — 
12 
= $12.50 
b) Since Siegrid must pay $12.50 interest when she first receives the loan, the net 
amount she receives is $500 — $12.50, or $487.50. 


c) We calculate the actual rate of interest charged using the simple interest formula. 
In the formula for the principal, we use the amount Siegrid actually received 
from the bank, $487.50. For the interest, we use the interest calculated in part (a). 


i = prt 


$12.50 


3 
487.50 X r X — 
$487.50 X r 2 


12.50 = 121.875 xX r 


12.50 
121.875 


0.1026 ~ r 


Thus, the actual rate of interest is about 10.3% rather than the quoted 10%. a 
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Did You Know? 


Tallying Accounts 


Amount of 
transaction: £1300 


ee 1826, British banks used tally 
sticks to record the amounts 
of loans and deposits. The tallies 
were flat pieces of wood about 8 in. 
long. The amount was recorded as 
notches, different values represented 
by different widths. A hand's width 
signified £1000, a thumb’s width 
£100. The stick was split in two; the 
borrower got “the short end of the 
stick” and the money lender held 
the larger stock (“the stockholder”). 
Transactions could be verified by 
putting the sticks together to show 
the accounts “tallied.” 

In 1834, as the tallies were be- 
ing burned in the furnaces of the 
House of Lords, the fire got out of 
control and burned the old House 
of Parliament. 


Example By Loan Choices 


Alex Runde is the goalie for the Philadelphia Wings of the National Lacrosse League. 
Alex needs to purchase new goalie equipment but does not have the $1600 purchase 
price. The equipment dealer has two payment options. With option 1, Alex can pay 
$800 as a down payment and then pay $850 in 6 months. With option 2, Alex can 
pay $400 as a down payment and then pay $1380 in 9 months. Which payment has a 
higher annual simple interest rate? 


Before we compute the annual simple interest rates, we first need to com- 
pute the principle and the interest. 

Option I: To determine the principal of the loan, subtract the down payment from 
the purchase price of the equipment. Therefore, p = $1600 — $800 = $800. To de- 
termine the interest charged, subtract the purchase price of the equipment from the total 
amount paid. Therefore, i = ($800 + $850) — $1600 = $50. To determine the time, 
divide 6 by 12. Therefore ¢ = 6 = 0.5. Then we use the simple interest formula. 


2 ja) OS ip OK Th 

50 = 800 X r xX 0.5 
50 = 400r 

SO. 

400” 

0.125 =r 


Option | has a 12.5% annual simple interest rate. 
Option 2: The principal is p = $1600 — $400 = $1200, the interest is 
i = ($400 + $1380) — $1600 = $180, and the time is t = 6 = 0.75. Then 
i=pxXrxXt 
180 = 1200 X r X 0.75 


180 = 900r 
180 _ 

900 > r 
0.2=r 


Option 2 has a 20.0% annual simple interest rate. Therefore, option 2 charges a 
higher annual simple interest rate than option 1. | 


The United States Rule 


A loan has a date of maturity, at which time the principal and interest are due. It is 
possible to make payments on a loan before the date of maturity. A payment that is 
less than the full amount owed and made prior to the due date is known as a partial 
payment. A Supreme Court decision specified the method by which these payments 
are credited. The procedure is called the United States rule. 

The United States rule states that if a partial payment is made on the loan, interest 
is computed on the principal from the first day of the loan until the date of the partial 
payment. The partial payment is used to pay the interest first; then the rest of the pay- 
ment is used to reduce the principal. The next time a partial payment is made, interest 
is calculated on the unpaid principal from the date of the previous date of payment. 
Again, the payment goes first to pay the interest, with the rest of the payment used to 
reduce the principal. An individual can make as many partial payments as he or she 
wishes; the procedure is repeated for each payment. The balance due on the date of 
maturity is found by computing interest due since the last partial payment and adding 
this interest to the unpaid principal. 
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The Banker’s rule is used to calculate simple interest when applying the United 
States rule. The Banker’s rule considers a year to have 360 days, and any fractional 
part of a year is the exact number of days of the loan. 

To determine the exact number of days in a period, we can use Table 11.1 below. 
Example 6 on page 616 illustrates how to use the table. 


Did You Know? 


Selling Time 


Table 11.1 
ae wey, ~ Days in Each Month | ep ; ] 

Tipyamen le Posie 3t a0, 31a s0 te SEpecah S02 PSL. 30.31 
Month Jan. Feb. Mar. Apr. May June July Aug. Sept. Oct. Nov. Dec. 
Day | (E32 MGOMNOIEL ID: 1594, 1829-213 244 274 305 335 
Day 2 es Ole) Cor 192 1534 183-0 214) 245 275° 306-436 

Fe Bin) a Dav mOrn nti O25 mnO8 eal ott s4eelet 215 Ab 276 307 337 

practice of charging interest Daye eb ias? Seated oA Ui 24min ss) 185 1216" 247° 2777" 308 1338 

On mene boro wed (err Uap amiay Day Sab Aish e360 cot 95 e251 156) 186° 217 “248. 278° 309 “339 

considered not only immoral, but a 

crime. This attitude arose in ancient Day 6 6 oi 65 96 IDQ6ee ST eelod wee lsam249N 279s S10F 1340 

times, in part because a peasant or Day Pacer SS enon 2 Tl See S8y 219 250 280) 310) 341 

farmer could literally be enslaved 

if payments coud no ielinsa Dasa ese wSORUNGTA, (08), 128) 01159 04189)290' © 251-728-1912! 1342 

Charging interest over time was con- Bayo ee nOM mone 168 oon 109 160" F190) s.20t 252°" 282" 315-343 

idered “selling time,” hi 

serphimemieyie nse Me AS Dayl0 10 e769) 2100" 150) Tol 1o) 292 253 283 314 344 

not ours to sell. What was especially 

objectionable was the idea of “pure Day tie ert, wee O) Ole tSiie 162 sal 92. 15223592545 284" 315, 1345 

interes, ja ied Rayners sea Day12 12 43 71 102 132 163 193 224 255 285 316 346 

time of the loan, even when there 

was no risk to the lender. Today, Day 13 13 44 72 103 133 164 225 Ome OO) Noli ea, 

borrowing money has become a fact Dayit4a 14 45 -T3erlOtcie4 465) 195 226 257 287 318 348 

of life for individuals, businesses, 

andigovernniese Gore aus Day15 15 46 105 135 166 196 227 258 288 319 349 

government paid about $414 billion Dayilome 16 47) «75 9106, 136 167) 197 228 259 289 320) 350 

in i | debt of 

Pee a ee eed Day17 17 48 76 107 137 168 198 229 260 290 321 351 

Today the word usury means Day dices AO ori OS ISS FO16D NetOO ROS Oe 261m 291) $322 95352 

ending) map yar Wale ou nieiee Day19 19 50 78 109 139 170 200 231 262 292 323 353 

that is excessive or unlawfully high. 

A person who engages in such loans Day 2005) 20) a1 FOROS 140 S57 201 232.5263 293) 324 354 

is often referred to as a “loan shark.” Daye 2h Wd? ee Ondine 4e 172, 202 $233. 264 294 325 355 
Day 22s eas MMT 242" 4732 203° 234° 265° 295 326 356 
Day23 23 54 82 113 143 174 204 235 266 296 327 357 
Day 24" (24 855 38 Pia 44s 175 205-936" 267° °297 328° 358 
Day25 25 56 84 115 145 176 206 237 268 298 329 359 
Day26 26 57 85 116 146 177 207 238 269 299 330 360 
Dayi27 (ee eon on pia lai~ 178a.208me2390e2 70 1300. 431) Bol 
Deyi2ouee see SORT 18) (Ah 179 2 209M 240 OT). 301e 1332) © 362 
Day29 29 B8inl1 Ge 14995180" 2108 941) B72) 302) 333. 363 
Day30 30 B90 1200 150) 2181 2119 242..273" 303. 334 ~ 364 
Day31 31 90 151 212) 243 304 365 


Add I day for leap year if February 29 falls between the two dates under consideration. 
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Example [ Determining the Due Date of a Note 


Use Table 11.1 to determine (a) the due date of a loan made on March 15 for 
120 days and (b) the number of days from April 18 to July 31. 


a) To determine the due date of the loan, do the following. In Table 11.1, find Day 
15 in the left column (with heading Day of Month) and then move three col- 
umns to the right (heading at the top of the column is March) to find the number 
74 (circled in red). Thus, March 15 is the 74th day of the year. Add 120 to 74 
since the loan will be due 120 days after March 15: 


74 + 120 = 194 


Thus, the due date of the note is the 194th day of the year. Find 194 (circled 
in blue) in Table 11.1 in the column headed July. The number in the same 
row as 194 in the left column is Day 13. Thus, the due date of the note is 
July 13. 

To determine the number of days from April 18 to July 31, use Table 11.1 to 
find that April 18 is the 108th day of the year and that July 31 is the 212th day 
of the year. Then find the difference: 212 — 108 = 104. Thus, the number of 
days from April 18 to July 31 is 104 days. a 


b 


pee 


Example §@ Using the Banker’s Rule 


Determine the simple interest that will be paid on a $300 loan at an interest rate of 
5% for the period March 3 to May 3 using the Banker’s rule. 


The exact number of days from March 3 to May 3 is 61. The period of 
time in years is 61/360. Substituting in the simple interest formula gives 


i = prt 
1 
= $300 X 0.05 X oo 
360 
= $2.54 
The interest is $2.54. a 


A borrower may wish to pay back part of the loan prior to the due date. The 
next example illustrates how a partial payment is credited under the United States 
rule. Making partial payments reduces the amount of interest paid and thus the cost 
of the loan. 


Example —] Using the United States Rule 


Cathy Panik is a mathematics teacher, and she plans to attend a national confer- 
ence. To pay for her airfare, on November 1, 2010, Cathy takes out a 120-day loan 
for $400 at an interest rate of 12.5%. Cathy uses some birthday gift money to make 
a partial payment of $150 on January 5, 2011. She makes a second partial payment 
of $100 on February 2, 2011. 


a) Determine the due date of the loan. 

b) Determine the interest and the amount credited to the principal on January 5. 
c) Determine the interest and the amount credited to the principal on February 2. 
d) Determine the amount that Cathy must pay on the due date. 
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a) Using Table 11.1, we see that November 1 is the 305th day of the year. Next, 


b 


c 


d 


wa 


eee 


wm 


we note that the sum of 305 and 120 is 425. Since this due date will extend 
into the next year, we subtract 365 from 425 to get 60. From Table 11.1, we 
see that the 60th day of the year is March 1. Therefore, the loan due date is 
March 1, 2011. Had 2011 been a leap year, the due date would have been 
February 29, 2011. 

Using Table 11.1, January 5 is the 5th day of the year and November | is the 
305th day of the year. The number of days from November | to January 5 can 
be computed as follows: (365 — 305) + 5 = 65. Then, using i = prt and the 
Banker’s rule, we get 


65 
$400 X 0.125 x —— 


360 
= $9.03 


ll 


The interest of $9.03 that is due January 5, 2011, is deducted from the payment 
of $150. The remaining payment of $150 — $9.03, or $140.97, is then credited 
to the principal. Therefore, the adjusted principal is now $400 — $140.97, or 
$259.03. 

Note that if that payment had been the only partial payment made, then the 
balance due on March 1, 2011, would be calculated by determining the interest 
on the balance, $259.03, for the remainder of the loan, 55 days, and adding this 
interest to the principal of $259.03. If this payment had been the only partial 
payment made, then the balance due on March | would be 


Balance due = principal + interest 


55 
259.03)" 259,030 0S ——— 
( a 
=~ 259.03 + 4.95 
= 263.98 


Since there was a second partial payment made, we use the Banker’s rule to 
calculate the interest on the unpaid principal for the period from January 5 

to February 2. According to Table 11.1, the number of days from January 5 to 
February 2 is 33 — 5, or 28 days. 


28 

259.03 X 0.125 X —- 
$25 360 
~ $2.52 


~. 


The interest of $2.52 that is due February 2, 2011, is deducted from the payment 
of $100. The remaining payment of $100 — $2.52, or $97.48, is then credited to 
the principal. Therefore, the new adjusted principal is now $259.03 — $97.48, 
or $161.55. 

The due date of the loan is March 1. Using Table 11.1, we see that there are 

60 — 33, or 27, days from February 2 to March 1. The interest is computed on 
the remaining balance of $161.51 by using the simple interest formula. 


ay 
i = IGS) 2X OLS 


360 
e $1.51 


Therefore, the balance due on the maturity date of the loan is the sum of the principal 
and the interest, $161.55 + $1.51, or $163.06. Note: The sum of the days in the three 
calculations, 65 + 28 + 27, equals the total number of days in the loan, 120. a 
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SECTION 11.2 : 
* Exercises 


Warm Up Exercises 


In Exercises 1—8, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


1. The money a bank or other lending institution is willing 
to lend you is called the amount of credit extended or the 
of the loan. 


2. Anything of value pledged by the borrower that the lender 
may sell or keep if the borrower does not repay the loan is 
called the or collateral. 


3. The money the borrower pays for the use of the lender’s 
money is called the 


4. When using the simple interest formula, the interest rate, r, 
is expressed as a(n) number. 


5. When using the simple interest formula, time, ¢, is expressed 
in the same period as the 


6. A payment that is less than the full amount owed and 
made prior to the due date is known as a(n) 
payment. 


7. If a partial payment is made on a loan, interest is computed 
on the principal from the first day of the loan until the date 
of the partial payment. This is known as the 
rule. 


8. The Banker’s rule considers a year to have 
days. 


Practice the Skills 


In Exercises 9-18, determine the simple interest. Unless 
noted otherwise, assume the rate is an annual rate. Assume 
360 days in a year. Round answers to the nearest cent. 


9. p = $300, r = 1.5%, t = 4 years 
10. p = $465, r = 2.75%, t = 1.25 years 

11. p = $1100, r = 8.75%, t = 90 days 

12. p = $2500, r = 34%, t = 9 months 

13. p = $587, r = 0.045% per day, t = 2 months 

14. p = $6742.75, r = 6.05%, t = 90 days 

15. p = $2756.78, r = 10.15%, t = 103 days 

16. p = $550.31, r = 8.9%, t = 67 days 

17. p = $1372.11, r = 13% per month, t = 6 months 


18. p = $41,864, r = 0.0375% per day, t = 60 days 


In Exercises 19-24, use the simple interest formula to 
determine the missing value. If necessary, round all dollar 
figures to the nearest cent. 


19. p = $1500.00, r = ?,t = 4 years, i = $336.00 
20. p = 2, r = 2%, t = 90 days, i = $12.50 
21. p = ?,r = 6%, t = 5 months, i = $175.00 


22D 


$800.00, r = 4%, t = 2,1 = $64.00 
23. p = $957.62, r = 6.5%, t = 2,i = $124.49 


24. p = $1650.00, r = ?, t = 6.5 years, i = $343.20 


Problem Solving 


In Exercises 25-58, if necessary round all dollar figures 
to the nearest cent and round percents to the nearest hun- 
dredth of a percent. 


25. Small Business Administration Loan Joshua Leuchter 
uses the Small Business Administration (SBA) Loan Pro- 
gram to obtain a loan to help expand his vending machine 
business. Joshua borrows $25,000 for 2 years with a sim- 
ple interest rate of 1.5%. Determine the amount of money 
Joshua must repay the SBA after 2 years. 


26. Business Loan The city of Bradenton is offering simple 
interest loans to start-up businesses at a rate of 3.5%. 
Gaetano Cannata obtains one of these loans of $6000 for 
3 years to help pay for start-up costs of his restaurant, 
Ortygia. Determine the amount of money Gaetano must 
repay the city after 3 years. 


27. Bank Personal Note Karen Mosely borrowed $3500 
from a bank for 6 months. Her friend Ms. Harris was 
cosigner of Karen’s personal note. The bank collected 
7 4 % simple interest on the date of maturity. 


a) How much did Karen pay for the use of the money? 


b) Determine the amount she repaid to the bank on the due 
date of the note. 


28. Bank Discount Note Kwame Adebele borrowed $2500 
for 5 months from a bank, using U.S. government bonds as 
security. The bank discounted the loan at 2%. 


a) How much interest did Kwame pay the bank for the use 
of its money? 


b) How much did he receive from the bank? 
c) What was the actual rate of interest he paid? 


29. Bank Discount Note Julie Monte borrowed $3650 
from her bank for 8 months. The bank discounted the 
loan at 7.5%. 


a) How much interest did Julie pay the bank for the use of 
its money? 


b) How much did she receive from the bank? 
c) What was the actual rate of interest she paid? 


30. Credit Union Loan Enrico Montoyo wants to borrow $350 
for 6 months from his credit union, using his savings account 
as security. The credit union’s policy is that the maximum 
amount a person can borrow is 80% of the amount in the 
person’s savings account. The interest rate is 2 percentage 
points higher than the interest rate being paid on the savings 
account. The current rate on the savings account is 3.25%. 


a) How much money must Enrico have in his account to 
borrow $350? 


b) What is the rate of interest the credit union will charge 
for the loan? 


c) Find the amount Enrico must repay in 6 months. 


31. Investing Tuition Payments Sand Ridge School is requiring 
parents to pay half of the yearly tuition at the time of registra- 
tion and half on the date classes begin. Registration is held 5 
months prior to the beginning of school, and administrators 
expect 470 students to register. If annual tuition is $4500 and 
if the money paid at the time of registration is placed in an 
account paying 5.4% simple interest, how much interest will 
Sand Ridge School earn by the time school begins? 
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32. A Pawn Loan Jeffrey Kowalski wants to take his mother 
out for dinner on her birthday, but he doesn’t get paid until 
the following week. To borrow money, Jeffrey pawns his 
watch. Based on the value of the watch, the pawnbroker 
loans Jeffrey $75. Fourteen days later, Jeffrey gets his 
watch back by paying the pawnbroker $80.25. What 
annual simple interest rate did the pawnbroker charge 
Jeffrey? 


In Exercises 33-38, determine the exact time from the first 
date to the second date. Use Table 11.1. Assume the year is 
not a leap year unless otherwise indicated. 


33. March 17 to November 11 

34. January 17 to October 10 

35. February 2 to October 31 (the loan is due in a leap year) 
36. June 14 to January 24 

37. August 24 to May 15 


38. December 21 to April 28 


In Exercises 39-42, determine the due date of the loan, using 
the exact time, if the loan is made on the given date for the 
given number of days. 


39. April 15 for 100 days 
40. May 11 for 120 days 
41. November 25 for 120 days (the loan is due in a leap year) 


42. July 5 for 210 days 
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In Exercises 43-52, a partial payment is made on the 
date(s) indicated. Use the United States rule to deter- 
mine the balance due on the note at the date of maturity. 
(The Effective Date is the date the note was written.) As- 
sume the year is not a leap year. 


54. 


Spe 


Effee- prae 
Prin- EP Partial Payment(s) Maturity i 
cipal Rate Date Amount Date(s) Date — 
$3000 4% May 1 $1000 Junel July1 
$6000 7% San.15 $2500 Mar.1 Apr. 15 
$2400 5.5% Feb. 1 $1000 May1 Aug. 31 
$8500 11.5% Sep. 1 $4250 Oct.31 Dec. 31 
$9000 6% Suly15 $4000 Dec. 27 Feb. 1 
$1000 12.5% Jan. 1 $300 Jan.15 Feb. 15 
| $1800 15% Aug. 1 $500  Sept.1 Nov. 1 
$500 Oct. 1 
$5000 14% Oct. 15 $800 Nov. 15 Jan. 1 
$800 Dec. 15 
$11,600 6% Mar. 1 $2000 Aug.1 Dec. 1 
$4000 Nov. 15 
$21,000 43% July 12 $8000 Oct.10 Jan. 30 
$6000 Dec. 8 


. Company Loan On March 1, the Zwick Balloon Com- 


pany signed a $6500 note with simple interest of 104% 
for 180 days. The company made payments of $1750 on 
May | and $2350 on July 1. How much will the company 
owe on the date of maturity? 


Restaurant Loan The Sweet Tooth Restaurant bor- 
rowed $3000 on a note dated May 15 with simple inter- 
est of 11%. The maturity date of the loan is September 
1. The restaurant made partial payments of $875 on 
June 15 and $940 on August 1. Find the amount due on 
the maturity date of the loan. 


U.S. Treasury Bills The U.S. government borrows money 
by selling Treasury bills. Treasury bills are discounted 
notes issued by the U.S. government. On May 5, 2011, 
Kris Greenhalgh purchased a 182-day, $1000 U.S. Trea- 
sury bill at a 0.15% discount. On the date of maturity, Kris 
will receive $1000. 


56. 


Sie 


58. 


a) What is the date of maturity of the Treasury bill? 
b) How much did Kris actually pay for the Treasury bill? 


c) How much interest did the U.S. government pay Kris 
on the date of maturity? 


d) What is the actual rate of interest of the Treasury bill? 
(Round the answer to the nearest ten-thousandths of a 
percent.) 


(ee 


« United States Treasury building, Washington, D.C. 


U.S. Treasury Bills On August 31, 2011, Trinity Lopez 
purchased a 364-day, $6000 U.S. Treasury bill at a 0.45% 
discount. (See Exercise 55.) 


a) What is the date of maturity of the Treasury bill (2012 
is a leap year)? 


b) How much did Trinity actually pay for the Treasury 
bill? 


c) How much interest did the U.S. government pay Trinity 
on the date of maturity? 


d) What is the actual rate of interest of the Treasury bill? 
(Round the answer to the nearest thousandths of a percent.) 


Tax Preparation Loan Many tax preparation organizations 
will prepay customers’ tax refunds if they pay a one-time 
finance charge. In essence, the customer is borrowing the 
money (the refund minus the finance charge) from the tax 
preparer, prepaying the interest (as in a discount note), and 
then repaying the loan with the tax refund. This procedure 
allows customers access to their tax refund money without 
having to wait. Joy Stallard had a tax refund of $743.21 due. 
She was able to get her tax refund immediately by paying a 
finance charge of $39.95. What annual simple interest rate 
is Joy paying for this loan assuming 


a) the tax refund check would be available in 5 days? 
b) the tax refund check would be available in 10 days? 
c) the tax refund check would be available in 20 days? 


Prime Interest Rate Nick St. Louis borrowed $600 for 

3 months. The banker said that Nick must repay the loan 

at the rate of $200 per month plus interest. The bank was 
charging a rate of 2% above the prime interest rate. The 
prime interest rate is the rate charged to preferred custom- 
ers of the bank. During the first month the prime interest 
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rate was 4.75%, during the second month it was 5%, and Recreational Mathematics 


during the third month it was 5.25%. 60. Columbus Investment On August 3, 1492, Christopher 
Columbus set sail on a voyage that would eventually lead 
him to the Americas. If on this day Columbus had invested 
$1 in a 5% simple interest account, determine the amount 
of interest the account would have earned by the following 


b) What was the total amount of interest Nick paid the bank? dates. Use a scientific calculator and disregard leap years 
in your calculations. 


a) Find the amount Nick paid the bank at the end of the 
first month, at the end of the second month, and at the 
end of the third month. 


Challenge Problem/Group Activity a) December 11, 1620 (Pilgrims land on Plymouth Rock) 


59. U.S. Treasury Bills Mark Beiley purchased a 52-week De IS ec ae ear’) 


U.S. Treasury bill (see Exercises 55 and 56) for $93,337. c) December 7, 1941 (U.S. enters World War ID) 
The par value (the value of the bill upon maturity) was 
$100,000. d) Today’s date 


a) What was the discount rate? 
Internet/Research Activity 


b) What was the actual interest rate Mark received? 
ee tae oT are 61. Loan Sources Consider the following places where a loan 


c) Since U.S. Treasury bills are sold through auctions may be obtained: banks, savings and loans, credit unions, 
at Federal Reserve Banks, Mark did not know the and pawnshops. Write a report that includes the following 
purchase price of his Treasury bill until after he was information: 


notified by mail. If Mark had sent the Federal Reserve 
Bank a check for $100,000 to purchase the Treasury 
bill, how much would the Federal Reserve Bank have 
to rebate him upon notice of his purchase? 


a) Describe the ownership of each. 
b) Historically, what need is each fulfilling? 


c) What are the advantages and disadvantages of obtain- 


d) On the day Mark received the rebate that was ing a loan from each of those places listed? 


discussed in part (c), he invested it in a 1-year 
certificate of deposit yielding 5% interest. What is 
the total amount of interest he will receive from both 
investments? 


SECTION 11.3 


= 


Compound Interest 


$ ‘) Albert Einstein said of compound interest, “The most powerful force in the universe 
: is compound interest.” What is this marvelous concept that warrants such a strong 
statement from one of the most intelligent human beings of all time? Another very in- 
telligent person, Benjamin Franklin, described compound interest quite well when he 
said, “Money makes money and the money that money makes makes more money.” 


In this section, we will introduce compound interest. 


a Benjamin Franklin's portrait is on ED This is Important Investments that involve compound interest may play an impor- 
the $100 dollar bill. tant role in reaching some of your long-term financial goals. 


Compound Interest 


An investment is the use of money or capital for income or profit. We can divide in- 
vestments into two classes: fixed investments and variable investments. In a fixed 
investment, the amount invested as principal is guaranteed and the interest 1s com- 
puted at a fixed rate. Guaranteed means that the exact amount invested will be paid 
back together with any accumulated interest. Examples of a fixed investment are 
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Did You Know? = : 


A Penny Saved ... 


Be Franklin left 1000 
pounds sterling (£) in his will 
to the city of Boston, where he was 
born. The money was to be lent to 
young apprentices who would pay 
75 of the principal each year plus 5% 
interest compounded yearly. The 
money earned was to be used to 
benefit the inhabitants of Boston. By 
1894, the fund's value had increased 
to 90,000 £. Part of this legacy be- 
came the Benjamin Franklin Institute 
of Technology, a 2-year technical 
college founded in 1908. 


savings accounts, money market deposit accounts, and certificates of deposit. Another 
fixed investment is a government savings bond. In a variable investment, neither the 
principal nor the interest is guaranteed. Examples of variable investments are stocks, 
mutual funds, and commercial bonds. 

Simple interest, introduced earlier in the chapter, is calculated once for the period 
of a loan or investment using the formula i = prt. The interest paid on savings ac- 
counts at most banks is compound interest. A bank computes the interest periodically 
(for example, daily or quarterly) and adds this interest to the original principal. The 
interest for the following period is computed by using the new principal (original 
principal plus interest). In effect, the bank is computing interest on interest, which is 
called compound interest. 


Definition: Compound Interest 
Interest that is computed on the principal and any accumulated intense ey cord 
compound interest. pee . 


Example Computing Compound Interest 


Marjorie Thrall recently won the $1000 first prize in a raffle contest. Marjorie de- 
posits the $1000 in a 1-year certificate of deposit paying 2.0% compounded quar- 
terly. Find the amount, A, to which the $1000 will grow in | year. 


Compute the interest for the first quarter using the simple interest for- 
mula. Add this interest to the principal to find the amount at the end of the first 
quarter. In our calculation, time is i of a year, or t = 0.25. 
i = prt 
= $1000 X 0.02 X 0.25 = $5.00 
A = $1000 + $5 = $1005 


Now repeat the process for the second quarter, this time using a principal of $1005. 


i = $1005 X 0.02 X 0.25 ~ $5.03 
A = $1005 + $5.03 = $1010.03 


For the third quarter, use a principal of $1010.03. 


i = $1010.03 X 0.02 X 0.25 ~ $5.05 
A = $1010.03 + $5.05 = $1015.08 


For the fourth quarter, use a principal of $1015.08. 


i = $1015.08 X 0.02 X 0.25 ~ $5.08 
A = $1015.08 + $5.08 = $1020.16 


Hence, the $1000 grows to a final value of $1020.16 over the 1-year period. a 


This example shows the effect of earning interest on interest, or compounding 
interest. In 1 year, the amount of $1000 has grown to $1020.16, compared with 
$1020 that would have been obtained with a simple interest rate of 2%. Thus, in 
1 year alone the gain was $0.16 more with compound interest than with simple 
interest. 

A simpler and less time-consuming way to calculate compound interest is to use 
the compound interest formula and a calculator. 
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Did You Know? 


Cost of Manhattan 


We will now use this formula to show how an investment can grow using com- 
pound interest. 


Example Using the Compound Interest Formula 


Kathy Mowers invested $3000 in a savings account with an interest rate of 1.8% 
compounded monthly. If Kathy makes no other deposits into this account, deter- 
mine the amount in the savings account after 2 years. 


I" 1626, Peter Du Minuit, rep- 
resenting the Dutch West India 
Company, traded beads and blan- 
kets to the native American inhab- 
itants of Manhattan Island for the 
island. The trade was valued at 
60 Dutch guilders, about $24. If 
at that time the $24 had been in- 


nt 
We will use the formula for compound interest, A = ol aa ") paliine: 


principal, p, is the amount of money invested, so p = $3000. The interest rate, r, is 
1.8%, so r = 0.018. Because the interest is compounded monthly, there are 12 
compounding periods per year and n = 12. Because the money is invested for 


vested at 6% interest compounded 2 years, t = 2. 

annually, the investment would be 

worth about $140,693,888,847 in 0.018 \!22 
2012. As a comparison, had the a 3000 aF on 
$24 been invested for the 386 

years in a 6% simple interest ac- = 3000 (1 + 0.0015 )74 
count, the investment would be 

worth only $579.84. Had the $24 sf 3000( 1.0015) 

been invested in a continuously ~ 3000(1.0366279) 
compounded interest account at 

6%, the investment would be worth = 3109.88 

a00 UE bee B Od aera Thus, the amount in the account after 2 years would be about $3109.88. r 


sults dramatically demonstrate the 
power of compounding interest 
over time. 


TECHNOLOGY TIP 
Scientific Calculator 

There are various ways to determine compound interest using a scientific calculator. In 
Example 2, we had to evaluate 


ome 


3000( 1 a 12 


To evaluate this expression on a scientific calculator, enter the following keys. 


3000|X[(] 1 [+] 0.018 [=]12/) | y*][( 12 [x] 2[) 


After the =] key is pressed, the answer 3109.883655 is displayed. This answer checks with 
the answer obtained in Example 2. 


Microsoft Excel 

The software program Excel can also be used to determine compound interest. Excel is a 
spreadsheet, so once you insert a formula, you can change the value of the variables and 
the new answer will be automatically displayed. If you are not familiar with Excel, you can 
get help at www.office.microsoft.com. 
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To use Excel to determine the compound interest, set up the following columns. 


2 a RS Lise 
« «> »)\Sheett /Sheet2 /Sheet3 7 aK; Bers | 
Ready 


Then, to set up the formula in cell E2, go to the formula bar on top and enter 


= A2*(1 + B2/C2)4(C2*D2) 
Then press the Enter key. The answer, 3109.88, will appear in cell E2. 
Suppose you now wanted to determine the compound interest for p = 6000, r = 0.05, 
n = 24, and t = 6. If you were to change the values in cells A2 through D2 to these values 
respectively, the new answer, 8096.626, will now be displayed in cell E2. 


Example Calculating Compound Interest 


Calculate the interest on $650 at 8% compounded semiannually for 3 years, using 
the compound interest formula. 


Since interest is compounded semiannually, there are two periods per 
year. Thus, n = 2, r = 0.08, and t = 3. Substituting into the formula, we find the 


amount, A. 
nt 
A= (1 = ") 


)(3) 
= 630(1 + age)" 
( 


650(1.04)° 
650 (1.2653190) 
~ $822.46 


N 


Since the total amount is $822.46 and the original principal is $650, the interest 
must be $822.46 — $650, or $172.46. r 


In Example 3, the interest rate is stated as an annual rate of 8%, but the number of 
compounding periods per year is two. In applying the compound interest formula, the 
rate for one period is r + n, which was 8% ~ 2, or 4% per period. 

Now we will calculate the amount, and interest, on $1 invested at 8% com- 
pounded semiannually for 1 year. The result is 


(2)(1) 
i(1 ats 08 ) = 1.0816 


Interest = amount — principal 
i= 10816 > 1 
0.0816 


A 


The interest for 1 year is 0.0816. This amount written as a percent, 8.16%, is called 
the effective annual yield. Most financial institutions refer to the effective annual yield 
as the annual percentage yield (APY). If $1 was invested at a simple interest rate of 
8.16% and $1 was invested at 8% interest compounded semiannually (equivalent to an 
effective yield of 8.16%), the interest from both investments would be the same. 
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Definition: Effective Annual Yield 

The effective annual yield or annual percentage yield (APY) is the simple inter- 
est rate that gives the same amount of interest as a compound rate over the same 
period of time. 


Many banks compound interest daily. When computing the effective annual 
| Suncoast Schools Credit Union yield, they use 360 for the number of periods in a year. To determine the effective an- 
nual yield for any interest rate, calculate the amount using the compound interest for- 
mula where p is $1. Then subtract $1 from that amount. The difference, written as a 
Type Rate APY* percent, is the effective annual yield, as illustrated in Example 4. 

The sign in the margin shows interest rates and the corresponding annual per- 
centage yields (APY) that were available for certificates of deposit (CDs) from 
24mo 0.900% (0.904% Suncoast Schools Credit Union on December 20, 2010. To determine the effective 
annual yield (or the APY) for the 48-month CD, calculate the amount of interest 
earned on $1 for 1 year. 


CD Rates 


12 mo 0.500% 0.501% 


36 mo 1.290% 1.298% 


48 mo 1.490% 1.501% 0.01490 


360 


From this result, we subtract 1 to obtain 1.01501 — 1 = 0.01501, or 1.501%. Confirm 
that the other annual percentage yields shown on the sign are correct. 


a=i(i+ 


* Annual Percentage Yield 


360 
) = 1.0150112 =~ 1.01501 


Example Z§ Annual Percentage Yield 


Determine the annual percentage yield or the effective annual yield for $1 invested 
for | year at the following interest rates. Round your answers to the nearest hun- 
dredth of a percent. 


a) 2% compounded quarterly b) 3% compounded monthly 


a) With quarterly compounding, n = 4. 
r nt 
A= = 


== 1.0202 
Aaa 
1.0202 — 1 ~ 0.0202 


~. 


N 


Thus, when the interest is 2% compounded quarterly, the annual percentage 
yield or the effective annual yield is about 2.02%. 


b) With monthly compounding, n = 12. 
r nt 
= + — 
Amol) 


12+1 
i(1 " aa 
12 


= 1.0304 
i=A-I] 
= 1.0304 — | ~ 0.0304 


Thus, when the interest is 3% compounded monthly, the annual percentage yield 
or effective annual yield is about 3.04%. r 


626 CHAPTER11 Consumer Mathematics 


Did You Know? 


Federal Reserve Banks 


Fecee Reserve Banks are insti- 
tutions owned by commercial 
banks in the district they serve. The 
many functions performed by these 
banks include the following: clearing 
checks, issuing new currency, retiring 
damaged currency, making discount 
loans to banks within their districts, 
examining member state banks, col- 
lecting data on local business condi- 
tions, and conducting research to help 
establish monetary policy, including 
the setting of the discount interest 
rate used when banks borrow money 
from each other. Currently, there 
are Federal Reserve Banks in Boston, 
New York, Philadelphia, Richmond, 
Cleveland, Atlanta, Chicago, St. Louis, 
Minneapolis, Kansas City, Dallas, and 
San Francisco. Take a look at any dol- 
lar bill and you will see a circular sym- 
bol with the location of the Federal 
Reserve Bank that printed the bill. 


A Bunker Hill Community College. 


There are numerous types of savings accounts. Many savings institutions com- 
pound interest daily. Some pay interest from the day of deposit to the day of with- 
drawal, and others pay interest from the first of the month on all deposits made before 
the tenth of the month. In each of these accounts in which interest is compounded 
daily, interest is entered into the depositor’s account only once each month or quarter. 
Some savings institutions will not pay any interest on a day-to-day account if the bal- 
ance falls below a set amount. 


Present Value 


You may wonder about what amount of money you must deposit in an account today 
to have a certain amount of money in the future. For example, how much must you 
deposit in an account today at a given rate of interest so that it will accumulate to 
$25,000 to pay your child’s college costs in 4 years? The principal, p, that would have 
to be invested now is called the present value. Following is a formula for determining 
the present value. 


Present Value Formula 


A 


abe Ne, 
3 
n 


where p is the present value, or the principal to invest now, A is the amount to be 
accumulated in the account, r is the annual interest rate as a decimal number, n is 
the number of compounding periods per year, and f is the time in years. 


Example -¥ Savings for College 


Will Hunting would like his daughter to attend college in 6 years when she finishes 
high school. Will would like to invest enough money in a certificate of deposit 
(CD) now to pay for his daughter’s college expenses. If Will estimates that he will 
need $30,000 in 6 years, how much should he invest now in a CD that has a rate of 
2.5% compounded quarterly? 


To answer this question, we will use the present value formula with 
A = $30,000, r = 0.025, n = 4, and t = 6. 


30,000 
(1.00625) 74 


_ 30,000 
11612920 


= 25,833.30 


Will Hunting needs to invest approximately $25,833.30 now to have $30,000 in 
6 years. a 


TECHNOLOGY TIP 
Scientific Calculator 


30000 


After the 


Excel 


SECTION 11.3 


Exercises 
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To determine the present value in Example 5, we had to evaluate the expression 


30,000 
0.025 We 


+ 
ides 


This expression can be evaluated on a scientific calculator as follows. 


(1 [+] 0.025 [= [(\4 


4()lly* 14 [x] 6D) 


After the Enter key is pressed, the answer, 25833.30, is displayed in cell E2. 


key is pressed, the answer 25833.29562 is displayed. This answer agrees with 
the answer obtained in Example 5. 


Read the Technology Tip on compound interest on page 623. To determine the present 
value using Excel, enter A, r, n, t, and pin cells A1 through E1, respectively. In cells A2 
through D2, enter the values of A, r, n, and t, respectively. (See the table in the Technology 
Tip on page 623 for an example of the row and column setup.) When cell E2 is highlighted, 
in the formula box at the top, enter 


= A2/(1 + B2/C2)A(C2*D2) 


Warm Up Exercises 


In Exercises 1-6, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


1. An investment is the use of money or capital for income or 


. Ina fixed investment the interest is computed at a fixed 
rate and the amount invested as principal is 


Ww 
¢ 


If neither the principal nor the interest is guaranteed, the 
investment is called a(n) investment. 


. Interest that is computed on the principal and any accumu- 
lated interest is called interest. 


. The effective annual yield or the annual percentage yield is 
the simple interest rate that gives the same amount of interest 
asa interest rate over the same period of time. 


. The principal that you would have to invest now to have 
a certain amount of money in the future is called the 
value. 


Practice the Skills 


In Exercises 7-14, use the compound interest formula to 
compute the total amount accumulated and the interest 
earned. Round all answers to the nearest cent. 


7. $2500 for 4 years at 1.2% compounded monthly 


8. $7500 for 5 years at 1.6% compounded quarterly 


9. $2000 for 4 years at 3% compounded quarterly 
10. $5000 for 3 years at 7% compounded quarterly 
11. $7000 for 3 years at 5.5% compounded monthly 
12. $4000 for 2 years at 6% compounded semiannually 
13. $8000 for 2 years at 4% compounded daily (use n = 360) 


14. $8500 for 5 years at 4.5% compounded monthly 


In Exercises 15-18, use the present value formula to 
determine the amount to be invested now, or the present 
value needed. 


15. The desired accumulated amount is $50,000 after 10 years 
invested in an account with 5% interest compounded 
annually. 


16. The desired accumulated amount is $75,000 after 5 years 
invested in an account with 4% interest compounded 
semiannually. 


17. The desired accumulated amount is $100,000 after 4 years 
invested in an account with 4% interest compounded 


quarterly. 


18. The desired accumulated amount is $15,000 after 30 years 
invested in an account with 3% interest compounded 


monthly. 
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Problem Solving 


In Exercises 19-44, if necessary, round all dollar figures 
to the nearest cent and round percents to the nearest 
hundredth of a percent. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


Little League Braden River Little League receives a $50,000 
donation for building a new snack bar and office building. 
The league decides to invest this money in a money market 
account that pays 4% interest compounded quarterly. How 
much will the league have in this account after 2 years? 


Contest Winnings Mary Robinson wins $2500 in a singing 
contest and invests the money in a 4-year CD that pays 3% 

interest compounded monthly. How much money will Mary 
receive when she redeems the CD at the end of the 4 years? 


Class Trip To help pay for a class trip at the end of their 
senior year, the sophomore class at Cortez High School 
invests $1500 from fund-raisers in a 30-month CD pay- 
ing 3.9% interest compounded monthly. Determine the 
amount the class will receive when it cashes in the CD 
after 30 months. 


Investing Prize Winnings Marcella Laddon wins third 
prize in the Clearinghouse Sweepstakes and receives a 
check for $250,000. After spending $10,000 on a vacation, 
she decides to invest the rest in a money market account 
that pays 1.5% interest compounded monthly. How much 
money will be in the account after 10 years? 


Investing Gifts and Scholarships Cliff Morris just gradu- 
ated from high school and has received $800 in gifts of 
cash from friends and relatives. In addition, Cliff received 
three scholarships in the amounts of $150, $300, and 
$1000. If Cliff takes all his gift and scholarship money 
and invests it in a 24-month CD paying 2% interest com- 
pounded daily, how much will he have when he cashes in 
the CD at the end of the 24 months? 


Investing a Signing Bonus Joe Gallegos just started a 
new job and has received a $5000 signing bonus. Joe de- 
cides to invest this money now so that he can buy a new 
car in 5 years. If Joe invests in a 5-year CD paying 3.35% 
interest compounded quarterly, how much money will he 
receive from his CD in 5 years? 


Savings Account Investment When Richard Zucker was 
born, his father deposited $2000 in his name in a savings 
account.The account was paying 5% interest compounded 
semiannually. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


kh 


a) If the rate did not change, what was the value of the 
account after 15 years? 


b) If the money had been invested at 5% compounded 
quarterly, what would the value of the account have 
been after 15 years? 


Investing a Prize David Buckley won a writing contest 
and invested the $10,000 cash prize in a 3-year CD pay- 
ing 1.29% compounded daily (use n = 360). What is the 
value of the CD after 3 years? 


Personal Loan Brent Pickett borrowed $3000 from his 
brother Dave. He agreed to repay the money at the end 
of 2 years, giving Dave the same amount of interest that 
he would have received if the money had been invested 
at 1.75% compounded quarterly. How much money did 
Brent repay his brother? 


Forgoing Interest Rikki Blair borrowed $6000 from her 
daughter, Lynette. She repaid the $6000 at the end of 

2 years. If Lynette had left the money in a bank account 
that paid an interest rate of 5 t % compounded monthly, 
how much interest would she have accumulated? 


House Down Payment Karen Gaines invested $10,000 
in a money market account with an interest rate of 1.75% 
compounded semiannually. Five years later, Karen with- 
drew the full amount to put toward the down payment on 
a new house. How much did Karen withdraw from the 
account? 


Kids Club Savings Jean Woody opened a Kids Club 
savings account for her daughter at the Royal Credit Union. 
Jean deposited $500, and the account pays 0.25% interest 
compounded daily. If Jean made no further deposits or 
withdrawals to the account, what is the amount in the 
account 18 years later? 


Determining Effective Annual Yield Determine the 
effective annual yield for $1 invested for | year at 3.5% 
compounded semiannually. 


Determining Effective Annual Yield Determine the 
effective annual yield for $1 invested for 1 year at 4.75% 
compounded monthly. 


Verifying APY Suppose you saw a sign at your local bank 
that said, “2.4% rate compounded monthly—2.6% Annual 
Percentage Yield (APY).” Is there anything wrong with 
the sign? Explain. 


34. 


Verifying APY Suppose you saw an advertisement in the 
newspaper for a financial planner who was recommending 
a certificate of deposit that paid 4.5% interest compounded 
quarterly. In the fine print at the bottom of the advertise- 
ment, it stated that the APY on the CD was 4.58%. Was 
this advertisement accurate? Explain. 


. Comparing Investments Dave Dudley won a photog- 


raphy contest and received a $1000 cash prize. Will he 
earn more interest in | year if he invests his winnings in a 
simple interest account that pays 5% or in an account that 
pays 4.75% interest compounded monthly? 


. Comparing Loan Sources Tom Angelo needs to borrow 


$1500 to expand his farm implement maintenance busi- 
ness. He learns that the local bank will lend him the money 
for 2 years at a rate of 10% compounded quarterly. After 
hearing of this rate, Tom’s grandfather offers to lend him 
the money for 2 years with a simple interest rate of 7%. 
How much money will Tom save by borrowing the money 
from his grandfather? 


. A New Water Tower The village of Kieler recently com- 


pleted the construction of a new water tower. The entire 
cost of the water tower was $925,000, and the state paid 
$370,000 of the total cost through the awarding of a grant. 
In addition, the village can delay paying the balance of 
the cost for 30 years (without paying any interest during 
the 30 years). To finance the balance, the village board 
will at this time assess its 598 homeowners a one-time flat 
fee surcharge and then invest this money in a 30-year CD 
paying 7.5% interest compounded monthly. 


a) What is the balance due on the water tower? 


b) How much will the village of Kieler need to invest 
at this time in the CD to raise the balance due in 
30 years? 


c) What amount should each homeowner pay as a surcharge? 


. After seeing its neighboring village obtain a new water 


tower (see Exercise 37), the city board of East Dubuque 
begins planning to replace its water towers. The board 
estimates that it will need $1,750,000 to build the new 
water towers in 20 years. At this time, the city board plans 
to assess its 2753 homeowners with a one-time flat fee 
surcharge and then invest the money received in a CD 


39. 


40. 


41. 


42. 
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paying 9% interest compounded daily (use n = 360) for 
20 years. 


a) How much money will the board need to raise at this 
time to meet the city’s water tower needs at the end of 
the 20 years? 


b) Before applying the surcharge, the city board receives 
a federal grant of $100,000 toward the water tower 
investment. Taking this grant into account, how much 
should the surcharge be on each homeowner? 


Saving for a Tractor Jim Roznowski wants to invest 
some money now to buy a new tractor in the future. If he 
wants to have $275,000 available in 5 years, how much 
does he need to invest now in a CD paying 5.15% interest 
compounded monthly? 


Starting a New Business Kurtis Fink’s goal is to have 
$25,000 to start a new lawn mower repair business when 
he retires in 15 years. How much should Kurtis invest now 
in a CD that pays 2% interest compounded daily to reach 
his goal? 


A New Car Adam Goldstein wishes to have $20,000 
available in 18 years to purchase a new car for his son as 
a gift for his high school graduation. To accomplish this 
goal, how much should Adam invest now in a CD that 
pays 1.55% interest compounded daily? 


A New Roof Rebecca Baum will need to replace the 
roof of her house in 5 years. How much should Rebecca 
invest now in a money market account that pays 2.1% 
interest compounded quarterly in order to have $6000 in 
5 years? 
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43. Doubling the Rate Determine the total amount and the 
interest paid on $1000 with interest compounded semian- 
nually for 2 years at 


a) 2%. b) 4%. c) 8%. 


d) Is there a predictable outcome in either the amount or 
the interest when the rate is doubled? Explain. 


44. Doubling the Principal Compute the total amount and the 
interest paid at 12% compounded monthly for 2 years for 
the following principals. 


a) $100 b) $200 c) $400 


d) Is there a predictable outcome in the interest when the 
principal is doubled? Explain. 


Challenge Problems/Group Activities 


45. Inflation The average cost for a loaf of bread in 2010 was 
$2.27. Assuming an annual inflation rate of 0.5% per year, 
what will be the cost for a loaf of bread in 2015? 


46. Determining the Interest Rate For a total accumulated 
amount of $3586.58, a principal of $2000, and a time pe- 
riod of 5 years, use the compound interest formula to find 
r if interest is compounded monthly. 


47. Rule of 72 A simple formula can help you estimate the num- 
ber of years required to double your money. It’s called the 
rule of 72. You simply divide 72 by the interest rate (without 
the percent sign). For example, with an interest rate of 4%, 
your money would double in approximately 72 + 4, or 18 
years. In (a)-(d), determine the approximate number of years 
it will take for $1000 to double at the given interest rate. 


SECTION 11.4 


a) 3% b) 6% c) 8% d) 12% 


e) If $120 doubles in approximately 22 years, estimate the 
rate of interest. 


48. Determining the Interest Rate Richard Maruszewski 
borrowed $2000 from Linda Tonolli. The terms of the loan 
are as follows: The period of the loan is 3 years, and the 
rate of interest is 8% compounded semiannually. What rate 
of simple interest would be equivalent to the rate Linda 
charged Richard? 


Recreational Mathematics 


49. Interest Comparison You are given a choice of taking the 
simple interest on $100,000 invested for 4 years at a rate 
of 5% or the interest on $100,000 invested for 4 years at an 
interest rate of 5% compounded daily. Which would you 
select? Explain your answer and give the difference in the 
two investments. 


Internet/Research Activities 


50. Imagine you have $4000 to invest and you need this 
money to grow to $5000 by investing in a CD. Contact a 
local bank, a savings and loan, and a credit union to obtain 
CD information: the interest rate, the length of the term, 
and the number of times per year the CD is compounded. 
Find out how long it would take you to reach your goal 
with the institution selected. Write a report summarizing 
your findings. 


51. Write a paper on the history of simple interest and com- 
pound interest. Answer the questions: When was simple 
interest first charged on loans? When was compound inter- 
est first given on investments? 


Installment Buying 


While you are with some friends at the mall, you spot a new pair of shoes that you 
really like. Although you don’t have money to pay for the shoes, you do have a credit 
card with you. You now must make a very important decision. Do you charge the 
shoes to your credit card and worry about paying for them later, or do you decide 
that you can’t afford the shoes and leave the store without them? In this section, we 
will look at the real cost of using a credit card to make purchases. We will also study 
other common types of loans frequently used to purchase big-ticket items such as 
cars, appliances, and home improvements. 


DD This is Important An important part of establishing a financial plan is understand- 
ing the cost of borrowing money to make purchases. Installment loans and credit cards 
are two very common ways to borrow money for making such purchases. 


A Financial decisions may involve ; P . ; 
deciding whether to use a credit " Section 11.2, we discussed personal notes and discounted notes. When borrowing 


money by either of these methods, the borrower normally repays the loan as a single 
payment at the end of the specified time period. There may be circumstances under 


card when making a purchase. 


MATHEMATICS TODAY 


Rent-to-Own Transactions 


=A) 
Ree retailers allow cus- 

tomers to rent furniture, appli- 
ances, and electronics over a period 
of time and, at a specific date, ob- 
tain ownership of the item. 
Customers do not have to submit to 
a credit check, and the item can be 
returned at any time. Whether or not 
these transactions are considered 
examples of installment buying de- 
pends on the state in which the re- 
tailer is located. As of 2010, 38 
states had laws governing the rent- 
to-own industry. Several federal reg- 
ulations have been proposed, but 
not enacted. The controversy cen- 
ters on the total cost of the item if a 
customer obtains ownership through 
the rent-to-own transaction. A 
Federal Trade Commission survey 
found that such purchases cost the 
customer two to five times as much 
as similar installment purchases 
made through other retailers. 


This is Important Under- 
standing the total price to obtain 
merchandise is very important 
when making decisions about pur- 
chases. It is usually much more 
beneficial, if purchasing merchan- 
dise, to seek other means to fi- 
nance the purchase. 
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which it is more convenient for the borrower to repay the loan on a weekly or monthly 
basis or to use some other convenient time period. One method of doing so is to bor- 
row money on an installment plan. 

There are two types of installment loans: fixed payment and open-end. A fixed 
installment loan is one on which you pay a fixed amount of money for a set number 
of payments. Examples of items purchased with fixed-payment installment loans are 
college tuition loans and loans for cars, boats, appliances, and furniture. These loans 
are generally repaid in 24, 36, 48, or 60 equal monthly payments. An open-end 
installment loan is a loan on which you can make variable payments each month. 
Credit cards, such as MasterCard, Visa, and Discover, are actually open-end install- 
ment loans, used to purchase items such as clothing, textbooks, and meals. 

Lenders give any individual wishing to borrow money or purchase goods or ser- 
vices on an installment plan a credit rating to determine if the borrower is likely to 
repay the loan. The lending institution determines whether the applicant is a good 
“credit risk” by examining the individual’s income, assets, liabilities, and history of 
repaying debts. 

The advantage of installment buying is that the buyer has the use of an article 
while paying for it. If the article is essential, installment buying may serve a real need. 
A disadvantage is that some people buy more on the installment plan than they can 
afford. Another disadvantage is the interest the borrower pays for the loan. 

To provide the borrower with a way to compare interest rates from various lenders, 
Congress passed the Truth in Lending Act of 1968. The law requires lending institu- 
tions to tell the borrower two things: the annual percentage rate and the finance charge. 
The annual percentage rate (APR) is the true rate of interest charged for the loan. The 
APR provides consumers the ability to compare loans without having to do calculations 
to determine the true interest rate they are being charged. The finance charge is the total 
amount of money the borrower must pay for borrowing the money. The finance charge 
includes the interest plus any additional fees charged to obtain the loan. For the rest of 
this section, we will include the interest only when we refer to the finance charge. In this 
section we will also discuss the total installment price. The total installment price is 
the sum of all the monthly payments and the down payment, if any. 


Fixed Installment Loans 


We begin our discussion of installment loans by calculating the monthly payment for 
a loan by using a) a table in Example | and b) a formula in Example 2. 


Example §§ Window Blinds 


Kristin Aiken wishes to purchase new window blinds for her house at a cost of 
$1500. The home improvement store has an advertised finance option of no down 
payment and 6% APR for 24 months. 


a) Determine the finance charge. 
b) Determine Kristin’s monthly payment. 


a) Table 11.2 on page 632 gives the finance charge per $100 of the amount 
financed. The table shows that the finance charge per $100 for 24 months at 
6% is $6.37 (circled in red). Because Kristin is financing $1500, the number 
of hundreds of dollars financed is py = 15. To determine the total finance 
charge, multiply the finance charge per $100 by the number of hundreds of 


dollars financed. 


Total finance charge = $6.37 X 15 = $95.55 


Therefore, Kristin will pay a total finance charge of $95.55. 
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b) To determine the monthly payments, first calculate the total installment price by 
adding the finance charge to the purchase price. 


Total installment price = $1500 + $95.55 = $1595.55 


Next divide the total installment price by the number of payments. 


1595.55 
Monthly payment = re = $66.48 
Kristin will have 24 monthly payments of $66.48. r 


Table 11.2 Annual Percentage Rate Table for Monthly Payment Plans 


Se ee 
2.18 2.45 Dy BuO. 7) BiOkS 3.56 Bis) INA 


12 5.50 
18 3.20°. 3.60 “400 aan Mago”) 509) Wigse cod 8.10 
2A.) ip. SG S175 mm 691 7.45 8.00 10.75 
30 | 525° 95.92 4G 50-8 Soo e7O4N Un 8.6DNo20erero gg 13.43 
6.29 7.05 700 8.9520 1034. at ie atios 16.16 
14.94 (16.06) 17.18 1831 19.45 2059 21.74 


740 18.81 20.23 21.66 (23.10) 2455 26.01 27.48 


The following formula can be used to directly calculate the installment payment 
rather than using Table 11.2 


Example Using the Installment Payment Formula 


Reread Example 1. Use the installment payment formula to determine Kristin’s 
monthly payment. 


In this example, Kristin is borrowing $1500, so p = 1500; the APR is 
6%, so r = 0.06; she is making monthly payments, so n = 12: and time of the 
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loan is 24 months, so t = 4 = 2. We substitute these values into the installment 


payment formula below. 


so 2!8) 
iz 12 
fn 8) ae 
12 
1500(0.005) 
«1 amen) <4 
4 5 
Weel 088718567 
NGS 
~~ 0.11281433 
~ 66.48 


Thus, Kristin’s monthly payment would be $66.48. Note this matches the payment 
calculated in Example 1. 8 


TECHNOLOGY TIP 


Scientific Calculator 
In Example 2 we determined the monthly payment by evaluating the following expression: 


isoo( &C° ) 


12 


OOG\s 124 
1= (: ae oe 


There are various ways to evaluate this expression on a scientific calculator. One method is 
to press the following sequence of keys. 


[()1500[(]o.06/=}12[)] =I 1 El 1 H]o.06 |= }12[)][y* [4 /-12kj2) IDE 


After the |=| key is pressed, the answer 66.48091538 is displayed. 


Microsoft Excel 

Read the Technology Tip on page 623. To determine the monthly payment using Excel, 
place the letters P, r, n, t, and m in cells A1 through E1, respectively. In cells A2 through D2, 
place the values 1500, 0.06, 12, and 2, respectively. In cell E2, use the formula box to add 
the formula 


= (A2*(B2/C2))/(1 — (1 + B2/C2)4(—C2*D2)) 


After the Enter key is pressed, the result is as follows. 


iGoe pl am tO FH.O6) Tee) 131 2a) 66.48092 
‘Sheet2 {Sheet3 / 


Examples | and 2 show that either Table 11.2 or the installment payment formula 
can be used to calculate a monthly payment for an installment loan. The formula 
has the advantage that it can be used for any APR and any number of payments, 
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not just those used in Table 11.2. One disadvantage of the formula is that if we 
are given certain information about a loan and we wish to determine the APR, the 
calculations may be extremely difficult. For this reason, we will use Table 11.2 in 
Example 3 to show how to determine the APR on an installment loan. 


Example [Ey Determining the APR 


Jan Ford is purchasing a boat for $25,000, including taxes. Jan decides to make a 
$5000 down payment and finance the balance, $20,000, through her bank. The loan 
officer informs her that her monthly payment will be $410.33 for 60 months. 


a) Determine the finance charge. 
b) Determine the APR. 


a) The total installment price is the down payment plus the total monthly install- 
ment payments. 


Total installment price = $5000 + (60 X $410.33) 
= $5000 + $24,619.80 = $29,619.80 


The finance charge is the total installment price minus the cash price. 
Finance charge = $29,619.80 — $25,000 = $4619.80 


Therefore, Jan will pay a finance charge of $4619.80. 

b) To determine the annual percentage rate, use Table 11.2 on page 632. First 
divide the finance charge by the amount financed and multiply the quotient by 
100. The result is the finance charge per $100 of the amount financed. 


Ene Cate 00 Sn 0 me UasCoo Ino 10 
Amount financed ~ 20,000 ea oe 


Thus, Jan pays about $23.10 for each $100 being financed. To use Table 11.2, look 
for 60 in the far left-hand column under the heading Number of Payments. Then 
move across to the right until you find the value closest to $23.10. In this case, 
$23.10 is in the table (circled in blue). At the top of this column is the value of 
8.5%. Therefore, the annual percentage rate is approximately 8.5%. a 


Much more complete APR tables similar to Table 11.2 are available at your lo- 
cal lending institution or on the Internet. Also available on the Internet are loan 
“calculators” that will calculate your payment for you if you provide the loan 
amount, the length of the loan, and the APR. One such loan calculator can be found 
at www.bankrate.com. 


Example Financing a Restored Car 


Tino Garcia borrowed $9800 to purchase a classic 1966 Ford Mustang. He does not 
recall the APR of the loan but remembers that there are 48 payments of $237. If he 
did not make a down payment on the car, determine the APR. 


First determine the finance charge by subtracting the cash price from the 
total amount paid. 


ll 


Finance charge = (237 X 48) — 9800 
11,376 — 9800 


$1576 


Did You Know? oa 
Actuarial Method versus 
Rule of 78s 


hen making automobile or 

other installment loans, con- 
sumers should be aware of the 
“fine print” described in the loan 
agreement. If a consumer repays 
a loan early, the lender is required 
by law to rebate a portion of the 
original finance charge or interest. 
Two methods exist for determining 
this rebate. The actuarial method is 
the primary method used by finan- 
cial institutions today. This method 
provides the consumer with an ac- 
curate interest rebate for repaying 
the loan early. The second method, 
the rule of 78s, however, is still 
used by some lenders. The rule of 
78s charges the consumer more 
interest during the first few months 
of the loan. The result is a lower in- 
terest rebate for the consumer. The 
rule of 78s originated as an easy 
way for lenders to compute inter- 
est rebates. It has been phased out 
gradually as calculators and com- 
puters became more available. To- 
day the rule of 78s is most likely to 
be applied by used car dealers who 
specialize in offering loans to bor- 
rowers with a poor credit history. 

In 1992, the U.S. Congress out- 
lawed the use of the Rule of 78s 
for loans longer than 5 years. Since 
this time several bills have been in- 
troduced in Congress to outlaw it 
altogether; however, none of these 
attempts have passed. As of 2010, 
17 states have outlawed the rule of 
78s for all loans. Exercises 39 and 
40 compare the actuarial method 
with the rule of 78s for early repay- 
ment of loans. 
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Now divide the finance charge by the amount of the loan and multiply this quotient 
by 100. 


g2/8 x 100 ~ 16.08 
9800 ; 


Next find 48 payments in the left column of Table 11.2. Move to the right until you 
find the value that is closest to 16.08. The value closest to 16.08 is 16.06 (circled in 
green). At the top of the column is the APR of 7.5%. Thus, the APR for Tino’s loan 
is approximately 7.5%. a 


In Example 4, if Tino made all 48 payments, his finance charge would be 
$1576. If he decides to repay the loan after making 30 payments, must he pay the 
total finance charge? The answer is no. By paying off his loan early, Tino is not 
obligated to pay the entire finance charge. The amount of the reduction of the fi- 
nance charge from paying off a loan early is called the unearned interest. We 
will learn about the most common way of calculating unearned interest, the actu- 
arial method. In the past, another method, called the rule of 78s, was also used. 
The rule of 78s, however, is less favorable to the consumer and is outlawed in 
much of the country (see the Did You Know? at left and Exercises 39 and 40). 
Now we give the formula for finding the unearned interest using the actuarial 
method. 


Actuarial Method for Unearned Interest 


pee aur a 
100 + V 


where u is the unearned interest, n is the number of remaining monthly payments 
(excluding the current payment), P is the monthly payment, and V is the value 
from the APR table that corresponds to the annual percentage rate for the number 
of remaining payments (excluding the current payment). 


Example 5 illustrates the actuarial method for calculating unearned interest when 
an installment loan is paid off early. 


Example [ky Using the Actuarial Method 


In Example 4, we determined the APR of Tino’s loan to be 7.5%. Instead of 

making his 30th payment of his 48-payment loan, Tino wishes to pay his remaining 

balance and terminate the loan. 

a) Use the actuarial method to determine how much interest Tino will save (the 
unearned interest, w) by repaying the loan early. 

b) What is the total amount due to pay off the loan early on the day he makes his 
final payment? 


a) Recall from Example 4 that Tino’s monthly payments are $237.00. After 30 
payments have been made, 18 payments remain. Thus, n = 18 and P = $237. 
To determine V, use the APR table (Table 11. 2). In the Number of Payments 
column, find the number of remaining payments, 18, and then look to the right 
until you reach the column headed by 7.5%, the APR. This row and column 
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MATHEMATICS TODAY 


Credit CARD Act of 2009 


he Credit Card Accountability 

Responsibility and Disclosure 
(CARD) Act of 2009 amended the 
Truth in Lending Act to establish 
fair practices among credit card 
companies and their customers. 
Beginning in 2010, credit card 
companies must give customers 
advance notice of changes to inter- 
est rates and fees and allow 
customers the option of canceling 
their card before the changes take 
effect. The act also requires com- 
panies to inform their customers of 
the following: how long it will take 
to pay off the balance if they 
continue to make the minimum 
monthly payments; what monthly 
payment is necessary to pay off the 
balance in three years; and the 
exact late fees the customer will be 
charged if the monthly payment is 
late. The act has many other fea- 
tures, including regulations regard- 
ing the maximum interest rates and 
the maximum fees that companies 
can charge their customers. 


This is Important \f you 
have a credit card, it is very impor- 
tant to understand the rules re- 
garding payments, interest rates, 
and fees. Reading your monthly 
statement will help you understand 
these rules and thus make better 
financial decisions. 


intersect at 6.04. Thus, V = 6.04. Now use the actuarial method formula to de- 
termine the unearned interest, uw. 
wee V. 
= T00eY 
(18)(237)(6.04) 
~ 100 + 6.04 
= 242.99 


Tino will save $242.99 in interest by the actuarial method. 


b) Because the remaining payments total 18($237) = $4266, Tino’s remaining 
balance excluding his 30th monthly payment, is 


$4266.00 Total of remaining payments (which includes interest) 
— 242.99 Interest saved (unearned interest) 
$4023.01 Balance due (excluding the 30th monthly payment) 


A payment of $4023.01 plus the 30th monthly payment of $237 will terminate 
Tino’s installment loan. 


$4023.01 Balance due (excluding the 30th monthly payment) 
ae OU) 30th monthly payment 
$4260.01 Total amount due 
The total amount due is $4260.01. | 


Open-End Installment Loan 


A credit card is a popular way of making purchases or borrowing money. Use of a 
credit card is an example of an open-end installment loan. A typical credit card charge 
account with a bank or store may have the terms in Table 11.3. 


Table 11.3 Credit Card Terms 


Barve cers 


Daily Periodic Rate* _ Annual Percentage Rate*_ 
0.04792% 17.49% 
0.05477% 19.99% 


____ Type of Charge 


Purchases 


Cash advances 


*These rates vary with different credit card accounts and localities. 


Typically, credit card monthly statements contain the following information: bal- 
ance at the beginning of the period, balance at the end of the period (or new balance), 
the transactions for the period, statement closing date (or billing date), payment due 
date, and the minimum payment due. In addition, the Credit Card Accountability 
Responsibility and Disclosure (CARD) Act of 2009 required credit card companies to 
provide additional information to their customers on their monthly statements (see 
Mathematics Today, at left). For purchases, there is no finance or interest charge if 
there is no previous balance due and you pay the entire new balance by the payment 
due date. The period between when a purchase is made and when the credit card com- 
pany begins charging interest is called the grace period and is usually 20 to 25 days. 
However, if you use a credit card to borrow money, called a cash advance, there gen- 
erally is no grace period and a finance charge is applied from the date you borrowed 
the money until the date you repay the money. When you make purchases or obtain 
cash advances, the minimum monthly payment will generally be any new fees and 
interest plus at least 1% of the outstanding principal. This sum is then rounded up to 
the nearest whole dollar. Credit card companies often have $20 as the lowest possible 
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minimum monthly payment. These guidelines will vary among the different credit 
card companies. If you currently have a credit card, you can find out how your mini- 
mum monthly payment is calculated by reading the back of your monthly statement 
or by reading the literature given to you when you obtained the credit card. 


Example [4 Calculating Minimum Monthly Payments 


Mary Beth Orrange’s credit card company determines her minimum monthly 

payment by adding any new interest owed to 1.5% of the outstanding principal. 

The credit card company charges an interest rate of 0.04792% per day. For 

Mother’s Day, May 17, Mary Beth used her credit card to purchase a $1500 

plasma television set for her mother. She made no other purchases in May. 

a) Assuming Mary Beth owed no interest, determine Mary Beth’s minimum 
payment due on June 1, her billing date. 

b) On June 1, instead of making the minimum payment, Mary Beth makes a 
payment of $200. Assuming there are no additional charges or cash advances, 
determine Mary Beth’s minimum payment due on July 1. 


a) Since there is no new interest due, Mary Beth’s minimum monthly payment 
is determined by taking 1.5% of the outstanding principal, or 0.015 $1500 = 
$22.50. Rounding up to the nearest whole dollar, we determine that Mary Beth’s 
minimum monthly payment due on June | is $23. 

b) Mary Beth’s minimum monthly payment will be the sum of the new interest 
charges plus 1.5% of her outstanding principal. To calculate her new interest 
charges, we will use the simple interest formula, i = prt. The principal p is 
$1500 — $200 = $1300, the rate r is 0.04792% per day or 0.0004792 per day, 
and the time ris 30 days because June has 30 days. 


i = prt 
= ($1300)(0.0004792)(30) 
= $18.69 


To determine 1.5% of the outstanding principal, multiply 0.015 by $1300 to get 

$19.50. Now we add the new interest to 1.5% of the outstanding principal to get 
$19.50 + $18.69 = $38.19. Rounding up to the nearest whole dollar, we deter- 
mine that Mary Beth’s minimum monthly payment due on July | is $39. a 


In Example 6, Mary Beth made no additional charges during the month. When addi- 
tional charges are made during the month, the finance charges on open-end installment 
loans or credit cards are generally calculated in one of two ways: the previous balance 
method or the average daily balance method. Example 7 illustrates the previous balance 
method, and Example 8 illustrates the average daily balance method. 

With the previous balance method, the borrower is charged interest or a finance 
charge on the previous balance from the previous charge period. 


Example Finance Charges Using the Previous Balance Method 


In October, Peter Collinge charged all the supplies for his Halloween party to his 

Visa card. On November 5, the billing date, Peter had a balance due of $275. From 

November 5 through December 4, he did some shopping and charged items totaling 

$320, and he also made a payment of $145. 

a) Determine the finance charge due on December 5, Peter’s next billing date, using the 
previous balance method. Assume that the interest rate charged is 1.3% per month. 


b) Determine the new account balance on December 5. 
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MATHEMATICS TODAY 


“What’s in Your Wallet?” 


Number of Credit Cards 
in Use in the U.S. in 2010 
(in millions) 

American 


Express, 
48.9 


Discover, 
54.4 


n 2010, Americans used over 576 
million credit cards to finance a 
total of $886 billion in debt. The av- 
erage credit card debt per house- 
hold was about $15,700 and the av- 
erage annual percentage rate (APR) 
was about 14.5%. Most credit cards 
are issued by a bank or other lend- 
ing institution. The individual institu- 
tions are responsible for paying the 
merchants for money charged by 
the consumer, but they also reap 
the benefit of the interest charged 
to the cardholders. As of 2010, the 
largest credit card-issuing banks in 
the United States were Bank of 
America, Chase, Citi, and Capital 
One. 


This is Important 
Although credit cards are an impor- 
tant part of the modern financial 
world, the overuse of credit cards 
can lead to financial problems and 
even bankruptcy. When borrowing 
money is necessary, it is usually 
better to seek alternatives other 
than using your credit cards. 


a) The finance charge is based on the $275 balance due on November 5. To find 
the finance charge due on December 5, we used the simple interest formula with 
a time of | month. 


i = $275 X 0.013 X 1 = $3.58 


The finance charge due on December 5 is $3.58. 

b) The balance due on December 5 is found by adding the costs of the new pur- 
chases and the calculated interest to the balance due on November 5, and then 
subtracting the payment made from this sum. 


$275 + $320 + $3.58 — $145 = $453.58 


The balance due on December 5 is $453.58. The finance charge on January 5 is 
based on the December 5 balance of $453.58. b] 


Many lending institutions use the average daily balance method of calculating 
the finance charge because they believe that it is fairer to the customer. With the aver- 
age daily balance method, a balance is determined each day of the billing period for 
which there is a transaction in the account. The average daily balance method is illus- 
trated in Example 8. 


Example EF] Finance Charges Using the Average Daily Balance Method 


The balance on Min Zeng’s credit card account on July 1, the billing date, was 
$375.80. The following transactions occurred during the month of July. 


July 5 Payment $150.00 
July 10 Charge: Toy store 74.35 
July 18 Charge: Garage 123.50 
July 28 Charge: Restaurant 42.50 


a) Determine the average daily balance for the billing period. 


b) Determine the finance charge to be paid on August 1, Min’s next billing date. 
Assume that the interest rate is 1.3% per month. 


c) Determine the balance due on August 1. 


a) To determine the average daily balance, we do the following. (i) Find the bal- 
ance due for each transaction date. 


July 1 $375.80 

July 5 $375.30" — ~~‘ $150 = $225.80 
July 10 $225.80 + $74.35 = $300.15 
July 18 $300.15 + $123.50 = $423.65 
July 28 $423.65 + $4250 = $466.15 


(ii) Find the number of days that the balance did not change between each trans- 
action. Count the first day in the period but not the last day. Note that the time 
period from July 28 through August 1, the beginning of the next billing cycle, is 
4 days. (iii) Multiply the balance due by the number of days the balance did not 
change. (iv) Find the sum of the products. 
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(ii) 


@ Number of Days 
Balance Balance Did Not (iii) 
Date Due Change (Balance)(Days) 

July1 $375.80 4 ($375.80)(4) = $1503.20 
July5 $225.80 a ($225.80)(5) = $1129.00 
July 10 $300.15 8 ($300.15)(8) = $2401.20 
July 18 $423.65 10 ($423.65)(10) = $4236.50 
July 28 $466.15 4 ($466.15)(4) = $1864.60 

4n (iv) Sum = $11,134.50 


(v) Divide this sum by the number of days in the billing cycle (in the month). The 
number of days may be found by adding the days in column (ii). 


$11,134.50 


= $359.18 
31 : 


Thus, the average daily balance is $359.18. 


b) The finance charge for the month is found using the simple interest formula with 
the average daily balance as the principal. 


i = $359.18 X 0.013 X 1 = $4.67 


c) Since the finance charge for the month is $4.67, the balance owed on August 1 
is $466.15 + $4.67, or $470.82. a 


The calculations in Example 8 are tedious. These calculations, however, are 
made almost instantaneously with computers. 
Example 9 illustrates how a credit card may be used to borrow money. 


Example ) Using a Credit Card for a Cash Advance 


To obtain money for tickets to the Major League Baseball All-Star game, Davidson 
Pierre used his credit card for a cash advance of $2000. He borrowed the money 

on July 10 and repaid it on July 31. If Davidson is charged an interest rate of 
0.05477% per day, how much did Davidson have to repay the credit card company 
on July 31? 


The amount Davidson pays is the original principal plus any accrued 
interest. Interest on cash advances is generally calculated for the exact number 
of days of the loan, starting with the day the money is obtained. The time of 
the loan in this case is 21 days. Using the simple interest formula, we get the 
following: 


i = prt 
$2000 X 0.0005477 X 21 
= $23.00 


Therefore, on July 31, Davidson must repay the credit card company $2000 + $23, 
or $2023. rc 


Anyone purchasing a car or other costly items should consider a number of differ- 
ent sources for a loan. Example 10 illustrates one method of making a comparison. 
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Example Comparing Loan Sources 


Franz Helfenstein purchased carpeting costing $2400 with his credit card. When the 
bill comes due on February 1, Franz realizes that he can pay $350 per month until 
the debt is paid off. His credit card charges 1.5% interest per month. 


a) Assuming Franz makes no other purchases with this credit card, how many pay- 
ments are necessary to retire this debt? 


b) What is the total interest Franz will pay? 


c) How much money could Franz have saved by obtaining a fixed installment loan 
of $2400 with an annual percentage rate of 6% interest with six equal monthly 
payments? 


a) Franz would make his first monthly payment of $350 on February 1, resulting 
in a new balance of $2400 — $350 = $2050. His next bill reflects the $2050 
balance plus the monthly interest. He continues to make payments until the debt 
is retired. For each date indicated, the amount on the far right represents the 
amount due on that date. 

February 1 $2400 — $350 = $2050 

March | $2050 + 0.015($2050) = $2080.75; $2080.75 — $350 = $1730.75 
April 1 $1730.75 + 0.015 ($1730.75) = $1756.71; $1756.71 — $350 = $1406.71 
May 1 $1406.71 + 0.015($1406.71) = $1427.81; $1427.81 — $350 = $1077.81 
June 1 $1077.81 + 0.015($1077.81) = $1093.98; $1093.98 — $350 = $743.98 
July 1 $743.98 + 0.015($743.98) = $755.14; $755.14 — $350 = $405.14 

August | $405.14 + 0.015($405.14) = $411.22; $411.22 — $350 = $61.22 

September 1 $61.22 + 0.015($61.22) = $62.14 


After eight payments—seven for $350 and one for $62.14— Franz has paid off 
his credit card bill for his carpeting. 


b) To calculate the total interest paid, we add up all his payments and then subtract 
the cost of the carpeting: 


Total of all payments = 7($350) + $62.14 
= $2512.14 

Total interest = $2512.14 — $2400 
= $112.14 


c) To determine the interest that Franz pays with the installment loan, we will use 
Table 11.2 on page 632. From Table 11.2, we see that a fixed installment loan with 
an APR of 6% for 6 months corresponds to a finance charge of $1.76 per $100 of 
the amount financed. So the interest, or finance charge, is 


24 
Finance charge = 1 76( a) 


1.76(24) 
= $42.24 


Therefore, Franz would save $112.14 — $42.24 = $69.90 in interest by using 
an installment loan instead of a credit card. a 
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SECTION 11.4 : 
Exercises 


Warm Up Exercises 


In Exercises 1-6, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


1. 


A loan on which you pay a fixed amount of money for 
a set number of payments is called a fixed 
loan. 


. A loan on which you make variable payments each month 


is called a(n) installment loan. 


. The true rate of interest charged for a loan is called the 


percentage rate. 


. The total amount of money the borrower must pay for bor- 


rowing the money is called the charge. 


. The sum of all the monthly payments and the down pay- 


ment, if any, is called the total price. 


. The period between when a purchase is made and when 


the credit card company begins charging interest is called 
the period. 


Practice the Skills 


In Exercises 7-10, determine the monthly payment for the 
installment loan. Unless told otherwise by your instructor, 
you may either use Table 11.2 or the installment payment 
formula (see Examples I and 2). 


Annual Number. : is 5 7 

Amount Percentage Payments = Time in - 

Financed (P) Rate(r) _—per Year(n) Years (t) 
7..| soae SO 6% 12 
$ 2300 9% 12 
$15,000 5% 12 
10. | $38,000 4% 12 


Problem Solving 
11. A New Business Landon Wallin is an auto mechanic who 


wishes to start his own business. He will need $4500 to 
purchase tools and equipment. Landon decides to finance 
the purchase with a 48-month fixed installment loan with 
an APR of 5.5%. 


a) Determine Landon’s finance charge. 


b) Determine Landon’s monthly payment. 


12. A New Air Conditioner Juan Avalos paid $7000 for a 


new central air-conditioning unit for his house. He paid 
20% as a down payment and financed the balance with a 
36-month fixed installment loan with an APR of 5%. 


13. 


14. 


15. 


a) Determine Juan’s finance charge. 
b) Determine Juan’s monthly payment. 


Financing a New Roof Jaime Capobianco needs a new 
roof on her house. The cash cost is $7500. She decides to 
finance the project by paying 20% down, with the balance 
paid in 36 monthly payments of $189.40. 


a) What finance charge will Jaime pay? 
b) What is the APR to the nearest half percent? 


Financing a Computer Iga Ross purchased a new com- 
puter on a monthly purchase plan. The computer sold for 
$1495. Iga paid 5% down and $64 a month for 24 months. 


a) What finance charge did Ilga pay? 


b) What is the APR to the nearest half percent? 


Financing a New Boat Marnie Greenhut wishes to buy 
a new speed boat that has a cash price of $45,000. She 
decides to finance the boat by paying 25% down, with the 
balance paid in 60 monthly payments of $636.92. 


a) What finance charge will Marnie pay? 


b) What is the APR to the nearest half percent? 
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16. 


17. 


18. 


19} 


20. 
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Financing Furniture Mr. and Mrs. Chan want to buy 
furniture that has a cash price of $3450. On the installment 
plan, they must pay 25% of the cash price as a down pay- 
ment and make six monthly payments of $437. 


a) What finance charge will the Chans pay? 
b) What is the APR to the nearest half percent? 


Early Repayment of a Loan Ray Flagg took out a 
60-month fixed installment loan of $12,000 to open a 

new pet store. He paid no money down and began mak- 
ing monthly payments of $232. Ray’s business does better 
than expected and instead of making his 24th payment, 
Ray wishes to repay his loan in full. 


a) Determine the APR of the installment loan. 


b) How much interest will Ray save by paying off his loan 
early? 


c) What is the total amount due to pay off the loan? 


Early Repayment of a Loan Jeslie Ann Hernandez has a 
48-month installment loan with a fixed monthly payment 
of $83.81. The amount she borrowed was $3500. Instead 
of making her 18th payment, Jeslie Ann is paying the re- 
maining balance on the loan. 


a) Determine the APR of the installment loan. 


b) How much interest will Jeslie Ann save by paying off 
the loan early? 


c) What is the total amount due to pay off the loan? 


Early Repayment of a Loan Nina Abu buys a new sport 
utility vehicle for $32,000. She trades in her old truck and 
receives $10,000, which she uses as a down payment. She 
finances the balance at 8% APR over 36 months. Before 

making her 24th payment, she decides to pay off the loan. 


a) Use Table 11.2 to determine the total interest Nina 
would pay if all 36 payments were made. 


b) What were Nina’s monthly payments? 


c) How much interest will Nina save by paying off the 
loan early? 


d) What is the total amount due to pay off the loan? 


Early Repayment of a Loan The cash price for a new 
washer and dryer for Toshio Nakamura’s new apartment was 
$1250. Toshio made a $100 down payment and financed the 
balance on a 24-month fixed payment installment loan. The 
monthly payments are $50.71. Instead of making his 12th 
payment, Toshio decides to pay off the loan. 


a) Determine the APR on the installment loan. 


b) How much interest will Toshio save by paying off the 
loan early? 


21. 


22. 


23. 


c) What is the total amount due to pay off the loan? 


Credit Card Minimum Monthly Payment Shiing Shen 
Chern’s credit card company determines his minimum 
monthly payment by adding all new interest to 1% of the 
outstanding principal. The credit card company charges an 
interest rate of 0.039698% per day. On March 17, Shing 
uses his credit card to purchase airline tickets for his fam- 
ily for $2600. He makes no other purchases during March. 


a) Assuming Shiing had no new interest, determine 
Shiing’s minimum payment due on April 1, his billing 
date. 


b) On April 1, instead of making the minimum payment, 
Shiing makes a payment of $500. Assuming there are 
no additional charges or cash advances, determine 
Shiing’s minimum payment due on May 1. 


Credit Card Minimum Monthly Payment Evelyn Boyd 
Granville’s credit card company determines her minimum 
monthly payment by adding all new interest to 2% of the 
outstanding principal. The credit card company charges an 
interest rate of 0.04238% per day. On September 15, Ev- 
elyn uses her credit card to purchase a new picture window 
for her house for $3200. She makes no other purchases 
during September. 


a) Assuming Evelyn had no new interest, determine 
Evelyn’s minimum payment due on October 1, her 
billing date. 


b) On October 1, instead of making the minimum 
payment, Evelyn makes a payment of $1200. Assuming 
there are no additional charges or cash advances, deter- 
mine Evelyn’s minimum payment due on November 1. 


Business Expenses Kevin Devlin’s credit card company 
determines his minimum monthly payment by adding all 
new interest to 1.5% of the outstanding principal. The 
credit card company charges an interest rate of 0.05163% 
per day. On November 12, Kevin used his credit card 

to pay for the following business expenses: van repairs 
($677), equipment maintenance ($452), office supplies 
($139), and dinner with clients ($141). 


a) Assuming Kevin had no new interest, determine his 
minimum payment due on December 1, his billing date. 


27. 


b) On December 1, instead of making his minimum 
payment, Kevin makes a payment of $300. Assuming 
there are no additional charges or cash advances, 
determine Kevin’s minimum payment on January 1. 


. Vacation Expenses Harry Waldman’s credit card com- 


pany determines his minimum monthly payment by adding 
all new interest to 2.5% of the outstanding principal. The 
credit card company charges an interest rate of 0.03164% 
per day. On August 21, while on vacation, Harry used 

his credit card to pay for the following expenses: airfare 
($359), car rental ($273), hotel ($653), meals ($315), and 
surfboard rental ($225). 


a) Assuming Harry had no new interest, determine Harry’s 
minimum payment due on September 1, his billing date. 


b) On September 1, instead of making his minimum 
payment, Harry makes a payment of $750. Assuming 
there are no additional charges or cash advances, 
determine Harry’s minimum payment on October 1. 


. Previous Balance Method On the April 5 billing date, 


Michaelle Chappell had a balance due of $1097.86 on 
her credit card. From April 5 through May 4, Michaelle 
charged an additional $425.79 and made a payment of 
$800. 


a) Find the finance charge on May 5, using the previous 
balance method. Assume that the interest rate is 1.8% per 
month. 


b) Find the new balance on May 5. 


. Previous Balance Method On September 5, the billing date, 


Verna Brown had a balance due of $567.20 on her credit 
card. The transactions during the following month were 


September 8 Payment $275.00 
September 21 Charge: Airline ticket 330.00 
September 27 Charge: Hotel bill 190.80 
October 2 Charge: Clothing 84.75 


a) Find the finance charge on October 5, using the previ- 
ous balance method. Assume that the interest rate is 
1.1% per month. 


b) Find the new balance on October 5. 


Previous Balance Method On February 3, the billing 
date, Carol Ann Bluesky had a balance due of $124.78 
on her credit card. Her bank charges an interest rate of 
1.25% per month. She made the following transactions 
during the month. 


February 8 Charge: Art supplies $25.64 
February 12 Payment 100.00 
February 14 Charge: Flowers delivered 67.23 
February 25 Charge: Music CD 13.90 


11.4 Installment Buying 643 


a) Find the finance charge on March 3, using the previous 
balance method. 


b) Find the new balance on March 3. 


28. Previous Balance Method On April 15, the billing date, 
Gabrielle Michaelis had a balance due of $57.88 on her 
credit card. She is redecorating her apartment and has the 
following transactions. 


April 16 Charge: Paint $64.75 
April 20 Payment 45.00 
May 3 Charge: Curtains 72.85 
May 10 Charge: Chair 135.50 


a) Find the finance charge on May 15, using the previous 
balance method. Assume that the interest rate previous 
is 1.35% per month. 


b) Find the new balance on May 15. 


29. Average Daily Balance Method The balance on the 
Razazadas’ credit card on May 12, their billing date, was 
$378.50. For the period ending June 12, they had the fol- 
lowing transactions. 


May 13 Charge: Toys $129.79 
May 15 Payment 50.00 
June | Charge: Clothing 135.85 
June 8 Charge: Housewares 37.63 


a) Find the average daily balance for the billing period. 


b) Find the finance charge to be paid on June 12. Assume 
an interest rate of 1.3% per month. 


c) Find the balance due on June 12. 
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Average Daily Balance Method The Levys’ credit card 
statement shows a balance due of $1578.25 on March 23, 
the billing date. For the period ending April 23, they had 
the following transactions. 


March 26 Charge: Party supplies $79.98 
March 30 Charge: Restaurant meal 52.76 
April 3 Payment 250.00 
April15 Charge: Clothing 190.52 
April 22 Charge: Car repairs 190.85 


a) Find the average daily balance for the billing period. 


b) Find the finance charge to be paid on April 23. Assume 
an interest rate of 1.3% per month. 


c) Find the balance due on April 23. 


Average Daily Balance Method Refer to Exercise 27. 
Instead of the previous balance method, suppose that Carol 
Ann’s bank uses the average daily balance method. 


a) Find Carol Ann’s average daily balance for the billing 
period from February 3 to March 3. Assume it is not a 
leap year. 


b) Find the finance charge to be paid on March 3. 
c) Find the balance due on March 3. 
d) Compare these answers with those in Exercise 27. 


Average Daily Balance Method Refer to Exercise 26. 
Instead of the previous balance method, suppose Verna’s 
bank uses the average daily balance method. 


a) Find Verna’s average daily balance for the billing pe- 
riod from September 5 to October 5. 


b) Find the finance charge to be paid on October 5. 
c) Find the balance due on October 5. 
d) Compare these answers with those in Exercise 26. 


A Cash Advance John Richards borrowed $875 against 
his charge account on September 12 and repaid the loan on 
October 14 (32 days later), Assume that the interest rate is 
0.04273 % per day. 


a) How much interest did John pay on the loan? 


b) What amount did he pay the bank when he repaid the 
loan? 


A Cash Advance Travis Thompson uses his credit card 
to obtain a cash advance of $600 to pay for his textbooks 
in medical school. The interest rate charged for the loan is 
0.05477% per day. Travis repays the money plus the inter- 
est after 27 days. 


a) Determine the interest charged for the cash advance. 
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b) When he repaid the loan, how much did he pay the 
credit card company? 


GO 
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Comparing Loan Sources Grisha Stewart needs to bor- 
row $1000 for an automobile repair. She finds that State 
National Bank charges 5% simple interest on the amount 
borrowed for the duration of the loan and requires the loan 
to be repaid in six equal monthly payments. Consumer’s 
Credit Union offers loans of $1000 to be repaid in 

12 monthly payments of $86.30. 


a) How much interest is charged by the State National 
Bank? 


b) How much interest is charged by the Consumer’s 
Credit Union? 


c) What is the APR, to the nearest half percent, on the 
State National Bank loan? 


d) What is the APR, to the nearest half percent, on the 
Consumer Credit Union loan? 


Comparing Loan Options Sara Lin wants to purchase a 
new television set. The purchase price is $890. If she pur- 
chases the set today and pays cash, she must take money 
out of her savings account. Another option is to charge the 
TV on her credit card, take the set home today, and pay 
next month. Next month she will have cash and can pay 
her credit card balance without paying any interest. The 
simple interest rate on her savings account is 54%. How 
much is she saving by using the credit card instead of tak- 
ing the money out of her savings account? 


: 


Challenge Problems/Group Activities 


37. 


Determining Purchase Price Ken Tucker bought a new car, 
but now he cannot remember the original purchase price. His 
payments are $379.50 per month for 36 months. He remem- 
bers that the salesperson said the simple interest rate for the 


38. 


39; 


40. 


period of the loan was 6%. He also recalls he was allowed 
$2500 on his old car. Find the original purchase price. 


Comparing Loans Suppose the Chans in Exercise 16 
use a credit card rather than an installment plan. Assume 
that they make the same down payment, have no finance 
charge the first month, make no additional purchases on 
their credit card, and pay $432 per month plus the finance 
charge starting with the second month. The interest rate is 
1.3% per month. 


a) How many months will it take them to repay the loan? 
b) How much interest will they pay on the loan? 


c) Which method of borrowing will cost the Chans the 
least amount of interest, the installment loan in 
Exercise 16 or the credit card? 


Rule of 78s When an installment loan is repaid early, 

there is a second method for calculating unearned interest 
called the rule of 78s. Although rarely used today, the fol- 
lowing formula can be used to calculate unearned interest: 


_ ft k(k +1) 
n(n +1) 


where u is the unearned interest, fis the original finance 
charge, k is the number of remaining monthly payments 
(excluding the current payment), and 7 is the original num- 
ber of payments. Joscelyn Jarrett obtained a new sport util- 
ity vehicle that had a cash price of $35,000 by paying 15% 
down and financing the balance with a 60-month fixed 
installment loan. The APR on the loan was 8.5%. Before 
making the 24th payment, Joscelyn decides to pay off the 
loan. 


a) Determine the original finance charge on the 60-month 
loan. 


b) Determine Joscelyn’s monthly payment. 


c) If the actuarial method is used, determine the amount 
of interest Joscelyn will save by paying the loan off 
early. 


d) If the rule of 78s is used, determine the amount of 
interest Joscelyn will save by paying the loan off 
early. 


Repayment Comparisons Christine Biko took a world 
cruise that had a cash price of $23,000 by paying 10% down 
and financing the balance with a 48-month fixed installment 
loan. The APR on the loan was 6.0%. Before making the 
12th payment, Christine decides to pay off the loan. 


a) Determine the original finance charge on the 48-month 
Joan. 


b) Determine Christine’s monthly payment. 


c) If the actuarial method is used, determine the amount of 
interest Christine will save by paying the loan off early. 
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d) If the rule of 78s (see Exercise 39) is used, determine 
the amount of interest Christine will save by paying the 
loan off early. 


Internet/Research Activities 


41. 


42. 


43. 


Paying Off Your Credit Card Debt Suppose you 
purchase a new wardrobe for $1000 with a credit card. 
You decide to pay for your new wardrobe by making 
the minimum monthly payment each month. You do 
not charge anything else to this credit card until you 
have the wardrobe paid off. Your credit card company 
determines your minimum monthly payment by adding 
all new interest to 1% of the outstanding principal. The 
credit card company charges an annual percentage rate 
of 18%. Go to an Internet credit card payment calcula- 
tor web site such as www.bankrate.com to answer the 
following. 


a) How long will it take you to pay off the entire credit 
card debt if you make the minimum monthly payments? 


b) How much interest will you pay? 


c) Adding the interest paid to the cash price, determine the 
total cost of your wardrobe. 


Write a brief report giving the advantages and disadvan- 
tages of leasing a car. Determine all the individual costs 
involved with leasing a car. Indicate why you would prefer 
to lease or purchase a car at the present time. 


Assume that you are married and have a child. You 
don’t own a washer and dryer and have no money to 
buy the appliances. Would it be cheaper to borrow 
money on an installment loan and buy the appliances or 
to continue to go to the local coin-operated laundry for 
5 years until you have saved enough to pay cash for a 
washer and dryer? 

With the aid of parents or friends, establish how many 
loads of laundry you would be doing each week. Then 
determine the cost of doing that number of loads at a coin- 
operated laundry. (Don’t forget the cost of transportation 
to and from the laundry.) Shop around for a washer and 
dryer, and determine the total cost on an installment plan. 
Don’t forget to include the cost of gas, electricity, and 
water. This information can be obtained from a local gas 
and electric company. With this information, you should 
be able to make a decision about whether to buy now or 
wait 5 years. 
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SECTION 11.5 


4 Owning your own home is part of 
the American dream. 


Did You Know? 


Sears Sold Houses 


Re 
ceil 


Courtesy of Sears, Roebuck and Co. 


Sa Roebuck and Co. started 
its mail-order business in the 
late 1880s. Its catalog, or “Consum- 
er’s Guide,” was one of the most 
eagerly awaited publications of the 
time. You could order just about 
anything from the 1908 “Wish 
Book,” including a line of “modern 
homes.” The Langston, a modest 
two-story home, was offered for 
$1630. The houses were shipped 
in pieces by rail, assembly required. 


Buying a House with a Mortgage 


Part of the American dream is to own your own home. Owning your home means that 
you don’t pay rent to someone else, but rather, in a way, you pay rent to yourself. 
Often you are also rewarded with several financial benefits. In this section, we will dis- 
cuss the many advantages of owning your own home. We will also discuss the many 
financial obligations that must be met prior to obtaining a home loan as well as the 
obligations that must be met after you obtain the loan. 


CBD This is Important Learning about the costs of obtaining a mortgage can help you 
make wise decisions if you choose to purchase a home. 


hen purchasing a home, buyers usually seek a mortgage from a bank or other 

lending institution. Before approving a mortgage, which is a long-term loan, 
the bank will require the buyer to have a specified minimum amount for the down 
payment. The down payment is the amount of cash the buyer must pay to the seller 
before the lending institution will grant the buyer a mortgage. If the buyer has the 
down payment and meets the other criteria for the mortgage, the lending institution 
prepares a written agreement called the mortgage, stating the terms of the loan. The 
loan specifies the repayment schedule, the duration of the loan, whether the loan can 
be assumed by another party, and the penalty if payments are late. The party borrow- 
ing the money accepts the terms of this agreement and gives the lending institution 
the title or deed to the property as security. 


Definition: Homeowner’s Mortgage 
A homeowner’s mortgage is a long-term loan in which the property is pledged as 
security for payment of the difference between the down payment and the sale price. 


The two most popular types of mortgage loans available today are the conventional 
loan and the adjustable-rate loan (or variable-rate loan). The major difference be- 
tween the two is that the interest rate for a conventional loan is fixed for the duration of 
the loan, whereas the interest rate for the variable-rate loan may change every period, as 
specified in the loan. We will first discuss the requirements that are the same for both 
types of loans. 

The size of the down payment required depends on who is lending the money, 
how old the property is, and whether or not it is easy to borrow money at that particu- 
lar time. The down payment required by the lending institution can vary from 5% to 
50% of the purchase price. A larger down payment is required when money is “tight,” 
that is, when it is difficult to borrow money. Furthermore, most lending institutions 
tend to require larger down payments on older homes and smaller down payments on 
newer homes. 

Lending institutions may require the buyer to pay one or more points for a loan at 
the time of the c/osing (the final step in the sale process). According to the Internal 
Revenue Service, points are interest prepaid by the buyer and may be used to reduce 
the stated interest rate the lender charges. One point is equal to 1% of the loan amount. 
This reduction in the interest rate allows the lender to reduce the size of the monthly 
mortgage payment, which enables more people to purchase homes. However, because 
points are considered interest, the rate of interest that lenders state when you are 
applying for a mortgage is not the annual percentage rate (APR) for the loan. 
Determining the APR involves a number of steps, including adding the amount paid 
for points to the total interest paid. The APR can then be determined using an APR 


Did You Know? 


The Benefits of 
Home Ownership 


Me of us are aware that a big 
part of the American dream 
is to own your own home. What 
we may not realize is that in addi- 
tion to having a place to call your 
own, several important financial 
benefits occur when you own your 
own home. First, instead of paying 
rent to someone else, you make a 
mortgage payment that builds the 
equity in your home. Equity is the 
difference between the appraised 
value of your home and your loan 
balance, and it usually increases 
with each payment you make. As 
years go by, this equity may also 
help you qualify for other loans such 
as college and car loans. Second, 
the interest and real estate taxes 
you pay (in most cases) are deduct- 
ible on your federal income tax re- 
turns. These deductions can add up 
to significant savings each year and 
may result in a larger tax refund. 
Finally, over time you can typically 
expect your home to increase in 
value. Thus, your home not only 
becomes your place of dwelling; in 
most cases, it also serves as a wise 
financial investment. 
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table, a calculator, or an Internet Web site. Often, when shopping for a mortgage, a 
buyer may have two choices: pay points and get a lower interest rate, or not pay points 
and get a higher interest rate. Web sites such as www.hsh.com allow potential buyers 
to research whether paying points is to their advantage. 


Conventional Loans 


Example | illustrates purchasing a house with a conventional mortgage loan. 


Example Down Payment and Points 


Patricia and Marshall Martin wish to purchase a house selling for $249,000. They 
plan to obtain a loan from their bank. The bank requires a 15% down payment, 
payable to the seller, and a payment of 2 points, payable to the bank, at the time of 
closing. 

a) Determine the Martin’s down payment. 

b) Determine the amount of the Martin’s mortgage. 

c) Determine the cost of the 2 points paid by the Martins on their mortgage. 


a) The down payment is 15% of $249,000, or 
0.15 < $249,000 = $37,350 


b) The mortgage on the Martin’s new home is the selling price minus the down 
payment. 


$249,000 — $37,350 = $211,650 


c) Each point equals 1% of the mortgage amount, so 2 points equals 2% of the 
mortgage amount. 


0.02 X $211,650 = $4233 


At the closing, the Martins will pay the down payment of $37,350 to the seller 
and the 2 points, or $4233, to the bank. r 


Banks use a formula to determine the maximum monthly payment that they be- 
lieve is within the purchaser’s ability to pay. A mortgage loan officer first determines 
the buyer’s adjusted monthly income by subtracting from the gross monthly income 
(total income before any deductions) any fixed monthly payments with more than 
10 months remaining (such as for a student loan, a car, furniture, or a television). The 
loan officer then multiplies the adjusted monthly income by 28%. (This percent, and 
the maximum number of payments remaining on other fixed loans, may vary in dif- 
ferent locations.) In general, this product is the maximum monthly house payment the 
lending institution believes that the purchaser can afford to pay. This payment must 
cover principal, interest, property taxes, and insurance. Taxes and insurance are not 
necessarily paid to the bank; they may be paid directly to the tax collector and the 
insurance company. Example 2 shows how a bank uses the formula to determine 
whether a prospective buyer qualifies for a mortgage. 


Example —4 Qualifying for a Mortgage 


Suppose the Martin’s (see Example 1) gross monthly income is $7250 and they 
have 23 remaining monthly payments of $225 on their car loan, 17 remaining 
monthly payments of $175 on their daughter’s orthodontic braces, and 11 
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Credit Scores 

hen consumers borrow money 

by obtaining car loans, home 
mortgages, or other loans or through 
the use of credit cards, the lender 
takes a risk by giving money to the 
borrower in exchange for the bor- 
rower’s promise to repay the loan 
plus interest. To minimize their risk, 
lenders do research on borrowers to 
determine the likelihood the borrow- 
ers will default, or fail to repay the 
loans. Lenders often obtain this re- 
search from a consumer credit bu- 
reau. Credit bureaus assign a credit 
score to an individual after research- 
ing the individual's credit history, in- 
come, age, and other factors. A high 
credit score suggests that the indi- 
vidual is more likely to repay a loan 
and often enables the borrower to 
get lower interest rates on loans. You 
can find your own credit score online 
at www.creditscore.com. The follow- 
ing table shows the range of credit 
scores, grades, and credit outlook 
for these scores. 


Score Grade Credit Outlook 

901-990 A Excellent rating; 
low interest rate 

801-900 B Good rating but 
short of excellent 

701-800 C_ Fair rating; mod- 
erate risk 

601-700 D_ Poor rating; 
higher risk and 
high interest rate 

501-600 F Lowest rating; 
highest risk; may 
not qualify for 
loan 


This is Important 
Preserving a good credit rating is 
essential for consumers who wish to 
obtain a mortgage, a credit card, or 
other borrowing opportunities. 


remaining monthly payments of $45 on a loan used to purchase new furniture. The 

property taxes and homeowners’ insurance on the house they wish to buy are $165 

and $115 per month, respectively. Their bank will approve a loan that has a total 
monthly mortgage payment of principal, interest, property taxes, and homeowners’ 
insurance that is less than or equal to 28% of their adjusted monthly income. 

a) Determine 28% of the Martin’s adjusted monthly income. 

b) The Martins want a 30-year, $211,650 mortgage. If the interest rate is 7.0%, 
determine the total monthly mortgage payment (including principal, interest, 
property taxes, and homeowners’ insurance) for this mortgage. 

c) Determine whether the Martins qualify for this mortgage. 


a) To determine the Martin’s adjusted monthly income, subtract the sum of their 
monthly payments, $225 + $175 + $45 = $445, from their gross monthly in- 
come, $7250. 


$7250 Gross monthly income 
— 445 Monthly payments 


$6805 Adjusted monthly income 


Next, take 28% of the adjusted monthly income. 
0.28 < $6805 = $1905.40 


Thus, 28% of the Martin’s adjusted monthly income is $1905.40. 

b) To determine the total monthly mortgage payment, we first need to determine 
the monthly principal and interest payments. Then we add the monthly property 
taxes and homeowners’ insurance. We will use a table to calculate the monthly 
principal and interest payments the Martins will need to pay. Table 11.4 on 
page 649 gives monthly principal and interest payments per $1000 of mortgage. 
With an interest rate of 7.0% and a 30-year mortgage, the Martins would have a 
monthly principal and interest payment of $6.65302 (circled in blue) per thou- 
sand dollars of mortgage. 

To determine the Martin’s monthly principal and interest payment on their 
mortgage, first divide the mortgage amount by $1000, which will give the num- 
ber of thousands of dollars of the mortgage. 


$211,650 


= 211.65 
$1000 


Then, to determine the monthly principal and interest payment, multiply the 
number of thousands of dollars of mortgage, 211.65, by the value found in 
Table 11.4, $6.65302. 


211.65 X $6.65302 ~ $1408.11 


Thus, the monthly principal and interest payment is $1408.11. To this amount, 
we add the monthly property taxes, $165, and the monthly homeowners’ insur- 
ance, $115. 


$1408.11 + $165 + $115 = $1688.11 


Therefore, the Martins’ total monthly mortgage payment is $1688.11. 


QO 
Ww 


In part (a), we determined that 28% of the Martin’s adjusted monthly income is 
$1905.40. In part (b), we determined the Martin’s total monthly mortgage pay- 
ment is $1688.11. Because their total monthly mortgage payment is less than or 
equal to 28% of their adjusted monthly income, the Martins would most likely 
qualify for the mortgage. a 
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NERY Reet ; Number of Years hae: 
Affordable and Overvalued Rate % 10 15 20 25 30 
Housing 
4.0 $10.12451 $7.39688 $6.05980 $5.27837 $4.77415 

ow much does a house cost? 

Many factors affect the price of a 4.5 10.36384 7.64993 6.32649 5.55832 5.06685 
house, including the city in which the 5.0 10.60655 7.90794 6.59956 5.84590 5.36822 
house is located. The tables below 
show median house prices in the five a) 10.85263 8.17083 6.87887 6.14087 5.67789 
most affordable cities and median 6.0 11.10205 8.43857 7.16431 6.44301 5.99551 
house prices in the five most overval- 
ued cities as of Janay cues 6.5 11.35480 8.71107 7.45573 6.75207 —«6.32068 
ranking is determined by the per- 7.0 11.61085 8.98828 7.15299 7.06779 6.65302 
centage of the median household 
income needed 1aieayidh aaa Ts 11.87018 9.27012 8.05593 7.38991 6.99215 
mortgage payment. 8.0 12.13276 9.55652 8.36440 7.71816 7.33765 

an 8.5 12.39857 9.84740 8.67823 8.05227 7.68913 

» Mest Attondabie! Senin 9.0 12.66758 —-10.14267 8.99726 8.39196 8.04623 

Median 
City House Price oD 12.93976 10.44225 932131 8.73697 8.40854 
Youngstown, $69,000 10.0 13.21507 10.74605 9.65022 9.08701 8.77572 
| ees : 10.5 13.49350 11.05399 9.98380 9.44182 9.14739 
| Dayton, Ohio $88,000 
| “indianapolis, $95,000 11.0 13.77500 1136597 ——-10.32188 9.80113 9.52323 
/_Indiana 11.5 14.05954 11.68190 10.66430 10.16469 9.90291 
| Syracuse, $95,000 
|New York 12.0 14.34709 12.00168 11.01086 10.53224 10.28613 
| Grand Rapids, $102,000 
| Aichiggn In Example 2 we used Table 11.4 to calculate the monthly principal and interest 
——— payment on a mortgage. We may also use a formula to calculate this payment. The 
____ Most Overvalued Cities formula is virtually the same one we used in Section 11.4 to calculate installment 
| Median — payments. We will now restate this formula and use it to calculate the monthly princi- 
| _City ____ House Price pal and interest payments on a mortgage. 
| San Francisco, $585,000 
| California 
| New York, $426,000 PRINCIPAL AND INTEREST PAYMENT FORMULA 
| New York 
Santa Ana, $410,000 7. 
California Pp = 
| Honolulu, Hawaii $403,000 i os a 
| Los Angeles, $306,000 fits (: te ") 
| California | n 
Source: CNNMoney.com In the formula, m is the principal and interest payment, p is the amount of the 


mortgage, r is the interest rate as a decimal number, n is the number of mortgage 


ayments per year, and f is the time in years. 
Why) This is Important When pay gat y 


purchasing a home, choosing the 
market in which the home is lo- 
cated is an important decision. The In Example 3, we use the formula to calculate the monthly principal and interest 


location of a home may impact payment for a mortgage. 
whether or not you can afford to 
purchase the home. 


Example Using the Principal and Interest Payment Formula 


Reread Example 2 on page 647. Use the principal and interest payment formula to 
calculate the Martin’s monthly principal and interest payment. Recall that the Mar- 
tins are seeking a 30-year, $211,650 mortgage with an interest rate of 7%. 
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In this example the mortgage amount is $211,650, so p = 211,650; the 
interest rate is 7%, so r = 0.07; the payments will be made monthly, so n = 12; 
and the length of the mortgage is 30 years, so t = 30. We substitute these values 
into the principal and interest formula below. 


a 0.07 \~!2:30 
I= (1 + oor) 
12 


211,650(0.0058333333) 
1 (19005833333) © 


1234.624993 
~ 1 — 0.1232058683 
__1234.624993 

~~ 0.8767941317 


=~ 1408.112747 


Thus, the Martins’ monthly principal and interest payment is $1408.11. Notice, 
this is the same payment that was found in Example 2 part (b) using Table 11.4. 
To see how to determine the monthly principal and interest payment on a 
scientific calculator, or by using Excel, see the Technology Tip on page 633. a 


Examples 2 and 3 demonstrated that either Table 11.4 or the principal and inter- 
est formula can be used to calculate the principal and interest payment. The formula’s 
advantage is that it can be used for any interest rate or any length of mortgage—not 
just those shown in Table 11.4. Principal and interest payments can also be calculated 
on many Web sites, such as www.bankrate.com. 

What is the effect on the total monthly mortgage payments when only the period of 
time of the mortgage has been changed? The total monthly mortgage payments including 
principal, interest, property taxes, and homeowners’ insurance for a 7.0% mortgage for 
the Martins in Example 2 would be about $2737.44 for 10 years, $2182.37 for 15 years, 
$1920.92 for 20 years, $1775.90 for 25 years, and $1688.11 for 30 years. (You should 
verify these numbers for yourself.) Increasing the length of time decreases the monthly 
payment but increases the total amount of interest paid because the borrower is paying for 
a longer period of time (see Exercise 25 on page 656). The longer the term of the mort- 
gage, the more expensive the total cost of the house. Although the total cost of a house 
with the shorter-term mortgage is less expensive overall, it is not always possible for the 
buyer to obtain the shorter-term mortgage. Note that based on their current adjusted 
monthly income, the Martins most likely would not have qualified for the 10-year, 
15-year, or 20-year mortgage. 


Example £§ The Total Cost of a House 


Patricia and Marshall Martin of Examples 1, 2, and 3 purchased a house selling 

for $249,000. They made a 15% down payment of $37,350 and obtained a 30-year 
conventional mortgage for $211,650 at 7.0%. They also paid 3 points at closing. 
Their monthly principal and interest payment on their mortgage is $1408.11. Recall 
that points are considered prepaid interest. 


a) 


b) 
c) 
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Determine the total amount, including principal, interest, down payment, and 
points, the Martins will pay for their house over 30 years. 


How much of the cost in part (a) is interest? 
How much of the first mortgage payment is applied to the principal? 


a) 


S 


To determine the total amount the Martins will pay for their house, we first note 
that on a 30-year mortgage, there will be 30 X 12 = 360 monthly payments. 
We then perform the following computations. 


$1408.11 Monthly principal and interest payment 
x 360 Number of monthly payments 
$506,919.60 Total principal and interest paid 
+ 37,350.00 Down payment, from Example 1, part (a) 
+ 4,233.00 2 points, from Example 1, part (c) 
$548,502.60 Total cost of the house 


Note that the result might not be the exact cost of the house because the final 
mortgage payment might be slightly more or less than the rest of the monthly 
mortgage payments. 

To determine the amount of the interest paid over 30 years, subtract the purchase 
price of the house from the total price of the house. 


$548,502.60 Total cost of the house 
—249,000.00 Purchase price 
$299,502.60 Total interest (including the 2 points) 


With this mortgage, the Martins will pay $299,502.60 in interest, including the 
2 points. 


To determine the amount of the first payment that is applied to the principal, 
subtract the amount of interest on the first payment from the monthly principal 
and interest payment. We will use the simple interest formula, i = prt, to 
determine the interest on the first payment. 


i = prt 


ll 


1 
$211,650 X 0.07 X D 


ul 


$1234.63 


Now subtract the interest for the first month from the monthly principal and 
interest payment. The difference will be the amount paid on the principal for the 
first month. 


$1408.11 Monthly principal and interest payment 
—1234.63 Interest paid for the first month 
$173.48 Principal paid for the first month 


Thus, the first monthly principal and interest payment consists of $1234.63 in 
interest and $173.48 in principal. The $173.48 is applied to reduce the outstand- 
ing balance due on the loan. Thus, the balance due on the loan after the first 
monthly payment is made is $211,650.00 — $173.48, or $211,476.52. a 
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Home Equity Loans 


a you make monthly payments 
and pay off the principal you 
owe on your home, you are said to 
be gaining equity in your home. 
Equity is the difference between 
the appraised value of your home 
and your loan balance. This equity 
can be used as collateral in 
obtaining a loan. Such a loan is re- 
ferred to as a home equity loan or 
a second mortgage. One advan- 
tage of home equity loans over 
other types of loans (such as install- 
ment loans) is that the interest 
charged on a home equity loan is 
often tax deductible on federal 
income taxes. Home equity loans 
are commonly used for home 
improvements, for bill consolida- 
tion, or to pay for college educa- 
tion expenses. 


This is Important Home 
equity loans often have many advan- 
tages over other loan sources such 
as installment loans or credit cards. 


By repeatedly using the simple interest formula month to month on the unpaid 
balance, you could calculate the principal and the interest for all the payments, 
which is a tedious task. However, a list containing the payment number, payment 
on the interest, payment on the principal, and balance of the loan can be prepared 
using a computer. Such a list is called a loan amortization schedule. One way to 
obtain an amortization schedule is by using a computer spreadsheet program. 
Another way is to access an amortization “calculator” program on the Internet. A 
part of the amortization schedule for the Martin’s loan in Example 3 is given in 
Table 11.5. This schedule was generated from an Internet site called Monthly 
Mortgage Payment Calculator (www.hsh.com). 


Table 11.5 Amortization Schedule 


Diets ae Monthly Payment: $1408.11 
Loans $201 650: Term: Years 30, Months 0 
Periods: 360 a3 
Payment oe Balance of 
Number Interest Principal Loan 
1 $1234.63 $173.48 $211,476.52 
2 $1233.61 $174.50 $211,302.01 
3 $1232.60 $175.52 $211,126.49 
4 $1231.57 $176.54 $210,949.95 
11 $1224.24 $183.88 $209,684.99 
12 $1223.16 $184.95 $209,500.04 
119 $1063.49 $344.62 $181,968.54 
120 $1061.48 $346.63 $181,621.91 
239 $715.54 $692.57 $121,972.22 
240 $711.50 $696.61 $121,275.62 
Bog $16.29 $1391.83 $1399.95 
360 $8.17 $1399.95 $0.00 


Adjustable-Rate Mortgages 


Now let’s consider adjustable-rate mortgages, ARMs (also called variable-rate 
mortgages). The rules for ARMs vary from state to state and from bank to bank, so 
the material presented on ARMs may not apply in your state or at your local lend- 
ing institution. Generally, with adjustable-rate mortgages, the monthly mortgage 
payment remains the same for a 1-, 2-, or 5-year period even though the interest 
rate of the mortgage may change every 3 months, 6 months, or some other prede- 
termined period. The interest rate for an adjustable-rate mortgage may be based on 
an index that is determined by the Federal Home Loan Bank Association or on the 
interest rate of a 3-month, 6-month, or 1-year Treasury bill. The interest rate of a 
3-month Treasury bill may change every 3 months, the interest rate on a 6-month 
Treasury bill may change every 6 months, and so on. When the base is a Treasury 
bill, the actual interest rate charged for the mortgage is often determined by adding 
3% to 34%, called the add on rate or margin, to the rate of the Treasury bill. 
Thus, if the rate of the Treasury bill is 2% and the add on rate is 3%, the interest 
rate charged is 5%. 


hen purchasing a home 

sumers may have 
other than conventional morg 
and adjustable-rate mort 
Federal Housing Authority 
and Veterans Affairs (VA) mor 
are commonly used by quelified 
buyers who are purchasing their tirst 
home. Both of these mort 
sist the buyer by requiring a 
down payment than a converitional 


S as- 


smaller 


government, thus providing incen- 
tive to lenders to extend the loan to 
the consumer. Other 
are provided by FHA and VA 
mortgages. More _ information 
about FHA, VA, and other types of 
mortgages can be found online at 
www.homemortgageinformation.org. 


This is Irportar? When 
purchasing a home, knowing about 
the various mortgage options can 
help you make an informed 
decision. 
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Example kj An Adjustable-Rate Mortgage 


Tony and Keisha Torrence purchased a house for $115,000 with a down payment 
of $23,100. They obtained a 30-year adjustable-rate mortgage with the follow- 

ing terms. The interest rate is based on a 6-month Treasury bill. The interest rate 
charged is 3% above the interest rate of the 6-month Treasury bill (3% is the add 
on rate). The interest rate is adjusted every 6 months on the date of adjustment. The 
interest rate will not change more than 1% (up or down) when it is adjusted. The 
maximum interest rate for the duration of the loan is 12%. There is no lower limit 
on the interest rate. The initial mortgage interest rate is 5.5%, and the monthly pay- 
ments (including principal and interest) are adjusted every 5 years. 

a) Determine the initial monthly payment. 


b) Determine the adjusted interest rate in 6 months if the interest rate on the Trea- 
sury bill at that time is 2%. 


a) To determine the initial monthly payment of interest and principal, divide the 
amount of the loan, $115,000 — $23,100 = $91,900, by $1000. The result is 
91.9. Now multiply the number of thousands of dollars of mortgage, 91.9, by 


the value found in Table 11.4 on page 649, with r = 5.5% for 30 years. The 
value found in the table is $5.67789. 


| 
1 
) 
| 
| 
{ 
: 
| $5.67789 X 91.9 ~ $521.80 
| 
Thus, the initial monthly payment for principal and interest is $521.80. This 
amount will not change for the first 5 years of the mortgage. 
b) The adjusted interest rate in 6 months will be the Treasury bill rate plus the add 
on rate. 


| 2% + 3% = 5% Hi 


In Example 5(b), note that the rate after 6 months, 5%, is lower than the initial 
rate of 5.5%. Since the monthly payment remains the same, the additional money paid 
the bank is applied to reduce the principal. The monthly interest and principal pay- 
ment of $521.80 would pay off the loan in 30 years if the interest remained constant at 
5.5%. What happens if the interest rate drops and stays lower than the initial 5.5% for 
the length of the loan? In this case, at the end of each 5-year period the bank reduces 
the monthly payment so that the loan will be paid off in 30 years. What happens if the 
interest rate increases above the initial 5.5% rate? In that case, part of, or if necessary, 
all the mortgage payment that would normally go toward repaying the principal 
would be used to meet the interest obligation. At the end of the 5-year period, the 
bank will increase the monthly payment so that the loan can be repaid by the end of 
the 30-year period. Or the bank may increase the time period of the loan beyond 
30 years so that the monthly payment is affordable. 

To prevent rapid increases in interest rates, some banks have a rate cap. A rave 
cap \imits the maximum amount the interest rate may change. A periodic rate cap 
limits the amount the interest rate may increase in any one period. For example, your 
mortgage could provide that even if the index increases by 2% in 1 year, your rate can 
only go up 1% per year. An aggregate rate cap limits the interest rate increase and 
decrease over the entire life of the loan. If the initial interest rate is 6% and the aggre- 
gate rate cap is 2%, the interest rate could go no higher than 8% and no lower than 4% 
over the life of the mortgage. A payment cap limits the amount the monthly payment 
may change but does not limit changes in interest rates. If interest rates increase rap- 
idly on a loan with a payment cap, the monthly payment may not be large enough to 
pay the monthly principal and interest on the loan. If that happens, the borrower could 
end up paying interest on interest. 
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Conventional mortgages and adjustable-rate mortgages are not the only methods of 
financing the purchase of a home. The Mathematics Today box on page 653 discusses 
some other types of mortgages that are available to consumers. More information about 
other types of mortgages can be found online at www.homemortgageinformation.org. 


SECTION 11.5 j 
Exercises 


Warm Up Exercises 


In Exercises 1-6, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


1. 


A long-term loan in which the property is pledged as 
security for payment of the difference between the down 
payment and the sale price is known as a homeowner’s 


. The amount of cash the buyer must pay to the seller before 


the lending institution will grant the buyer a mortgage is 
known as the payment. 


. Interest prepaid by the buyer, which may be used to reduce 


the stated interest rate the lender charges, are known as 


. The final step in the real estate sale process is called the 


. The buyer’s gross monthly income minus any fixed 


monthly payments with more than 10 months remaining is 
known as the buyer’s monthly income. 


. A list containing the payment number, payment on inter- 


est, payment on principal, and the balance of the loan is 
called a(n) schedule. 


Practice the Skills 


In Exercises 7-10, determine the monthly principal and 
interest payment for the mortgage. Unless told otherwise by 
your instructor, you may use either Table 11.4 or the prin- 
cipal and interest payment formula (See Examples 2 and 3). 


10. 


Annual Number of Time 
Amount  Percent- Payments’ in 
Financed age Rate per Year Years 
(P) (r) {n) 2) 
$85,000 6% 12 15 
$112,000 9% 12 30 
$285,000 5.5% 12 20 
$375,000 7.5% 12 25 


Problem Solving 


11. 


Buying a House Anna Wasilewska is buying a house 
selling for $175,000. To obtain her mortgage, Anna must 


12. 


13. 


make a 15% down payment. The current mortgage rate 
is 5.0%. 


a) Determine the amount of the required down payment. 


b) Determine the monthly principal and interest payment 
for a 30-year mortgage with a 15% down payment. 


Buying a House Sadaf Din is purchasing a house selling 
for $215,000. To obtain her mortgage, Sadaf must make a 
20% down payment. The current mortgage rate is 4.5%. 


a) Determine the amount of the required down payment. 


b) Determine the monthly principal and interest payment 
for a 25-year mortgage with a 20% down payment. 


Buying a Townhouse Karen Guardino is purchasing a 
brownstone townhouse in Brooklyn for $1,750,000. The 
mortgage broker she is working with is requiring her to 
make a 15% down payment. The current mortgage rate 
is 6.0%. 


a) Determine the amount of the required down payment. 


b) Determine the monthly principal and interest payment 
for a 25-year loan with a 15% down payment. 


14. 


15. 


16. 


17. 


18. 


Buying a First House Rebecca Williams is purchasing 
her first house for $245,000. She is obtaining an FHA 
mortgage through her credit union and is required to make 
a 3% down payment. The current mortgage rate is 7.5%. 


a) Determine the amount of the required down payment. 


b) Determine the monthly principal and interest payment 
for a 30-year loan with a 3% down payment. 


Paying Points Martha Cutler is buying a house selling for 
$195,000. The bank is requiring a minimum down pay- 
ment of 20%, To obtain a 20-year mortgage at 6% interest, 
she must pay 2 points at the time of closing. 


a) What is the required down payment? 


b) With the 20% down payment, what is the amount of the 
mortgage? 


c) What is the cost of the 2 points? 


Down Payment and Points The Nicols are buying a 
house selling for $245,000. They pay a down payment of 
$45,000 from the sale of their current house. To obtain a 
15-year mortgage at 4.5% interest, the Nicols must pay 
1.5 points at the time of closing. 


a) What is the amount of the mortgage? 
b) What is the cost of the 1.5 points? 


Qualifying for a Mortgage Pietr and Helga Guenther’s 
gross monthly income is $3200. They have 25 remain- 
ing car payments of $335. The Guenthers are applying 
for a 15-year, $150,000 mortgage at 5% interest to buy 
a new house. The taxes and insurance on the house are 
$225 per month. Their credit union will approve a loan 
that has a total monthly mortgage payment of principal, 
interest, property taxes, and homeowners’ insurance that 
is less than or equal to 28% of their adjusted monthly 
income. 


a) Determine 28% of the Guenther’s adjusted monthly 
income. 


b) Determine the Guenther’s total monthly mortgage 
payment, including principal, interest, taxes, and home- 
Owners’ insurance 


c) Do the Guenthers qualify for this mortgage? 


Qualifying for a Mortgage Ting-Fang and Su-hua 
Zheng’s gross monthly income is $4100. They have 18 
remaining boat payments of $505. The Zhengs are apply- 
ing for a 20-year, $275,000 mortgage at 9% interest to 
buy a new house. The taxes and insurance on the house 
are $425 per month. Their bank will approve a loan that 
has a total monthly mortgage payment of principal, in- 
terest, property taxes, and homeowners’ insurance that 

is less than or equal to 28% of their adjusted monthly 


income. 
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a) Determine 28% of the Zheng’s adjusted monthly 
income. 


b) Determine the Zheng’s total monthly mortgage 
payment, including principal, interest, taxes, and 
insurance. 


c) Do the Zhengs qualify for this mortgage? 


. A 30-Year Conventional Mortgage Ingrid Holzner 
obtains a 30-year, $63,750 conventional mortgage 
at 8.5% on a house selling for $75,000. Her monthly 
payment, including principal and interest, is $490.18. 
She pays 0 points. 


a) Determine the total amount Ingrid will pay for her 
house. 


b) How much of the cost will be interest? 


c) How much of the first payment on the mortgage is ap- 
plied to the principal? 


20. A 25-Year Conventional Mortgage Mr. and Mrs. Alan 


Bell obtain a 25-year, $110,000 conventional mortgage 
at 10.5% on a house selling for $160,000. Their monthly 
mortgage payment, including principal and interest, is 
$1038.60. They also pay 2 points at closing. 


a) Determine the total amount the Bells will pay for their 
house. 


b) How much of the cost will be interest (including the 
2 points)? 


c) How much of the first payment on the mortgage is 
applied to the principal? 


21. Evaluating a Loan Request The Rosens found a house 


selling for $113,500. The taxes on the house are $1200 
per year, and insurance is $320 per year. They are re- 
questing a conventional loan from the local bank. The 
bank is currently requiring a 15% down payment and 

3 points, and the interest rate is 10%. The Rosen’s gross 
monthly income is $4750. They have more than 10 
monthly payments remaining on a car, a boat, and furni- 
ture. The total monthly payments for these items is $420. 
Their bank will approve a loan that has a total monthly 
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mortgage payment of principal, interest, property taxes, 
and homeowners’ insurance that is less than or equal to 
28% of their adjusted monthly income. 

a) Determine the required down payment. 

b) Determine the cost of the 3 points. 


c) Determine 28% of their adjusted monthly income. 


d) Determine the monthly payments of principal and inter- 
est for a 20-year loan. 


e) Determine their total monthly payment, including home- 
owners’ insurance and taxes. 


f) Determine whether the Rosens qualify for the 20-year 
loan. 


g) Determine how much of the first payment on the loan is 
applied to the principal. 


. Evaluating a Loan Request Kathy Fields wants to buy 


a condominium selling for $95,000. The taxes on the 
property are $1500 per year, and homeowners’ insurance 
is $336 per year. Kathy’s gross monthly income is $4000. 
She has 15 monthly payments of $135 remaining on her 
van. The bank is requiring 20% down and is charging 
9.5% interest with no points. Her bank will approve a loan 
that has a total monthly mortgage payment of principal, 
interest, property taxes, and homeowners’ insurance that is 
less than or equal to 28% of her adjusted monthly income. 


a) Determine the required down payment. 
b) Determine 28% of her adjusted monthly income. 


c) Determine the monthly payment of principal and inter- 
est for a 25-year loan. 


d) Determine her total monthly payment, including home- 
owners’ insurance and taxes. 


e) Does Kathy qualify for the loan? 


f) Determine how much of the first payment on the mort- 
gage is applied to the principal. 


g) Determine the total amount she pays for the condomin- 
ium with a 25-year conventional loan. (Do not include 
taxes or homeowners’ insurance.) 


h) Determine the total interest paid for the 25-year loan. 


Comparing Loans The Riveras are negotiating with two 
banks for a mortgage to buy a house selling for $105,000. 
The terms at bank A are a 10% down payment, an interest 
rate of 10%, a 30-year conventional mortgage, and 3 points 
to be paid at the time of closing. The terms at bank B are 

a 20% down payment, an interest rate of 11.5%, a 25-year 
conventional mortgage, and no points. Which loan should the 
Riveras select for the total cost of the house to be less? 


24. 


Comparing Loans Paul Westerberg is negotiating 

with two credit unions for a mortgage to buy a condo- 
minium selling for $525,000. The terms at Grant County 
Teacher’s Credit Union are a 20% down payment, an 
interest rate of 7.5%, a 15-year mortgage, and 1 point 

to be paid at the time of closing. The terms at Sinnipee 
Consumer’s Credit Union are a 15% down payment, an 
interest rate of 8.5%, a 20-year mortgage, and no points. 
Which loan should Paul select for the total cost of the 
down payment, points, and total mortgage payments of 
the house to be less? 


Challenge Problems/Group Activities 


25. 


26. 


Changing Lengths of Mortgages Rose Hulman and 
her husband, George Mason, are purchasing a house 
for $450,000. Their bank requires them to pay a down 
payment of 20%. The current mortgage rate is 10%, 
and they are required to pay 1 point at the time of 
closing. Determine the total amount Rose and George 
will pay for their house, including principal, interest, 
down payment, and points (do not include taxes and 
homeowners’ insurance) if the length of their mort- 
gage is 


a) 10 years. 
b) 20 years. 


c) 30 years. 


Comparing Payment Frequency Janet Samuels is purchas- 
ing a new house for $315,000. Her credit union requires her 
to make a 20% down payment, and the current mortgage 
rate is 6%. Janet is exploring different 10-year mortgage 
payment options. Use the principal and interest formula 

to determine Janet’s principal and interest payment if she 
makes her payments 


a) Monthly. 
b) Bimonthly (use n = 24). 


c) Weekly (use n = 52). 


27. An Adjustable-Rate Mortgage The Simpsons purchased 


28. 


29. 


a house for $105,000 with a down payment of $5000. 
They obtained a 30-year adjustable-rate mortgage. The 
terms of the mortgage are as follows: The interest rate 
is based on a 3-month Treasury bill, the interest rate 
charged is 3.25% above the rate of the Treasury bill on 
the date of adjustment, the interest rate is adjusted every 
3 months, the interest rate will not change more than 
1% (up or down) when the interest rate is adjusted, the 
maximum interest rate that can be charged for the dura- 
tion of the loan is 16%, there is no lower limit on the 
interest rate, the initial mortgage interest rate is 9%, and 
the monthly payment of interest and principal is adjusted 
semiannually. 


a) Determine the initial monthly payment for interest and 
principal. 


b) Determine an amortization schedule for months 1-3. 


c) Determine the interest rate for months 4—6 if the inter- 
est rate on the Treasury bill at the time is 6.13%. 


d) Determine an amortization schedule for months 4-6. 


e) Determine the interest rate for months 7—9 if the inter- 
est rate on the Treasury bill at the time is 6.21%. 


An Adjustable-Rate Morigage The Bretz family 
purchased a house for $95,000 with a down payment 
of $13,000. They obtained a 30-year adjustable-rate 
mortgage. The terms of the mortgage are as follows: 
The interest rate is based on a 3-month Treasury bill, 
the interest rate charged is 3.25% above the rate of the 
Treasury bill on the date of adjustment, the interest rate 
is adjusted every 3 months, the interest rate will not 
change more than 1% (up or down) when the interest 
rate is adjusted, the maximum interest rate that can be 
charged for the duration of the loan is 16%, there is no 
lower limit on the interest rate, the initial mortgage 
interest rate is 8.5%, and the monthly payment of 
interest and principal is adjusted annually. 


a) Determine the initial monthly payment for interest and 
principal. 


b) Determine the interest rate in 3 months if the interest 
rate on the Treasury bill at the time is 5.65%. 


c) Determine the interest rate in 6 months if the interest 
rate on the Treasury bill at the time is 4.85%. 


Comparing Mortgages The Hassads are applying for 
a $90,000 mortgage. They can choose between a 30- 
year conventional mortgage and a 30-year variable-rate 
mortgage. The interest rate on a 30-year conventional 
mortgage is 9.5%. The terms of the variable-rate mort- 
gage are 6.5% interest rate the first year, an annual cap 
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of 1%, and an aggregate cap of 6%. The interest rates 
and the mortgage payments are adjusted annually. 
Assume that the interest rates for the variable-rate 
mortgage increase by the maximum amount each year. 
Then the monthly mortgage payments for the variable- 
rate mortgage for years 1-6 are $568.86, $629.29, 
$692.02, $756.77, $823.27, and $891.26, respectively. 


a) Knowing that they will be in the house for only 6 years, 
which mortgage, the conventional mortgage or the 
variable-rate mortgage, will be the least expensive for 
that period? 


b) How much will they save by choosing the less expensive 
mortgage? 


Internet/Research Activity 


30. Finding Your Dream Home Examine a local newspaper 


31 


to find your “dream home” and note the asking price. 
Next contact a loan officer from your local bank, savings 
and loan, or credit union. Assuming you can make a 20% 
down payment, determine the interest rates for a 15-year 
and a 30-year mortgage. Use an amortization “calculator” 
(see page 652) with the data you obtained to print amor- 
tizations schedules. Compare the monthly payments with 
the 15-year mortgage to those of the 30-year mortgage. 
Compare the total interest costs of the 15-year mortgage 
with those of the 30-year mortgage. Write a report 
summarizing your findings. 


Closing Costs An important part of buying a house 

is the closing. The exact procedures for the closing 
differ with individual cases and in different parts of 
the country. In any closing, however, both the buyer 
and the seller have certain expenses. To determine what 
is involved in the closing of a property in your commu- 
nity, contact a lawyer, a real estate agent, or a banker. 
Explain that you are a student and that your objective 
is to understand the procedure for closing a real estate 
purchase and the costs to both buyer and seller. Select 
a specific piece of property that is for sale. Use the 
asking price to determine the total closing costs to 
both buyer and seller. The following is a partial list 

of the most common closing costs. Consider them in 
your research. 


a) Fee for title search and title insurance 

b) Credit report on buyer 

c) Fees to the lender for services in granting the loan 
d) Fee for property survey 

e) Fee for recording of the deed 

f) Appraisal fee 

g) Lawyer’s fee 

h) Escrow accounts (taxes, insurance) 

i) Mortgage assumption fee 
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SECTION 11.6 


A Saving money on a regular 
basis may lead to a comfortable 
retirement. 


Ordinary Annuities, Sinking Funds, 
and Retirement Investments 


In Sections 11.2 and 11.3, we studied simple and compound interest, respectively. In 
both sections, we answered questions involving the investment of one lump sum of 
money. Although such questions may be relevant to our everyday financial matters, 
more appropriate questions might involve investing smaller amounts of money on a 
regular basis over a longer period of time. For example, the Brabsons, who are plan- 
ning for retirement, might ask the question: If we deposit $100 a month at 5% inter- 
est compounded monthly, how much money will we accumulate after 30 years when 
we're ready to retire? Also consider the Weismans, who are saving for their child's 
college education. They might ask the question: If we know we will need $50,000 to 
send our child to college in 10 years, how much should we invest each month begin- 
ning now in an account paying 6% interest compounded monthly? To answer these 
and similar questions, we will study two investments, the annuity and the sinking fund. 


| Why us is Important Annuities and sinking funds are an important part of a long-term 
investment strategy. 


W e begin this section with a discussion of annuities. 


Annuities 


Definition: Annuity 
An annuity is an account into which, or out of which, a sequence of scheduled 
payments is made. 


There are many different types of annuities. An annuity may be an investment 
account that you have with a bank, insurance company, or financial management 
firm. Annuities may contain investments in stocks, bonds, mutual funds, money mar- 
ket accounts, and other types of investments. Annuities are often used to save for 
long-term goals such as saving money for college or for retirement. An annuity can 
also be used to provide long-term regular payments to individuals. Lottery jackpots 
and professional athletes’ salaries are often paid out over time from annuities. Retirees 
may invest some of their retirement savings into an annuity and then receive monthly 
payments that come from that annuity. We will focus primarily on two basic types of 
annuities that are used as investment accounts, ordinary annuities and sinking funds. 
Later in this section, we will discuss other types of annuities. 


Definition: Ordinary Annuity ; 

An annuity into which equal payments are made at regular intervals, with the in- 
terest compounded at the end of each interval and with a fixed interest rate for 
each compounding period, is called an ordinary annuity or a fixed annuity. 


For example, the Brabsons, mentioned in the opening paragraph of this section, 
are asking a question that may involve an ordinary annuity. They plan to make $100 
payments each month into an account that pays 5% interest compounded monthly. 


Did You Know? 


Investing in Stocks 


hen the owners of a com- 

pany wish to raise money to 
expand their company, they often 
decide to sell part of the 
to investors. When an_ investor 
purchases a portion « 
the investor is said to 
the company. The uni 
of the stock is called a s/are. By 
buying shares of stock, an investor 


company 


ta company 
a company, 


wn stock in 


\ 


t of measure 


is becoming a part owner, or share- 
holder, of the company. 


Large companies 


may have 
many millions or even billions of 
shares of stock available for trading 
to the general public. For example, 
in 2011, there were about 2.32 bil- 
lion shares of the Co ; 


Ica C ol 
pany owned by about 340,000 in- 
vestors. On January 4, 2011, each 
of these shares was worth $64.18. 

Investing in stocks over a long 


ly a good in- 


period of time is usually 
vestment. However, since the price 
of stocks may go down as well as 
up, investing in stocks involves 
all of 


some risk of losing some or 
your investment. 


— ntl 
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With an ordinary annuity, the payment period and frequency of the compounding are 
the same, so the Brabsons make monthly payments and the interest is compounded 
monthly. They would like to know how much money would accumulate in this annu- 
ity after 30 years. The amount of money that is present in an ordinary annuity after t 
years is known as the accumulated amount or the future value of an annuity. 

To determine the accumulated amount of an ordinary annuity, we could make 
many individual calculations using the compound interest formula discussed in 
Section 11.3. Such calculations would be quite tedious and time consuming even with 
the assistance of a scientific calculator. A better way is to use a computer to generate 
a spreadsheet. A portion of such a spreadsheet is shown below. This spreadsheet was 
generated using the data from the example involving the Brabsons. Note that the 
Brabsons would make monthly payments for 30 years for a total of 360 payments. 
Also note that had the Brabsons simply put $100 in their cookie jar each month, their 
total amount at the end of 30 years would have been $100 X 360, or $36,000. Instead, 
by investing in an interest-bearing annuity, they will have accumulated $83,225.86 
after 30 years. 


Accumulated Amount i in an Ordinary Annuity with 
$100 Monthly Investments with Interest Rate 5% 
Compounded Monthly de ; 
Payment ey ~ Monthly 4 Accumulated 
Number Investment _ Interest = Amount 
1 $100.00 $ — $ 100.00 
2 $100.00 $ 0.42 $ 200.42 
3 $100.00 $ 0.84 $ 301.25 
4 $100.00 $ 1.26 $ 402.51 
5 $100.00 $ 1.68 $ 504.18 
6 $100.00 63 ZnO) $ 606.28 
7 $100.00 $102.53 $ 708.81 
8 $100.00 $ 2.95 $ 811.76 
9 $100.00 $ 3.38 $ 915.15 
10 $100.00 $ 3.81 $ 1,018.96 
351 $100.00 $328.58 $79,287.40 
352 $100.00 $330.36 $79,717.76 
353 $100.00 $332.16 $80,149.92 
354 $100.00 $333.96 $80,583.88 
355 $100.00 GNSS iw i/A $81,019.65 
356 $100.00 $337.58 $81,457.23 
357 $100.00 $339.41 $81,896.63 
358 $100.00 $341.24 $82,337.87 
359 $100.00 $343.07 $82,780.94 
360 $100.00 $344.92 $83,225.86 


Another way, and perhaps a more efficient way, to calculate the accumulated 
amount in an ordinary annuity is to use the ordinary annuity formula on page 660. 
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Did You Know? — 


Investing in Bonds 


4 $50 savings bonds 


bond is a type of loan. When 

government agencies or cor- 
porations need money, they often 
borrow money from investors by 
selling, or issuing, bonds. When 
an investor purchases a bond, the 
investor is actually lending money 
to the bond's issuer. The issuer 
agrees to pay the investor a certain 
interest rate over a stated period 
of time, usually from 1 to 30 years. 
The date on which the issuer repays 
the loan is called the date of matu- 
rity. Although bonds are generally 
considered safer investments than 
stocks, they do have some risks. On 
rare occasions, issuers may fail to 
make interest payments or may fail 
to return the investment entirely. A 
more common risk is that the value 
of a bond may decrease if interest 
rates increase. Such a decrease 
may cause investors to lose some 
of their investment if they decide to 
sell their bond before the date of 
maturity. In general, though, bonds 
offer a very stable investment that 
usually provide a higher return on 
investment than savings accounts 
or certificates of deposit without 
many of the risks associated with 
investing in stocks. 


Example Using the Ordinary Annuity Formula 


Bill and Megan Lutes are depositing $250 each quarter in an ordinary annuity that 
pays 4% interest compounded quarterly. Determine the accumulated amount in this 
annuity after 35 years. 


We will use the ordinary annuity formula. The payment, p, is $250, the 
interest rate, r, is 4% or 0.04, the account is compounded quarterly and the pay- 
ments are made quarterly, so n is 4, and the number of years, t, is 35. We substitute 
these values into the formula to obtain the following. 


AC+s) - 4] 


A= 
a 
n 
04 (4:35) 
ier 
a 4 Substitute the given values 
= 0.04 into the formula. 
4 
140 _ To evaluate 1.01'° we 
= URDU 2) use the |Y*| or the key 
0.01 on a scientific calculator. 
= 250[4.027099 — 1] We rounded 1.01'° to 
cf 0.01 six decimal places. 
ie 250(3.027099) 
0.01 
.TT475 
= cEO ERIE) = 75,677.475 


0.01 


Thus, there will be about $75,677.48 in Bill and Megan’s annuity after 35 years. = 


Example | illustrated the power of establishing and maintaining a consistent in- 
vestment plan and how using an ordinary annuity can help us save money. 


TECHNOLOGY TIP 


Scientific Calculator 
In Example 1, we determined the accumulated amount by evaluating the expression 


(4-35) 
aso] (1 + S08) — 1] 


0.04 
4 


Did You Know? 


Investing in Mutual Funds 


mutual fund is an investment 

tool that enables investors 
to indirectly own a wide variety 
of stocks, bonds, or other invest- 
ments. When investors purchase 
shares in a mutual fund, they are 
actually placing their money in a 
pool along with many other in- 
vestors. The investments within a 
mutual fund are called the mutual 
fund's portfolio. The investors of 
a mutual fund share the gains and 
losses from the investments within 
the portfolio. There are some dis- 
tinct advantages to investing in 
mutual funds rather than invest- 
ing in individual stocks and bonds. 
First, investors in mutual funds 
have their money managed by 
full-time professionals. 
because large sums of money are 
managed within a mutual fund, 
costs related to investing, known as 


Secona, 


commissions, are generally lower 
than they are for purchasing in- 
dividual stocks and bonds. Third, 
when investors purchase shares in 
a mutual fund, they are in feaveet 
purchasing shares in a multitude of 
stocks or bonds. This diversification 
can greatly help to reduce some of 
the risks of investing. 

One disadvantage of mutual 
fund investing is the potential to 
miss out on a large return on invest- 
ment. In general, though, investing 
in mutual funds is considered an 
excellent way to begin investing 
and to maintain diverse ownership 
in a variety of investments. 


An ordinary annuity is used when 
you wish to determine the accumu- 
lated amount obtained over n years 
when you contribute a fixed amount 
each period. A sinking fund is used 
when you wish to determine how 
much money an investor must In- 
vest each period to reach an accu- 
mulated amount at a specific time. 
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There are various ways to evaluate this expression on a scientific calculator. One method is 
to press the following sequence of keys. 


[J 250 [J (1 0.04 [=] 4D] fo" ] [4k 


35 [)] [=}1[)] DIE] [CG 0.04] 4D] E 


After the | = | key is pressed, the answer 75677.48042 is displayed. 


Microsoft Excel 

Read the Technology Tip on page 623. To determine the accumulated amount using Excel, 
place the letters p, r,n, tand A in cells A1 through E1, respectively. In cells A2 through D2, 
place the values for p, r, n, and t, respectively. In cell E2, use the formula box to add the 
formula 


= (A2*((1 + B2/C2)4(C2*D2) — 1))/(B2/C2) 


After the Enter key is pressed, the result is as follows. 


75677.48 


Next we will study a specific type of annuity called a sinking fund. 


Sinking Funds 


We now return to the second question asked at the beginning of this section. 
Recall that the Weismans have a goal of saving $50,000 in 10 years for their 
child’s college education and want to know how much they should begin to invest 
each month in an account paying 6% interest compounded monthly. The 
Weismans can help reach this goal by investing in a special kind of annuity called 
a sinking fund. 


Definition: Sinking Fund | 
A sinking fund is a type of annuity in which the goal is to save a specific amount 
of noners ina pee ey of time. — 


As 
. aes im ia’ « 


Many types of sinking funds are used for many different purposes by individu- 
als, corporations, and governments. Historically, sinking funds were used by goy- 
ernments to set aside money to pay off bonds that were used to borrow large sums 
of money for major civic projects such as sewers, roads, or bridges. The term sink- 
ing fund referred to the sinking of the debt that was owed to repay the bonds. Our 
discussion of sinking funds will focus on answering questions similar to the ques- 
tion facing the Weismans. Because they are interested in saving a specific amount 
of money, $50,000, in a specific amount of time, 10 years, their investment can be 
considered a sinking fund. 

To determine the amount of money to be invested in a sinking fund, we can solve 
the ordinary annuity formula, given on page 660, for the payment, p. Solving this for- 
mula for p gives us the following formula. 
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Sinking Fund Payment Formula 


(Poms 


In the formula, p is the payment needed to reach the accumulated amount, A. Pay- 
ments are made n times per year, for t years, into a sinking fund with interest rate 
ras a decimal number, compounded n times per year. 


aS is 


Example Using the Sinking Fund Payment Formula 


Abigail and John Clayton would like to have $55,000 in 10 years to remodel their 
home. The Claytons decide to invest monthly in a sinking fund that pays 3.3% in- 
terest compounded monthly. How much should the Claytons invest in the sinking 
fund each month to accumulate $55,000 in 10 years? 


Since we are looking for how much the Claytons should invest each 
month to obtain an accumulated amount, we will use the sinking fund payment for- 
mula. The accumulated amount, A, is $55,000; the interest rate, r, is 3.3%, or 0.033; 
the payments are made monthly and the interest is compounded monthly, so n is 

12; and the number of years, f, is 10. 


wala es 
0.39033827 
387.48442 


t 


We often round to the nearest cent, or in this case, to $387.48. However, because 
$387.48 is slightly Jess than the answer we obtained, we will round our answer up 
to $387.49 to ensure that the Claytons reach their goal of $55,000. | 


As we did in Example 2, when calculating a sinking fund payment, we will round 
our final answers up to the nearest cent to ensure that we reach the desired accu- 
mulated amount in the sinking fund. 


TECHNOLOGY TIP 
Scientific Calculator 
To determine the sinking fund payment in Example 2, we evaluated the expression 


0.033 
ss,o00( 2525 ) 


0.033 \""210) f 
+ — 
(; 12 ) 


This expression can be evaluated on a scientific calculator, as follows: 


55000 |X||(| 0.033 || 12])| |+ (| (1 +] 0.033 [= 
12[)] [y*} [12 [x] 10 1)] 1) 


A It is never too early to start 
saving for retirement. 
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After the |=| key is pressed, the answer 387.48442 is displayed. 


Microsoft Excel 
Read the Technology Tip on page 660 and follow a similar procedure using the variables A, r, 
n, t, and, p, respectively. To evaluate the sinking fund payment, in cell E2 enter the formula 


= A2*(B2/C2)/((1 + B2/C2)4(C2*D2) — 1) 
After the Enter Key is pressed, the answer 387.4844 is displayed in cell E2. 


In Example 2, we can check our answer by substituting $387.49 back into the 
ordinary annuity formula. Doing this calculation with a scientific calculator gives us 
an accumulated amount of about $55,000.79. If we substitute $387.48 for A into the 
ordinary annuity formula, the accumulated amount would be about $54,999.37, which 
is slightly short of the desired goal of $55,000. 


Other Annuities 


Ordinary annuities and sinking funds are not the only types of annuities. We will now 
briefly discuss two other common types of annuities, variable annuities and immedi- 
ate annuities. 


Variable Annuities 


A variable annuity is an annuity that is invested in stocks, bonds, mutual funds, or 
other investments that do not provide a guaranteed interest rate. The term variable is 
used because the value of the annuity will vary depending on the performance of the 
investment options chosen by the investor. Like an ordinary annuity, an investor usu- 
ally invests in a variable annuity by making regular periodic payments. Unlike an 
ordinary annuity, however, a variable annuity does not have a fixed rate of interest. 
Most variable annuities are investments made to save for retirement. 


immediate Annuities 


An immediate annuity is an annuity that is established with a lump sum of money for 
the purpose of providing the investor with regular, usually monthly, payments for the 
rest of the investor’s life. In exchange for giving the investment company a lump sum 
of money, the investor is guaranteed to receive a monthly income for the duration of 
the investor’s life. 


Other Retirement Savings Options 


Annuities can be used to save for retirement, but depending on the investor’s circum- 
stances, other investment options for retirement savings may be more advantageous. 
We will briefly discuss several options here. 


individual Retirement Accounts 


Individual retirement accounts, also known as IRAs, are accounts where individuals 
may invest up to a certain amount of money each year for the purpose of saving for 
retirement. IRAs have distinct tax advantages over non-IRA accounts. There are sev- 
eral different kinds of IRAs, but most can be classified as either a traditional IRA or a 
Roth IRA. A traditional IRA is an IRA into which pretax money is invested, meaning 
that any money invested into a traditional IRA is not subject to income taxes. 
However, when money is withdrawn from a traditional IRA, the money is subject to 
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income taxes. A Roth IRA is an IRA into which post-tax money is invested, meaning 
that the investor has already paid income taxes on the money invested. When money 
is withdrawn from a Roth IRA after the investor reaches retirement age, the money is 
not subject to income taxes. 


4O1ks and 403bs 


A 401k plan is a retirement savings plan where employees of private companies 
can make contributions of pre—income tax dollars that are then pooled with other 
employees’ money. These funds are then invested in a variety of stocks, bonds, 
money markets, and mutual funds. Although 401k plans share many of the same 
tax advantages as IRAs, they also have several distinct advantages. First, employ- 
ees are generally allowed to invest more money annually in a 401k plan than in an 
IRA. Often, employees are eligible to invest up to 15% of their annual income 
into a 401k plan. A second advantage is that some employers will match em- 
ployee contributions up to a certain limit. A Roth 401k plan is a retirement sav- 
ings plan that differs from a 401k plan in that an investor first pays income tax on 
the money used to invest in a Roth 401k plan. Like a Roth IRA, money withdrawn 
from a Roth 401k plan after the individual reaches retirement age is not subject to 
income tax. 

A 403b plan is a retirement plan similar to a 401k plan, but it is available only 
to employees of schools, civil governments, hospitals, charities, and other not-for- 
profit organizations. A 403b plan shares many of the same advantages as 401k 
plans. One major difference, though, is that a 403b plan is not necessarily estab- 
lished by the employer as is a 401k plan. Rather, a 403b plan is frequently estab- 
lished independently by the employee with a representative of an investment or 
insurance company. 

As you can see from this brief discussion of annuities, IRAs, 401k plans, and 
403b plans, many important details can affect your decisions as you begin to invest 
for retirement. For more information, and for other types of retirement accounts not 
mentioned here, consult a financial advisor or visit a library or Internet Web site. 
Regardless of the source of your information, it is very important to do your own re- 
search and ask many questions prior to investing. 


SECTION 11.6 . 
Exercises 


Warm Up Exercises 5. An annuity that is established with a lump sum for the 
purpose of providing the investor with regular payments 


In Exercises 1-8, fill in the blanks with an appropriate for the rest of the investor’s life is called a(n) 


word, phrase, or symbol(s). annuity. 

1. An account into which, or out of which, a sequence of 6. Accounts where individuals may invest up to a certain 

scheduled payments is made, is called a(n) ______. amount of money each year for the purpose of saving for re- 
: ' : tirement are called ________ retirement accounts. 

2. The amount of money that is present in an ordinary annu- 

ity after f years is known as the accumulated amount or the 7. A retirement savings plan where employees of private 
value of the annuity. companies can make contributions of pre—income tax 
dollars that are then pooled with other employees’ money 


3. A type of annuity in which the goal is to save a specific 
amount of money in a specific amount of time is called 
A(X) ene TTC: 8 


isicalled a === plan 


A retirement plan similar to a 401k plan, but available only 
to employees of schools, governments, and other not-for- 
profit organizations, is called a___ plan. 


4. A variable annuity is an annuity that is invested in stocks, 
bonds, mutual funds, or other investments that do not pro- 
Vid Cd = an ICE St rates 
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Practice the Skills 


In Exercises 9-12, use the ordinary annuity formula 


r 


Kh 


to determine the accumulated amount in each annuity. 
Round all answers to the nearest cent. 


9. $1500 invested annually for 25 years at 3% compounded 
annually 


10. $800 invested semiannually for 25 years at 7% com- 
pounded semiannuaily 


11. $400 invested quarterly for 35 years at 8% compounded 
quarterly 


12. $200 invested monthly for 40 years at 6% compounded 
monthly 


In Exercises 13-16, use the sinking fund formula 


to determine the payment needed to reach the accumulated 
amount. To ensure that enough is invested each period, 
round each answer up to the next cent. 


13. Semiannual payments with 2.5% interest compounded 
semiannually for 10 years to accumulate $7500 


14. Annual payments with 5% interest compounded annually 
for 20 years to accumulate $35,000 


15. Monthly payments with 6% interest compounded monthly 
for 35 years to accumulate $250,000 


16. Quarterly payments with 10% interest compounded quar- 
terly for 40 years to accumulate $1,000,000 


Problem Solving 


In Exercises 17-20, round all answers to the nearest cent. 


17. Retirement Savings To save for retirement, Jana Bryant 
invests $50 each month in an ordinary annuity with 3% 
interest compounded monthly. Determine the accumulated 
amount in Jana’s annuity after 35 years. 


18. Starting a Business To save money to start anew 
business, Sandra Jessee invests $200 each quarter in an 
ordinary annuity with 5% interest compounded quarterly. 
Determine the accumulated amount in Sandra’s annuity 
after 20 years. 


19. Saving for Graduate School To save for graduate school, 
Ena Salter invests $2000 semiannually in an ordinary an- 
nuity with 7% interest compounded semiannually. Deter- 
mine the accumulated amount in Ena’s annuity after 10 
years. 


20. Grandchild’s College Expenses To save for their grand- 
children’s college expenses, Ken and Laura Machol invest 
$500 each month in an ordinary annuity with 6% interest 
compounded monthly. Determine the accumulated amount 
in the Machol’s annuity after 18 years. 


In Exercises 21-24, round all answers up to the next cent. 


21. Saving for a New Car Erica Atalla would like to have 
$25,000 to buy a new car in 5 years. To accumulate $25,000 
in 5 years, how much should she invest monthly in a sinking 
fund with 9% interest compounded monthly? 


22. Campaign Fund-Raising Ashley Smith would like to run 
for Congress in 10 years and would like to have $500,000 to 
spend on campaign expenses. How much should she invest 
monthly in a sinking fund with 6% interest compounded 
monthly to accumulate $500,000 in 10 years? 


23. Becoming a Millionaire Becky Anderson would like to be a 
millionaire in 20 years. How much would she need to invest 
quarterly in a sinking fund paying 8% interest compounded 
quarterly to accumulate $1,000,000 in 20 years? 


24. Repaying a Debt The city of Corpus Christi wishes to 
repay a debt of $25,000,000 in 50 years. How much should 
the city invest semiannually in a sinking fund paying 
7.5% interest compounded semiannually to accumulate 
$25,000,000 in 50 years? 
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Challenge Problems/Group Activities 


25. Don’t Wait to Invest The purpose of this exercise is to 
demonstrate that it is much more beneficial to begin to invest 
for retirement early than it is to wait. We will compare the 
investments of two investors, Alberto and Zachary. Alberto 
begins to invest immediately after graduating from college, 
whereas Zachary waits 10 years to begin investing. For the 
purposes of this demonstration, we will assume that the inter- 
est rate remains the same over the entire period of time. 


a) From age 25 to 35, Alberto invests $100 per month 
in an annuity that pays 12% interest compounded 
monthly. Determine the accumulated amount in 
Alberto’s annuity after 10 years. 


b) At age 35, Alberto stops making monthly payments 
into his annuity, but he takes the money he accumulated 
in his annuity and invests it in a savings account with 
an interest rate of 12% compounded monthly. Using the 


r nt 
compound interest formula A = ol ie " , deter- 
n 


mine the amount Alberto has in his savings account 
30 years later when he retires at age 65. 


c) From age 35 to 65, Zachary invests $100 per month 
in an annuity that pays 12% interest compounded 
monthly. Determine the accumulated amount in 
Zachary’s annuity after 30 years. 


d) Determine the total amount Alberto invested during the 
10 years from age 25 to 35. 


e) Determine the total amount Zachary invested during the 
30 years from age 35 to 65. 


f) Which investor has more money from the investments 
described here upon retirement? 


Internet/Research Activities 


26. Investing in Stocks Using the Internet, financial maga- 
zines, books, and other resources, write a paper on 1n- 
vesting in stocks (see the Did You Know? on page 659). 
Include in your paper a description of the following 
terms: New York Stock Exchange, National Association 
of Securities Dealers Automated Quotations (NASDAQ), 
dividends, and capital gains. 


27. Investing in Bonds Using the Internet, financial 
magazines, books, and other resources, write a pa- 
per on investing in bonds (see the Did You Know? on 
page 660). Include in your paper a description of the 
following terms: Treasury bonds, corporate bonds, 
and municipal bonds. 


28. Investing in Mutual Funds Using the Internet, financial 
magazines, books, and other resources, write a paper on 
investing in mutual funds (see the Did You Know? on 
page 661). Include in your paper a description of the fol- 
lowing terms: net asset value (NAV), portfolio manager, 
and expense ratios. 


29. Financial Advisor Interview Annuities, IRAs, 401k 
plans, 403b plans, SEP accounts, and Keogh accounts 
are all types of investments that can be used to save for 
retirement. Interview a financial advisor to discuss each 
of these investment types. Write a paper in which you 
explain the differences among the different investment 
types and describe the advantages of each type of invest- 
ment over the others. 


Important Facts and Concepts 


Examples and Discussion 


Section 11.1 


Percent Change 
( amount in ) ( amount in ) 
latest period previous period 


amount in previous period 


Percent change = 


Percent Markup on Cost 


selling price — dealer’s cost 
Percent markup = aes x 100 


Section 11.2 


Simple Interest Formula 


i = prt 


x 100 Examples 6-7, page 603 


Examples 8-9, page 604 


Examples 1-5, pages 612-614 
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United States‘Rule 


If a partial payment is made on a loan, interest is computed on the prin- | Discussion, page 614, Example 8, 
cipal from the first day of the loan until the date of the partial payment. page 616 

The partial payment is used to pay the interest first; then the rest of the 

payment is used to reduce the principal. 


Banker's Rule 


When computing interest, a year is considered to have 360 days and Discussion, page 615, Example 7-8, 
any fractional part of a year is the exact number of days. page 616 
Section 11.3 


Compound Interest: Fonnula} 


A= ol - ny" Examples 2-4, pages 623-625 
nh 


Present Value Formula, 


A Example 5, page 626 


Section 11.4 
“ 
p| — 
as 2 Example 2, page 632 
FFL e nit 
1-(14 ") 
n 
ActuarialiMethod. 
i PV 


Example 4, page 634 


Section 11.5 


: 
AG) 
ae e Example 3, page 649 


Section 11.6 


cor 
p Ea 

ih Discussion, page 660, Example 1, 
page 660 


Discussion, page 662, Example 2, page 662 


668 CHAPTER 11 Consumer Mathematics 


(CHAPTER! ) Review Exercises iain 


11.1 


In Exercises 1—6, change the number to a percent. Round 
your answer to the nearest tenth of a percent. 


+ 2 5 
Pa SS 3 
! 5 3 8 
4. 0.041 5. 0.0098 6. 3.141 


In Exercises 7-12, change the percent to a decimal number. 


7. 5% 8. 21.7% Om 28% 


1 
10. me 11. 2 12. 0.00045% 


13. Lambeau Field Before undergoing renovations, the seat- 
ing capacity at Lambeau Field (in Green Bay, Wisconsin) 
was 60,790. After the renovations were complete the seat- 
ing capacity was 71,500. Determine the percent increase 
(to the nearest tenth of a percent) in the seating capacity of 
Lambeau Field. 


A Lambeau Field. 


14. Salary Increase Charlotte Newsome had a salary of 
$41,500 during the first year of a new job and a salary of 
$42,745 during the second year. Determine the percent 
increase in Charlotte’s salary from the first year to the 
second year. 


In Exercises 15—17, solve for the unknown quantity. 
15. What percent of 60 is 12? 
16. Forty-four is 55% of what number? 


17. What is 17% of 540? 


18. Tipping At Empress Garden Restaurant, Vishnu and 
Krishna’s bill comes to $42.79, including tax. If they wish 
to leave a 15% tip on the total bill, how much should they 
tip the waiter? 


19. Increased Membership If the number of people in your 
chess club increased by 20%, or 8 people, what was the 
original number of people in the club? 


20. Increased Membership The Sarasota Wheelers skateboard 
club had 75 members and increased the number of mem- 
bers to 95. What is the percent increase in the number of 
members? 


ie 


In Exercises 21-24, determine the missing quantity by us- 
ing the simple interest formula. 


21. p = $2500, r = 1.5%, t = 3 years, i = ? 


22. p = $2700, r = 2, = 100 days, i = $37.50 


23. p = 2,r = 84%, t = 3 years, i = $114.75 
24. p = $5500, 7'= 114%, 1 = 7,1 = $316.25 


25. Wedding Loan To pay for his daughter’s wedding, Mike 
Hardie borrows $7500 from his friend. The loan was for 
24 months and had a simple interest rate of 2.5%. Deter- 
mine the amount Mike paid his friend on the date of the 
maturity of the loan. 


26. A Bank Loan Lori Holdren borrowed $3000 from her 
bank for 240 days at a simple interest rate of 8.1%. 


a) How much interest did she pay for the use of the 
money? 


b) How much did she pay the bank on the date of maturity? 


27. A Bank Loan Nikos Pappas borrowed $6000 for 24 months 
from his bank, using stock as security. The bank discounted 
the loan at 11 4%. 


a) How much interest did Nikos pay the bank for the use 
of the money? 


b) How much did he receive from the bank? 


c) What was the actual rate of interest? 


28. 


Savings as Security Golda Frankl borrowed $800 

for 6 months from her bank, using her savings account 
as security. A bank rule limits the amount that can be 
borrowed in this manner to 85% of the amount in the 
borrower’s savings account. The rate of interest is 

2% higher than the interest rate being paid on the 
Savings account. The current rate on the savings 
account is 


a) What rate of interest will the bank charge for the 
loan? 


b) Determine the amount that Golda must repay in 
6 months. 


c) How much money must she have in her account to 
borrow $8007 


11.3 


29. 


30. 


SHE 


32. 


Comparing Compounding Periods Determine the amount 
and the interest when $5000 is invested for 5 years at 6% 


a) compounded annually. 

b) compounded semiannually. 

c) compounded quarterly. 

d) compounded monthly. 

e) compounded daily (use n = 360). 

Certificate of Deposit Jane Tanner invests $3400 in a 
2-year certificate of deposit (CD) that pays 1.5% interest 


compounded monthly. What will be the value of the CD in 
2 years? 


Effective Annual Yield Determine the effective annual 
yield of an investment if the interest is compounded daily 
at an annual rate of 5.6%. 


Present Value How many dollars must you invest today 
to have $40,000 in 20 years? Assume that the money earns 
5.5% interest compounded quarterly. 


11.4 


abt 


34. 


Repaying a Loan Early Bill Osborn has a 48-month in- 
stallment loan with a fixed monthly payment of $176.14. 
The amount borrowed was $7500. Instead of making his 
24th payment, Bill is paying the remaining balance on 
the loan. 


a) Determine the APR of the installment loan. 


b) How much interest will Bill save, computed by the 
actuarial method? 


c) What is the total amount due to pay off the loan? 


Repaying a Loan Early Carter Fenton is buying a book 
collection that costs $4000. He is making a down payment 
of $500 and 24 monthly payments of $155.91. 


35s 


36. 
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a) Determine the APR. 


b) Instead of making his 12th payment, Carter decides 
to pay the total remaining balance and terminate the 
loan. How much will Carter save by paying off the loan 
early? 


c) What is the total amount due to pay off the loan? 


Installment Loan Dara Holliday’s cost for a new ward- 
robe was $3420. She made a down payment of $860 and 
financed the balance on a 24-month fixed payment install- 
ment loan. The monthly payments are $111.73. Instead of 
making her 12th payment, Dara decides to pay the total 
remaining balance and terminate the loan. 


a) Determine the APR of the installment loan. 


b) How much interest will Dara save, computed by the 
actuarial method? 


c) What is the total amount due to pay off the loan? 


Finance Charge Comparison On June 1, the billing date, 
Tim McGarry had a balance due of $485.75 on his credit 
card. The transactions during the month of June were 


June 4 Payment $375.00 
June 8 Charge: Car repair 370.00 
June 21 Charge: Airline ticket 175.80 
June 28 Charge: Clothing 184.75 


a) Determine the finance charge on July | by using the 
previous balance method. Assume that the interest rate 
is 1.3% per month. 


b) Determine the new account balance on July | using the 
finance charge found in part (a). 


c) Determine the average daily balance for the period. 


d) Determine the finance charge on July 1 by using the 
average daily balance method. Assume that the interest 
rate is 1.3% per month. 


e) Determine the new account balance on July 1 using the 
finance charge found in part (d). 
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37. Finance Charge Comparison On August 5, the billing date, 


38. 


39. 


Pat Schaefer had a balance due of $185.72 on her credit card. 
The transactions during the month of August were 


August 8 Charge: Shoes $85.75 
August 10 Payment 75.00 
August 15 Charge: Dry cleaning 72.85 
August 21 Charge: Textbooks 275.00 


a) Determine the finance charge on September 5 by using 
the previous balance method. Assume that the interest 
rate is 1.4% per month. 


b) Determine the new account balance on September 5 us- 
ing the finance charge found in part (a). 


c) Determine the average daily balance for the period. 


d) Determine the finance charge on September 5 by using 
the average daily balance method. Assume that the in- 
terest rate is 1.4% per month. 


e) Determine the new account balance on September 5 
using the finance charge found in part (d). 


Financing an Airplane Deepankar Pal bought a new 
Piper Sport airplane for $140,000. He made a 40% down 
payment and financed the balance with the dealer on a 
60-month installment loan. The monthly payments were 
$1624. Determine the 


a) down payment. 

b) amount to be financed. 
c) total finance charge. 
d) APR. 


Financing a Ski Outfit Lucille Groenke can buy a cross- 
country skiing outfit for $275. The store is offering the fol- 
lowing terms: $50 down and 12 monthly payments of $19.62. 


a) Determine the interest Lucille would pay. 


b) Determine the APR. 


11.5 
40. Building a House The Freemans have decided to build a 


41. 


new house. The contractor quoted them a price of $135,700. 
The taxes on the house will be $3450 per year, and hom- 
eowners’ insurance will be $350 per year. They have applied 
for a conventional loan from a local bank. The bank is requir- 
ing a 25% down payment, and the interest rate on the loan is 
9.5%. The Freemans’ annual income is $64,000. They have 
more than 10 monthly payments remaining on each of the 
following: $218 on a car, $120 on new furniture, and $190 
on a camper. Their bank will approve a loan that has a total 
monthly mortgage payment of principal, interest, property 
taxes, and homeowners’ insurance that is less than or equal to 
28% of their adjusted monthly income. Determine 


a) the required down payment. 
b) 28% of their adjusted monthly income. 


c) the monthly payment of principal and interest for a 
30-year loan. 


d) their total monthly payment, including insurance and 
taxes. 


e) Do the Freemans qualify for the mortgage? 


Thirty-Year Mortgage James Whitehead purchased a 
home selling for $89,900 with a 15% down payment. The 
period of the mortgage is 30 years, and the interest rate is 
11.5% with no points. Determine the 


a) amount of the down payment. 

b) monthly payment of principal and interest. 

c) amount of the first payment applied to the principal. 
d) total cost of the house. 


e) total interest paid. 


42. Adjustable-Rate Mortgage The Nguyens purchased a 


house for $105,000 with a down payment of $26,250. 
They obtained a 30-year adjustable-rate mortgage. The 
terms of the mortgage are as follows: The interest rate 

is based on the 6-month Treasury bill, the interest rate 
charged is 3.00% above the rate of the Treasury bill on 
the date of adjustment, the interest rate is adjusted every 
6 months, the interest rate will not change more than 1% 
(up or down) when the interest rate is adjusted, the maxi- 
mum interest rate that can be charged for the duration of 
the loan is 16%, there is no lower limit on the interest rate, 
the initial mortgage interest rate is 7.5%, and the monthly 
payment of interest and principal is adjusted annually. 
Determine the 


a) initial monthly payment for principal and interest. 


b) interest rate in 6 months if the interest rate on the Trea- 
sury bill at the time is 5.00%. 


c) interest rate in 6 months if the interest rate on the Trea- 
sury bill at the time is 4.75%. 
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11.6 should Raja invest quarterly in a sinking fund with 3.6% 
43. Vacation Savings To save money to take an around-the- ase) eo ponds ae cetlys 
world vacation, Kim Ghiselin invests $250 monthly in an 
ordinary annuity with 9% interest compounded monthly. 


Determine the accumulated amount in Kim’s annuity after 
10 years. 


44. Saving for a New Boat Raja Khoury would like to save 
$80,000 to buy a new Chris Craft Silver Bullet boat in 
5 years. To accumulate $80,000 in 5 years, how much 


1. Find the missing quantity by using the simple interest 6. Compute the amount and the compound interest. 
formula. 


Principal Time Rate Compounded 
a) $7500 2 years 3% Quarterly 
b)7t=351, p = $2600, 7r=45% t=? b) $2500 3 years 6.5% Monthly 


a) i=?,p=$750, r= 2 %, t= 30 months 


In Exercises 2 and 3, Patty George borrowed $1200 from 
a bank for 18 months to buy a new computer. The rate of 


é } ie é A New Bicycle In Exercises 7-9, Don Ransford purchases 
simple interest charged is 9.25%. 


anew bike that sells for $2350. To finance it through a 
bank the bank will require a down payment of 15% and 
monthly payments of $90.79 for 24 months. 


7. How much money will Don borrow from the bank? 


2. How much interest did Patty pay for the use of the 8. What finance charge will Don pay the bank? 


money? 
9, What is the APR? 
3. What is the amount Patty repaid to the bank on the due 


date of the loan? 10. Actuarial Method Gino Sedillo borrowed $7500. To 
repay the loan, he was scheduled to make 36 monthly 
In Exercises 4 and 5, Yolanda Fernandez received a installment payments of $223. 10. Instead of making his 
$5400 loan with interest at 12.5% for 90 days on August 1. 24th payment, Gino decides to pay off the loan. 


Yolanda made a payment of $3000 on September 15. a) Determine the APR of the installment loan. 


4. How much did she owe the bank on the date of maturity? b) How much interest will Gino save (use the actuarial 


thod)? 
5. What total amount of interest did she pay on the loan? method) 


c) What is the total amount due to pay off the loan? 
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11. Previous Balance Method Michael Murphy’s credit homeowners’ insurance that is less than or equal to 
card statement shows a balance due of $878.25 on March 28% of their adjusted monthly income. 
23, the billing date. For the period ending on April 23, he 


had the following transactions. 12. What is the required down payment? 


March 26 
March 30 
April 3 
April 15 
April 22 


$ 95.89 
Charge: Restaurant bill 68.76 
Payment 450.00 
Charge: Clothing 90.52 
Charge: Eyeglasses 450.85 


Charge: Groceries 


a) Determine the finance charge on April 23 by using 


the previous balance method. Assume that the interest 


rate is 1.4% per month. 


b) Determine the new account balance on April 23 using 


the finance charge found in part (a). 


c) Determine the average daily balance for the period. 


d) Determine the finance charge on April 23 by using the 


average daily balance method. Assume that the inter- 
est rate is 1.4% per month. 


e) Determine the new account balance on April 23 using 


the finance charge found in part (d). 


Building a House In Exercises 12-18, the Leungs de- 
cided to build a new house. The contractor quoted them 
a price of $144,500, including the lot. The taxes on the 
house would be $3200 per year, and homeowners’ in- 
surance would cost $450 per year. They have applied 


for a conventional loan from a bank. The bank is requir- 


ing a 15% down payment, and the interest rate is 105% 
with 2 points. The Leung’s annual income is $86,500. 
They have more than 10 monthly payments remaining 
on each of the following: $220 for a car, $175 for new 
furniture, and $210 ona college education loan. Their 
bank will approve a loan that has a total monthly mort- 
gage payment of principal, interest, property taxes, and 


Mortgage Loan 


1. The Young family is purchasing a $130,000 house with a 
VA mortgage. The bank is offering them a 25-year mort- 
gage with an interest rate of 9.5%. They have $20,000 
invested that could be used for a down payment. Since 
they do not need a down payment, Mr. Young wants to 
keep the money invested. Mrs. Young believes that they 
should make a down payment of $20,000. 


. Determine the amount paid for points. 
. Determine 28% of their adjusted monthly income. 


. Determine the monthly payments of principal and inter- 


est for a 30-year loan. 


. Determine their total monthly payments, including 


homeowners’ insurance and taxes. 


. Do the Leungs meet the requirements for the mortgage? 


. a) Determine the total cost of the house (excluding 


homeowners’ insurance and taxes) after 30 years. 


b) How much of the total cost is interest, including 
points? 


. Saving for Musical Instruments To raise money to buy 


new musical instruments, the rock band White Noise 
Reverie decides to invest $400 monthly in an ordinary 
annuity with 3% interest compounded monthly. Determine 
the accumulated amount in the band’s annuity after 


. Saving for a New Car Elisa Bolotin is a freshman in 


high school and would like to have $15,000 in 4 years 
to buy a car for college. How much should she invest 
monthly in a sinking fund with 6% interest compounded 
monthly to accumulate $15,000 in 4 years? 


a) Determine the total cost of the house with no down 
payment. 


b) Determine the total cost of the house if they make a 
down payment of $20,000. 


c) Mr. Young believes that the $20,000 investment will 
have an annual rate of return of 10% compounded quar- 
terly. Assuming that Mr. Young is right, calculate the 


value of the investment in 25 years. (Use the compound 


interest formula on page 623.) 


d) If the Youngs use the $20,000 as a down payment, their 
monthly payments will decrease. Determine the differ- 
ence of the monthly payments in parts (a) and (b). 


e) Assume that the difference in monthly payments, part 


(d), is invested each month at a rate of 6% compounded 


monthly for 25 years. Determine the value of the in- 


vestment in 25 years. (Use the ordinary annuity formula 


on page 660.) 


f) Use the information from parts (a)—(e) to analyze the 


problem. Would you recommend that the Youngs make 


the down payment of $20,000 and invest the difference 
in their monthly payments as in part (e) or that they 

do not make the down payment and keep the $20,000 
invested as in part (c)? Explain. 


Credit Card Terms 


2. With each credit card comes a credit agreement (or 
security agreement) the cardholder must sign. Select 
two members of your group who have a major credit 
card (MasterCard, Visa, Discover, or American 
Express). [f possible, one of the credit cards should be 
a gold or platinum card. Obtain a copy of the credit 
agreement signed by each cardholder and answer 
questions (a)—(p). 


a) What are the cardholder’s responsibilities? 


b) What is the cardholder’s maximum line of credit? 
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c) What restrictions apply to the use of the credit card? 


d) How many days after the billing date does the cardholder 
have to make a payment without being charged interest? 


e) What is the minimum monthly payment required, and 
how is it determined? 


f) What is the interest rate charged on purchases? 


g) How does the bank determine when to start charging 
interest on purchases? 


h) Is there an annual fee for the credit card? If so, what is it? 


i) What late charge applies if payments are not made on 
time? 


j) What information is given on the monthly statement? 
k) How is the finance charge computed? 
1) What other fees, if any, may the bank charge you? 


m) If the card is lost, what is the responsibility of the 
cardholder? 


n) [f the card is lost, what is the liability of the cardholder? 


0) What are the advantages of a gold or platinum card 
over a regular card? 


p) In your opinion, which of the two cards is more desirable? 
Explain. 


What You Will Learn 
= Empirical probability and 
theoretical probability 
= Compound probability, conditional 
probability, and binomial 
probability 

= Odds against an event and odds in 
favor of an event 

= Expected value 

= Tree diagrams 

= Mutually exclusive events and 
independent events 

= The counting principle, 

permutations, and combinations 


Each year, millions of Americans 
play lotteries. If you play a 
lottery, your hope is to beat the 
odds and be the person with the 
winning numbers. Not satisfied 
with leaving things to chance, 
mathematicians of the sixteenth, 
seventeenth, and eighteenth 
centuries invented the study 

of probability to determine the 
likelihood of an event such as 
winning the lottery. 

Although the rules of probability 
were first applied to gaming, they 
have many other applications. The 
cost of your car insurance, the 
weather forecast, the expected 
number of people who will attend 
an outdoor concert if it is raining 
all involve probability. In this 
chapter, we will learn many of the 
important concepts of probability 
that can help us make informed 
decisions in our lives. 


j Probability is involved in all games of chance, determining 
the cost of car insurance, and weather forecasting. 


) 


a We can determine the probability 
of an event, such as the probability 
that a particular auto part will fail 
before the warrarity expires, based 
on actual observations, 


Profile In Matheratics 


Jacob Bernoulli (1654-1705) 


wiss mathematician Jacob 

Bernoulli was considered a pio- 
neer of probability theory. He was 
part of a famous family of mathe- 
maticians and scientists. In Ars 
Conjectand, published — posthu- 
mously in 1713, he proposed that an 
increased degree of accuracy can be 
obtained by increasing the number 
of trials of an experiment. This theo- 
rem, called Bernoulli's theorem (of 
probability), is also known as the law 
of large numbers. Bernoulli’s theo- 
rem of fluid dynamics, used in air- 
craft wing design, was developed by 
Danie! Bernoulli (1700-1782). Daniel 
was one of Jacob's younger brother 
Johann’s three sons. 
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How do researchers determine if a new potential drug is superior to a standard drug? 
How do automobile manufacturers determine the chance that a particular part will fail be- 
fore the warranty expires? These and many other similar questions are answered through 
experimentation and observation of the results. Determining the chance of something 
happening in the future by observing past results is called empirical probability. 


(ID This is Important Understanding how to calculate probabilities based on past 
experience is essential to our daily lives. Empirical probability is used to determine 
insurance premiums and the length of a warranty. It is also used in medical and genetics 
research, as well as many other areas. 


n this section we introduce some basic concepts of probability including the Law of 
Large Numbers. 


History 


Probability is used in many areas, including public finance, medicine, insurance, elec- 
tions, manufacturing, educational tests and measurements, genetics, weather forecast- 
ing, investments, opinion polls, the natural sciences, and games of chance. The study 
of probability originated from the study of games of chance. Archaeologists have 
found artifacts used in games of chance in Egypt dating from about 3000 B.c. 

Mathematical problems relating to games of chance were studied by a number of 
mathematicians of the Renaissance. Italy’s Girolamo Cardano (1501-1576) in his Liber 
de Ludo Aleae (book on the games of chance) presents one of the first systematic com- 
putations of probabilities. Although it is basically a gambler’s manual, many consider it 
the first book ever written on probability. A short time later, two French mathemati- 
cians, Blaise Pascal (1623-1662) and Pierre de Fermat (1601-1665), worked together 
studying “the geometry of the die.” In 1657, Dutch mathematician Christian Huygens 
(1629-1695) published De Ratiociniis in Luno Aleae (on ratiocination in dice games), 
which contained the first documented reference to the concept of mathematical expecta- 
tion (see Section 12.4). Swiss mathematician Jacob Bernoulli (1654-1705), whom 
many consider the founder of probability theory, is said to have fused pure mathematics 
with the empirical methods used in statistical experiments. The works of Pierre-Simon 
de Laplace (1749-1827) dominated probability throughout the nineteenth century. 


The Nature of Probability 


Before we discuss the meaning of the word probability and learn how to calculate 
probabilities, we must introduce a few definitions. 


The process by which medical researchers administer experimental drugs to patients 
to determine their reaction is one type of experiment. 
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A A die (one of a pair of dice) contains 
six surfaces, called faces. Each face 
contains a unique number of dots, 
from to 6. The sum of the dots on 
opposite surfaces is 7. 


For example, the possible outcomes from administering an experimental drug may be 
a favorable reaction, no reaction, or an adverse reaction. 


Definition: Event 
An eyent is a subcollection of the outcomes of an experiment. 


For example, when a die is rolled, the event of rolling a number greater than 2 can be 
satisfied by any one of four outcomes: 3, 4, 5, or 6. The event of rolling a 5 can be 
satisfied by only one outcome, the 5 itself. The event of rolling an even number can 
be satisfied by any of three outcomes: 2, 4, or 6. 

Probability is classified as either empirical (experimental) or theoretical (mathe- 
matical). Empirical probability is the relative frequency of occurrence of an event and 
is determined by actual observations of an experiment. T/eoretical probability is de- 
termined through a study of the possible outcomes that can occur for the given experi- 
ment. We will indicate the probability of an event E by P(E), which is read “P of E.” 


Empirical Probability 


In this section, we will briefly discuss empirical probability. The emphasis in the re- 
maining sections is on theoretical probability. Following is the formula for computing 
empirical probability, or relative frequency. 


Empirical Probability (Relative Frequency) 
The empirical probability of an event, P(E), can be determined by the following 
formula. 


number of times event E has occurred 


P(E) = 


total number of times the experiment has been performed 


The probability of an event, whether empirical or theoretical, is always a number 
between 0 and 1, inclusive, and may be expressed as a decimal number or a fraction. 
An empirical probability of 0 indicates that the event has never occurred. An empiri- 
cal probability of 1 indicates that the event has always occurred. 


Example iJ Heads Up! 


In 100 tosses of a fair coin, 44 landed heads up. Determine the empirical probabil- 
ity of the coin landing heads up. 


Let E be the event that the coin lands heads up. Then 


44 
P(E) = 7100 = 0.44 ms 
Example Blood Pressure Reduction 


A pharmaceutical company is testing a drug that is supposed to help reduce high 
blood pressure. The drug is given to 500 individuals with the following outcomes. 


Blood pressure Blood pressure Blood pressure 
reduced unchanged increased 


379 62 59 


MATHEMATICS TODAY 


One Blue Eye, 
One Brown Eye 


eeing a dog or a person with 

different-colored eyes is unusual, 
but not that unusual. Features such 
as eye color are determined geneti- 
cally, as are certain illnesses. Below 
is a chart listing some human ge- 
netic disorders and their rates of 
occurrence. 


Disorder/Incidence 


Cystic fibrosis: 

1 out of 2500 Caucasian births 
Down syndrome: 

1 out of 800-1000 births 


Duchenne muscular dystrophy: 
1 out of 3300 male births 


Fragile X syndrome: 

1 out of 1500 male births 

1 out of 2500 female births 
Hemophilia A: 

1 out of 8500 male births 
Polycystic kidney disease: 

1 out of 3000 births 

Prader-Willi syndrome: 

1 out of 12,000 births 

Sickle-cell anemia: 

1 out of 400-600 African-American 
births 

Tay-Sachs disease: 

1 out of 3600 Ashkenazi Jewish 
births 


This is Importaré Genetics, 
which has its foundation in probabil- 
ity, is used in explaining the cause of 
these illnesses, and it plays an im- 
portant role in research to find cures 
for genetic disorders. 
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If this drug is given to an individual, determine the empirical probability that the 
person's blood pressure is (a) reduced, (b) unchanged, (c) increased. 


a) Let E be the event that the blood pressure is reduced. 


3) 
P = — = i 
(E) 500 0.758 


b) Let £ be the event that the blood pressure is unchanged. 


62 
P(E) = =~ = 0.124 
i 


c) Let E be the event that the blood pressure is increased. 


59 
P(E) = —~ = 0.118 
[ () 500 2 


Empirical probability is used when probabilities cannot be theoretically calcu- 
lated. For example, life insurance companies use empirical probabilities to determine 
the chance of an individual in a certain profession, with certain risk factors, living to 
age 65. 


Empirical Probability in Genetics 


Using empirical probability, Gregor Mendel (1822-1884) developed the laws of 
heredity by crossbreeding different types of “pure” pea plants and observing the 
relative frequencies of the resulting offspring. These laws became the foundation for 
the study of genetics. For example, when he crossbred a pure yellow pea plant and a 
pure green pea plant, the resulting offspring (the first generation) were always 
yellow; see Fig. 12.1(a). When he crossbred a pure round-seeded pea plant and a 
pure wrinkled-seeded pea plant, the resulting offspring (the first generation) were 
always round; see Fig. 12.1(b). 


First- 
generation 
offspring 
Yellow — dominant, Round — dominant, 
green — recessive wrinkled — recessive 
(a) (b) 
Figure 12.1 


Mendel called traits such as yellow color and round seeds dominant because 
they overcame or “dominated” the other trait. He labeled the green color and the 
wrinkled traits recessive. 

Mendel then crossbred the offspring of the first generation. The resulting second- 
generation offspring had both the dominant and the recessive traits of their grandparents; 
see Fig. 12.2(a) and 12.2(b) on page 678. What’s more, these traits always appeared in 
approximately a 3 to | ratio of dominant to recessive. 
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Did You Know? 
The Royal Disease 


Normal mother Carrier mother 


x ) | x x i ( x 
xx xx | 


be | fe | 
xy xy 


Chances of Chances of 
carer daughter (xx): 100% carrier daughter (xxx): 50% 
Chances of Chances of 
hemophilic son (xy): 0% hemophilic son (xy): 50% 


= Ce 
>, = 
aa 
—— J 
a 
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Hemophilic father 
Normal father 


eo 
a= 
- & 
eS 
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3 
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he effect of genetic inheritance 

is dramatically demonstrated 
by the occurrence of hemophilia 
in some of the royal families of 
Europe. Great Britain's Queen 
Victoria (1819— 1901) was the initial 
carrier. The disease was subsequently 
introduced into the royal lines of 
Prussia, Russia, and Spain through 
the marriages of her children. 

Hemophilia, a recessive sex- 
linked disease, keeps blood from 
clotting. As a result, even a minor 
bruise or cut can be dangerous. 
Females have a second gene that 
enables the blood to clot, which 
blocks the effects of the recessive 
carrier gene; males do not. So even 
though both males and females 
may be carriers, the disease afflicts 
only males. 

In humans, genes are located 
on 23 pairs of chromosomes. Each 
parent contributes one member 
of each pair to a child. The gene 
that affects blood clotting is car- 
ried on the x chromosome. Fe- 
males have two x chromosomes; 
males have one x chromosome 
and one y chromosome. Thus, 
on the diagram above, xx repre- 
sents a female and xy represents 
a male. A female with the de- 


fective gene, symbolized by jh 
will be a carrier, whereas a male 


with the defective gene will have 
hemophilia. 


“The laws of probability, so true in gen- 


eral, so fallacious in particular.” 


Edward Gibbon, 1796 


First-generation 
offspring 


Second-generation 


offspring 
Second-generation Second-generation 
offspring — approximately offspring — approximately 
3 yellow to every 3 round to every 
1 green 1 wrinkled 
(a) (b) 
Figure 12.2 


Table 12.1 lists some of the actual results of Mendel’s experiments with pea 
plants. Note that the ratio of dominant trait to recessive trait in the second-generation 
offspring is about 3 to | for each experiment. The empirical probability of the domi- 
nant trait has also been calculated. How would you find the empirical probability of 
the recessive trait? 


Table 12.1 Second-Generation Offspring 


a te ee — 


“nes with ; Ratio Ss 
Recessive 24 Dominant to” P (Dominant 


‘Trait : 


ee peace 
- Dominant — Recessive ‘ 
“Trait ae eute 


Dominant 
Trait 


Yellow seeds 6022 hie 2001 3.01to1 9022 _ 946 
seeds 8023 ¥ 

Round seeds SATUgiE ake erase eae 296101 22!" _ 975 
seeds 7324 : 


From his work, Mendel concluded that the sex cells (now called gametes) of 
the pure yellow (dominant) pea plant carried some factor that caused the off- 
spring to be yellow and that the gametes of the green variety had a variant factor 
that “induced the development of green plants.” In 1909, Danish geneticist 
W. Johannsen called these factors “genes.” Mendel’s work led to the understand- 
ing that each pea plant contains two genes for color, one that comes from the 
mother and the other from the father. If the two genes are alike—for instance, 
both for yellow plants or both for green plants—the plant will be that color. If the 
genes for color are different, the plant will grow the color of the dominant gene. 
Thus, if one parent contributes a gene for the plant to be yellow (dominant) and 
the other parent contributes a gene for the plant to be green (recessive), the plant 
will be yellow. 


The Law of Large Numbers 


Most of us accept that if a “fair coin” is tossed many, many times, it will land heads 
up approximately half of the time. Intuitively, we can guess that the probability that a 
fair coin will land heads up is 7 Does that mean that if a coin is tossed twice, it will 
land heads up exactly once? If a fair coin is tossed 10 times, will there necessarily be 
five heads? The answer is clearly no. What, then, does it mean when we state that the 


Did You Know? 
Batting Averages 


A Josh Hamilton 


f Josh Hamilton of the the Texas 

Rangers gets three hits in his first 
three at bats of the season, he is 
batting a thousand (1.000). Over the 
course of the 162 games of the sea- 
son (with three or four at bats per 
game), however, his baiting aver- 
age will fall closer to 0.359 (his 2010 
major league leading batting aver- 
age). In 2010, out of 518 at bats, 
Hamilton had 186 hits, an average 
above all other players’ but much 
less than 1.000. His batting average 
is a relative frequency (or empirical 
probability) of hits to at bats. It is 
only the long-term average that we 
take seriously because it is based 
on the law of large numbers. 
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probability that a fair coin will land heads up is 19 To answer this question, let’s ex- 
amine Table 12.2, which shows what may occur when a fair coin is tossed a given 
number of times. 


Table 12.2 


The far right column of Table 12.2, the relative frequency of heads, is a ratio of 
the number of heads observed to the total number of tosses of the coin. The relative 
frequency is the empirical probability, as defined earlier. Note that as the number of 
tosses increases, the relative frequency of heads gets closer and closer to 7 or 0.5, 
which is what we expect. 

The nature of probability is summarized by the law of large numbers. 


What does it mean to say that the probability of rolling a 2 on a die is Lo Tt means 
that over the long run, on the average, one of every six rolls will result in a 2. 


Exercises 


Warm Up Exercises 


In Exercises 1-6, fill in the blank with an appropriate 


word, phrase, or symbol(s). 


1. A controlled operation that yields a set of results is called 


a(n) 


2. The possible results of an experiment are called its 


4. Probability is classified as either theoretical probability or 
probability. 


5. Probability determined by the relative frequency of occur- 
rence of an event, or actual observations of an experiment 
is called probability. 


6. Probability determined through a study of the possible 
outcomes that can occur for a given experiment is called 
probability. 


3. A subcollection of the outcomes of an experiment is called 


a(n) 
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Practice the Skills 


ie 


10. 


Flip a Coin Flip a coin 50 times and record the results. 
Determine the empirical probability of flipping 
a) ahead. b) a tail. 


c) Does the probability of flipping a head appear to be the 
same as flipping a tail? 


. Pair of Dice Roll a pair of dice 60 times and record the 


sums. Determine the empirical probability of rolling a 
sum of 
a) 2. b) 7. 


c) Does the probability of rolling a sum of 2 appear to be 
the same as the probability of rolling a sum of 7? 


. Roll a Die Roll a die 50 times and record the results. De- 


termine the empirical probability of rolling 


a) al. b) a4. 


c) Does the probability of rolling a 1 appear to be the 
same as the probability of rolling a 4? Explain. 


Two Coins Flip two coins 50 times and record the number 
of times exactly one head was obtained. Determine the 
empirical probability of flipping exactly one head. 


Problem Solving 


11. 


12. 


Boat Rentals The last 30 boat rentals at Green Lakes 
Boat Rentals were 14 sunfish, 10 kayaks, and 6 rowboats. 
Use this information to determine the empirical probability 
that the next boat rental is a 


a) sunfish. 


b) kayak. 


c) rowboat. 


Music Purchases At the Virgin Music store in Times 
Square, 60 people entering the store were selected at 
random and were asked to choose their favorite type of 
music. Of the 60, 12 chose rock, 16 chose country, 8 
chose classical, and 24 chose something other than rock, 
country, or classical. Determine the empirical probability 
that the next person entering the store favors 

a) rock music. b) country music. 


c) something other than rock, country, or classical music. 


13. 


14. 


15. 


Veterinarian In a given week, a veterinarian treated the 
following animals. 


Animal Number Treated 
Dog 45 
Cat 40 
Bird 15 
Rabbit 5 


Determine the empirical probability that the next animal 
she treats is 


a) adog. b) acat. c) arabbit. 
Prader-Willi Syndrome Ina sample of 50,000 first-born 
babies, 5 were found to have Prader—Willi syndrome. Find 
the empirical probability that a family’s first child will be 


born with this syndrome. 


Studying Abroad The table below shows the 10 most popu- 
lar destinations for U.S. college students studying abroad for 
the 2008-2009 school year. 


; Number of | 
Destination Students 
United Kingdom 31,342 
Italy 27,362 
Spain 24,169 
France 16,910 
China 13,674 
Australia 11,140 
Germany 8330 
Mexico 7320 
Ireland 6858 
Costa Rica 6363 
Total 153,468 


Source: Institute of International Education 


16. 


17. 


If a student were selected at random from those who studied 
abroad in 2008-2009 at one of the destinations in the table, 
determine the empirical probability that the student studied in 
a) China. b) Italy. ce) Australia. 
Travel Web Sites The following table shows the number 
of visitors to the five most frequently visited travel 

Web sites in October 2010. 


Web Site 
| Trip Adviso: ee 24,000,000 
Yahoo! Travel 23,250,000 
Expedia 23,000,000 
Travelocity 16,000,000 
Priceline 15,000,000 
| Stats? 2s adasttona 


Source: ebizmba.com 


Assuming this trend continues, if a person chooses to visit 
only one of the listed Web sites, determine the empirical 
probability the person will visit 

a) Priceline. b) Expedia. c) Trip Advisor. 
Top-Selling Video Games The following table shows 
the number of video games sold worldwide for the five 
highest-selling video games in 2010. 


; U s Sol 


| Call of Dia Black Ops 18,880,000 
| Wii Sports 16,600,000 
| Super Mario Bros. Wii 11,310,000 
| Wii Sports Resort 11,290,000 
| Wii Fit Plus 8,870,000 
[Total =sC=Ct«*«<C*«*«é 958,00 
(ee ee 


Source: vgchartz.com 


Assuming this trend continues, if a person chooses to pur- 
chase a video game, determine the empirical probability 


that the person will purchase 
a) Wii Sports. b) Wii Fit Plus. 


c) Call of Duty: Black Ops. 
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18. Grade Distribution Mr. Doole’s grade distribution over 
the past 3 years for a course in college algebra is shown in 
the chart below. 


Number 


If Sue Gilligan plans to take college algebra with 
Mr. Doole, determine the empirical probability that she 
receives a grade of 


a) A. b) C. c) D or higher. 


19. Election In an election for student council president at 
Russell Sage College, 80 students were polled and asked 
for whom they planned to vote. The table shows the re- 
sults of the poll. 


If one student from Russell Sage College is selected at ran- 
dom, determine the empirical probability that the person 
planned to vote for 
a) Allison. b) Emily. 
c) Kimberly. d) Johanna. 

e) Someone other than the four people-listed above. 


20. Volunteer Hours The graph below shows the average num- 
ber of hours volunteered per week by Americans in 2009. 


Average Number of Hours 


Americans Volunteered 
per Week 
Not 
reported 
More 5% 
than 5 


12% 


Between 
2 and 5 
17% 


Between 
1 and 2 
16% 


Source: CNCS (www.serve.gov) 
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21. 


22. 


23. 


24. 
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If one American who participated in volunteer work is 
selected at random, determine the empirical probability the 
person volunteered 


a) between | and 2 hours per week. 
b) more than 5 hours per week. 
c) between 2 and 5 hours per week. 


Hitting a Bull’s-Eye The pattern of hits shown on the 
target resulted from a marksman firing 20 rounds. For a 
single shot, 


a) determine the empirical probability that the marksman 
hits the 50-point bull’ s-eye (the center of the target). 


b) determine the empirical probability that the marksman 
does not hit the bull’s-eye. 


c) determine the empirical probability that the marksman 
scores at least 20 points. 


d) determine the empirical probability that the marksman 
does not score any points (the area outside the large 
circle). 


Rock Toss Jim Handy finds an irregularly shaped five-sided 
rock. He labels each side and tosses the rock 100 times. 

The results of his tosses are shown in the table. Determine 
the empirical probability that the rock will land on side 4 if 
tossed again. 


Cell Biology Experiment An experimental serum was 
injected into 500 guinea pigs. Initially, 150 of the guinea 
pigs had circular cells, 250 had elliptical cells, and 100 
had irregularly shaped cells. After the serum was injected, 
none of the guinea pigs with circular cells were affected, 
50 with elliptical cells were affected, and all those with ir- 
regular cells were affected. Determine the empirical prob- 
ability that a guinea pig with (a) circular cells, (b) elliptical 
cells, and (c) irregular cells will be affected by injection of 
the serum. 


Gender {na large lecture hall there are 325 students of 
which 160 are male and 165 are female. If one student is 


25. 


26. 


selected at random, determine the empirical probability the 
individual selected is 


a) male. b) female. 


Mendel’s Experiment In one of his experiments (see 
pages 677-678), Mendel crossbred nonpure purple flower 
pea plants. These purple pea plants had two traits for flow- 
ers, purple (dominant) and white (recessive). The result 

of this crossbreeding was 705 second-generation plants 
with purple flowers and 224 second-generation plants with 
white flowers. Determine the empirical probability of a 
second-generation plant having 


a) white flowers. b) purple flowers. 


Second-Generation Offspring In another experiment, 
Mendel crossbred nonpure tall pea plants. As a result, 

the second-generation offspring were 787 tall plants and 
277 short plants. Determine the empirical probability of a 
second-generation plant being 


a) tall. b) short. 


Concept/Writing Exercises 


27. 


28. 


29. 


30. 


The theoretical probability of a coin landing heads up is 4 
Does this probability mean that if a coin is flipped two times, 
one flip will land heads up? If not, what does it mean? 


To determine premiums, life insurance companies must 
compute the probable date of death. On the basis of a great 
deal of research, Mr. Duncan, age 36, is expected to live 
another 43.21 years. Does this determination mean that 
Mr. Duncan will live until he is 79.21 years old? If not, 
what does it mean? 


a) Explain how you would find the empirical probability 
of rolling a 5 on a die. 


b) What do you believe is the empirical probability of 
rolling a 5? 


c) Determine the empirical probability of rolling a 5 by 
rolling a die 40 times. 


The theoretical probability of rolling a 4 on a die is 1 Does 
this probability mean that if a die is rolled six times one 4 
will appear? If not, what does it mean? 


Challenge Problem/Group Activity 


31. 


a) Design an Experiment Which do you believe is used 
more frequently in a magazine or newspaper article, the 
word a or the word the? 


b) Design an experiment to determine the empirical prob- 
abilities (or relative frequencies) of the words a and the 
appearing in a magazine or newspaper article. 


c) Perform the experiment in part (b) and determine the 
empirical probabilities. 


d) Which word, « or the, appears to occur more frequently? 


Recreational Mathematics 


32. Cola Preference Can people selected at random distin- 
guish Coke from Pepsi? Which do they prefer? 


a) Design an experiment to determine the empirical prob- 
ability that a person selected at random can select Coke 
when given samples of both Coke and Pepsi. 


SECTION 


cuss in this section. 


A We can use probability to determine 
the likelihood of winning games of 
chance. 


Should you spend the money for a stamp to return a sweepstakes ticket? What are 


loss of business ventures. 
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b) Perform the experiment in part (a) and determine the 
empirical probability. 


c) Determine the empirical probability that a person 
selected at random will prefer Coke over Pepsi. 


Internet/Research Activities 


33. Write a paper on how insurance companies use empiri- 
cal probabilities in determining insurance premiums. An 
insurance agent may be able to direct you to a source of 
information. 


34. Write a paper on how Gregor Mendel’s use of empirical 
probability led to the development of the science of genet- 
ics. You may want to check with a biology professor to 
determine references to use. 


| Theoretical Probability 


your chances of winning a lottery? If you go to a carnival, bazaar, or casino, which 
games provide the greatest chance of winning? These and similar questions can be 
answered once you have an understanding of theoretical probability that we will dis- 


This is Important Understanding how to calculate theoretical probability is essen- 
tial to many real-life applications, including games of chance. Theoretical probability is 
also necessary to determine the odds of an event happening, and the expected gain or 


ecall from Section 12.1 that the results of an experiment are called outcomes. 
When you roll a die and observe the number of points that face up, the possible 
outcomes are 1, 2, 3, 4, 5, and 6. It is equally likely that you will roll any one of the 
possible numbers. 


Can you think of a second set of equally likely outcomes when a die is rolled? An 
odd number is as likely to be rolled as an even number. Therefore, odd and even num- 
bers are another set of equally likely outcomes. 

If an event E has equally likely outcomes, the theoretical probability of event E, 


To be able to do the problems in 
this section and the remainder of 
the chapter, you must have a thor- 
ough understanding of fractions. If 
you have forgotten how to work 
with fractions, we strongly suggest 
that you review Section 5.3 before 
beginning this section. 


In the remainder of this chapter, the word probability will refer to theoretical 
probability. 
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Example | illustrates how to use this formula. 


Example i] Determining Probabilities 


A die is rolled. Determine the probability of rolling 
a) a5. b) an even number. c) anumber greater than 3. 
a) vaya e) anumber less than 7. 


| Solution 
a) There are six possible equally likely outcomes: 1, 2, 3, 4, 5, and 6. The event of 
rolling a 5 can occur in only one way. 


number of outcomes that willresultina5 _ 1 


PO) = 
total number of possible outcomes 6 


b) The event of rolling an even number can occur in three ways: 2, 4, or 6. 


number of outcomes that result in an even number 


P (even number) = : 
total number of possible outcomes 


epias 
G 2 
c) Three numbers are greater than 3, namely, 4, 5 and 6. 
P (number greater than 3) = . = ; 


d) No outcomes will result in a 7. Thus, the event cannot occur and the probability 
is 0. 


PI)=2=0 


e) All the outcomes | through 6 are less than 7. Thus, the event must occur and the 
probability is 1. 


6 
P (number less than 7) = 6 = 1 


Four important facts about probability follow. 


Important Probability Facts 

1. The probability of an event that cannot occur is 0. 

2. The probability of an event that must occur is 1. 

3. Every probability is a number between 0 and 1 inclusive; that is,0 = P(E) S 1. 
4. The sum of the probabilities of all possible outcomes of an experiment is 1. 


Example 4 Choosing One Bird from a List 


The names of 15 birds and their food preferences are listed in Table 12.3 on 

page 685. Each of the 15 birds’ names is listed on a slip of paper, and the 15 slips 

are placed in a bag. One slip is to be selected at random from the bag. Determine 

the probability that the slip contains the name of 

a) a finch (any type listed). 

b) a bird that has a high attractiveness to cracked corn. 

c) a bird that has a low attractiveness to peanut kernels, and a low attractiveness to 
cracked corn, and a high attractiveness to black-striped sunflower seeds. 
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d) a bird that has a high attractiveness to either peanut kernels or cracked corn 
(or both). 


Table 12.3 Birds and Their Food Preferences 


Remes" “Peanut =—Cracked_—_—Black-Striped 
Birdos -5 oie Kernels = =~ Corn _—_— Sunflower Seeds 
American goldfinch 16; i, H 
Blue jay H M H 
Chickadee M te H 
Common grackle M H H 
Evening grosbeak Ib LE H 

| House finch M 16; H 
House sparrow Ib, M M 
Mourning dove 1; M M 
Northern cardinal L if, H 
Purple finch If 1 H 
Scrub jay H L H 
Song sparrow iL, I, M 
Tufted titmouse H L H 
White-crowned sparrow H M H 

| White-throated sparrow H H H 


Source: How to Attract Birds (Ortho Books) 


Note: H = high attractiveness; M = medium attractiveness; L = low attractiveness. 


a) Three of the 15 birds listed are finches (American goldfinch, house finch, and 
purple finch). 


3 1 
P (finch) = 15 = 5 


b) Two of the 15 birds listed have a high attractiveness to cracked corn (common 
grackle and white-throated sparrow). 


2 
P (high attractiveness to cracked corn) = 15 


— 


Reading across the rows reveals that 4 birds have a low attractiveness to peanut 
kernels, a low attractiveness to cracked corn, and a high attractiveness to black- 
striped sunflower seeds (American goldfinch, evening grosbeak, northern cardi- 
nal, and purple finch). 


Cc 


( low attractiveness to peanuts, and low to ) _4 
re 


corn, and high to black-striped sunflower sweeds 


d) Six birds have a high attractiveness to either peanut kernels or to cracked corn 
(or both). They are the blue jay, common grackle, scrub jay, tufted titmouse, 


white-crowned sparrow, and white-throated sparrow. 


SIE 


6 2 
P (high attractiveness to peanut kernels or cracked corn) = 5 = 5 = 
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In any experiment, an event must either occur or not occur. The sum of the prob- 
ability that an event will occur and the probability that it will not occur is 1. Thus, for 
any event A we conclude that 


The Sum of the Probabilities Equals 1 
P(A) + P(not A) = 1 
or 
P(not A) = 1 — P(A) 


For example, if the probability that event A will occur is > the probability that 
event A will not occur is 1 — > or i Similarly, if the probability that event A will 
not occur is 0.3, the probability that event A will occur is 1 — 0.3 = 0.7, or ih We 
make use of this concept in Example 3. 


Example [E¥ Selecting One Card from a Deck 


A standard deck of 52 playing cards is shown in Fig. 12.3. The deck consists of 
four suits: hearts, clubs, diamonds, and spades. Each suit has 13 cards, including 
numbered cards ace (1) through 10 and three picture (or face) cards, the jack, the 
queen, and the king. Hearts and diamonds are red cards; clubs and spades are black 
cards. There are 12 picture cards, consisting of 4 jacks, 4 queens, and 4 kings. One 
card is to be selected at random from the deck of cards. Determine the probability 


that the card selected is 


aad: 
c) adiamond. 


e) aheart and a spade. 


A 
v 
A 
& 
A 
¢ 
A 
4 


PD ¢Y #N <0 
POl FO BOI <0 


Figure 12.3 


b) nota 7. 
d) ajack or queen or king (a picture card). 
f) acard greater than 6 and less than 9. 


Picture cards 


EL EA CEL EA EA EK EK Dal) —— Hearts 
ERED OEE Pe ERE HE EE Nl 
443484 bai al alata tionwa 
saaaiaiacaiaiasaiias 
ave 
SERRE REE 


— Clubs 
— Diamonds 


—— Spades 


a) There are four 7’s in a deck of 52 cards. 


b) P(nota7) = 1 — 


Pe 
AS 


12 
13 


13 


l 
PP) =1-—= 
(7) 13 


This probability could also have been found by noting that there are 48 cards 
that are not 7’s in a deck of 52 cards. 


48 12 


Pinel aires 
MARL ae Fi 
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c) There are 13 diamonds in the deck. 


1 1 
P (diamond) = es =— 
Sy ah 


d) There are 4 jacks, 4 queens, and 4 kings, or a total of 12 picture cards. 


12 
P (jack or queen or king) = = 


ae 
eieeeis 


e) The word and means that both events must occur. Since it is not possible to se- 
lect one card that is both a heart and a spade the probability is 0. 


P (heart and spade) = a =0 


52 


f) The cards that are both greater than 6 and less than 9 are 7’s and 8’s. There are 
four 7’s and four 8’s, or a total of eight cards. 


8 p, 
P (greater than 6 and less than 9) = — = — 


Sy 13 a 


Warm Up Exercises 


In Exercises J—10, fill in the blank with an appropriate 
word, phrase, or symbol(s). 


1. 


10. 


If each outcome of an experiment has the same chance 
of occurring as any other outcome, the outcomes are 
_________ likely outcomes. 


. The probability of an event that cannot occur is 

. The probability of an event that must occur is 

. Every probability is a number between ________ and 
inclusive. 

. The sum of the probabilities of all possible outcomes of an 


expenmentis. === =, 


. For any event A, P(A) + P(not A) = 


= cali) aoe 
. If the probability that an event occurs is 7, the probability 


that the event does not occur is 


. If the probability that an event occurs is 0.2, the probabil- 


ity that the event does not occur is 


. If the probability that an event does not occur is 0.9, the 


probability that the event occurs is 


«4 
If the probability that an event does not occur Is 9, the 


probability that the event occurs is 


Practice the Skills 
11. 


12. 


13. 


14. 


Multiple-Choice Test A multiple-choice test has five 
possible choices for each question. 


a) If you randomly select one of the choices, what is the 
probability that you select the correct answer for one 
particular question? 


b) If you eliminate one of the five possible choices 
and guess from the remaining choices, what is the 
probability that you select the correct answer to that 
question? 


Remote Control A TV remote control has keys for 
channels 0 through 9. If you select one key at random, 


a) what is the probability that you press channel 6? 


b) what is the probability that you press a key for an even 
number? 


c) what is the probability that you press a key for a num- 
ber less than 7? 


Raffle In a raffle where one number is chosen, deter- 
mine the probability that you would win if you have a 
choice of 40 numbers to choose from. 


Raffle Ina raffle where one number is chosen, deter- 
mine the probability that you would win if you have a 
choice of 52 numbers to choose from. 
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Select a Card In Exercises 15-24, one card is selected at 
random from a deck of cards. Determine the probability 
that the card selected is 
1S cia: 16. a5 ora 10. 
17. nota 5. 18. the five of diamonds. 
19. a black card. 20. a diamond. 
21. ared card or a black card. 

22. ared card and a black card. 

23. a card greater than 3 and less than 8. 


24, a king and a club. 


Spin the Spinner In Exercises 25-28, assume that the spin- 
ner cannot land on a line. Determine the probability that the 
spinner lands on (a) red, (b) green, (c) yellow, (d) blue. 


: Si, § 
: of 


28. 


A 


Picnic In Exercises 29-32, a cooler at a picnic contains 
100 cans of soda covered by ice. There are 30 cans of cola, 
40 cans of orange soda, 10 cans of ginger ale, and 20 cans 
of root beer. The cans are all the same size and shape. If 
one can is selected at random from the cooler, determine 
the probability that the soda selected is 


29. root beer. 
30. cola or orange soda. 
31. cola, root beer, or orange soda. 


32. ginger ale. 


Wheel of Fortune In Exercises 33-36, use the small replica 
of the Wheel of Fortune. 


If the wheel is spun at random, determine the probability 
that the indicated sector will stop under the pointer. 


33. $600 
34. A number greater than $700 
35. Lose a turn or Bankrupt 


36. $2500 or Surprise 


Basketballs In Exercises 37-40, 30 basketballs, including 
15 Spalding, 10 Wilson, and 5 other brand-name balls, are 
on a basketball court. Barry Wood closes his eyes and arbi- 
trarily picks up a ball from the court. Determine the prob- 


ability that the ball selected is 
37. a Spalding. 38. a Wilson. 


39. not a Wilson. 40. a Wilson or a Spalding. 


Traffic Light In Exercises 41—44, a traffic light is red for 
25 sec, yellow for 5 sec, and green for 55 sec. What is the 


probability that when you reach the light, 
41. the light is green. 42. the light is yellow. 


43. the light is not red. 44. the light is not green. 


TALLAHASSEE In Exercises 45—50, each individual letter of 
the word TALLAHASSEE is placed on a piece of paper and 
all 11 pieces of paper are placed in a hat. If one letter is se- 
lected at random from the hat, determine the probability that 
45. the letter S is selected. 

46. the letter S is not selected. 

47. a consonant is selected. 

48. the letter T or E is selected. 


49. the letter W is selected. 


50. the letter V is not selected. 


National Parks In Exercises 51-54, use the list below 


which shows the 10 U.S. National Parks with the most 
visitors in 2010. 


AA Smokey Mountains North Carolina 9,463, 538 . 
National Park Tennessee 
Grand Canyon National Park Arizona 4,388,386 
Yosemite National Park California 3,901,408 
Yellowstone National Park Wyoming 3,640,185 
Rocky Mountain National Park Colorado 2,955,821 
Olympic Nationa! Park Washington 2,844,563 
Grand Teton National Park Wyoming 2,669,374 
Zion National Park Utah 2,665,972 
Acadia National Park Maine 2,504,208 


Cuyahoga Valley Ohio 


National Park 


2,492,670 


Source: National Park Service 


& Grand Teton National Park, Jackson, WY 


If one of the parks in the list is selected at random, deter- 
mine the probability the park 


51. is located in California. 
52. is located in Wyoming. 
53. had more than 4 million visitors. 


54, had fewer than 3 million visitors. 


Dart Board In Exercises 55—58, a dart is thrown randomly and 
sticks on the circular dart board with 26 partitions, as shown. 


jp ae 
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Assuming the dart cannot land on the black area or on a 
border between colors, determine the probability that the 
dart lands on 


55. the area marked 15. 56. an orange area. 
57. an area marked with a number greater than or equal to 22. 


58. an area marked with a number greater than 6 and less than 
or equal to 9. 


Car Dealership In Exercises 59-64, refer to the following 
table, which shows the type and manufacturer of vehicles at 
a specific car dealership. 


If one person selects a vehicle at random from the dealer- 
ship, determine the probability that the person selects 


59. a car. 60. an SUV. 
61. a vehicle manufactured by General Motors. 
62. a vehicle manufactured by Toyota. 


63. a car manufactured by General Motors. 


64. an SUV manufactured by General Motors. 


Stocking Taco Sauce In Exercises 65—70, refer to the 
following table, which contains information about a 
shopping cart full of jars of taco sauce that must be stocked 
on a shelf. Assume all jars are the same size and shape. 


ledi edium Hot Total 


Taco Bell 
Ortega 
Old El Paso 
Other 


[ee Ge og See ee 


Tf a stock clerk selects one jar at random to place on the 
shelf, determine the probability he selects a jar of 


65. Ortega. 66. Old El Paso. 


67. a mild taco sauce. 68. a hot taco sauce. 
69. Taco Bell medium taco sauce. 


70. Old El Paso hot taco sauce. 
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Bean Bag Toss In Exercises 71—76, a bean bag is randomly 
thrown onto the square table top shown below and does not 
touch a line. 


aS i 


Determine the probability that the bean bag lands on 


71. a red area. 72. a green area. 


73. a yellow area. 74. ared or green area. 


75. a yellow or greenarea. 76. a red or yellow area. 


Challenge Problems/Group Activities 


Before working Exercises 77 and 78, reread the material 
on genetics in Section 12.1. 


77. Genetics Cystic fibrosis is an inherited disease that oc- 
curs in about | in every 2500 Caucasian births in North 
America and in about | in every 250,000 non-Caucasian 
births in North America. Let’s denote the cystic fibrosis 
gene as c and a disease-free gene as C. Since the disease- 
free gene is dominant, only a person with cc genes will 
have the disease. A person who has Cc genes is a carrier 
of cystic fibrosis but does not actually have the disease. If 
one parent has CC genes and the other parent has cc genes, 
determine the probability that 


a) an offspring will inherit cystic fibrosis, that is, cc 
genes. 


b) an offspring will be a carrier of cystic fibrosis but not 
contract the disease. 


78. Genetics Sickle-cell anemia is an inherited disease that 
occurs in about | in every 500 African-American births 
and about | in every 160,000 non—African-American 
births. Unlike cystic fibrosis, in which the cystic fibrosis 
gene is recessive, sickle-cell anemia is codominant. In 
other words, a person inheriting two sickle-cell genes will 
have sickle-cell anemia, whereas a person inheriting only 
one of the sickle-cell genes will have a mild version of 
sickle-cell anemia, called sickle-cell trait. Let’s call the 
disease-free genes 5, and the sickle cell gene s>. If both 
parents have s,s genes, determine the probability that 


a) an offspring will have sickle-cell anemia. 
b) an offspring will have the sickle-cell trait. 


c) an offspring will have neither sickle-cell anemia nor the 
sickle-cell trait. 


In Exercises 79 and 80, the solutions involve material that 
we will discuss in later sections of the chapter. Try to solve 
them before reading ahead. 


79. Marbles A bottle contains two red and two green marbles, 
and a second bottle also contains two red and two green 
marbles. If you select one marble at random from each 
bottle, determine the probability (to be discussed in Sec- 
tion 12.6) that you obtain 


a) two red marbles. b) two green marbles. 


c) ared marble from the first bottle and a green marble 
from the second bottle. 


80. Birds Consider Table 12.3 on page 685. Suppose you are 
told that one bird’s name was selected at random from the 
birds listed and the bird selected has a low attractiveness to 
peanut kernels. Determine the probability (to be discussed 
in Section 12.7) that 


a) the bird is a sparrow. 
b) the bird has a high attractiveness to cracked corn. 


c) the bird has a high attractiveness to black-striped 
sunflower seeds. 


Recreational Mathematics 


81. Dice Ona die, the sum of the dots on the opposite faces 
is seven. Two six-sided dice are placed together on top of 
one another, on a table, as shown in the figure below. The 
top and bottom faces of the bottom die and the bottom face 
of the top die cannot be seen. If you walk around the table, 
what is the sum of all the dots on all the visible faces of 


the dice? 
od 


Internet/Research Activity 


82. On page 675, we briefly discuss Jacob Bernoulli. The 
Bernoulli family produced several prominent mathemati- 
cians, including Jacob I, Johann I, and Daniel. Write a 
paper on the Bernoulli family, indicating some of the 
accomplishments of each of the three Bernoullis named 
and their relationship to one another. Indicate which 
Bernoulli the Bernoulli numbers are named after, which 
Bernoulli the Bernoulli theorem in statistics is named 
after, and which Bernoulli the Bernoulli theorem of fluid 
dynamics is named after. 


SECTION 12.3. 


A What are the odds against the San 
Francisco Giants winning the World 


Series this year? 


Did You Kneove? 


Gambling in Ancient Times 


pe have found 
evidence of gambling in all 


cultures, from the Stone Age Austra- 
lian aborigines to the ancient Eqyp- 
tians, and across cultures touched 
by the Roman Empire. There is an 
equally long history of moral and le- 
gal opposition to gambling. 


The denominators of the probabili- 
ties in an odds problem will always 
divide out, as was shown in 
Example 1. 


Odds 
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The odds against winning the Fabulous Fortune lottery are about 2.6 million to 1. The 
odds against being audited by the IRS this year are about 47 to 1. The odds against 
the San Francisco Giants winning the World Series this year may be 6 to 1. We see the 
word odds daily in newspapers and magazines and often use it ourselves. Yet there is 
widespread misunderstanding of its meaning. In this section, we will explain the mean- 
ing of odds. We will also discuss how to determine odds against an event and how to 
determine odds in favor of an event. 


FAZE9 This is Important Many real-life applications involve odds, including sporting 
events and games of chance. 


Odds Against an Event 


The odds given at horse races, at craps, and at all gambling games in Las Vegas and 
other casinos throughout the world are always odds against unless they are otherwise 
specified. The odds against an event is a ratio of the probability that the event will fail 
to occur (failure) to the probability that the event will occur (success). Thus, to find 
odds you must first know or determine the probability of success and the probability 
of failure. 


Odds Against an Event 
The following formula may be used to determine the Baas against an event 
dal esate P (event. fails tooccur) _ P Caius) ey 
P (success) 


P (event occurs) 


Example §j§ Rolling a 4 
Determine the odds against rolling a 4 on one roll of a die. 


Before we can determine the odds, we must first determine the probabil- 
ity of rolling a 4 (success) and the probability of not rolling a 4 (failure). When a 
die is rolled there are six possible outcomes: 1, 2, 3, 4, 5, and 6. 


1 5} 
P (rolling a4) = 6 P (failure to roll a4) = 6 


Now that we know the probabilities of success and failure, we can determine the 
odds against rolling a 4. 


P (failure to roll a 4) 
P (rolling a 4) 


Odds against rolling a4 = 


1 
ae 
ice a 


The ratio $ is commonly written as 5:1 and is read “5 to 1.” Thus, the odds against 
rolling a 4 are 5 to 1. z 
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Did You Know? — 


Flying Is Safer 


Nie people fear the risks of 
air travel, but the odds in fa- 


vor of dying in an airplane crash 
are relatively low: approximately 1 
to 2,067,000. The odds in favor of 
dying in a car accident are approxi- 
mately 1 to 7700. Thus, the odds in 
favor of dying in a car accident are 
much greater than the odds in favor 
of dying in an airplane accident. 


In Example 1, we considered the possible outcomes of the die: 1, 2, 3, 4, 5, 6. 
Over the long run, one of every six rolls will result in a 4, and five of every six rolls 
will result in a number other than 4. Therefore, if a person is gambling, for each dollar 
bet in favor of the rolling of a 4, $5 should be bet against the rolling of a 4 if the per- 
son is to break even. The person betting in favor of the rolling of a 4 will either lose 
$1 (if a number other than a 4 is rolled) or win $5 (if a 4 is rolled). The person betting 
against the rolling of a 4 will either win $1 (if a number other than a 4 is rolled) or 
lose $5 (if a 4 is rolled). If this game is played for a long enough period, each player 
theoretically will break even. 

Example 2 involves a circle graph that contains percents; see Fig. 12.4. Before 
we discuss Example 2, let us briefly discuss percents. Recall that probabilities are 
numbers between 0 and 1, inclusive. We can change a percent between 0% and 100% 
to a probability by writing the percent as a fraction or a decimal number. In Fig. 12.4, 
we see 36% in one of the sectors (or areas) of the circle. To change 36% to a probabil- 
ity, we can write is or 0.36. Note that both the fraction and the decimal number are 
numbers between 0 and 1, inclusive. 


Example @4 Occupations 


The circle graph in Fig. 12.4 shows the percent of U.S. workers employed in pro- 
fessional, service, sales, construction, and production occupations. If one U.S. 
worker is selected at random, use the graph to determine the odds against the per- 
son being employed in a sales occupation. 


Occupation of U.S. Workers 


Production 
12% 


Construction 
10% 


Professional 
36% 


Source: Bureau of Labor Statistics 


Figure 12.4 


From the graph, we can determine that 25%, or i, of U.S. workers are 
employed in sales occupations. Therefore, the probability that a U.S. worker is 
employed in a sales occupation is in. The probability that a U.S. worker is not 
employed in a sales occupation is 1 — 7§5 = ip. 


Odds against the person being _ (person is not employed in a sales occupation) 
employed ina sales occupation 


P (person is employed in a sales occupation) 


75 
TOO me Loge. 5) 

= Dh cia Soe ee 
100 


Thus, the odds against the person being employed in a sales occupation are 3:1. m 


Odds in Favor of an Event 


Although odds are generally given against an event, at times they may be given in fa- 
vor of an event. The odds in favor of an event are expressed as a ratio of the probabil- 
ity that the event will occur to the probability that the event will fail to occur. 


MATHEMATICS TODAY. 


- 


Deal or No Dea! 


popular television show is the 

NBC game show Deal or No 
Deal. A contestant chooses a brief- 
case from 26 briefcases. inside each 
briefcase is a card indicating a spe- 
cific, but unique, amount of money. 
As each round progresses, the 
contestant must either stay with 
the briefcase selected or make a 
"deal” with the “banker” to accept 


a cash offer in exchange for what- 
ever dollar amount is in the chosen 
case. Typically, the banker's offer 
undervalues the remaining brief 
cases, especially ai the start of the 
game. For further information, visit 
www.nbe.com/Deal_or_No. Deal. 


WN) Tinks is termartany Most 
games of chance depend on con- 
cepts from probability. 


Did You Know? 


What Were the 
Odds on This One? 


n the year 1905, only two auto- 
sree were registered in the 
entire state of Missouri. 

In the year 1905, Missouri’s only 
two registered automobiles were 
involved in a head-on collision! 
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Odds in Favor ofanEvent 
The following formula may be used to determine the odds in favor of an event. 


oe 


; a -——- P(eyent occurs) P (success) 
aoe eae: P(event fails to occur) — P (failure) 


othe 
, 


If the odds against an event are a:b, the odds in favor of the event are b:.a. 


Example Ey Smartphones 


The circle graph in Fig. 12.5 shows the U.S. market share for the operating systems 
used in smartphones, as of December 2010. If an individual who owns a 
smartphone is selected at random, use the graph to determine 


a) the odds against the individual owning a Google phone. 
b) the odds in favor of the individual owning a Google phone. 


U.S. Market Share of 
Operating Systems Used 
in Smartphones in 2010 


Research in 
> Motion 
\, (Blackberry) 
Dm 32% 


Source: ComScore 


Figure 12.5 


a) The graph shows that 29%, or i: of individuals who owned a smartphone 
owned a Google phone. Thus, the probability that an individual owned a Google 
phone is i. Therefore, the probability that an individual did not own a Google 

; ee 20 a el 
phone is 1 — 799 = 700 


P (an individual did not own a Google phone) 
Pan individual owned a Google phone) 


Odds against an individual 
owning a Google phone 


n | 
HAD BENT HEI * 371 
29 198 2929 or 71:29 

100 


Thus, the odds against the individual owning a Google phone are 71:29. 
b) The odds in favor of the individual owning a Google phone are 29:71. r] 


Finding Probabilities from Odds 


When odds are given, either in favor of or against a particular event, it is possible to deter- 
mine the probability that the event occurs and the probability that the event does not occur. 
The denominators of the probabilities are found by adding the numbers in the odds state- 
ment. The numerators of the probabilities are the numbers given in the odds statements. 
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Example Determining Probabilities from Odds 


The odds against Robin Murphy being admitted to the college of her choice are 9:2. 
Determine the probability that (a) Robin is admitted and (b) Robin is not admitted. 


a) We have been given odds against and have been asked to find probabilities. 
P (fails to be admitted ) 
P (is admitted ) 


Odds against being admitted = 


Since the odds statement is 9:2, the denominators of both the probability of 
success and the probability of failure must be 9 + 2 or 11. To get the odds 
ratio of 9:2, the probabilities must be 77 and 7. Since odds against is a ratio 
of failure to success, the 77 and 7 represent the probabilities of failure and 
success, respectively. Thus, the probability that Robin is admitted (success) is <. 


b) The probability that Robin is not admitted (failure) is i a 


Odds and probability statements are sometimes stated incorrectly. For example, con- 
sider the statement, “The odds of being selected to represent the district are 1 in 5.” Odds 
are given using the word fo, not in. Thus, there is a mistake in this statement. The correct 
statement might be, “The odds of being selected to represent the district are 1 to 5” or 
“The probability of being selected to represent the district is | in 5.” Without additional 
information, it is not possible to tell which statement is the correct interpretation. 


SECTION 12.3 ; 
Exercises 


Practice the Skills/Problem Solving 


Warm Up Exercises 


In Exercises I-6, fill in the blank with an appropriate 
word, phrase, or symbol(s). 


1. 


The ratio of the probability that an event will fail to occur 
to the probability that the event will occur is called the 
odds an event. 


. The ratio of the probability that the event will occur to the 


probability that the event will fail to occur is called the 
odds an event. 


. If the odds in favor of Just in Time winning a horse race 


are 1:3, then the odds against Just in Time winning the 
race are 


. If the odds against winning at Monopoly are 4: 1, then the 


odds in favor of winning at Monopoly are 


. If the probability that an event will occur is z then the 


probability that the event will not occur is i and the odds 
in favor of the event occurring are 


. If the probability that an event will fail to occur is t then 


the probability that the event will occur is 3 and the odds 
against the event occurring are 


. If the odds against an event are 1:3, the probability that 


the event will fail to occur is 


. If the odds against an event are a to b, then the probability 


that the event occurs is 


oF 


10. 


Dressing Up Lila Jaquez is going to wear a blue dress and 
is trying to decide which pair of shoes she should wear 
with it. In her closet, she has 12 pairs of shoes, 5 of which 
go well with the dress. If Lila selects one pair of shoes at 
random, determine 


a) the probability that the shoes go well with the dress. 


b) the probability that the shoes do not go well with the 
dress. 


c) the odds against the shoes going well with the dress. 


d) the odds in favor of the shoes going well with the 
dress. 


Making a Donation In her wallet, Anne Kelly has 12 
bills. Six are $1 bills, two are $5 bills, three are $10 bills, 
and one is a $20 bill. She passes a volunteer seeking do- 
nations for the Salvation Army and decides to select one 
bill at random from her wallet and give it to the Salvation 
Army. Determine 


a) the probability that she selects a $5 bill. 
b) the probability that she does not select a $5 bill. 
c) the odds in favor of her selecting a $5 bill. 


d) the odds against her selecting a $5 bill. 


Deal or No Deal In Exercises 11 and 12, consider the 
TV show Deal or No Deal. (See the Mathematics Today 
on page 693.) In the game show, there are 26 numbered 
cases, each indicating a cash prize ranging from 1 cent 
to $1,000,000. Contestants on the show have a series of 
choices to make, and each time they can either accept the 
cash offer made by the banker or select a case from the 
remaining cases. Assume that one of the remaining cases 
contains a $1,000,000 cash prize. Determine the odds 
against and the odds in favor of selecting the case contain- 
ing the $1,000,000 cash prize if there are 


11. seven cases remaining. 


12. four cases remaining. 


Toss a Die In Exercises 13—16, a die is tossed. Determine 
the odds against rolling 


13. a2. 

14. an odd number. 

15. a number less than 3. 

16. a number greater than 4. 

Deck of Cards In Exercises 17-20, a card is picked from a 


standard deck of cards. Determine the odds against and the 
odds in favor of selecting 


17. a king. 

18. a heart. 

19. a picture card. 

20. a card greater than 5 (ace is low). 


Spin the Spinner In Exercises 21-24, assume that the spin- 
ner cannot land on a line. Determine the odds against the 


spinner landing on the color red. 


25. Students One person is selected at random from a class of 
16 men and 14 women. Determine the odds against selecting 


a) a woman. b) aman. 


26. Lottery One million tickets are sold for a lottery in which 
a single prize will be awarded. 
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a) If you purchase a ticket, determine your odds against 
winning. 


b) If you purchase 10 tickets, determine your odds against 
winning. 


Billiard Balls In Exercises 27—32, use the rack of 15 
billiard balls shown. 


27 


28 


29 


30 


31 


32 


33 


. If one ball is selected at random, determine the odds 
against it containing a stripe. (Balls numbered 9 through 
15 contain stripes.) 


. If one ball is selected at random, determine the odds in 
favor of it being a ball other than the 8 ball. 


. If one ball is selected at random, determine the odds in 
favor of it being an even-numbered ball. 


. If one ball is selected at random, determine the odds against 
it containing any red coloring (solid or striped). 


. If one ball is selected at random, determine the odds against 
it containing a number greater than or equal to 9. 


. If one ball is selected at random, determine the odds in 
favor of it containing two digits. 


. LPGA Winnings The chart below shows the winnings, 
in dollars, for the 10 golfers with the highest total LPGA 
winnings for the 2010 season. 


Golfer 2010 Winnings 
Na Yeon Choi $1,871,166 
Jiyai Shin $1,783,127 
Cristie Kerr $1,601,552 
Yani Tseng $1,573,529 
Suzann Pettersen $1,557,175 
Ai Miyazato $1,457,384 
In-Kyung Kim $1,210,068 
Song-Hee Kim $1,208,698 
Michelle Wie $888,017 
Paula Creamer $883,870 


Source: LPGA.com 
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35. 


36. 


37. 


38. 


a0) 


40. 
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If one of the golfers listed in the chart is selected at ran- 
dom, determine 


a) the probability the golfer earned more than $1 million 
in 2010. 


b) the odds against the golfer earning more than $1 million 
in 2010. 


A Paula Creamer 


Rolling a Special Die A special die used in a game con- 
tains one dot on one side, two dots on two sides, and three 
dots on three sides. If the die is rolled, determine 


a) the probability of rolling two dots. 
b) the odds against rolling two dots. 


Medical Tests The results of a medical test show that of 
85 people selected at random who were given the test, 80 
tested negative and 5 tested positive. Determine the odds 
against a person selected at random testing negative on 
the test. 


A Red Marble A box contains 9 red and 2 blue marbles. If 
you select one marble at random from the box, determine 
the odds against selecting a blue marble. 


Scholarship Award The odds in favor of Wendy White 
winning a scholarship are 7:4. Determine the probability that 


a) Wendy wins. 
b) Wendy does not win. 


Selling a Car The odds in favor of Sam Riveria selling his 
car are 3:8. Determine the probability that Sam will 


a) sell his car. 
b) not sell his car. 


College Acceptance The odds against Jason Judd getting 
accepted into the college his choice are 4: 11. Determine 
the probability that Jason gets accepted into the college of 
his choice. 


Winning a Race The odds against Paul Phillips winning 
the 100 yard dash are 7:2. Determine the probability that 


a) Paul wins. b) Paul does not win. 


Playing Bingo When playing bingo, 75 balls are placed in 


a bin and balls are selected at random. Each ball is marked 


with a letter and number as indicated in the following 
chart. 


B I N G O 
1-15 16-30 31-45 46-60 61-75 


56 57 58 59 GOV 


0.7172 73.74 75(m 


For example, there are balls marked B1, B2, up to B15; 
116, 117, up to 130; and so on (see photo). In Exercises 
41—46, assuming one bingo ball is selected at random, 
determine 


41. the probability that it contains the letter G. 

42. the probability that it does not contain the letter G. 
43. the odds in favor of it containing the letter G. 

44. the odds against it containing the letter G. 

45. the odds against it being B9. 


46. the odds in favor of it being B9. 


Blood Types In Exercises 47-52, the following circle graph 


shows the percent of Americans with the various types of 
blood. 


Blood Types of Americans 


AB+ AB-— 
4% 1% 


Source: Red Cross 


If one American is selected at random, use the graph to determine 


47. the probability that the person has A+ blood. 


48. the probability that the person has B— blood. 


49. the odds against the person having A+ blood. 
50. the odds in favor of the person having B— blood. 


51. the odds in favor of the person having either O+ or O— 
blood. 


52. the odds against the person having either A+ or O+ blood. 


53. Fixing a Car Suppose that the probability that a mechanic 
fixes a car correctly is 0.9. Determine the odds against the 
mechanic fixing a car correctly. 


54. Diabetes According to the Centers for Disease Control, 
8% of Americans have diabetes. If an American is selected 
at random, determine the odds in favor of this person hav- 
ing diabetes. 


55. Bookcase Assemiy Suppose that the probability that all 
the parts needed to assemble a bookcase are included in 
the carton is q, Determine the odds in favor of the carton 
including all the needed parts. 


56. Flight Delays Of &99,000 flights in May 2010, five were 
delayed on the tarmac by more than three hours. If one of 
these 899,000 flights was selected at random, determine 


a) the probability that the flight was delayed more than 
three hours. 


b) the odds against the flight being delayed more than 
three hours. 


57. Birth Defects Birth defects affect 1 in 33 babies born in 
the United States each year. 


a) What is the probability that a baby born in the United 
States will have a birth defect? 


b) What are the odds against a baby born in the United 
States having a birth defect? 


Challenge Problems/Group Activities 
58. Odds Against Determine the odds against an even number 
or a number greater than 3 being rolled on a die. 


59, Horse Racing Racetracks quote the approximate odds 
against each horse winning on a large board called a tote 
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board. The odds quoted on a tote board for a race with five 
horses is as follows. 


Determine the probability of each horse winning the race. 
(Do not be concerned that the sum of the probabilities is 
not 1.) 


60. Roulette Turn to the roulette wheel illustrated on 
page 707. If the wheel is spun, determine 


a) the probability that the ball lands on red. 

b) the odds against the ball landing on red. 

c) the probability that the ball lands on 0 or 00. 
d) the odds in favor of the ball landing on 0 or 00. 


Recreational Mathematics 


61. Multiple Births Multiple births make up about 3% of births 
per year in the United States. The following illustrates the 
number and type of multiple births in 2008. 


Multiple Births in the United States in 2008 


a. 


Source: National Center for Health Services 


Using the above information, determine an estimate for the 
odds against a birth being a multiple birth in 2008. 


Internet/Research Activities 


62. State Lottery Determine whether your state has a lottery. 
If so, do research and write a paper indicating 
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a) the probability of winning the grand prize. 


b) the odds against winning the grand prize. 


a) List the games available at a typical casino. 


b) List those for which the house has the smallest advan- 


tage of winning. 
c) Explain, using real objects such as pennies or table ten- 
nis balls, what these odds actually mean. c) List those for which the house has the greatest advan- 
tage of winning. 
63. Casino Advantages There are many types of games of 
chance to choose from at casinos. The house has the ad- 
vantage in each game, but the advantages differ according 


to the game. 


Expected Value (Expectation) 


SECTION 12.4 


fierce 


When a construction company estimates the number of days it will take to complete 
the resurfacing of a road, it will consider many things including the probability of rain, 
which can slow down the completion. In trying to decide whether to make a new 
product, such as a new cereal or new model car, a company will estimate its potential 
profit (or loss). When companies estimate how long it will take them to complete a 
task, or their expected profit, they often use expected value, or expectation, which 
we will discuss in this section. 


4 Expected value can be used to 
estimate the future profits of a new 
product. 


LL this is Important Expectation is used to make important decisions in many areas, 
including insurance and business ventures, and in games of chance. 


Cee value, also called expectation, is often used to determine the expected 
results of an experiment or business venture over the long term. People use 
expectation to make important decisions in many different areas. For example, expec- 
tation is used in business to predict future profits of a new product. In the insurance 
industry, expectation is used to determine how much each insurance policy should 
cost for the company to make an overall profit. Expectation is also used to predict the 
expected gain or loss in games of chance such as the lottery, roulette, craps, and slot 
machines. 

Consider the following situation. Tim tells Barbara that he will give her $1 if she 
can roll an even number on a single die. If she fails to roll an even number, she must 
give Tim $1. Who would win money in the long run if this game were played many 
times? In this situation, we would expect in the long run that half the time Tim would 
win $1 and half the time he would lose $1; therefore, Tim would break even. 
Mathematically, we could find Tim’s expected gain or loss by the following procedure: 


Tim amount Tim t 
Tim’s expected gain or loss = p( ) y ( : ; ) oF p( ) due 
wins Tim wins loses Tim loses 


1 1 
= pacae) “ qoeney) = $0 


Note that the loss is written as a negative number. This procedure indicates that 
Tim has an expected gain or loss (or expected value) of $0. The expected value of 
zero indicates that he would indeed break even, as we had anticipated. Thus, the game 
is a fair game. If Tim’s expected value were positive, it would indicate a gain; if neg- 
ative, a loss. 

The expected value, EF, is calculated by multiplying the probability of an event 
occurring by the net amount gained or lost if the event occurs. If there are a number of 
different events and amounts to be considered, we use the following formula. 


he concept of expected value 

can be used to help evaluate 
the consequences of many deci- 
sions. You use this concept when 
you consider whether to double- 
park your car for a few minutes. 
The probability of being caught 
may be low, but the penalty, a 
parking ticket, may be high. You 
weigh these factors when you de- 
cide whether to spend time looking 
for a legal parking spot. 


This is iroportant Consid- 
ering the expected value of an 
event helps us make decisions that 
benefit us in the long run. 
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Expected Value 


The symbol P, represents the probability that the first event will occur, and A, 
represents the net amount won or lost if the first event occurs. P is the probability of 
the second event, and A> is the net amount won or lost if the second event occurs, and 
so on. The sum of these products of the probabilities and their respective amounts is 
the expected value. The expected value is the average (or mean) result that would be 
obtained if the experiment were performed a great many times. 


Example §j§ A Building Contract 


The Rich Walker Construction Company has just received a building con- 
tract. From past experience, Rich estimates there is a 60% chance of making a 
$500,000 profit, a 10% chance of breaking even, and a 30% chance of losing 
$200,000, depending on weather conditions and other factors. What is the ex- 
pected value of the company’s contract? 


Three amounts are to be considered: a gain of $500,000, breaking 
even at $0, and a loss of $200,000. The probability of gaining $500,000 is 0.6, 
the probability of breaking even is 0.1, and the probability of losing $200,000 
is 0.3. 


Rich’s expectation = P,A; + P)A> + P3A3 
= (0.6)($500,000) + (0.1)($0) + (0.3)(—$200,000) 
= $240,000 


Rich has an expectation, or expected average gain, of $240,000 for this contract. 
Thus, if the company receives similar contracts like this one, with these particular 
probabilities and amounts, in the long run the company would have an average gain 
of $240,000 per contract. However, you must remember that there is a 30% chance 
the company will lose $200,000 on this particular contract or any particular con- 
tract with these probabilities and amounts. a 


Example 4 Test-Taking Strategy 


Maria is taking a multiple-choice exam in which there are five possible answers for 
each question. The instructions indicate that she will be awarded 2 points for each 
correct response, that she will lose 4 point for each incorrect response, and that no 
points will be added or subtracted for answers left blank. 


a) If Maria does not know the correct answer to a question, is it to her advantage or 
disadvantage to guess at an answer? 

b) If she can eliminate one of the possible choices, is it to her advantage or disad- 
vantage to guess at the answer? 


a) Let’s determine the expected value if Maria guesses at an answer. Only one of 
five possible answers is correct. 


1 4 
P (guesses correctly) = 5 P (guesses incorrectly) = 5 


a 
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Guesses Guesses 
correctly incorrectly 
=—_ 


eo 
Maria’s expectation = P, - A; + P+ A> 


Dee! 
a — O 
Sl) ke) 
Thus, Maria’s expectation is zero when she guesses. Therefore, over the long 
run she will neither gain nor lose points by guessing. 


b) If Maria can eliminate one possible choice, one of four answers will be correct. 


1 3 
P (guesses correctly) = A P (guesses incorrectly) = 4 
Guesses Guesses 
correctly incorrectly 
ri > ie ————— f a ry a 
Maria’s expectation = P; * A; + P)* Ao 


i ia 

= —(2) + ={ -= 
7d i 4 
23 3 epee 


(EES? NAGY; 


Since the expectation is a positive i, Maria will, on average, gain ; point each time 
she guesses when she can eliminate one possible choice. a 


Example |} Selling Hot Dogs 


An outdoor hot dog vendor sells an average of 50 hot dogs per day in dry weather 
and an average of 15 per day in wet weather. If the weather in this area is wet 20% 
of the time, determine the expected (average) number of hot dogs sold per day. 


The amounts in this example are the number of hot dogs sold. Since the 
weather is wet 20% of the time, it will be dry 100% — 20% = 80% of the time. 
When written as probabilities, 20% and 80% are 0.2 and 0.8, respectively. 


E = P(dry) + (number sold) + P (wet) - (number sold) 
= 0.8(50) + 0.2(15) 
= A s$ B= a 


Thus, the average, or expected, number of hot dogs sold per day is 43. | 


When we gave the expectation formula, we indicated that the amounts were the 
net amounts, which are the actual amounts gained or lost. Examples 4 and 5 illustrate 
how net amounts are used in two applications of expected value. 


Example £§ Winning a Door Prize 


When Josh Rosenberg attends a charity event, he is given a free ticket for the $50 
door prize. A total of 100 tickets will be given out. Determine his expectation of 
winning the door prize. 


The probability of winning the door prize is iio since Josh has | of 100 
tickets. If he wins, his net or actual winnings will be $50 since he did not pay for 

the ticket. The probability that Josh loses is a. If Josh loses, the amount he loses 
is $0 because he did not pay for the ticket. 


Did You Know? 
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Commonly Selected Numbers 
7-14-21-28-35-42 
1-2-3-4-5-6 
5-10-15-20-25-30 
3-8-13-18-23-28 


he numbers you select when 
picking lottery num have 
no effect on your probability of win- 


ning. However, your expectation 


(expected winnings) varies greatly 
with the numbers you select. Be- 
cause the jackpot is divided among 
all the winners, the fewer the num- 
ber of winners the more each win 
ner receives. Some groups of num- 
bers are commonly selected. Some 
are illustrated above. In a lottery 
with a large jackpot, there may be 


people who se- 


as many as 10,‘ 
lect the numbers 
If the jackpot was 
these number: 
winner would 


re selected, each 
ive about $4000. 
d ice from the 
$40 million a single winner would 
receive. Many people use birthdays 
or other dates when selecting lot- 
tery numbers. Therefore, there may 
be fewer people selecting numbers 
greater than 31. 


ee 
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Expectation = P (Josh wins) : (amount won) + P(Josh loses) + (amount lost) 


1 og 50 
= —— (50) 4-0) = 0: 
100‘ ) 100 ©) 100 oe 
Thus, Josh’s expectation is $0.50, or 50 cents. a 


Now we will consider a problem similar to Example 4, but this time we will as- 
sume that Josh must purchase the ticket for the door prize. 


Example 3 Winning a Door Prize 


When Josh Rosenberg attends a charity event, he is given the opportunity to pur- 
chase a ticket for the $50 door prize. The cost of the ticket is $2, and 100 tickets 
will be sold. Determine Josh’s expectation if he purchases one ticket. 


As in Example 4, Josh’s probability of winning is ie However, if he 
does win, his actual or net winnings will be $48. The $48 is obtained by subtracting 
the cost of the ticket, $2, from the amount of the door prize, $50. There is also a 
probability of a that Josh will not win the door prize. If he does not win the door 
prize, he has lost the $2 that he paid for the ticket. Therefore, we must consider two 
amounts when we determine Josh’s expectation, winning $48 and losing $2. 


Expectation = P(Josh wins) + (amount won) + P(Josh loses) : (amount lost) 


1 99 
— (48) + —(-2 
100°C * tone 


48 198 150 ie 
100 100 1:O0cmibe ais 


Il 


Josh’s expectation is $—1.50 when he purchases one ticket. a 


In Example 5, we determined that Josh’s expectation was —$1.50 when he pur- 
chased one ticket. If he purchased two tickets, his expectation would be 2(—$1.50), 
or —$3.00. We could also compute Josh’s expectation if he purchased two tickets as 
follows: 


B= = nee 4) Se On 
100 100 


This answer, —$3.00, checks with the answer obtained by multiplying the expecta- 
tion for a single ticket by 2. 
Let’s look at one more example in which a person must pay for a chance to win a 
prize. In the following example, there will be more than two amounts to consider. 


Example [@ Raffle Tickets 


One thousand raffle tickets are sold for $1 each. One grand prize of $500 and two 
consolation prizes of $100 will be awarded. The tickets are placed in a bin. The 
winning tickets will be selected from the bin. Assuming that the probability that 
any given ticket selected for the grand prize is 7000 and the probability that any 
given ticket selected for a consolation prize is Tam determine 

a) Irene Drew’s expectation if she purchases one ticket. 

b) Irene’s expectation if she purchases five tickets. 


a) Three amounts are to be considered: the net gain in winning the grand prize, the 
net gain in winning one of the consolation prizes, and the loss of the cost of the 
ticket. If Irene wins the grand prize, her net gain is $499 ($500 minus $1 spent 
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for the ticket). If Irene wins one of the consolation prizes, her net gain is $99 
($100 minus $1). The probability that Irene wins the grand prize is THO and the 
probability that she wins a consolation prize is Ta: The probability that she 
does not win a prize is 1 — ides on = ae 


E = P,* A, + Py > Ap + P3° Ag 


1 2 997 
ato haa (999) Hr a= 1) 


1000 1000 1000 
In any expectation problem, the sum =. 499 ns 198 ue 997 = 300 = —(.30 
of the probabilities of all the events 1000 1000 1000 1000 
should always be 1. Note in Example 
6 that the sum of the probabilities is Thus, Irene’s expectation is —$0.30 per ticket purchased. 
l 2S peg BOO. b) On average, Irene loses 30 cents on each ticket purchased. On five tickets, her 
1000 1000 10001000 expectation is (—$0.30)(5), or —$1.50. & 


Fair Price 


In Example 5, we determined that Josh’s expectation was —$1.50. Now let’s deter- 
mine how to find out how much should have been charged for a ticket so that his ex- 
pectation would be $0. If Josh’s expectation were to be $0, he could be expected to 
break even over the long run. Suppose that Josh paid 50 cents, or $0.50, for the ticket. 
His expectation, if paying $0.50 for the ticket, would be calculated as follows. 


Expectation = P(Josh wins) - (amount won) + P (Josh loses) + (amount lost) 


1 99 
= —~(49.50) + —(—$0.50 
joo 100° 
4050 1485078 7 
100 100 


Thus, if Josh paid 50 cents per ticket, his expectation would be $0. The 50 cents, in 
this case, is called the fair price of the ticket. The fair price is the amount to be paid 
that will result in an expected value of $0. The fair price may be found by adding the 
cost to play to the expected value. 


Fair Price 
To determine the fair price, use the following formula. 


Fair price = expected value + cost to play 


In Example 5, the cost to play was $2 and the expected value was determined to 
be —$1.50. The fair price for a ticket in Example 5 may be found as follows. 


Fair price = expected value + cost to play 
= —1.50 + 2.00 = 0.50 
We obtained a fair price of $0.50. If the tickets were sold for the fair price of $0.50 
each, Josh’s expectation would be $0, as shown above. Can you now find the fair 
price that Irene should pay for a raffle ticket in Example 6? In Example 6, the cost of 
a ticket was $1 and we determined that the expected value was —$0.30. 
Fair price = expected value + cost to play 
= —$0.30 + $1.00 = $0.70 


Thus, the fair price for a ticket in Example 6 is $0.70, or 70 cents. Verify for yourself 
now that if the tickets were sold for $0.70, the expectation would be $0.00. 
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Example § Expectation and Fair Price 


At a game of chance, the expected value is found to be —$1.50, and the cost to 
play the game is $4.00. Determine the fair price to play the game. 


We use the formula 


Fair price = expected value + cost to play 


ll 


—1.50 + 4.00 
2.50 


ll 


Thus, the fair price to play this game would be $2.50. If the cost to play was $2.50 
instead of $4.00, the expected value would be $0. a 


SECTION 12: 


=. Exercises 
Warm Up Exercises 


In Exercises 1-4, fill in the blank with an appropriate 
word, phrase, or symbol(s). 


1. The expected gain or loss of an experiment over the long 
run 1s called the ________value. 


2. In an experiment, if an individual expects to have a loss in 
the long run, the expected value is 


3. In an experiment, if an individual expects to have a gain in 
the long run, the expected value is - 


4, In an experiment, if an individual expects to break even in 
the long run, the expected value is 


Practice the Skiils/Problem Solving 


5. Expected Attendonce For an outdoor art and craft show, 
event organizers estimate that 60,000 people will attend if it 
is not raining. If it is raining, event organizers estimate that 
21,000 people will attend. On the day of the show, meteorolo- 
gists predict a 70% chance of rain. Determine the expected 
number of people who will attend this show. 


6. A New Business In a proposed business venture, Stepha- 
nie Morrison estimates that there is a 60% chance she will 
make $80,000 and a 40% chance she will lose $20,000. 
Determine Stephanie’s expected value. 


Te 


Basketball Shenise Johnson is a star player for the 
University of Miami Hurricanes women’s basketball 
team. She has injured her ankle, and it is doubtful that 
she will be able to play in an upcoming game. If Shenise 
can play, the coach estimates that the Hurricanes will 
score 78 points. If Shenise is not able to play, the coach 
estimates that they will score 62 points. The team doctor 
estimates that there is a 50% chance Shenise will play. 
Determine the number of points the team can expect to 
score. 


4 Shenise Johnson (left) 


Career Fair Attendance For a Nursing and Allied Health 
Care Career Fair, organizers estimate that 50 people will 
attend if it does not rain and 65 will attend if it rains. The 
weather forecast indicates that there is a 40% chance it will 
not rain and a 60% chance it will rain on the day of the ca- 
reer fair. Determine the expected number of people who will 
attend the fair. 


TV Shows The Fox television network is scheduling its 
fall lineup of shows. For the Tuesday night 8 P.M. slot, Fox 
has selected the show Glee. If its rival network CBS sched- 
ules the show NCIS during the same time slot, Fox estimates 
that Glee will get 1.2 million viewers. However, if CBS 
schedules the show Survivor during that time slot, Fox es- 
timates that Glee will get 1.6 million viewers. Fox believes 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 
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that the probability that CBS will show NCIS is 0.4 and the 
probability that CBS will show Survivor is 0.6. Determine 
the expected number of viewers for the show Glee. 


Seattle Greenery In July in Seattle, the grass grows 4 in. a 


day on a sunny day and I in. a day on a cloudy day. In Se- 
attle in July, 75% of the days are sunny and 25% are cloudy. 


a) Determine the expected amount of grass growth on a 
typical day in July in Seattle. 


b) Determine the expected total grass growth in the month 
of July in Seattle. 


Investment Club The Triple L investment club is con- 
sidering purchasing a certain stock. After considerable 
research, the club members determine that there is a 70% 
chance of making $10,000, a 10% chance of breaking 
even, and a 20% chance of losing $7500. Determine the 
expectation of this purchase. 


Clothing Sale At a special clothing sale at the Crescent 
Oaks Country Club, after the cashier rings up your pur- 
chase, you select a slip of paper from a box. The slip of 
paper indicates the dollar amount, either $5 or $10, that is 
deducted from your purchase price. The probability of se- 
lecting a slip indicating $5 is bs and the probability of se- 
lecting a slip indicating $10 is Te If your original purchase 
before you select the slip of paper is $200, determine 


a) the expected dollar amount to be deducted from your 
purchase. 


b) the expected dollar amount you will pay for your pur- 
chase. 


Fortune Cookies At the Royal Dragon Chinese restau- 
rant, a slip in the fortune cookies indicates a dollar amount 
that will be subtracted from your total bill. A bag of 10 
fortune cookies is given to you from which you will select 
one. If seven fortune cookies contain “$1 off,” two contain 
“$2 off,” and one contains “$5 off,” determine the expecta- 
tion of a selection. 


Pick a Card Mike and Dave play the following game. 
Mike picks a card from a deck of cards. If he selects a 
club, Dave gives him $4. If not, he gives Dave $2. 


a) Determine Mike’s expectation. 
b) Determine Dave’s expectation. 


Rolla Die Alyssa and Gabriel play the following game. 
Alyssa rolls a die. If she rolls a 1, 2, or 3, Gabriel gives 
Alyssa $3. If Alyssa rolls a 4 or 5, Gabriel gives Alyssa 
$2. However, if Alyssa rolls a 6, she gives Gabriel $14. 


a) Determine Alyssa’s expectation. 
b) Determine Gabriel’s expectation. 


Blue Chips and Red Chips A bag contains 4 blue chips 
and 6 red chips. Chi and Dolly play the following game. 
Chi selects one chip at random from the bag. If Chi selects 


17. 


18. 


19. 


20. 


21. 


a blue chip, Dolly gives Chi $6. If Chi selects a red chip, 
Chi gives Dolly $5. 


a) Determine Chi’s expectation. 
b) Determine Dolly’s expectation. 


Multiple-Choice Test A multiple-choice exam has five 
possible answers for each question. For each correct an- 
swer, you are awarded 5 points. For each incorrect answer, 
1 point is subtracted from your score. For answers left 
blank, no points are added or subtracted. 


a) If you do not know the correct answer to a particular 
question, is it to your advantage to guess? Explain. 


b) If you do not know the correct answer but can eliminate 
one possible choice, is it to your advantage to guess? 
Explain. 


Multiple-Choice Test A multiple-choice exam has four 
possible answers for each question. For each correct an- 
swer, you are awarded 5 points. For each incorrect answer, 
2 points are subtracted from your score. For answers left 
blank, no points are added or subtracted. 


a) If you do not know the correct answer to a particular 
question, is it to your advantage to guess? Explain. 


b) If you do not know the correct answer but can eliminate 
one possible choice, is it to your advantage to guess? 
Explain. 


Fair Price The expected value when you purchase a 
lottery ticket is —$2.00, and the cost of the ticket is $5.00. 
Determine the fair price of the lottery ticket. 


Fair Price The expected value of a carnival game 
is —$6.50, and the cost to play the game is $10.00. 
Determine the fair price to play the game. 


Raffle Tickets Five hundred raffle tickets are sold 
for $3 each. One prize of $500 is to be awarded. Raul 
Mondesi purchases one ticket. 


a) Determine his expected value. 


b) Determine the fair price of a ticket. 


22. Raffle Tickets One thousand raffle tickets are sold 


for $1 each. One prize of $800 is to be awarded. Rena 
Condos purchases one ticket. 


a) Determine her expected value. 


b) Determine the fair price of a ticket. 


23. Raffle Tickets Two thousand raffle tickets are sold 
for $3 each. Three prizes will be awarded: one for 
$1000 and two for $500. Assume that the probability 
that any given ticket is selected for the $1000 prize 
is sco and the probability that any given ticket is 
selected for the $500 prize is 50: Jeremy Sharp pur- 
chases one of these tickets. 


a) Determine his expected value. 


b) Determine the fair price of a ticket. 


24. Raffle Tickets Ten thousand raffle tickets are sold for 
$5 each. Four prizes will be awarded: one for $5000, one 
for $2500, and two for $1000. Assume that the probabil- 
ity that any given ticket is selected for the $5000 prize 
is oe the probability that any given ticket is selected 
for the $2500 prize is ine and the probability that 
any given ticket is selected for a $1000 prize is Tak 
Sidhardt purchases one of these tickets. 


a) Determine his expected value. 
b) Determine the fair price of a ticket. 
Spinners In Exercises 25 and 26, assume that a person 


spins the pointer and is awarded the amount indicated by 
the pointer. Determine the person’s expectation. 


26. 


25. 


Spinners In Exercises 27 and 28, assume that a person 
spins the pointer and is awarded the amount indicated 

if the pointer points to a positive number but must pay 
the amount indicated if the pointer points to a negative 
number. Determine the person’s expectation if the person 
plays the game. 
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Selecting an Envelope In Exercises 29-32, a person ran- 
domly selects one of the six envelopes shown below. Each 
envelope contains a check that the person gets to keep. 
Determine the person’s expectation if the checks in the en- 
velopes are as follows. 


29. Three envelopes contain a $500 check, and three enve- 
lopes contain a $1000 check. 


30. Four envelopes contain a $1000 check, and two envelopes 
contain a $5000 check. 


31. The six envelopes contain checks for $100, $200, $300, 
$400, $500, and $1000, respectively. 


32. Two envelopes contain a check for $600, two envelopes 
contain a check for $2000, and two envelopes contain a 
check for $5000. 


Spinners In Exercises 33-36, assume that a person spins 
the pointer and is awarded the amount indicated by the 
pointer. If it costs $2 to play the game, determine 


a) the expectation of a person who plays the game. 


b) the fair price to play the game. 


SRE 34. 


35. 


Selecting an Envelope In Exercises 37—40 on page 706, a 
person randomly selects one of the four envelopes shown 
below. Each envelope contains a check that the person gets 
to keep. However, before the person can select an envelope, 
he or she must pay $15 to play. For the value of the checks 
indicated in the exercises, determine the expectation for a 
person who plays. 
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Two envelopes contain a $10 check, and two envelopes 
contain a $25 check. 


Three envelopes contain a $20 check, and one envelope 
contains a $0 check. 


The checks in the envelopes are for $0, $2, $5, and $20, 
respectively. 


The checks in the envelopes are for $2, $2, $100, and 
$400, respectively. 


Reaching Base Safely Based on his past baseball his- 
tory, Jim Devias has a 17% chance of reaching first base 
safely, a 10% chance of hitting a double, a 2% chance of 
hitting a triple, an 8% chance of hitting a home run, and a 
63% chance of making an out at his next at bat. Determine 
Jim’s expected number of bases for his next at bat. 


Life Insurance According to Bristol Mutual Life Insur- 
ance’s mortality table, the probability that a 20-year-old 
woman will survive | year is 0.994 and the probability that 
she will die within | year is 0.006. If a 20-year-old woman 
buys a $10,000 1-year policy for $100, what is Bristol Mu- 
tual’s expected gain or loss? 


Choosing a Colored Chip Ina box, there are a total of 
10 chips. The chips are orange, green, and yellow, as 
shown below. 


@@@O® 
®O@OOO®@ 


If you select an orange chip, you get 4 points, a green chip 
3 points, and a yellow chip | point. If you select one chip 
at random, determine the expected number of points you 
will get. 


Choosing a Colored Chip Repeat Exercise 43 but 
assume that an orange chip is worth 5 points, a green 
chip 2 points, and a yellow chip —3 points (3 points are 
taken away). 


Employee Hiring The academic vice president at Brook- 
dale Community College has requested that new academic 
programs be added to the college curriculum. If the col- 
lege’s Board of Trustees approves the new programs, the 
college will hire 75 new employees. If the new programs 
are not approved, the college will hire only 20 new em- 
ployees. If the probability that the new programs will be 
approved is 0.65, what is the expected number of new 
employees to be hired by Brookdale Community College? 
Round your answer to the nearest whole number of em- 
ployees. 


Completing a Project A mechanical contractor is preparing 
for a construction project. He determines that if he completes 
the project on schedule, his net profit will be $450,000. If he 
completes the project between 0 and 3 months late, his net 
profit decreases to $120,000. If he completes the project more 


47. 


48. 


49. 


50. 


51. 


52. 


than 3 months late, his net loss is $275,000. The probability 
that he completes the project on schedule is 0.6, the probabil- 
ity that he completes the project between 0 and 3 months late 
is 0.3, and the probability that he completes the project more 
than 3 months late is 0.1. Determine his expected gain or loss 
for this project. 


New Store Dunkin’ Donuts is opening a new store. The 
company estimates that there is a 75% chance the store 
will have a profit of $20,000, a 10% chance the store will 
break even, and a 15% chance the store will lose $3000. 
Determine the expected gain or loss for this store. 


China Cabinet The owner of an antique store estimates that 
there is a 40% chance she will make $2000 when she sells 

an antique china cabinet, a 50% chance she will make $750 
when she sells the cabinet, and a 10% chance she will break 
even when she sells the cabinet. Determine the expected 
amount she will make when she sells the cabinet. 


Rolling a Die A die is rolled many times, and the points 
facing up are recorded. Determine the expected (average) 
number of points facing up over the long run. 


Lawsuit Don Vello is considering bringing a lawsuit 
against the Dummote Chemical Company. His lawyer es- 
timates that there is a 70% chance Don will make $60,000, 
a 10% chance Don will break even, and a 20% chance they 
will lose the case and Don will need to pay $30,000 in 
legal fees. Estimate Don’s expected gain or loss if he pro- 
ceeds with the lawsuit. 


Road Service Ona clear day in Boston, the Automobile 
Association of American (AAA) makes an average of 

110 service calls for motorist assistance, on a rainy day it 
makes an average of 160 service calls, and on a snowy day 
it makes an average of 210 service calls. If the weather in 
Boston is clear 200 days of the year, rainy 100 days of the 
year, and snowy 65 days of the year, determine the expected 
number of service calls made by the AAA in a given day. 


Real Estate The expenses for Jorge Estrada, a real estate 
agent, to list, advertise, and attempt to sell a house are 
$1400. If Jorge succeeds in selling the house, he will receive 


a commission of 6% of the sales price. If an agent with a 
different company sells the house, Jorge still receives 3% of 
the sales price. If the house is unsold after 3 months, Jorge 
loses the listing and receives nothing. Suppose that the prob- 
ability that he sells a $150,000 house is 0.2, the probability 
that another agent sells the house is 0.5, and the probability 
that the house is unsold after 3 months is 0.3. Determine 
Jorge’s expectation if he accepts this house for listing. 
Should Jorge list the house? 


Dart Board In Exercises 53 and 54, assume that you are 
blindfolded and throw a dart at the dart board shown 
below. Assume that your dart sticks in the dart board, and 
not on a line. 


a) Determine the probabilities that the dart lands on $1, 
$10, $20, and $100, respectively. 


b) If you win the amount of money indicated by the sec- 
tion of the board where the dart lands, determine your 
expectation when you throw the dart. 


Challenge ®roblems/Group Activities 


55. Term Life Insurance An insurance company will pay the 
face value of a term life insurance policy if the insured 
person dies during the term of the policy. For how much 
should an insurance company sell a 10-year term policy 
with a face value of $40,000 to a 30-year-old man for the 
company to make a profit? The probability of a 30-year- 
old man living to age 40 is 0.97. Explain your answer. 
Remember that the customer pays for the insurance before 
the policy becomes effective. 


56. Lottery Ticket Is it possible to determine your expecta- 
tion when you purchase a lottery ticket? Explain. 
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Roulette In Exercises 57 and 58, use the roulette wheel 
illustrated. A roulette wheel typically contains slots with 
numbers 1-36 and slots marked 0 and 00. A ball is spun 
on the wheel and comes to rest in one of the 38 slots. 
Eighteen numbers are colored red, and 18 numbers are 
colored black. The 0 and 00 are colored green. If you bet 
on one particular number and the ball lands on that num- 
ber, the house pays off odds of 35 to 1. If you bet on a red 
number or black number and win, the house pays I to 1 
(even money). 


57. Determine the expected value of betting $1 on a particular 
number. 


58. Determine the expected value of betting $1 on red. 


Recreational Mathematics 


59. Wheel of Fortune The following is a miniature version 
of the Wheel of Fortune. When Dave Salem spins the 
wheel, he is awarded the amount on the wheel indicated by 
the pointer. If the wheel points to Bankrupt, he loses the 
total amount he has accumulated and also loses his turn. 
Assume that the wheel stops on a position at random and 
that each position is equally likely to occur. 


a) Determine Mr. Salem’s expectation when he spins the 
wheel at the start of the game (he has no money to lose 
if he lands on Bankrupt). 


b) If Mr. Salem presently has a balance of $1800, deter- 
mine his expectation when he spins the wheel. 
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SECTION12.5 | Tree Diagrams 


DEM ANNE Sai Suppose a deli offers a lunch special consisting of a sandwich, a beverage, and a dessert. 
om The sandwich choices are roast beef, ham, or turkey. The beverage choices are soda, 
coffee, or tea. The dessert choices are a brownie or a chocolate chip cookie. If a cus- 
tomer purchases a lunch special and makes selections at random, what is the probability 
the customer selects a roast beef sandwich and a chocolate chip cookie? In this section, 
we will illustrate how the counting principle and tree diagrams can be used to determine 
the answers to questions like the one posed above. We will also illustrate how tree dia- 


4 We can use a tree diagram to 
illustrate the possible lunch specials 
at a deli. 


grams can be used to determine all the possible outcomes of an experiment. 


| Why us is Important Being able to determine the number of possible outcomes in an 
experiment is essential to solving many probability problems. 


N ow we will introduce the counting principle. The counting principle will be used 
again in Section 12.8. 


Counting Principle 

If a first experiment can be performed in M distinct ways and a second experiment 
can be performed in N distinct ways, then the two experiments in that specific 
order can be performed in M - N distinct ways. 


If we wanted to find the number of possible outcomes when a coin is tossed and a 
die is rolled, we could reason that the coin has two possible outcomes, heads and tails. 
The die has six possible outcomes: 1, 2, 3, 4, 5, and 6. Thus, the two experiments to- 
gether have 2 - 6, or 12, possible outcomes. 

A list of all the possible outcomes of an experiment is called a sample space. 
Each individual outcome in the sample space is called a sample point. Tree diagrams 
are helpful in determining sample spaces. 

A tree diagram illustrating all the possible outcomes when a coin 1s tossed and a 
die is rolled (see Fig. 12.6) has two initial branches, one for each possible outcome of 
the coin. Each of these branches will have six branches emerging from them, one for 
each possible outcome of the die. That will give a total of 12 branches, the same 
number of possible outcomes found by using the counting principle. We can obtain 
the sample space by listing all the possible combinations of branches. Note that this 
sample space consists of 12 sample points. 


Possible Possible 
Outcomes Outcomes Sample 
from Coin from Die Space 


Figure 12.6 


Figure 12.7 
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Example 1 uses the phrase “without replacement.” This phrase tells us that once 
an item is selected, it cannot be selected again, making it impossible to select the 
same item twice. 


Example i Selecting Balls without Replacement 


Two balls are to be selected without replacement from a bag that contains one red, 
one blue, one green, and one orange ball (see Fig. 12.7). 


a) Use the counting principle to determine the number of points in the sample space. 
b) Construct a tree diagram and list the sample space. 

c) Determine the probability that one orange ball is selected. 

d) Determine the probability that a green ball followed by a red ball is selected. 


a) The first selection may be any one of the four balls. Once the first ball is selected, 
only three balls remain for the second selection. Thus, there are 4 + 3, or 12, 
sample points in the sample space. 


b 


m 


The first ball selected can be red, blue, green, or orange. Since this experiment 
is done without replacement, the same colored ball cannot be selected twice. 
For example, if the first ball selected is red, the second ball selected must be 
either blue, green, or orange. The tree diagram and sample space are shown 

in Fig. 12.8. The sample space contains 12 points. That result checks with the 
answer obtained in part (a) using the counting principle. 


First Selection Second Selection Sample Space 
‘ees cern B RB 
SG RG 
=o RO 
en oe i R BR 
B=——_—-G BG 
ee 0 BO 
bes Be R GR 
G=———— B GB 
as Ss Go 
ee 3 R OR 
SSS a OB 
> acdiaiace OG 


Figure 12.8 


QO 
wm 


If we know the sample space, we can compute probabilities using the formula 


number of outcomes favorable to E 
P(E) = 


total number of outcomes 


The total number of outcomes will be the number of points in the sample space. 
From Fig. 12.8, we determine that there are 12 possible outcomes. Six outcomes 
have one orange ball: RO, BO, GO, OR, OB, and OG. 


6 1 
P(one orange ball is selected) = — = — 
eB 
d) One possible outcome meets the criteria of a green ball followed by a red ball: GR. 


i 
12 followed by red) = — 
(green followed by red) 7) FE 


The counting principle can be extended to any number of experiments, as illus- 
trated in Example 2. 
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A Bon Jovi 


Example —4 Lunch Choices 


At Finlay’s Restaurant, each lunch special consists of a sandwich, a salad, and a 
beverage. The sandwich choices are roast beef (R), ham (H), or turkey (T). The 
salad choices are macaroni (M) or potato (P). The beverage choices are coffee _ 
(C) or soda (S). 
a) Use the counting principle to determine the number of different lunch specials 
offered by this restaurant. 
b) Construct a tree diagram and list the sample space. 
c) If a customer randomly selects one of the lunch specials, determine the probabil- 
ity that a roast beef sandwich and soda are selected. 
d) If a customer randomly selects one of the lunch specials, determine the probabil- 
ity that neither macaroni salad nor coffee is selected. 
a) There are 3 choices for a sandwich, 2 choices for a salad, and 2 choices for 
a beverage. Using the counting principle, we can determine that there are 
3 +2 > 2, or 12, different lunch specials. 
b) The tree diagram illustrating the 12 lunch specials is given in Fig. 12.9. 


Sandwich Salad Beverage Sample Space 
c RMC 
ee 
Se ae RMS 
Se ——— c RPC 
Sass RPS 
oe ‘ Vee Cc HMC 
Zz i. aes HMS 
a es (Cc HPC 
a = =S5 HPS 
Cc TMC 
i 
TS TMS 
Se —= € TURE. 
os TPS 


Figure 12.9 


c) Of the 12 lunch specials, 2 contain both a roast beef sandwich and soda (RMS, RPS). 
2 1 
P (roast beef sandwich and soda are selected) = Tune 
d) Of the 12 lunch specials, 3 contain neither macaroni salad nor coffee (RPS, 
HES aes): 
1 


3 
P (neither macaroni salad nor coffee are selected) = D = a s 


Example —¥ Selecting Ticket Winners 


A radio station has two tickets to give away to a Bon Jovi concert. It held a contest and 
narrowed the possible recipients down to four people: Christine (C), Mike Hammer 
(MH), Mike Levine (ML), and Phyllis (P). The names of two of these four people will be 
selected at random from a hat, and the two people selected will be awarded the tickets. 


a) Use the counting principle to determine the number of points in the sample space. 
b) Construct a tree diagram and list the sample space. 

c) Determine the probability that Christine is selected. 

d) Determine the probability that neither Mike Hammer nor Mike Levine is selected. 
e) Determine the probability that at least one Mike is selected. 


RECREATIONAL 


Jumble 


any of you have seen the 
JUMBLE puzzles in newspa- 
pers and magazines. In these puz- 
zles the letters of a word are scram- 
bled, and your goal is to unscramble 
the letters to make a word. For each 

JUMBLE below, 

a) Use the counting principle to de- 
termine the number of possible 
arrangements of letters given. 

b) Determine the word that results 
when the letters are placed in 
their proper order (note that only 
one word is possible). 


1. KANCS 
2. CYMITS 


The answers are listed upside down 
below. See Exercises 31 and 32 for 
more examples. We will expand 
upon this Recreational Math in 
Section 12.8 


DILSAN (9 O@Z (FZ 
YOVNS (9 O2ZL (PL 


Figure 12.11 
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a) The first selection may be any one of the four people; see Fig. 12.10. Once the 
first person is selected, only three people remain for the second selection. Thus, 
there are 4 - 3, or 12, sample points in the sample space. 


b) First Selection Second Selection Sample Space 
ee MH C MH 
c pS Cee Mls 
2 CrP, 
ingle € MH C 
MH ire ML MH ML 
ie MH P 
a © Mi 1¢ 
ML as MH ML MH 
P ML P 
Se (€ a Ke 
SM P MH 
chs PML 
Figure 12.10 


c) Of the 12 points in the sample space, 6 have Christine. They are C MH, C ML, 
CP,MHC, MLC, and PC. 


6 
P(Christine is selected) = Cie 
d) Of the 12 points in the sample space, two have neither Mike. They are C P and P C. 


2) 
P (neither Mike selected) = pe 


e) At least one Mike means that one or more Mikes are selected. There are 10 
points in the sample space with at least one Mike (all those except C P and P C). 


10 
P(at least one Mike is selected) = 1 . 


In Example 3, if you add the probability of no Mike being selected with the 
probability of at least one Mike being selected, you get é at 3, or |. In any probabil- 
ity problem, if E is a specific event, then either E happens at least one time or it does 
not happen at all. Thus, P(E happening at least once) + P(E does not happen) = 1, 
which leads to the following rule. 


For example, suppose that the probability of not getting any red flowers from the 
seeds that are planted is 2. Then the probability of getting at least one red flower from 
the seeds that are planted is 1 — 7 = 5. We will use this rule in later sections. 

In all the tree diagrams in this section, the outcomes were always equally likely; 
that is, each outcome had the same probability of occurrence. Consider a rock that 


has 4 faces such that each face has a different surface area and the rock is not 
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uniform in density (see Fig. 12.11). When the rock is dropped, the probability that 
the rock lands on face 1 will not be the same as the probability that the rock lands 
on face 2. In fact, the probabilities that the rock lands on face 1, face 2, face 3, and 
face 4 may all be different. Therefore, the outcomes of the rock landing on face 1, 
face 2, face 3, and face 4 are not equally likely outcomes. Because the outcomes are 
not equally likely and we are not given additional information, we cannot determine 
the theoretical probability of the rock landing on each individual face. However, we 
can still determine the sample space indicating the faces that the rock may land on 
when the rock is dropped twice. The tree diagram and sample space are shown in 
Fig. 12.12. 

First Drop 


Second Drop Sample Space 


= 
RWN 
rs 
BWNe 


BWNR 


ww 
RON 
RAH WWWW NNNY 
WN 


BWNe 


Figure 12.12 


Since the outcomes are not equally likely, the probability of each of the 16 
sample points in the sample space occurring cannot be determined. If the outcomes 
were equally likely, then each of the 16 points in the sample space would have a 
probability of #. See Exercises 27 and 28, which deal with outcomes that are not 
equally likely. 


SECTION 12.5 ; 
Exercises 


Warm Up Exercises Practice the Skills 


5. Selecting States If two states are selected at random from 
the 50 U.S. states, use the counting principle to determine 
the number of possible outcomes if the states are selected 


In Exercises 1-4, fill in the blank with an appropriate 
word, phrase, or symbol(s). 


1. A list of all possible outcomes of an experiment is called 
2(0) ae spaces a) with replacement. 
2. Each individual outcome in a sample space is called a b) without replacement. 


sample ‘ 
6. Selecting Dates If two dates are selected at random from 


. If a first experiment can be performed in two distinct ways 


and a second experiment can be performed in seven dis- 
tinct ways, the two experiments together can be performed 
in _________ distinct ways. 


. A helpful method to determine a sample space is to con- 


struct a(n) diagram. 


the 365 days of the year, use the counting principle to de- 
termine the number of possible outcomes if the dates are 
selected 


a) with replacement. 


b) without replacement. 


7. Selecting Golfballs A bag contains six golfballs, all the 
same size and equally likely to be selected. Each golfball 
is a different brand. If you select three golfballs at random 
use the counting principle to determine how many points 
will be in the sample space if the golfballs are selected 


3 


a) with replacement. 
b) without replacement. 


8. Remote Control Your television remote control has but- 
tons for digits 0—9. If you press two buttons, how many 
numbers are possible if 


a) the same button may be pressed twice. 
b) the same button may not be pressed twice. 


Problem Solving 


In Exercises 9-26, use the counting principle to determine 
the answer to part (a). Assume that each event is equally 
likely to occur. 


9. Coin Toss Two coins are tossed. 

a) Determine the number of points in the sample space. 
b) Construct a tree diagram and list the sample space. 
Determine the probability that 
c) no heads are tossed. 
d) exactly one head is tossed. 
e) two heads are tossed. 

10. Boys and Girls A couple plans to have two children. 


a) Determine the number of points in the sample space of 
the possible arrangements of boys and girls. 


b) Construct a tree diagram and list the sample space. 


Assuming that boys and girls are equally likely, determine 
the probability that the couple has 


c) two girls. 
d) at least one girl. 
e) a girl and then a boy. 


11. Gards A box contains three cards. On one card there is a 
sun, on another card there is a question mark, and on the 
third card there is an apple. 


Two cards are to be selected at random with replacement. 


a) Determine the number of points in the sample space. 


b) Construct a tree diagram and list the sample space. 


12. 


13. 


14, 


15. 
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Determine the probability that 

c) two apples are selected. 

d) asun and then a question mark are selected. 
e) at least one apple is selected. 


Cards Repeat Exercise 11 but assume that the cards are 
drawn without replacement. 


Marble Selection A hat contains four marbles: 1 yellow, 1 
red, | blue, and 1 green. Two marbles are to be selected at 
random without replacement from the hat. 


O80e@ 


a) Determine the number of points in the sample space. 
b) Construct a tree diagram and list the sample space. 
Determine the probability of selecting 

c) exactly 1 red marble. 

d) at least 1 marble that is not red. 

e) no green marbles. 

Three Coins Three coins are tossed. 

a) Determine the number of points in the sample space. 
b) Construct a tree diagram and list the sample space. 
Determine the probability that 

c) no heads are tossed. 

d) exactly one head is tossed. 

e) three heads are tossed. 


Paint Choices The Flotterons plan to purchase paint for 
the walls and paint for the trim in their living room. They 
will select one color for the walls and one color for the 
trim from the following colors. 


Alabaster 
White 


Sable 
Java 


Chocolate 


Oyster 


a) Determine the number of points in the sample space. 
b) Construct a tree diagram and list the sample space. 
Determine the probability that they select 

c) Java. 


d) Java and Oyster. 
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16. 


17. 


18. 
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e) paint other than Java. 


Pet Shop A pet shop is selling a calico cat, a Siamese cat, 
a Persian cat, and a Himalayan cat. The Chens are going to 
select two cats to bring home as pets. 


a) Determine the number of points in the sample space. 
b) Construct a tree diagram and list the sample space. 
Determine the probability that they select 

c) the Persian cat. 

d) the Persian cat and the calico cat. 

e) cats other than the Persian cat. 

Rolling Dice Two dice are rolled. 

a) Determine the number of points in the sample space. 
b) Construct a tree diagram and list the sample space. 
Determine the probability that 

c) adouble (a 1, 1 or 2, 2, etc.) is rolled. 

d) asum of 8 is rolled. 

e) asum of 2 is rolled. 


f) Are you as likely to roll a sum of 2 as you are of rolling 
a sum of 8? 


Voting At a homeowners’ association meeting, a board 
member can vote yes, vote no, or abstain on a motion. 
There are three motions on which a board member 
must vote. 


a) Determine the number of points in the sample space. 


b) Construct a tree diagram and determine the sample 
space. 


Determine the probability that a board member votes 
c) no, yes, no in that order. 
d) yes on exactly two of the motions. 


e) yes on at least one motion. 


19. 


20. 


21. 


Dinner Specials At Brio Restaurant, each dinner spe- 
cial consists of an appetizer, a salad, and an entrée. The 
choices of appetizer, salad, and entrée are listed below. 


Ravioli 


Antipasto Greens Salmon 


Lasagna 


a) Determine the number of points in the sample space. 


b) Construct a tree diagram and determine the sample 
space. 


If a customer randomly selects one of the dinner specials, 
determine the probability the customer selects 


c) bruschetta for the appetizer. 
d) greens and lasagna. 
e) an entrée other than ravioli. 


Gift-Cards Three different people are to be selected at 
random, and each will be given one gift card. There is one 
card from Home Depot, one from Best Buy, and one from 
Red Lobster. The first person selected gets to choose one 
of the cards. The second person selected gets to choose be- 
tween the two remaining cards. The third person selected 
gets the third card. 


a) Determine the number of points in the sample space. 


b) Construct a tree diagram and determine the sample 
space. 


Determine the probability that 
c) the Best Buy card is selected first. 


d) the Home Depot card is selected first and the Red Lob- 
ster card is selected last. 


e) The cards are selected in this order: Best Buy, Red 
Lobster, Home Depot. 


Apartment Options Don Cater plans to rent an apart- 
ment from Rustic Village Apartments. The following 
chart displays information regarding the possible number 
of bedrooms, bathrooms, and other features from which 
he can choose. For his apartment, Don will select the 
number of bedrooms, number of bathrooms, and one 
other feature. 


Other Features 


ro sms Bathrooms 


Fireplace 


Hardwood floors 


Balcony 


a) Determine the number of points in the sample space. 


b) Construct a tree diagram and determine the sample 
space. 


Determine the probability that Don selects 
c) a two-bedroom apartment. 
d) a two-bedroom apartment with a fireplace. 


e) an apartment without a balcony. 


22. A New Home Theater System You visit Best Buy to 


purchase a new home theater system. You are going to 
purchase a Blu-ray player, a receiver, and a speaker system 
from among the following brands. 


Blu-ray Plaver Receiver 

| ieee: eae a Viernes Bose 
Toshiba Onkyo JBL 
Sony Pioneer 
Insignia 


a) Determine the number of points in the sample space. 


b) Construct a tree diagram and determine the sample 
space. 


Determine the probability of selecting 
c) a Sony Blu-ray player. 
d) Bose speakers. 


e) a Sony Blu-ray player and Bose speakers. 


23. Landscaping Mr. and Mrs. Frank just moved into a new 


home and need to do some landscaping. They are going to 
purchase one tree, one shrub, and one lilac bush from the 


list below. 


Trees 

| Dogwood Forsythia Common 
| Maple Holly Sensation 
| Birch Juniper Primrose 
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a) Determine the number of points in the sample space. 


b) Construct a tree diagram and determine the sample 
space. 


Determine the probability that the Franks select 
c) a maple tree. 
d) a dogwood tree and a holly shrub. 


e) a lilac bush other than Sensation. 


A Lilacs 


24. Literature Choices You decide to take a literature course. 


A requirement for the course is that you must read one 
classic book, one nonfiction book, and one science fiction 
book from the list below. 


TIES Le eae |i or 


John Adams (J) 


Arms (F) 
The Grapes of 
Wrath (G) 


Tom Sawyer (T) : 
Moby-Dick (M) 


a) Determine the number of points in the sample space. 


b) Construct a tree diagram and determine the sample 
space. 


Determine the probability that 
c) John Adams is selected. 
d) either A Farewell to Arms or Tom Sawyer is selected. 


e) Moby Dick is not selected. 


25. Personal Characteristics An individual can be classified 


as male or female with red, brown, black, or blond hair 
and with brown, blue, or green eyes. 


a) How many different classifications are possible (for 
example, male, red-headed, blue-eyed)? 


b) Construct a tree diagram to determine the sample 
space. 
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c) If each outcome is equally likely, determine the prob- 
ability that the individual will be a male with black hair 
and blue eyes. 


d) Determine the probability that the individual will be a 
female with blond hair. 


26. Mendel Revisited A pea plant must have exactly one of 
each of the following pairs of traits: short (s) or tall (4); 
round (r) or wrinkled (w) seeds; yellow (y) or green (g) 
peas; and white (wh) or purple (p) flowers (for example, 
short, wrinkled, green pea with white flowers). 


a) How many different classifications of pea plants are 
possible? 


b) Use a tree diagram to determine all the classifications 
possible. 


c) If each characteristic is equally likely, find the prob- 
ability that the pea plant will have round peas. 


d) Determine the probability that the pea plant will be 
short, have wrinkled seeds, have yellow seeds, and 
have purple flowers. 


Challenge Problems/Group Activities 


27. Three Chips Suppose that a bag contains one white chip 
and two red chips. Two chips are going to be selected at 
random from the bag with replacement. 


a) What is the probability of selecting a white chip from 
the bag on the first selection? 


b) What is the probability of selecting a red chip from the 
bag on the first selection? 


c) Are the outcomes of selecting a white chip and select- 
ing a red chip on the first selection equally likely? 
Explain. 


d) The sample space when two chips are selected from the 
bag with replacement is ww, wr, rw, rr. Do you believe 
that the probability of selecting ww is greater than, 
equal to, or less than the probability of selecting rr? Ex- 
plain. 


28. Thumbtacks A thumbtack is dropped on a concrete floor. 
Assume that the thumbtack can land only point up (u) or 
point down (d), as shown in the figure below. 


om A 


If two thumbtacks are dropped, one after the other, the 
tree diagram below can be used to show the possible 


outcomes. 
First Second 
Thumbtack §Thumbtack Sample Space 
u uu 
u as 
d u 
d 
ae du 
d 
eat dd 


a) Do you believe that the outcomes of the thumbtack 
landing point up and the thumbtack landing point down 
are equally likely? Explain. 


b) List the sample points in the sample space of this ex- 
periment. 


c) Do you believe that the probability that both 
thumbtacks land point up (wu) is the same as the 
probability that both thumbtacks land point down 
(dd)? Explain. 


d) Can you compute the theoretical probability of a 
thumbtack landing point up and the theoretical prob- 
ability of a thumbtack landing point down? Explain. 


e) Obtain a box of thumbtacks and drop the thumbtacks 
out of the box with care. Determine the empirical prob- 
ability of a thumbtack landing point up when dropped 
and the empirical probability of a thumbtack landing 
point down when dropped. 


Recreational Mathematics 


29. Ties All my ties are red except two. All my ties are blue 
except two. All my ties are brown except two. How many 
ties do I have? 


30. Rock Faces An experiment consists of 3 parts: flipping a 
coin, tossing a rock, and rolling a die. If the sample space 
consists of 60 sample points, determine the number of 
faces on the rock. 


Jumble For Exercises 31-32, refer to the Recreational 
Math box on page 711. Determine 


a) the number of possible arrangements of the letters given. 
b) the word when the letters are placed in the proper order. 
31. RAHIC 


32. STEABK 
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SECTION12.6 | OR and AND Problems 


Every day we see and interpret the words or and and. For example, in a court case a 


Za ; judge may sentence a person to five years in prison and payment of a $100,000 fine. 
a 


Or a judge may sentence a person to either 1 night in jail or payment of a $100 fine. 


When you go into a restaurant, the menu may indicate that you should select soup or 
salad, and an entrée, and a dessert. In this section, we will learn to solve probability 


problems involving the words or and and. 


A Selecting items from a restaurant Par ba Reo . 
, Z . Wh i - 
fae often readives an understand: | Why s is Important Many real-life situations involve the words or and and. For 


ing of the words or and and. example, what is the probability that a family planning to have 3 children has 3 boys 
(a boy and a boy and a boy)? 


n Section 12.5, we showed how to work probability problems by constructing sam- 

ple spaces. Often it is inconvenient or too time consuming to solve a problem by 
first constructing a sample space. For example, if an experiment consists of selecting 
two cards with replacement from a deck of 52 cards, there would be 52 + 52 or 2704 
points in the sample space. Trying to list all these sample points could take hours. In 
this section, we learn how to solve compound probability problems that contain the 
words and or or without constructing a sample space. 


Or Problems 


The or probability problem requires obtaining a “successful” outcome for at least one 
of the given events. For example, suppose that we roll one die and we are interested in 
finding the probability of rolling an even number or a number greater than 4. For this 
situation, rolling either a 2, 4, or 6 (an even number) or a 5 or 6 (a number greater than 
4) would be considered successful. Note that the number 6 satisfies both criteria. 
Since 4 of the 6 numbers meet the criteria (the 2, 4, 5, and 6), the probability of roll- 
ing an even number or a number greater than 4 is 4 or z 

A formula for finding the probability of event A or event B, symbolized P(A or B), 
follows. 


probability of A orB 4 
To determine the Bee of A or B, use the following formula. 


P(A orB) = PA): oir PB) = me and B) 


Since we add (and subtract) probabilities to find P(A or B), this formula is some- 
times referred to as the addition formula. We explain the use of the or formula in 
Example 1. 


Even and ; one 
pea 6 Example Using the Addition Formula 
Each of the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, and 10 is written on a separate piece of 
| Greater paper. The 10 pieces of paper are then placed in a hat, and one piece is randomly 
hae selected. Determine the probability that the piece of paper selected contains an even 
number or a number greater than 6. 


We are asked to find the probability that the number selected is even or is 
greater than 6. Let’s use set A to represent the statement “the number is even” and 
set B to represent the statement “the number is greater than 6.” Figure 12.13 is a 


Figure 12.13 
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Venn diagram, as introduced in Chapter 2, with sets A (even) and B (greater than 6). 
There are a total of 10 numbers, of which five are even (2, 4, 6, 8, and 10). Thus, the 
probability of selecting an even number is >. Four numbers are greater than 6: the 7, 
8, 9, and 10. Thus, the probability of selecting a number greater than 6 is © Two 
numbers are both even and greater than 6: the 8 and 10. Thus, the probability of se- 
lecting a number that is both even and greater than 6 is +. 

If we substitute the appropriate statements for A and B in the formula, we obtain 


P(A or B) = P(A) + P(B) — P(A and B) 


even or greater) _ even and 
Q ( greater than =) akan Ores ( than 6 ) f ( greater than 4 


Il 


5 4 2 
= — + 

I Oe 
mae 

10 


Thus, the probability of selecting an even number or a number greater than 6 is i. 
The seven numbers that are even or greater than 6 are 2, 4, 6, 7, 8, 9, and 10. a 


Example 1 illustrates that when finding the probability of A or B, we add the 
probabilities of events A and B and then subtract the probability of both events occur- 
ring simultaneously. 


Less than 5 and Example Using the Addition Formula 


greater than 8 


Consider the same sample space, the numbers | through 10, as in Example 1. If one 
Bie piece of paper is selected, determine the probability that it contains a number less 
rune ‘ than 5 or a number greater than 8. 


Let A represent the statement “the number is less than 5” and B represent 
the statement “the number is greater than 8.” A Venn diagram illustrating these 
statements is shown in Figure 12.14. 


Figure 12.14 ; 
P (number is less than 5) = a 


2 
P (number is greater than 8) = 0 


Since there are no numbers that are both less than 5 and greater than 8, P(number is 
less than 5 and greater than 8) = 0. Therefore, 


number is number is 
less thanS | _ ( number A ( number is ) < less than 5 
or greater | — less than 5 greater than 8 and greater 
than 8 than 8 
4 2 0 O78 
"WG 10) ee mens 


Thus, the probability of selecting a number less than 5 or greater than 8 is 2, The 
six numbers that are less than 5 or greater than 8 are 1, 2, 3, 4, 9, and 10. | 


In Example 2, it is impossible to select a number that is both less than 5 and 
greater than 8 when only one number is to be selected. Events such as these are said to 
be mutually exclusive. 
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Definition: | 


O | 


If events A and B are mutually exclusive, then P(A and B) = 0 and the addition 
formula simplifies to P(A or B) = P(A) + P(B). 


Example E¥ Probability of A or B 


One card is selected from a standard deck of playing cards. Determine whether the 
following pairs of events are mutually exclusive and determine P(A or B). 

a) A = anace,B = a9 

b) A = anace, B = a heart 

c) A = ared card, B = a black card 

Thee of eee fa d) A = apicture card, B = ared card 


both an ace and a heart. 
Solution 


a) There are four aces and four 9’s in a standard deck of 52 cards. It is impossible 
to select both an ace and a 9 when only one card is selected. Therefore, these 
events are mutually exclusive. 


= 8 2 
52? S52 ens 


P(ace or 9) = P(ace) + P(9) = = zl 


b) There are 4 aces and 13 hearts in a standard deck of 52 cards. One card, the ace of 
hearts, is both an ace and a heart. Therefore, these events are not mutually exclusive. 


4 13 1 
P(ace) = 52 P (heart) = — P (ace and heart) = — 


52 52 
P(ace or heart) = P(ace) + P(heart) — P(ace and heart) 
Pc 13 1 
aa vie be 5? 
165 4 
meee Wes 


c) There are 26 red cards and 26 black cards in a standard deck of 52 cards. It is 
impossible to select one card that is both a red card and a black card. Therefore, 
the events are mutually exclusive. 


P(red or black) = P(red) + P (black) 
26m 20) Oe 
= — 4+ — = — = 
52 ayy Sy 
Since P (red or black) = 1, ared card or a black card must be selected. 


d) There are 12 picture cards in a standard deck of 52 cards. Six of the 12 picture 
cards are red (the jacks, queens, and kings of hearts and diamonds). Thus, se- 
lecting a picture card and a red card are not mutually exclusive. 


picture card \ _ picture red) \ 7 picture card 
p( or red card ) p( card ) a Ge : and red card 


/ Liaha ai 
Spl Sy 5) 
32 8 
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Did You Know? __ 
They’re All Girls 


he probability that a husband 

and wife have nine children of 
which all are girls is (4)?, or st. 

The odds against a family hav- 
ing nine girls in a row is 511 to 1. 
Thus, for every 512 families with 
nine children, on average, one fam- 
ily will have all girls and 511 will 
not. However, should another child 
be born to that one family, the 
probability of the tenth child being 
a girl is still 4. 


And Problems 


A second type of probability problem is the and probability problem, which re- 
quires obtaining a favorable outcome in each of the given events. For example, 
suppose that two cards are to be selected from a deck of cards and we are inter- 
ested in the probability of selecting two aces (one ace and then a second ace). 
Only if both cards selected are aces would this experiment be considered success- 
ful. A formula for finding the probability of events A and B, symbolized P(A and 
B), follows. 


Probability of A and B 
To determine the probability of A and B, use the following formula. 


P(A and B) = P(A): P(B) 


Since we multiply to find P(A and B), this formula is sometimes referred to as the 
multiplication formula. When using the multiplication formula, we always assume 
that event A has occurred when calculating P(B) because we are determining the 
probability of obtaining a favorable outcome in both of the given events.* 

Unless we specify otherwise, P(A and B) indicates that we are determining the 
probability that event A occurs and then event B occurs (in that order). Consider a bag 
that contains three chips: 1 red chip, 1 blue chip, and 1 green chip. Suppose that two 
chips are selected from the bag with replacement. The tree diagram and sample space 
for the experiment are shown in Fig. 12.15. There are nine possible outcomes for the 
two selections, as indicated in the sample space. 


Tree Diagram Sample Space 


r Tr 
<> rb 
g Tg 
r br 
—==» bb 
g bg 
je gr 
<> gb 
g gg 


Figure 12.15 


Note that the Bey of selecting a red chip followed by a blue chip (rb), indicated 
by P(red and pike), is 5. The probability of selecting a red chip and a blue chip, in any 
order (rb or br), is 2. In this section, when we ask for P(A and B), it means the proba- 
bility of event A occurring and then event B occurring, in that order. 


Example 29 An Experiment with Replacement 


Two cards are to be selected with replacement from a deck of cards. Determine the 
probability that two spades will be selected. 


Since the deck of 52 cards Gena thirteen spades, the probability of 
nee a spade on the first draw is B. The card selected is then returned to the 


deck. Therefore, the probability of selecting a spade on the second draw remains B. 


*P(B), assuming that event A has occurred, may be denoted P(B| A), which is read “the probability of B, 
given A.” We will discuss this type of probability (conditional probability) further in section 12.7 


Did You Know? 
The Birthday Problem 


es 


Se (ad 


mong 24 people chosen at 

random, what would you 
guess is the probability that at least 
2 of them have the same birthday? 
lt might surprise you to learn that 
it is greater than 0.5. There are 
365 days on which the first per- 
son selected can have a birthday. 
That person has a 365/365 chance 
of having a birthday on one of 
those days. The probability that 
the second person's birthday is 
on any other day is 364/365. The 
probability that the third per- 


son's birthday is on a day differ- 
ent from the first two is 363/365, 
and so on. The probability that 
the 24th person has a birthday 


on any other day than the first 
23 people is 342/365. Thus, the 
probability, P, that of 24 people, 
no 2 have the same birthday is 
(365/365) x (364/365) x (363/365) x 
... X (342/365) = 0.462. Then the 
probability of at least 2 people 
of 24 having the same birthday 
is 1 — P=1 — 0.462 = 0.538, or 
slightly larger than a 
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If we let A represent the selection of the first spade and B represent the selec- 
tion of the second spade, the formula may be written as follows. 


P(A and B) = P(A): P(B) 
P(2 spades) = P(spade | and spade 2) = P(spade 1) - P (spade 2) 


_ Bipaie 
"52 ead 

ie is 

i irate, " 


Example [by An Experiment without Replacement 


Two cards are to be selected without replacement from a deck of cards. Determine 
the probability that two spades will be selected. 


This example is similar to Example 4. However, this time we are doing 
the experiment without replacing the first card selected to the deck before selecting 
the second card. 

The probability of selecting a spade on the first draw is B. When calculat- 
ing the probability of selecting the second spade, we must assume that the first 
spade has been selected. Once this first spade has been selected, only 51 cards, 
including 12 spades, remain in the deck. The probability of selecting a spade on 
the second draw becomes re The probability of selecting two spades without 
replacement is 


P(2 spades) = P(spade 1) - P(spade 2) 


beryge 12 
ayia 

ede HL 

ree ae) ‘| 


Now we introduce independent events. 


Definition: Independent Events 
Event A and event B are independent events if the occurrence of either event in 
no way affects the probability of occurrence of the other event. 


Rolling dice and tossing coins are examples of independent events. In Example 
4, the events are independent since the first card was returned to the deck. The proba- 
bility of selecting a spade on the second draw was not affected by the first selection. 
The events in Example 5 are not independent since the probability of the selection of 
the second spade was affected by removing the first spade selected from the deck. 
Such events are called dependent events. Experiments done with replacement will 
result in independent events, and those done without replacement will result in depen- 
dent events. 


Example [4] Independent or Dependent Events? 


One hundred people attended a charity benefit to raise money for cancer re- 
search. Three people in attendance will be selected at random without replace- 
ment, and each will be awarded one door prize. Are the events of selecting the 
three people who will be awarded the door prize independent or dependent 
events? 
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MATHEMATICS TODAY 


Slot Machines 


ou pull the handle, or push the 

button, to activate the slot ma- 
chine. You are hoping that each of 
the three reels stops on Jackpot. 
The first two reels show Jackpot. 
When the third reel comes to rest, 
though, it does not show Jackpot. 
You say to yourself, “| came so 
close” and try again. In reality, 
however, you probably did not 
come close to winning the Jackpot 
at all. The instant you pull the slot 
machine's arm, or push the button, 
the outcome is decided by a com- 
puter inside the slot machine. A 
random number generator within 
the computer is used to determine 
the outcomes. Although each reel 
generally has 22 stops, each stop is 
not equally likely. The computer as- 
signs only a few random numbers 
to the stop that places the Jackpots 
on all three reels at the same time 
and many more random numbers 
to stop the reels on stops that are 
not the Jackpot. If you do happen 
to hit the Jackpot, it is simply be- 
cause the random number genera- 
tor happened to generate the right 
sequence of numbers the instant 
you activated the machine. For 
more detailed information, check 
www.howstuffworks.com/slot- 
machine/. 


This is Important A slot 
machine is one of many machines 
that makes use of probability. 


The events are dependent since each time one person is selected, it 
changes the probability of the next person being selected. In the first selection, the 
probability that a specific individual is selected is ia: If that person is not selected 
first, the probability that the specific person is selected second changes to a: In 
general, in any experiment in which two or more items are selected without re- 
placement, the events will be dependent. e 


The multiplication formula may be extended to more than two events, as illus- 
trated in Example 7. 


Example § Drug Reaction 


A new medicine was given to a sample of 25 of Dr. Cleary’s patients with flu 
symptoms. Of the total, 19 patients reacted favorably, 2 reacted unfavorably, and 
4 were unaffected. Three of these patients are selected at random. Determine the 
probability of each of the following. 

a) All three reacted favorably. 


b) The first patient reacted favorably, the second patient reacted unfavorably, and 
the third patient was unaffected. 


c) No patient reacted favorably. 
d) At least one patient reacted favorably. 


Each time a patient is selected, the number of patients remaining de- 

creases by one. 

a) The probability that the first patient reacted favorably is a If the first patient 
reacted favorably, of the 24 remaining patients only 18 patients are left who 
reacted favorably. The probability of selecting a second patient who reacted 
favorably is iS If the second patient reacted favorably, only 17 patients are left 
who reacted favorably. The probability of selecting a third patient who reacted 
favorably is i 


three patients first patient second patient third patient 
iB reacted = P| reacted OP reacted 2B reacted 
favorably favorably favorably favorably 


LOBEL S mee ld 969 


~ 25, 24 03, 2500 


b) The probability that the first patient reacted favorably is 2. Once a patient is 
selected, there are only 24 patients remaining. Two of the remaining 24 pa- 
tients reacted unfavorably. Thus, the probability that the second patient reacted 
unfavorably is Z. After the second patient is selected, there are 23 remaining 
patients, of which 4 were unaffected. The probability that the third patient was 
unaffected is therefore Hi. 


first patient reacted favorably, the 
P| second patient reacted unfavorably, and 
the third patient was unaffected 


first patient second patient third patient 
= P| reacted aP. reacted lz was 
favorably unfavorably unaffected 


IS 2 4 19 
25) 24 232s 
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c) If none of the patients reacted favorably, the patients either reacted unfavorably 
or were unaffected. Six patients did not react favorably (2 reacted unfavorably 
and 4 were unaffected). The probability that the first patient selected did not 


Which formula to use 
It is sometimes difficult to determine 
when to use the or formula and 


Med Ee Uce then ienacls. The react favorably is £. After the first patient is selected, 5 of the remaining 24 
following information may be helpful patients did not react favorably. After the second patient is selected, 4 of the re- 
in deciding which formula to use. maining 23 patients did not react favorably. 
Or formula 
O ill almost alw, y | i 5 

eproblems yn =liiest alwale none first patient second patient third patient 
contain the word or in the state- : : i 

ae P| reacted | = P| didnotreact |- P| didnotreact | + P| did not react 

ment of the problem. For example, 
determine the probability of select- favorably favorably favorably favorably 
ing a heart ora 6. Or problems in 
this book generally involve only one = 6 . 5 . “2 = as 
selection. For example, “one card Psy Gib OF8} 1S 
is selected” or “one die is rolled.” 
And farnnls d) In Section 12.5, we learned that 
And problems often do not use 
the word and in the statement of P (event happening at least once) = 1 — P (event does not happen) 


the problem, For example, “deter- 


i ability that b ont : A 
pee ie ee eae In part (c), we found that the probability of selecting three patients none of whom 
cards selected are red” or “deter- 


mine the probability that none of reacted favorably was ie Therefore, the probability that at least one of the patients 
Fecotealactelt ia Bananatlorte selected reacted favorably can be found as follows. 

both and-type problems. And 

problems in this book will gener- at least one of the three \ _ none of the three 

ally involve irofe'tnah ene selec: _ (ase reacted a Ee ita age fant reacted ise 


tion. For exampie, the problem 
may read “two cards are selected” 1 115 1 114 


or “three coins are flipped.” =e 115 = is = ae = Fe x 


Exercises 


Warm Up Exercises the other event, then the two events are considered to be 


In Exercises 1—/0, fill in the blank with an appropriate events. 


LSé Yr Vy f ij y . . . 
ward, phrase, or symbol(s) 6. For two events A and B, if the occurrence of either event 


1. Probability problems that contain the words and or or are has an effect on the probability of the occurrence of the 

Sonmideréd.— probability problems other event, then the two events are considered to be 
Siaer ge ee n 
events. 

2. Probability problems that require obtaining a successful ; 
outcome for at least one of the given events are —___ 7. Experiments done with replacement will result in 
probability problems. events. 

3. Probability problems that require obtaining a favor- 8. Experiments done without replacement will result in 
able outcome in each of the given events are —______ eee re vents: 


probability problems. " 
9. The formula for finding the probability of event A or event 
4. If it is impossible for two events A and B to occur simul- Bis P(A or B) = 
taneously, then the events are considered to be 


exclusive. 10. The formula for finding the probability of event A and 


event B is P(A and B) = 
5. For two events A and B, if the occurrence of either event 
in no way affects the probability of the occurrence of 
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Practice the Skills 
In Exercises 11-14, determine the indicated probability. 


11. If P(A) = 0.8, P(B) = 0.4, and P(A and B) = 0.5, 
determine P(A or B). 


12. If P(A or B) = 0.9, P(A) = 0.8, and P(B) = 0.3, 
determine P(A and B). 


13. If P(A or B) = 0.7, P(A) = 0.6, and P(A and B) = 0.3, 
determine P(B). 


14. If P(A or B) = 0.6, P(B) = 0.3, and P(A and B) = 0.1, 
determine P(A). 


15. Exam Preparation Professor Connell is in charge of a 
program to prepare students for a high school equiva- 
lency exam. Records show that the probability that a 
student in the program needs help in mathematics is 0.7, 
the probability that a student needs help in English is 
0.6, and the probability that a student needs help in both 
mathematics and English is 0.55. Determine the probabil- 
ity that a student in the program needs help in mathemat- 
ics or English. 


16. Car Repair The manager at Arango Automotive has 
found that the probability that a car brought into the shop 
requires an oil change is 0.6, the probability that a car 
brought into the shop requires brake repair is 0.2, and 
the probability that a car requires both an oil change and 
brake repair is 0.1. For a car brought into the shop, deter- 
mine the probability that the car will require an oil change 
or brake repair. 


Roll a Die In Exercises 17-20, a single die is rolled one 
time. Determine the probability of rolling 


17. a2 or 6. 
18. an odd number or a number greater than 4. 
19. a number greater than 4 or less than 2. 


20. a number greater than 3 or less than 5. 


Select One Card In Exercises 21-26, one card is selected 
from a deck of playing cards. Determine the probability of 
selecting 


21. an ace ora 4. 

22. a jack or a club. 

23. a picture card or a black card. 
24. a club or a red card. 


25. acard less than 6 or a club. (Note: The ace is considered a 
low card.) 


26. a card greater than 9 or a black card. 


Problem Solving 


Select Two Cards In Exercises 27-34, a board game uses 
the deck of 20 cards shown. 


4) 
| 
‘B 


3 
3 


‘s 


Two cards are selected at random from this deck. Determine 
the probability of the following 


4 
- 


A,)(F [AIP 


a) with replacement. 
b) without replacement. 
27. They both show lions. 
28. They both show the number 3. 


29. The first shows a monkey, and the second shows a 
bird. 


30. The first shows a 2, and the second shows a 4. 


31. The first shows a yellow bird, and the second shows a 
frog. 


32. They both show even numbers. 
33. Neither shows an even number. 
34. The first shows a lion, and the second shows a red 


bird. 


Select One Card In the deck of cards used in Exercises 
27-34, if one card is drawn, determine the probability that 
the card shows 


35. a monkey or an even number. 


36. a yellow bird or a number greater than 3. 


37. a lion or a 2. 


38. a red bird or an even number. 


Two Spins In Exercises 39—48, assume that the pointer 
cannot land on the line and that each spin is independent. If 


the pointer in Fig. 12.16 is spun twice, determine the prob- 
ability that the pointer lands on 


39. red on both spins. 40. red and then yellow. 


Figure 12.46 


Two Spins If the pointer in Fig. 12.17 is spun twice, deter- 
mine the probability that the pointer lands on 


41. green and then red. 42. red on both spins. 


Figure 12.47 


Two Spins If the peinier in Fig. 12.18 is spun twice, deter- 
mine the probability that the pointer lands on 


43. red on both spins. 


44, a color other than green on both spins. 


Meoure 12.13 


Two Spins In Exercises 45—48, assume that the pointer 
in Fig. 12.16 is spun and then the pointer in Fig. 12.17 is 
spun. Determine the probability of the pointers landing on 


45. red on both spins. 
46. yellow on the first spin and red on the second spin. 
47, a color other than red on both spins. 


48. yellow on the first spin and a color other than yellow on 


the second spin. 


Selecting an Envelope In Exercises 49-56, consider the 
colored envelopes shown below. 
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If one of the envelopes is selected at random, determine the 
probability that 


49. a yellow or a blue envelope is selected. 


50. an envelope other than a red envelope is selected. 


If two envelopes are selected at random, with replacement, 
determine the probability that 


51. both are red envelopes. 


52. the first is a blue envelope and the second is a yellow en- 
velope. 


If three envelopes are selected at random, without replace- 
ment, determine the probability that 


53. they are all red envelopes. 
54. none is a red envelope. 


55. the first is a red envelope, the second is a blue envelope, 
and the third is a blue envelope. 


56. the first is a red envelope, the second is a green envelope, 
and the third is a red envelope. 


Having a Family In Exercises 57—60, a couple has three 
children. Assuming independence and that the probability 
of a boy is 7 determine the probability that 


57. all three children are girls. 
58. all three children are boys. 


59. the youngest child is a boy and the two older children are 
girls. 


60. the youngest child is a girl, the middle child is a boy, and 
the oldest child is a girl. 


61. a) Five Children The Martinos plan to have five chil- 
dren. Determine the probability that all their children 
will be boys. (Assume that P (boy) = t and assume 
independence.) 


b) If their first four children are boys and Mrs. Martino is 
expecting another child, what is the probability that the 
fifth child will be a boy? 


62. a) The Probability of a Girl The Bronsons plan to have 
eight children. Determine the probability that all their 
children will be girls. (Assume that P (girl) = 4 and as- 
sume independence.) 


b) If their first seven children are girls and Mrs. Bronson 
is expecting another child, what is the probability that 
the eighth child will be a girl? 
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Books Angel Sanchez has seven books on a shelf: 4 myster- 
ies, 2 science fiction books, and 1 biography. In Exercises 
63-66, two books will be selected at random. Determine the 
probability of selecting each of the following 


a) with replacement. 


b) without replacement. 


63. a mystery and then a biography 
64. no science fiction books 
65. at least one science fiction book 


66. two biographies 


Health Insurance A sample of 75 people yielded the fol- 
lowing information about their health insurance. 


Number 

of People | TypeofInsurance — 
33 Managed care plan 
27 Traditional insurance 
15 No insurance 


Two people who provided information for the table were 
selected at random, without replacement. Determine the 
probability that 


67. neither had traditional insurance. 
68. they both had a managed care plan. 
69. at least one had traditional insurance. 


70. the first had traditional insurance and the second had a 
managed care plan. 


Hiring An Attorney A sample of 40 people who recently 
hired an attorney yielded the following information about 
their attorneys. 


Would You Recommend 
Your Attorney to a Friend 


10 Not sure 


Three people who provided information for the table were 
selected at random. Determine the probability that 


71. they would all recommend their attorneys. 


72. the first would not recommend the attorney, but the 
second and third would recommend their attorneys. 


73. the first two would not recommend their attorneys, and the 
third is not sure if he or she would recommend the attor- 
ney. 


74. the first would recommend the attorney, but the second 
and third would not recommend their attorneys. 


A New Medicine In Exercises 75-78, a new medicine was 
given to a sample of 100 hospital patients. Of the total, 70 pa- 
tients reacted favorably, 10 reacted unfavorably, and 20 were 
unaffected by the drug. Assume that this sample is representa- 
tive of the entire population. If this medicine is given to Mr. 
and Mrs. Rivera and their son Carlos, what is the probability 
of each of the following? (Assume independence.) 


75. Mrs. Rivera reacts favorably. 


76. Mr. and Mrs. Rivera react favorably, and Carlos is unaf- 
fected. 


77. All three react favorably. 


78. No one reacts favorably. 


Multiple-Choice Exam In Exercises 79-84, each question 
of a five-question multiple-choice exam has four possible 
answers. Gurshawn Salk picks an answer at random for 
each question. Determine the probability that he selects the 
correct answer on 


79. any one question. 

80. only the first question. 

81. only the third and fourth questions. 
82. all five questions. 

83. none of the questions. 

84. at least one of the questions. 


A Slot Machine In Exercises 85—88, consider a slot machine. 


Most people who play slot machines end up losing money 
because the machines are designed to favor the casino (the 
house). There are 22 positions on each reel. Assume that 
the following is a list of the number of symbols of each type 
on each of the three reels and each symbol has the same 
chance of occurring (which is not the case; see the Math- 
ematics Today on page 722). 
Pictures 
on Reels 
= a See em 
Cherries 6 
Oranges @ 
Plums @ 
Bells Q 
Melons © 
Bars [BARI 


Mivww sat 


re ere ees b= 


For this slot machine, assuming that the wheels are inde- 
pendent, determine the probability of obtaining 


85. an orange on the first reel. 
86. bells on all three reels. 
87. no bars 


88. three 7’s. 


Two Wheels Jn Exercises 89-92, suppose that you spin the 
following double wheel. 


Assuming that the wheels are independent and each out- 
come is equally likely, determine the probability that you get 


89. blue on both wheels. 
90. red on the outer wheel and blue on the inner wheel. 
91. red on neither wheel. 


92. red on at least one wheel. 


Hitting a Target In Exercises 93-96, the probability that a 
heat-seeking torpedo will hit its target is 0.4. If the first tor- 
pedo hits its target, the probability that the second torpedo 
will hit the target increases to 0.9 because of the extra heat 
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generated by the first explosion. If two heat-seeking torpe- 
does are fired at a target, determine the probability that 


93. neither hits the target. 

94. the first hits the target and the second misses the target. 
95. both hit the target. 

96. the first misses the target and the second hits the target. 


97. Polygenetic Afflictions Certain birth defects and syn- 
dromes are polygenetic in nature. Typically, the chance 
that an offspring will be born with a polygenetic affliction 
is small. However, once an offspring is born with the af- 
fliction, the probability that future offspring of the same 
parents will be born with the same affliction increases. 
Let’s assume that the probability of a child being born 
with affliction A is 0.001. If a child is born with this afflic- 
tion, the probability of a future child being born with the 
same affliction becomes 0.04. 


a) Are the events of the births of two children in the same 
family with affliction A independent? 


b) A couple plans to have one child. Determine the prob- 
ability that the child will be born with this affliction. 


A couple plans to have two children. Use the information 
provided to determine the probability that 


c) both children will be born with the affliction. 


d) the first will be born with the affliction and the second 
will not. 


e) the first will not be born with the affliction and the sec- 
ond will. 


f) neither will be born with the affliction. 


98. Lottery Ticket In a bin are an equal number of balls 
marked with the digits 0, 1, 2,3,..., 9. Three balls are 
to be selected from the bin, one after the other, at random 
with replacement to make the winning three-digit lottery 
number. Ms. Jones has a lottery ticket with a three-digit 
number in the range 000 to 999. Determine the probability 
that Ms. Jones’s number is the winning number. 


Chance of an Audit In Exercises 99—102, assume that 36 in 
every 1000 people in the $34,000—$82,400 income bracket 
are audited yearly. Assuming that the returns to be audited 
are selected at random and each year’s selections are inde- 
pendent of the previous year’s selections, determine the prob- 
ability that a person in this income bracket will be audited 


99. this year. 
100. the next two years in succession. 
101. this year but not next year. 


102. neither this year nor next year. 
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Challenge Problems/Group Activities Recreational Mathematics 


103. Picking Chips A bag contains five red chips, three blue 
chips, and two yellow chips. Two chips are selected from 
the bag without replacement. Determine the probability 
that two chips of the same color are selected. 


A Different Die For exercises 107-110, consider a six- 
sided die that has 1 dot on one side, 2 dots on two sides, 
and 3 dots on three sides. 


; : 5 If the die is rolled twice, determine the probability of rolling 
104. Peso Coins Ron has ten coins from Mexico: three 


1-peso coins, one 2-peso coin, two 5-peso coins, one 
10-peso coin, and three 20-peso coins. He selects two 
coins at random without replacement. Assuming that 
each coin is equally likely to be selected, determine the 
probability that Ron selects at least one 1-peso coin. 


107. two 2’s. 108. two 3’s. 
If the die is rolled only once, determine the probability of 
rolling 


I ? ber less than 3. 
105. A Fair Game? Two playing cards are dealt to you from a sad Desert cna Re Saad Ses 


well-shuffled standard deck of 52 cards. If either card is a 
diamond or if both are diamonds, you win; otherwise, you 
lose. Determine whether this game favors you, is fair, or 
favors the dealer. Explain your answer. 


110. an odd number or a number greater than 1. 


Internet/Research Activity 
111. Girolamo Cardano (1501-1576) wrote Liber de Ludo 


106. Picture Card Probability You have three cards: an ace, 


a king, and a queen. A friend shuffles the cards, selects 
two of them at random, and discards the third. You ask 


Aleae, which is considered to be the first book on prob- 
ability. Cardano had a number of different vocations. Do 
research and write a paper on the life and accomplish- 


your friend to show you a picture card, and she turns ments of Girolamo Cardano. 


over the king. What is the probability that she also has 
the queen? 


SECTION 12.7. | Conditional Probability 


Often the probability of an event occurring may depend on one or more other events 
that previously occurred. For example, the probability of a candidate being re-elected 
may depend on the candidate’s voting record or the current state of the economy. Or 
the probability that a salesperson is successful in selling a particular item may depend 
on whether the customer is a male or female. Probability problems like these, where 
the outcome of a previous event affects the probability of a later event, are called 
conditional probability problems. 


This is Important We consider and use conditional probabilities all the time with- 
out realizing it, as you will see from the examples in this section. 


n Section 12.6, we learned when two events are dependent, the occurrence of the 

first event, A, affected the probability of the second event, B, occurring. When we 
calculated P(A and B), when we determined the probability of event B, we assumed 
that event A occurred. That is, we calculated the probability of event B, given event 
A. The probability of event B, given event A, is called a conditional probability. 
The definition of conditional probability follows. 


4 Conditional probability may play 
a role in a candidate's bid for re- 
election. 


Definition: Conditional Probability 

In general, the probability of event | E> occurring, given that an event E, has 
_ happened (or will happen; the time relationship does not matter), is called a 
Sunstone LR ud |is written P (E2| E)). 


ooh 


A one time or another, you 
probably have been caught in 


a downpour on a day the weather 
forecaster had predic sunny 
skies. Short-term (24-hour) weather 
forecasts are correct nearly 85% of 
the time, a level of accuracy 
achieved through the use of condi- 
tional probability. Computer mod- 
els are used to analyze 
on the ground ar 


make predictions of atmospheric 


pressures at some future time, say 
10 minutes ahead. Based on these 
predicted conditions, another fore- 
cast is then computed. This pro- 
cess is repeated until a weather 
map has been generated for the 
next 12, 24, 36, and 48 hours. 
Since each new prediction relies on 
the previous prediction being cor- 
rect, the margin of error increases 
as the forecast extends further into 
the future. 


Why Biihwae aoe its 
Weather forecasting is one of many 
real-life applications of conditional 


probability. 
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The symbol P(E>|E), read “the probability of E>, given E,,” represents the 
probability of Ey occurring, assuming that E, has already occurred (or will occur). 


Example i) Using Conditional Probability 


A single card is selected from a deck of cards. Determine the probability it is a 
club, given that it is black. 


We are told that the card is black. Thus, only 26 cards are possible, of 
which 13 are clubs. Therefore, 


ig} 1 
(club | black) or P(C|B) ae b' ‘| 


Example (4 Girls in a Family 

A family has two children. Assuming that boys and girls are equally likely, 
determine the probability that the family has 

a) two girls. 

b) two girls if you know that at least one of the children is a girl. 


c) two girls given that the older child is a girl. 


a) To determine the probability that the family has two girls, we can determine the 
sample space of a family with two children. Then, from the sample space we 
can determine the probability that both children are girls. The sample space of 
two children can be determined by a tree diagram (see Fig. 12.19). 


1st Child 2nd Child Sample Space 

B BB 

aioe 
Pere BG 
B GB 

a 
si SG GG 

Figure 12.19 


There are four possible equally likely outcomes: BB, BG, GB, and GG. Only 
one of the outcomes has two girls, GG. Thus, 


1 
P(2 girls) = — 
es 
b) We are given that at least one of the children is a girl. Therefore, for this ex- 


ample the sample space is BG, GB, GG. Since there are three possibilities, of 
which only one has two girls, GG, 


i 
P (both girls | at least one is a girl) = a 


c) If the older child is a girl, the sample space reduces to GB, GG. Thus, 


1 
P (both girls | older child is a girl) = 5 é 


A number of formulas can be used to find conditional probabilities. The one we 
will use follows on page 730. 
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EOE 


Figure 12.20 


Did You Know? 


Dice-Y Music 


ia) the eighteenth cen- 
tury, composers were fas- 
cinated with the idea of creat- 
ing compositions by rolling 
dice. A musical piece attributed 
by some to Wolfgang Amadeus 
Mozart, titled “Musical Dice 
Game,” consists of 176 num- 
bered musical fragments of 
three-quarter beats each. Two 
charts show the performer how 
to order the fragments given a 
particular roll of two dice. 
Modern composers can create 
music by using the same ran- 
dom technique and a com- 
puter; as in Mozart’s time, how- 
ever, the music created by 
random selection of notes or 
bars is still considered by musi- 
cologists to be aesthetically in- 
ferior to the work of a creative 
composer. 


In the formula, n(E, and E>) represents the number of sample points common to both 
event | and event 2, and n(E)) is the number of sample points in event F), the given 
event. Since the intersection of E, and E>, symbolized E; M E>, represents the sam- 
ple points common to both £, and E), the formula can also be expressed as 


n (Ey M E>) 
n(E}) 
Figure 12.20 is helpful in explaining conditional probability. 


Here, the number of elements in £; is five, the number of elements in £} is six, 
and the number of elements in both E; and E>, or Ey M Ep, is two. 


P(E2|E,) = 


n(Eyand Ey) 2 
n(E}) 5 


Thus, for this situation, the probability of selecting an element from £5, given that 
the element is in F}, is Z. 


P(Ep|E\) = 


Example [EJ Using the Conditional Probability Formula 


Two hundred and fifty patients who had knee, hip, or heart surgery were asked 
whether they were satisfied, dissatisfied, or neutral regarding the results of their 
surgery. The responses are given in the table below. 


If one person from the 250 patients surveyed is selected at random, determine the 
probability that the person 


a) was satisfied with the results of the surgery. 

b) was satisfied with the results of the surgery, given that the person had knee surgery. 

c) was dissatisfied with the results of the surgery, given that the person had hip 
surgery. 

d) had heart surgery, given that the person was dissatisfied with the results of the 
surgery. 


a) The total number of patients is 250, of which 205 were satisfied with the results 
of the surgery. 


205 41 


P (satisfied with the results of the sur = = 
( Bry) = 350 ~ 50 
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b) We are given that the person had knee surgery. Thus, we have a conditional 


d) 


probability problem. Let E, be the given information “the person had knee 
surgery.” Let E> be “the person was satisfied with the results of the surgery.” 
We are being asked to determine P(E>|£). The number of people who had 
knee surgery, 1 (E)), is 95. The number of people who had knee surgery and 
were Satisfied with the results of the surgery, n (E, and E>), is 70. Thus, 


n(E,andE3) 70 14 
n(E\) OH ie 


P(E,|E\) = 


We are given that the person had hip surgery. Thus, we have a conditional prob- 
ability problem. Let £; be the given information “the person had hip surgery.” 
Let E> be “the person was dissatisfied with the results of the surgery.” We are 
asked to find P(E,| E,). The number of people who had hip surgery, n(E}), is 
105. The number of people who had hip surgery and were dissatisfied with the 
results of the surgery, n(E, and E)), is 15. Thus, 

n(E;,and Ey) 15 1 


P(E>|E)) = = =— 
(Es| Ey) n(E}) (050°? 


We are given that the person was dissatisfied with the results of the surgery. 
Thus, we have a conditional probability problem. Let E, be the given informa- 
tion “the person was dissatisfied with the results of the surgery.” Let E be “the 
person had heart surgery.” We are asked to determine P(E | £,). The number of 
people who were dissatisfied with the results of the surgery, n(£)), is 45. The 
number of people who were dissatisfied with the results of the surgery and had 
heart surgery, n(E, and E>), is 5. Thus, 

n(E, and Ey) 5 1 


PEED CD) lee Oa a 


In many of the examples, we used the words given that. Other words may be used 


instead. For example, in Example 3(b), the question could have been worded “was 
satisfied with their surgery if the person had knee surgery.” 


© Exercises 


Warm Up Exercises 
In Exercises [—4, fill in the blank with an appropriate 
word, phrasé, or symbol(s). 


Practice the Skills 
Select a Circle In Exercises 5—10, consider the circles 
shown. 


1. The probability of event B occurring, given that @) @) B) @) G) @) 


event £, has happened, is called a(n) 


probability. 


2. The notation for the probability of Ey, given Fj, is 


3. If n(£, and £2) = 


4, If n(E; and Ey) = 


— 22, then P(E>|E)) = 


Assume that one circle is selected at random and each 
circle is equally likely to be selected. Determine the prob- 
ability of selecting 


= 12, then P(E>|E,) = 5. a 3, given that the circle is orange. 


6. a5, given that the circle is yellow. 


7. an even number, given that the circle is not orange. 
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8. a number less than 2, given that the number is less than 5. 
9. a red number, given that the circle is orange. 


10. a number greater than 4, given that the circle is yellow. 


Select a Number In Exercises 11-16, consider the follow- 
ing figures. 


OAERBOA® 


Assume that one number from I to 7 is equally likely to be 
selected at random. Each number corresponds to one of the 
seven figures shown. Determine the probability of selecting 


11. a triangle, given that an even number is selected. 


12. a triangle, given that a number greater than or equal to 5 is 
selected. 


13. ared figure, given that an even number is selected. 


14. a red or a blue figure, given that an even number is se- 
lected. 


15. acircle or square, given that a number less than 4 is selected. 


16. a triangle, given that an odd number is selected. 


Spin the Wheel In Exercises 17—24, consider the following 
wheel. 


If the wheel is spun and each section is equally likely to 
stop under the pointer, determine the probability that the 
pointer lands on 


17. a two, given that the color is purple. 

18. an odd number, given that the color is red. 

19. purple, given that the number is odd. 

20. a number greater than 6, given that the color is red. 
21. a number greater than 4, given that the color is purple. 
22. an even number, given that the color is red or purple. 
23. gold, given that the number is greater than 5. 


24. gold, given that the number is greater than 10. 


Money from a Hat In Exercises 25-28, assume that a hat 
contains four bills: a $1 bill, a $5 bill, a $10 bill, and a $20 
bill. Two bills are to be selected at random with replacement. 
Construct a sample space as was done in Example 2 and 
determine the probability that 


25. both bills are $1 bills. 
26. both bills are $1 bills if the first selected is a $1 bill. 
27. both bills are $5 bills if at least one of the bills is a $5 bill. 


28. both bills have a value greater than a $5 bill if the second 
bill is a $10 bill. 


Two Dice In Exercises 29-34, two dice are rolled one af- 
ter the other. Construct a sample space and determine the 
probability that the sum of the dots on the dice total 


2957: 

30. 7 if the first die is a 1. 

31. 7 if the first die is a 3. 

32. an even number if the second die is a 2. 

33. a number greater than 7 if the second die is a 5. 


34. a7 or 11 if the first die is a 5. 


Problem Solving 


Costliest Hurricanes In Exercises 35—40, use the follow- 
ing information concerning the nine costliest hurricanes to 
strike the U.S. mainland as of January 1, 2010. 


i Re ay é ; ‘Damage (billions 
Hurricane Category — ofdollars) 
Katrina (2005) 3 81.0 
Andrew (1992) 5 35.0 
Wilma (2005) 2 20.6 
Ike (2008) 2 18.0 
Charley (2004) 4 14.0 
Ivan (2004) 3 13.0 
Rita (2005) 3 10.0 
Hugo (1989) + 9.7 
Frances (2004) 2 8.9 


Source: National Oceanic and Atmospheric Administration 


If one hurricane from the list is selected at random, deter- 
mine the probability that it 


35. was a category 4. 
36. had damages of at least $16 billion. 


37. had damages of at least $20 billion, given that it was a 
category 3. 


38. had damages of at ieast $15 billion, given that it was a 
category 2. 


39. was a category 5, given that it had damages of at least 
$25 billion. 


40. was a category 3, given that it had damages of at least 
$10 billion. 


E-Z Pass In Exercises 41-46, use the following table, 
which shows the number of cars and trucks that used the 
Pennsylvania Turnpike on a particular day. The number of 
cars and trucks that used, and did not use, the E-Z Pass on 
that same day was also recorded. 


If one of these vehicles is selected at random, determine the 
probability (as a decimal number rounded to four decimal 
places) that the 


41. vehicle was 2 car. 
42. vehicle used the E-Z Pass. 
43. vehicle used the E-% Pass, given that the vehicle was a car. 


44. vehicle used the E-Z Pass, given that the vehicle was a 
truck. 


45. vehicle was a car, given that the vehicle used the E-Z Pass. 


46. vehicle was a truck, given that the vehicle used the E-Z Pass. 


& A sign on the Pennsylvania Turnpike. 
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Sales Effectiveness In Exercises 47-52, use the following 
information. Sales representatives at a car dealership were 
split into two groups. One group used an aggressive approach 
to sell a customer a new automobile. The other group used a 
passive approach. The following table summarizes the records 
for 650 customers. 


Aggressive | 


; Passive 
Total 


Tf one of these customers is selected at random, determine 
the probability 


47. that the aggressive approach was used. 

48. of a sale. 

49. of no sale, given that the passive approach was used. 
50. of a sale, given that the aggressive approach was used. 
51. of a sale, given that the passive approach was used. 


52. of no sale, given that the aggressive approach was used. 


New Residence For Exercises 53-58, use the following 
information, which shows the educational attainment and 
the location of their new residence for people who moved in 
2008. The data are rounded to the nearest thousand people. 


Not a high 
school graduate 


High school 
graduate 


Some college 
Bachelor’s 
degree 

Graduate degree | 
‘Totals a 


Source: U.S. Census Bureau 


If one of these individuals is selected at random, determine 
the probability (as a decimal number rounded to four 
decimal places) that the individual 


53. moved within the same county. 


54. moved within the same county, given the individual has a 
bachelor’s degree. 
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55. moved to a different state, given the individual has a grad- 
uate degree. 


56. has a graduate degree, given the individual moved abroad. 


57. is a high school graduate, given the individual moved 
within the same state but different county. 


58. moved to a different state or abroad, given the individual 
has a bachelor’s degree. 


Quality Control In Exercises 59-64, Sally Horsefall, 
a quality control inspector, is checking a sample of 
lightbulbs for defects. The following table summarizes 
her findings. 


et Wattage Good _—Defective | =‘ Total 
| 15 95 
50 100 S) 105 

100 120 10 130 
Total 300 30 330 


If one of these lightbulbs is selected at random, determine 
the probability that the lightbulb is 


59. good. 

60. good, given that it is 50 watts. 

61. defective, given that it is 20 watts. 
62. good, given that it is 100 watts. 

63. good, given that it is 50 or 100 watts. 


64. defective, given that it is not 50 watts. 


News Survey In Exercises 65—70, 270 individuals are 
asked which evening news they watch most often. The 
results are summarized as follows. 


| Viewers ABC NBC CBS_ Other 


Men 30 20 40 55 
Women 50 10 20 45 
Total | 80 30 60 100 


If one of these individuals is selected at random, determine 
the probability that the person watches 


65. ABC or NBC. 


66. ABC, given that the individual is a woman. 


67. ABC or NBC, given that the individual is a man. 


68. a station other than CBS, given that the individual is a 
woman. 


69. a station other than ABC, NBC, or CBS, given that the 
individual is a man. 


70. NBC or CBS, given that the individual is a woman. 


4 Diane Sawyer, ABC Evening News 


Challenge Problems/Group Activities 


Mutual Fund Holdings Use the following information in 
Exercises 71-74. Mutual funds often hold many stocks. 
Each stock may be classified as a value stock, a growth 
stock, or a blend of the two. The stock may also be catego- 
rized by how large the company is. It may be classified as 
a large company stock, medium company stock, or small 
company stock. A selected mutual fund contains 200 stocks 
as illustrated in the following chart. 


Value Blend Growth 


Large 
Medium 


Small 


Equity Investment Style 


If one stock is selected at random from the mutual fund, de- 
termine the probability that it is 


71. a large company stock. 
72. a value stock. 
73. a blend, given that it is a medium company stock. 


74. a large company stock, given that it is a blend stock. 


15% Consider the Venn diagram below. The numbers in the 
regions of the circle indicate the number of items that 


belong to that region. For example, 60 items are in set A 
but not in set B. 


Determine a) (A) 


b) n(B) c) P) 


d) P(B) 
Use the formula on page 730 to determine 


e) P(A|B). f) P(B|A). 


g) Explain why P(A|B) # P(A) - P(B). 


76. A formula we gave for conditional probability is 


n (Ei and E>) 


P(Ep|E;) = 
ale 


This formula may be derived from the formula 

P(E, and E. 

P(Ep|E\) = P; and E) 
P(E}) 


Can you explain why? [Hint: Consider what happens to the 
denominators of P(E, and E,) and P(£j,) when they are 
expressed as fractions and the fractions are divided out.] 


= bay 


A In how many different ways can 
movie posters be displayed? 


he Counting Principle and Permutations 
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77. Given that P(A) = 0.3, P(B) = 0.5, and 
P(A and B) = 0.15, use the formula 


P(E, and E 
P(E,|E\) = salt) ae 2 
to determine 
a) P(A|B). b) P(BA). 


c) Are A and B independent? Explain. 


Recreational Mathematics 


In Exercises 78-83, suppose that each circle is equally 
likely to be selected. One circle is selected at random. 


HN TIS 


Determine the probability indicated. 

78. P (green circle | + obtained) 

79. P(+| orange circle obtained) 

80. P (yellow circle | — obtained) 

81. P(green + | + obtained) 

82. P(green or orange circle | green + obtained) 


83. P (orange circle with green + | + obtained) 


anf You are the manager of a movie theater and want to display a poster for each of the 
; eight different movies showing at your theater. In how many different ways can you 
display the eight posters? In this section, we will learn how to determine the number 
of different ordered arrangements of a set of objects. 


This is Important There are many real-life situations in which we need to deter- 
mine the number of different ordered arrangements of a set of objects, such as the num- 
ber of 5-digit zip codes or the number of 7-digit telephone numbers. 


The Counting Principle 


In Section 12.5, we introduced the counting principle, which is repeated here for your 
convenience. 
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Stock Ticker Symbols 


tock ticker symbols on the New 

York Stock Exchange (NYSE) 
typically consist of one, two, or 
three letters. For example, T repre- 
sents AT & T, GE represents General 
Electric, and IBM represents Inter- 
national Business Machines. Stocks 
on the National Association of 
Security Dealers Automated Quot- 
ation System (NASDAQ) typically 
contain four letters. For example, 
AAPL represents Apple Computer 
and GOOG represents Google. 
Are there more possible NYSE 
ticker symbols or more NASDAQ 
ticker symbols? Why? 


*sjoquiAs 1ayon ajqissod 

WeIIIJIP 916°9Sh = 9T X OT X OT X OT 
am ary} §=OVGSVN mM  JO4 
‘sjoquics 1ayon a[qissod jusrayjIp BLT‘8T 
= (97 X 97 XK OZ) + (97 X 9Z) +: 9 
am oly] ASAN 2} Joy sJomsuy 


The counting principle is illustrated in Examples 1 and 2. 


Example Counting Principle: Passwords 

A password used to gain access to a computer account is to consist of two lowercase 
letters followed by four digits. Determine how many different passwords are possible if 
a) repetition of letters and digits is permitted. 

b) repetition of letters and digits is not permitted. 


c) the first letter must be a vowel (@, e, i, 0, u) and the first digit cannot be a 0, and 
repetition of letters and digits is not permitted. 


There are 26 letters and 10 digits (0-9). We have six positions to fill, as 
indicated. 


DED IDID ID 


a) Since repetition is permitted, there are 26 possible choices for both the first and 
second positions. There are 10 possible choices for the third, fourth, fifth, and 
sixth positions. 


26 26 10 10 10 10 
IE, ik; 1D) 1) 1D) 1 


Since 26-26-10-10-10-10 = 6,760,000, there are 6,760,000 different possible 
arrangements. 

b) There are 26 possibilities for the first position. Since repetition of letters is not 
permitted, there are only 25 possibilities for the second position. The same rea- 
soning is used when determining the number of digits for positions 3 through 6. 


26 25109 87 


18, IE, DY 1B) 1B) 1D) 


Since 26 - 25> 10+: 9+ 8+ 7 = 3,276,000, there are 3,276,000 different pos- 
sible arrangements. 

c) Since the first letter must be an a, e, i, o, or u, there are five possible choices for 
the first position. The second position can be filled by any of the letters except 
for the vowel selected for the first position. Therefore, there are 25 possibilities 
for the second position. 

Since the first digit cannot be a 0, there are nine possibilities for the third 
position. The fourth position can be filled by any digit except the one selected 
for the third position. Thus, there are nine possibilities for the fourth position. 
Since the fifth position cannot be filled by any of the two digits previously used, 
there are eight possibilities for the fifth position. The last position can be filled 
by any of the seven remaining digits. 


a 2a) ts i 


1, 1b, IBYD) 1B) IB) 


Since 5 * 25+ 9+9+ 8+ 7 = 567,000, there are 567,000 different arrange- 
ments that meet the conditions specified. P| 


Example Counting Principle: T-Shirt Colors 


At Old Navy, a supply of solid-colored T-shirts has just been received. The T-shirts 
come in the following colors: green, blue, white, yellow, and red. Billy Bragg, the 
floor manager, decides to display one of each color T-shirt in a row on a shelf. 
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a) In how many different ways can he display the five different color T-shirts on a 
shelf? 

b) If he wants to place the blue T-shirt in the middle, in how many different ways 
can he arrange the T-shirts? 

c) If Billy wants the white T-shirt to be the first T-shirt and the blue T-shirt to be 
the last T-shirt, in how many different ways can he arrange the T-shirts? 


a) There are five positions to fill, using the five colors. In the first position, on the 
left, he can use any one of the five colors. In the second position, he can use any 
of the four remaining colors. In the third position, he can use any of the three 
remaining colors, and so on. The number of distinct possible arrangements is 


5+4+3+2+1= 120 


b) We begin by satisfying the specified requirements stated. In this case, the blue 
T-shirt must be placed in the middle. Therefore, there is only one possibility for 
the middle position. 


For the first position, there are now four possibilities. For the second position, 
there will be three possibilities. For the fourth position, there will be two possi- 
bilities. Finally, in the last position, there is only one possibility. 


Acigiz A312 - T= 24 


Thus, under the condition stated, there are 24 different possible arrangements. 


c) For the first T-shirt, there is only one possibility, the white T-shirt. For the last 
T-shirt, there is only one possibility, the blue T-shirt. 


The second position can be filled by any of the three remaining T-shirts. The third 
position can be filled by any of the two remaining T-shirts. There is only one 
T-shirt left for the fourth position. Thus, the number of possible arrangements is 


Proper Belge jl aX6 


There are only six possible arrangements that satisfy the given conditions. r 


Permutations 


Now we introduce the definition of a permutation. 


“Larry, Shemp, Moe” and “Shemp, Moe, Larry” represent two different ordered 
arrangements or two different permutations of the same three names. In Example 
2(a), there are 120 different ordered arrangements, or permutations, of the five col- 
ored T-shirts. In Example 2(b), there are 24 different ordered arrangements, or per- 
mutations possible, if the blue T-shirt must be displayed in the middle. 
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Some of the many 
permutations 
of 3 of the 5 letters 


Figure 12.22 


When determining the number of permutations possible, we assume that repeti- 
tion of an item is not permitted. To help you understand and visualize permutations, 
we illustrate the various permutations possible when a triangle, rectangle, and circle 
are to be placed in a line; see Fig. 12.21. 


Vie, VOL IV® I@V Ovi SIV 


Figure 12.21 


For this set of three shapes, six different arrangements, or six permutations, are pos- 
sible. We can obtain the number of permutations by using the counting principle. For 
the first position, there are three choices. There are then two choices for the second 
position, and only one choice is left for the third position. 


Number of permutations = 3-2: 1=6 
The product 3 + 2 - | is referred to as 3 factorial, and is written 3!. Thus, 


ee Ya a0) 


Number of Permutations tts 
The number of permutations of n distinct items is n factorial, symbolized n!, where 


nl = n(n — 1)(n — 2) «++ 3)(2)() 


It is important to note that 0! is defined to be 1. Many calculators have the ability to 
determine factorials. Often to determine factorials you need to press the or 
key. Read your calculator manual to determine how to find factorials on your calculator. 


Example ¥ Cell Phones 


In how many different ways can six different cell phones be arranged on top of one 
another? 


Since there are six different cell phones, the number of permutations is 6!. 
6!=6°:5°4-3-2-1=720 
The six cell phones can be arranged in 720 different ways. a 


Example 4 illustrates how to use the counting principle to determine the number 
of permutations possible when only a part of the total number of items is to be se- 
lected and arranged. 


Example Permutations of Three Out of Five Letters 


Consider the five letters a, b, c, d, e. In how many distinct ways can three letters be 
selected and arranged if repetition is not allowed? 


We are asked to select and arrange only three of the five possible letters. 
Figure 12.22 shows some possibilities. Using the counting principle, we find that 
there are five possible letters for the first choice, four possible letters for the second 
choice, and three possible letters for the third choice: 


5-4-3 = 60 


Thus, there are 60 different possible ordered arrangements, or permutations. On the 
left, we show 5 of the 60 possible permutations. a 


12.8 The Counting Principle and Permutations 739 


In Example 4, we determined the number of different ways in which we could 
select and arrange three of the five items. We can indicate that result by using the no- 
tation 5 P3. The notation 5 P3 is read “the number of permutations of five items taken 
three at a time.” The notation ,P, is read “the number of permutations of n items 
taken r at a time.” 

We use the counting principle below to evaluate g P4, 9 P3, and jg Ps. Note the re- 
lationship between the number preceding the P, the number following the P, and the 
last number in the product. 


fo a One more than 8 — 4 
RIE = 13) 9 F/O) OS) 
One more than 9 — 3 
9 P3 =9-8°7 
po One more than 10 — 5 


Ps = 10°9+8+7-6 


To evaluate ,, P.., we begin with n and form a product of r consecutive descending fac- 
tors. For example, to evaluate jg P5, we start with 10 and form a product of five con- 
secutive descending factors (see the preceding illustration). 

In general, the number of permutations of n items taken r at a time, ,, P., may be 
found by the formula 


ras wes more than n — r 
SS 
on a) ie) es (rt) 


Therefore, when evaluating 29 P}5, we would find the product of consecutive decreasing 
integers from 20 to (20 — 15 + 1) or 6, which is written as 20: 19-18-17-:-->-6. 

Now let’s develop an alternative formula that we can use to find the number of 
permutations possible when r objects are selected from n objects: 


AP nih! 1) Se “(nn al) 


n—p)! 
Now multiply the expression on the right side of the equals sign rp eae a7 Leeellall r 
which is equivalent to multiplying the expression by 1. Cayapaa 
Gay 
gh Gls) Gis 12, — 7 + 1) xX — 
(Ga 19)! 
For example, 
>! 
105 = 10°:9°--:-: Ao Say 
or 
iG Glo oso O) Ye 3) 
io fs = 51 
Since (n — r)! means (n — r)(n — r — 1) --- (3)(2)(\), the expression for ,, P, can 
be rewritten as 
ae —= 7A! 
—————————— 
AG — NG =e PD) BOON cir Nee 1 = 12 De SEEMED) 


(a— 7)! 
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Since the numerator of this expression is n!, we can write 
n! 
a a 
For example, 


10! 
Pity 
eee ig 5) 


In Example 4, we found that when selecting three of five letters, there were 60 
permutations. We can obtain the same result using the permutation formula: 


Se Gar eee eae 


(Gi sy 2-t . 


513 = 


Example Using the Permutation Formula 


You are among eight people forming a skiing club. Collectively, you decide to put 
each person’s name in a hat and to randomly select a president, a vice president, 
and a secretary. How many different arrangements or permutations of officers are 
possible? 


There are eight people, n = 8, of which three are to be selected; thus, r = 3. 


8! 8. 8+7-6°52#4-3-9-T 
P; = als = 336 
Fo julie S eames 5243-9 t 


Thus, with eight people there can be 336 different arrangements for president, vice 
president, and secretary. a 


In Example 5, the fraction 


Se Os eee 
5244327 


can be also expressed as 


OO OOS 


51 550 


The solution to Example 5, like other permutation problems, can also be obtained us- 
ing the counting principle. 


EXAMPLE @ 


The Prince George County bicycle club has 10 different routes members wish to 
travel exactly once, but they have only 6 specific dates for their trips. In how many 
ways can the different routes be assigned to the dates scheduled for their trips? 


TECHNOLOGY TIP 


Many scientific calculators and all 
graphing calculators have the ability 
to evaluate permutations. Read your 
calculator’s instruction manual to de- 
termine the procedure to follow to 
evaluate permutations. 

To evaluate 19 P; on a TI-83 Plus 
or a TI-84 Plus calculator, enter the 
number 10. Then press the MATH 
key. Use the right arrow key to scroll 
over to PRB, which stands for proba- 
bility. Then scroll down to ,,P,. Press 
the ENTER key. You should now see 
10 ,,P, on your screen. Next press 6. 
Press the ENTER key again. The an- 
swer will be 151,200, which agrees 
with our answer in Example 6. 


Jumble 


Ree the material on Permuta- 
tions of Duplicate Items on this 
page and the next page before 
working this Jumble. 


In the Recreational Mathematics 
box on page 711 we introduced 
the JUMBLE puzzles. Sometimes 
the puzzles contain one or more 
letters multiple times. For each 
Jumble below, use the knowledge 
you have learned in this section to 
determine 
a) the number of possibie arrange- 

ments of the letters given. 

b) the word that results when the 
letters are placed in their proper 
order (note that only one word is 
possible). 


1. NOOZE 

2. ZBEERE 

Ss HOGGEEL 

The answers are listed upside down 
below. See Exercises 53-56, 70, 71 
for more examples. 


ADATIOD (4 09ZT (B’E 
azgaad (q Ozl 7 


ANOZO (4 09 (I 
TSIOMSUY 
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There are 10 possible routes but only 6 specific dates scheduled for 
the trips. Since traveling route A on day 1 and traveling route B on day 2 is dif- 
ferent than traveling route B on day 1 and traveling route A on day 2, we have a 
permutation problem. There are 10 possible routes; thus, n = 10. There are 6 
routes that are going to be selected and assigned to different days; thus, r = 6. 
Now we calculate the number of different permutations of selecting and arrang- 
ing the dates for 6 out of 10 possible routes. 


10! 10! 10° 9-8: 7*6*5 94h 
10P6 = 7 a 
(Ol 7G)! 4! at 


= 151,200 


There are 151,200 different ways that 6 routes can be selected and scheduled from 
the 10 possible routes. | 


Example 6 could also be worked using the counting principle because we are 
discussing an ordered arrangement (a permutation) that is done without replace- 
ment. For the first date scheduled, there are 10 possible outcomes. For the second 
date selected, there are 9 possible outcomes. By continuing this process we would 
determine that the number of possible outcomes for the 6 different trips is 
LOMO GES eiiekOne eet ole 2 (0)! 

We have worked permutation problems (selecting and arranging, without re- 
placement, r items out of n distinct items) by using the counting principle and 
using the permutation formula. When you are given a permutation problem, un- 
less specified by your instructor, you may use either technique to determine its 
solution. 


Permutations of Duplicate Items 


So far, all the examples we have discussed in this section have involved arrangements 
with distinct items. Now we will consider permutation problems in which some of the 
items to be arranged are duplicates. For example, the name BOB contains three let- 
ters, of which the two Bs are duplicates. How many permutations of the letters in the 
name BOB are possible? If the two Bs were distinguishable (one red and the other 
blue), there would be six permutations. 


BOB BBO OBB 
BOB BBO OBB 


However, if the Bs are not distinguishable (replacing all colored Bs with black print), 
we see that there are only three permutations. 


BOB BBO OBB 
The number of permutations of the letters in BOB can be computed as 


ne Hae Tig = 3 

2! 2-1 
where 3! represents the number of permutations of three letters, assuming that none 
are duplicates, and 2! represents the number of ways the two items that are duplicates 
can be arranged (BB or BB). In general, we have the following rule. 
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Permutations of Duplicate Items 
The number of distinct permutations of n objects where n, of the objects are identi- 
cal, n2 of the objects are identical, ..., n, of the objects are identical is found by 


using 


Dies 
ny!nz!--: n,! 


EXAMPLE Duplicate Letters 
In how many different ways can the letters of the word “TALLAHASSEE” be 


arranged? 


Of the 11 letters, three are A’s, two are S’s, two are L’s, and two are 
E’s. The number of possible arrangements is 


LDS MeO ie Del Ses Olas weir eka 


3121212! 


= 11-10-9-7-6-5-4 = 831,600 


BE InO 740 Ih 3740 1077 0 Ih 


There are 831,600 different possible arrangements of the letters in the word 


“TALLAHASSEE.” 


SECTION 12.8 Z 
Exercises 


Warm Up Exercises 
In Exercises 1-8, fill in the blank with an appropriate 
word, phrase, or symbol(s). 


1. To determine the number of distinct ways two or more ex- 
periments can be performed, the principle can 
be used. 


2. Any ordered arrangement of a given set of objects is called 
a(n) 


3. The symbol for n factorial is 


4, The formula for the number of permutations of n distinct 
items is n! = 


5. The formula for the number of permutations when r objects 
are selected from n objects is ,P,. = 


6. The number of permutations of n objects, where 7, of the 
items are identical, , of the items are identical, ..., n,. are 
identical, is found by 


7. The notation used to express the number of permutations 
of five items taken three at a time is 


8. The notation used to express the number of permutations 
of seven items taken two at a time is 


Practice the Skills 


In Exercises 9-20, evaluate the expression. 


9. 5! 10. 6! 11. 4P 12.0eP) 


13. 0! 14. 5P; 15, Pi 16. Pp 


Problem Solving 


21. ATM Codes To use an automated teller machine, you 
generally must enter a four-digit code, using the digits 0-9. 
How many four-digit codes are possible if repetition of 
digits is permitted? 


22. Routes There are three different routes that Cassidy Cole 
can walk from home to the post office and two different 
routes that she can walk from the post office to the bank. 
How many different routes can Cassidy walk from home 
to the post office and then to the bank? 


23. Outfits Juan Rivera has three ties, four shirts, and two 
pairs of pants. How many different outfits can he wear if 
he chooses one tie, one shirt, and one pair of pants for each 
outfit? 


24. Passwords Assume that a password to log onto a com- 
puter account is to consist of any four digits or letters (rep- 
etition is permitted). Determine the number of passwords 
possible if 


a) the letters are not case sensitive (that is, a lowercase let- 
ter is treated the same as an uppercase letter). 


b) the letters are case sensitive (that is, an uppercase letter 
is considered different than the same lowercase letter). 


25. Car Door Locks Some doors on cars can be opened by 
pressing a correct sequence of buttons. A display of the 
five buttons by the door handle of a car follows.* 


The correct sequence of five buttons must be pressed to 
unlock the door. 


a) How many different sequences of five buttons are 
possible (repetition is permitted)? 


b) If a sequence of five buttons is pressed at random, de- 
termine the probability that the sequence unlocks the 
door. 


26. Social Security Numbers A social security number 
consists of nine digits. How many different social se- 
curity numbers are possible if repetition of digits is 
permitted? 


27. License Plate \n \taly, most car and motorcycle license 
plates consist of 2 letters, followed by 3 digits, followed 
by 2 letters. (See photo.) Determine the number of license 
plates possible if 


4 An italian license piate 


a) repetition is permitted (as it is in Italy). 
b) repetition is not permitted. 


28. Winning the Trifecta The trifecta at most racetracks 
consists of selecting the first-, second-, and third-place fin- 
ishers in a particular race in their proper order. If there are 
seven entries in the trifecta race, how many tickets must 
you purchase to guarantee a win? 


29. Choosing Classes Kai Lu plans to enroll in four classes: 
sociology, chemistry, economics, and humanities. There 


*On most cars, although each key lists two numbers, the key acts as a 
single number. Therefore, if your code is 1, 6, 8, 5, 3, the code 2, 5, 7, 6, 4 


will also open the lock. 


30. 
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are seven sociology classes, four chemistry classes, three 
economics classes, and four humanities classes that fit his 
schedule. How many different ways can he select his four 
classes? 


Geometric Shapes Consider the five figures shown. 
aA®@ 


In how many different ways can the figures be arranged 
a) from left to right? 
b) from top to bottom if placed one under the other? 


c) from left to right if the triangle is to be placed on the far 
right? 


d) from left to right if the circle is to be placed on the far 
left and the triangle is to be placed on the far right? 


31. Arranging Pictures The six pictures shown are to be 


32 


33. 


34 


placed side by side along a wall. 


ml e|dile 


In how many ways can they be arranged from left to right if 


a) they can be arranged in any order? 
b) the bird must be on the far left? 


c) the bird must be on the far left and the giraffe must be 
next to the bird? 


d) a four-legged animal must be on the far right? 


Club Officers If a club consists of 10 members, how many 
different arrangements of president, vice-president, and sec- 
retary are possible? 


Restaurant Positions There are 10 candidates for three 
positions at Johnny Rockets. One position is for a cook. The 
second position is for a food server. The third position is for 
a cashier. If all 10 candidates are equally qualified for the 
three positions, in how many different ways can the three 
positions be filled? 


ISBN Codes Each book registered in the Library of Con- 
gress must have an ISBN code number. For an ISBN num- 
ber of the form D-DD-DDDDDD-D, where D represents 

a digit from 0—9, how many different ISBN numbers are 
possible if repetition of digits is allowed? (See research 
activity Exercise 72 on page 746.) 
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35. Wedding Reception At the reception line of a wedding, 


36. 


the bride, the groom, the best man, the maid of honor, 
the four ushers, and the four bridesmaids must line up to 
receive the guests. 


a) If these individuals can line up in any order, how many 
arrangements are possible? 


b) If the groom must be the last in line and the bride must 
be next to the groom, and the others can line up in any 
order, how many arrangements are possible? 


c) If the groom is to be last in line, the bride next to the 
groom, and males and females are to alternate, how 
many arrangements are possible? 


DJ A disc jockey (DJ) has 9 songs to play. Five are slow 
songs, and 4 are fast songs. Each song is to be played 
only once. In how many ways can the DJ play the 9 
songs if 


a) the songs can be played in any order? 


b) the first song must be a slow song and the last song 
must be a slow song? 


c) the first two songs must be fast songs? 


Identification Codes In Exercises 37—40, an identification 
code is to consist of three letters followed by four digits. 
How many different codes are possible if 


ove 
38. 
SD 


40. 


repetition is not permitted? 

repetition is permitted? 

repetition of letters is permitted, repetition of numbers is 
not permitted, and the first three entries must all be the 


same letter? 


the first letter must be an A, B, C, or D and repetition is not 


permitted? 


License Plates In Exercises 41—44, a license plate is to 
consist of three digits followed by two uppercase letters. 
Determine the number of different license plates possible if 


41. repetition of numbers and letters is permitted. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


repetition of numbers and letters is not permitted. 


the first and second digits must be odd, and repetition is 
not permitted. 


the first digit cannot be zero, and repetition is not permitted. 


Possible Phone Numbers A telephone number consists of 
seven digits with the restriction that the first digit cannot 
be 0 or 1. 


a) How many distinct telephone numbers are possible? 


b) How many distinct telephone numbers are possible 
with three-digit area codes preceding the seven-digit 
number, where the first digit of the area code is not 0 
or 1? 


c) With the increasing use of cell phones and paging 
systems, our society is beginning to run out of usable 
phone numbers. Various phone companies are develop- 
ing phone numbers that use 8 digits instead of 7. How 
many distinct phone numbers can be made using a 
three digit area code followed by an eight digit phone 
number, where the first digit of the area code and the 
phone number cannot be 0 or 1? 


Fruit Juice Selection Mrs. Hernandez and her three chil- 
dren go shopping at a local grocery store. Each of the chil- 
dren will be allowed to select one bottle of fruit juice. On 
the store’s shelf there are 12 bottles of fruit juice, and each 
bottle contains a different type of juice. In how many ways 
can the selections be made? 


Skiing Event A skiing event has 16 participants for the 
slalom. The 5 participants with the fastest speeds will be 
listed, in the order of their speed, on the leader board. 
How many different ways are there for the names to be 
listed? 


History Test In one question on a history test, a student is 
asked to match 10 dates with 10 events; each date can only 
be matched with 1 event. In how many different ways can 
this question be answered? 


Color Permutations Determine the number of permuta- 
tions of the colors in the spectrum that follows. 


iit 


Drive-Through at a Bank A bank has three drive-through 
stations. Assuming that each is equally likely to be se- 
lected by customers, in how many different ways can the 
next six drivers select a station? 


Red 
Orange 
Yellow 
Green 
Blue 
Violet 
Indigo 


51. 


52 


53 


54. 


S53. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


Computer Systems Ata computer store, a customer 
is considering 5 different computers, 4 different moni- 
tors, 7 different printers, and 2 different scanners. 
Assuming that each of the components is compatible 
with one another and that one of each is to be selected, 


determine the number of different computer systems 
possible. 


Selecting Furniture The Johnsons just moved into their 
new home and are selecting furniture for the family room. 
They are considering 5 different sofas, 2 different chairs, 
and 6 different tables. They plan to select one item from 
each category. Determine the number of different ways 
they can select the furniture. 


Determine the number of permutations of the letters of the 
word “EDUCATION.” 


Determine the number of permutations of the letters of the 
word “EFFECTIVE.” 


In how many waye can the letters in the word 
“TENNESSEE” be arranged? 


In how many ways can the letters in the word 
“COMMUNICATION” be arranged? 


In how many ways can the digits in the number 4,568,865 
be arranged? 


In how many ways can the digits of the number 2,142,332 
be arranged? 


Flag Messages Vive different colored flags will be placed 
on a pole, one beneath another. The arrangement of the 
colors indicates the message. How many messages are 
possible if five flags are to be selected from nine different 


colored flags? 


Muitiple-Choice Test Keri Kershaw is taking a 12- 
question multiple-choice exam. Each question has three 
possible answers, (a), (b), and (c). In how many possible 
ways can Keri answer the questions? 


Batting Order In how many ways can the manager of a 
National League baseball team arrange his batting order of 


nine players if 
a) the pitcher must bat last? 
b) there are no restrictions? 


Painting Exhibit Five Monet paintings are to be dis- 
played in a museum. 


a) In how many different ways can they be arranged if 
they must be next to one another? 


b) In how many different ways can they be displayed if a 
specific one is to be in the middle? 
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A The Water Lily Pond, Pink Harmony, 
1900 by Claude Monet 


Challenge Problems/Group Activities 


63. Car Keys Door keys for a certain automobile are made 
from a blank key on which five cuts are made. Each cut 
may be one of five different depths. 


a) How many different keys can be made? 


b) If 400,000 of these automobiles are made such that 


745 


each of the keys determined in part (a) opens the same 


number of cars, determine how many cars can be 
opened by a specific key. 


c) If one of these cars is selected at random, what is the 


probability that the key selected at random will unlock 


the door? 


64 


rank three of eight candidates for recommendation for 


Voting On a ballot, each committee member is asked to 


promotion, giving first, second, and third choices (no ties). 
What is the minimum number of ballots that must be cast 


to guarantee that at least two ballots are the same? 


65 


Scrabble Nancy Lin, who is playing Scrabble with Dale 
Grey, has seven different letters. She decides to test each 


five-letter permutation before her next move. If each per- 
mutation takes 5 sec, how long will it take Nancy to check 


all the permutations? 


66 


that three are identical and two are identical. How long 


will it take Nancy to try all different permutations of her 


seven letters? 


67. Does ,, P, = ,P(,—,) for all whole numbers, where n = 


Recreational Mathematics 


Scrabble \n Exercise 65, assume, of Nancy’s seven letters, 


aus 


68. Stations There are eight bus stations from town A to town 


B. How many different single tickets must be printed so 


that a passenger may purchase a ticket from any station to 


any other station? 


@:- 6 ~ 6 8. _ 9 6 66 
A B 
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69. Bus Loop How many tickets with different points of ori- 
gin and destination can be sold on a bus line that travels a 
loop with 25 stops? 


Jumble Many newspapers contain Jumble puzzles, where 
the letters of a word are given out of order. In Exercises 
70 and 71, read the Recreational Math box on page 741 
and determine 


70. HEICOC 


71. ROSEGOC 


Internet/Research Activity 


72. When a book is published, it is assigned a 10-digit code 
number called the International Standard Book Number 
(ISBN). Do research and write a report on how this coding 


system works. 
a) the number of possible arrangements of the letters given. 


b) the word. 


Combinations 


Zebb’s Restaurant has 10 different toppings that can be added to a hamburger. Chase 
Weichman is going to select three of those toppings to add to his hamburger. How 
many different selections are possible? In this section, we will learn how to determine 
the number of selections when the order of selection of the items is not important to 
the final outcome. 


This is Important There are many situations in which the order of the selections 
made is not important to the final outcome. For example, in determining the number of 


4 Combinations can be used to 
determine the number of different 
arrangements of toppings that can 
be placed on a hamburger. 


ways a committee can select 3 out of 8 candidates to receive a scholarship, the order in 
which the 3 are selected is not important. 


hen the order of the selection of the items is important to the final outcome, the 
problem is a permutation problem. When the order of the selection of the items 
is unimportant to the final outcome, the problem is a combination problem. 
Recall from Section 12.8 that permutations are ordered arrangements. For example, 
a, b, cand b, c, a are two different permutations because the ordering of the three letters is 
different. The letters a, b, c and b, c, a represent the same combination of letters because 
the same letters are used in each set. However, the letters a, b, c and a, b, d represent two 
different combinations of letters because the letters contained in each set are different. 


Definition: Combination ; 
A combination is a distinct group (or set) of objects without regard to their 
arrangement. 


be 


Example §j§ Permutation or Combination 


Determine whether the situation represents a permutation or combination problem. 

a) A group of five friends, Arline, Inez, Judy, Dan, and Eunice, are forming a club. 
The group will elect a president and a treasurer. In how many different ways can 
the president and treasurer be selected? 

b) Of the five individuals named, two will be attending a meeting together. In how 
many different ways can they do so? 


Did You Know? = : 


Powerball 


i)" February 8, 2006, eight peo- 
ple won the largest Powerball 
in jackpot history, a $365 million 
prize. 

As of this writing, Powerball is 
played in 42 U.S. jurisdictions, in- 
cluding Washington, DC and the 
U.S. Virgin Islands, as well as online. 
Winning the Powerball requires 
selecting 5 matching numbers be- 
tween 1 and 55, as well as the Pow- 
erball number from 1 to 42. The 
probability of winning is about 1 in 
146,107,962. Verify this probability 
yourself. 

The largest lottery jackpot in U.S. 
history was a Mega Million jackpot 
of $390 million, which was won by 
two individuals in March 2007. Each 
person received $195 million. The 
largest lottery in the world is Spain’s 
annual contest known as El Gordo, 
or “the Fat One.” in 2010, El Gordo 
is expected to pay out 2.3 billion 
euros (about $3.22 billion U.S. dol- 
lars). Each year El Gordo has about 
10,000 winning prizes ranging from 
$20 to $200,000 or more. 
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a) Since the president’s position is different from the treasurer’s position, we 
have a permutation problem. Judy as president with Dan as treasurer is differ- 
ent from Dan as president with Judy as treasurer. The order of the selection is 
important. 


b) Since the order in which the two individuals selected to attend the meeting 
is not important, we have a combination problem. There is no difference if 
Judy is selected and then Dan is selected, or if Dan is selected and then Judy 
is selected. | 


In Section 12.8, you learned that ,P,. represents the number of permutations 
when r items are selected from n distinct items. Similarly, , C, represents the number 
of combinations when r items are selected from n distinct items. 

Consider the set of elements {a, b, c, d, e}. The number of permutations of two 
letters from the set is represented as 5P>, and the number of combinations of two let- 
ters from the set is represented as 5C>. Twenty permutations of two letters and 10 
combinations of two letters are possible from these five letters. Thus, ;P,; = 20 and 
5C> = 10, as shown. 


Permutations Combinations 
ab, ba, ac, ca, ad, da, ae, ea, bc, cb, 20 ab, ac, ad, ae, be, 10 
bd, db, be, eb, cd, dc, ce, ec, de, ed bd, be, cd, ce, de 


When discussing both combination and permutation problems, we always as- 
sume that the experiment is performed without replacement. That is why duplicate 
letters such as aa or bb are not included in the preceding example. 

Note that from one combination of two letters, two permutations can be formed. 
For example, the combination ab gives the permutations ab and ba, or twice as 
many permutations as combinations. Thus, for this example we may write 


5P, = 2+ (sC2) 
Since 2 = 2!, we may write 
5P) = 2!(5C2) 


If we repeated this same process for comparing the number of permutations in ,,P, 
with the number of combinations in ,,C,, we would find that 


nb, = r! (nC) 


Dividing both sides of the equation by r! gives 


P. 
me 
nCr = =n 
r} 
n! aN 
since), Po Ge the combination formula may be expressed as 
aml By he 


BET) n! 


r! (Ciaran 


nCr = 
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TECHNOLOGY TIP 


Many scientific calculators and all 
graphing calculators have the abil- 
ity to evaluate combinations. Read 
your calculator’s instruction manual 
to determine the procedure to fol- 
low to evaluate combinations. 

To evaluate gC3 on a TI-83 Plus 
ora TI-84 Plus calculator, enter the 
number 8. Then press the MATH 
key. Use the right arrow key to 
scroll over to PRB, which stands for 
probability. Then scroll down to 
nC,. Press the ENTER key. You 
should now see 8,C, on your 
screen. Next press 3. Press the 
ENTER key again. The answer 
will be 56 which agrees with our 
answer in Example 2. 


Did You Know? 


Poker versus Bridge 


A nice bridge hand 


n popular card games, there is 

such a variety of possible combi- 
nations of cards that a player rarely 
gets the same hand twice. The total 
number of different 5-card poker 
hands using a standard deck of 52 
cards is 2,598,960, and for 13-card 
bridge hands this number increases 
to 635,013,559,600. 


Combination Formula 
The number of combinations possible when r objects are selected from n objects 
is found by the combination formula 


n! 
ae, iz 


Example @4 Museum Selection 


While visiting New York City, the Friedmans are interested in visiting 8 museums 
but have time to visit only 3. In how many ways can the Friedmans select 3 of the 8 
museums to visit? 


This problem is a combination problem because the order in which the 
three museums are selected does not matter. 


8! 8! Ro T) OG a Sac te oar 
C3 = = = = 56 
3 (8 —3)IB! 5131 52 445-9-T+ 37-1 
There are 56 different ways that 3 of the 8 museums can be selected to visit. ‘8 


Example Floral Arrangements 


Jan Funkhauser has 10 different cut flowers from which she will choose 6 to use in 
a floral arrangement. How many different ways can she do so? 


This problem is a combination problem because the order in which the 
6 flowers are selected is unimportant. There are a total of 10 different flowers, so 
n = 10. Six flowers are to be selected, so r = 6. 


3 
10! 10! 10° 9+ 8+ 7+ 62524-3497 
Cs = eae ig 
106 (10 = 6)!6! 416! 221 6252 4-3-9 ie 


Thus, there are 210 different ways Jan can choose 6 cut flowers from a group of 
10 cut flowers. ‘a 


Example Z§ Dinner Combinations 


At the Royal Dynasty Chinese restaurant, dinner for eight people consists of 3 
items from column A, 4 items from column B, and 3 items from column C. If col- 
umns A, B, and C have 5, 7, and 6 items, respectively, how many different dinner 
combinations are possible? 


For column A, 3 of 5 items must be selected, which can be represented as 
5 C3. For column B, 4 of 7 items must be selected, which can be represented as 7C4. 
For column C, 3 of 6 items must be selected, or 6C3. 


5C3 = 10 7C4 = 35 and 6 C3 = 20 


Using the counting principle, we can determine the total number of dinner combi- 
nations by multiplying the number of choices from columns A, B, and C: 

Total number of dinner choices = 5C3 + 7C4 * 6C3 
a0 35°20) 7.000 


Therefore, 7000 different combinations are possible under these conditions. a 
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We have presented various counting methods, including the counting principle, 
permutations, and combinations. You often need to decide which method to use to solve 
a problem. Table 12.4 may help you in selecting the procedure to use. 


Table 12.4 Summary of Counting Methods 


Counting Principle: If a first 
experiment can be performed in 


ment can be performed in N distinct 
ways, then the two experiments in 
that specific order can be performed 
in M - N distinct ways. 

The counting principle may be used 
with or without repetition of items. 
It is used when determining the 
number of different ways that two 
or more experiments can occur. It 
is also used when there are specific 
placement requirements, such as the 
first digit must be a 0 or 1. 


M distinct ways and a second experi- 


Determining the Number of Ways of Selecting r Items from n Items 
; (Repetition is not Permitted) ; 


Permutations Combinations 


Combinations are used when 
order is not important. 


Permutations are used when 
order is important. 


For example, a, b, c and b, c, a are two 
different permutations of the same 
three letters. 


For example, a, b, c and b, c, a are the 
same combination of three letters. But 
a, b, c, and a, b, d are two different 


Al combinations of three letters. 


a= A) 

Problems solved with the permutation 
formula may also be solved by using 
the counting principle. 


nPy = n! 


Cte ee 
ee, (Hein 


Warm Up Exercises 


In Exercises /—6, fill in the blank with an appropriate 


word, phrase, or symbol(s). 


1. A distinct 
ment. isicalled a@) —-— —— 


2. The symbol! for the number of combinations when r items 


ed from n distinct items is 


are selec 


roup of objects without regard to their arrange- 


C C Cc 
15,22 16022 ti 
5P3 7P, 603 
C P. P 
yes 19.) == 20. 2 
sCo 10C5 7Co 


Problem Solving 


21. Hiring There are 12 qualified applicants for 4 nursing po- 
sitions at a hospital. In how many ways can the positions 
be filled? 


3. If we want to select r items from n items, and the order of 


the arrangement is important, then 


4. If we want to select r items from n items, and the order of 
the arrangement is not important, then 


5. The notation used to express the number of combinations 
of 3 items selected from 7 distinct items is 


6. The notation used to express the number of combinations of 
4 items selected from 10 distinct items is 


Practice the Skills 


In Exercises 7-20, evaluate the expression. 


are used. 


are used. 


oh Gee 8. 9C3 22. Banana Split An ice-cream parlor has 20 different flavors. 
Cynthia orders a banana split and has to select 3 different 
9. a) C4 b) 9P4 10. a) gC2 b) sP2 flavors. How many different selections are possible? 
11. a) gCo b) sFo 12. a) 12Cg b) 12Ps 23. Test Essays Tina Campbell must select and answer four 
of five essay questions on a test. In how many ways can 
13. a) 10C3 b) 10P3 14. a) 5Cs5 b) 5P5 she do so? 
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24. Software Packages During a special promotion at 
CompUSA, a customer purchasing a computer and a 
printer is given the choice of 2 free software packages. 
If there are 9 different software packages from which to 
select, how many different ways can the 2 packages be 
selected? 


25. Scholarships A scholarship committee has received 8 appli- 
cations for a $500 scholarship. The committee has decided 
to select 3 of the 8 candidates for further consideration. In 
how many ways can the committee do so? 


26. Attending Plays While visiting New York City, the Nygens 
want to attend 3 plays out of 10 plays they would like to see. 
In how many ways can they do so? 


A Theater district, New York City 


27. Taxi Ride A group of 7 people wants to use taxis to go 
to a local restaurant. When the first taxi arrives, the group 
decides that 4 people should get into the taxi. In how many 
ways can that be done? 


28. Plants Mary Robinson purchased a package of 24 dif- 
ferent plants, but she only needed 20 plants for planting. 
In how many ways can she select the 20 plants from the 
package to be planted? 


29. Entertainers Ruth Eckerd Hall must select 8 of 12 pos- 
sible entertainers for its summer schedule. In how many 
ways can that be done? 


30. CD Selection James Ruiz has 7 CDs and wants to select 
4 to play in his car CD player. In how many ways can he 
select 4 of 7 CDs? 


31. Shirts Matthew Abbott has 10 shirts in his closet and 
must select 4 to take with him on vacation. In how many 
ways can Matthew select the shirts? 


32. Quinella Bet A quinella bet consists of selecting the 
first- and second-place winners, in any order, in a par- 
ticular event. For example, suppose you select a 2—5 
quinella. If 2 wins and 5 finishes second, or if 5 wins and 
2 finishes second, you win. Mr. Smith goes to a jai alai 
match. In the match, 8 jai alai teams compete. How many 
quinella tickets must Mr. Smith purchase to guarantee a 
win? 


33. Cameras and Lenses Rowe Photography has nine different 
digital cameras and six different long-range lenses in stock. 
The manager wants to place three of the nine cameras and 


34 


35 


36 


37 


38 


39 


40 


41 


two of the six lenses on sale. In how many ways can the 
manager select the items to be listed as sale items? 


. Test Question On an English test, Tito Ramirez must 
write an essay for three of the five questions in Part 1 and 
four of the six questions in Part 2. How many different 
combinations of questions can he answer? 


. Plasma and LCD TVs A television/stereo store has 12 
different plasma televisions and 8 different LCD televi- 
sions in stock. The store’s manager wishes to place 3 
plasma televisions and 2 LCD televisions on sale. In how 
many ways can that be done? 


. Newsletter An animal shelter has 15 cats and 12 dogs 
available for adoption. The shelter wants to select 6 cats 
and 4 dogs to feature in the adoption newsletter. In how 
many ways can this be done? 


. Dinner Party Sue Less is having a dinner party. She has 
10 different bottles of red wine and 8 different bottles of 
white wine on her wine rack. She wants to select 4 bottles 
of red wine and 2 bottles of white wine to serve at her 
party. In how many ways can she do so? 


. Forming a Committee The Webster Town Board is form- 
ing a committee to explore ways to improve public safety 
in the town. The committee will consist of 4 representa- 
tives from the town board and 3 representatives from a 
citizens advisory board. If there are 7 town board members 
and 5 citizens advisory board members from which to 
choose, how many different ways can the committee be 
formed? 


. Selecting Soda Angel Ramirez is sent to the store to get 5 
different bottles of regular soda and 3 different bottles of 
diet soda. If there are 10 different types of regular sodas 
and 7 different types of diet sodas to choose from, how 
many different choices does Angel have? 


. Constructing a Test A teacher is constructing a math- 
ematics test consisting of 10 questions. She has a pool of 
28 questions, which are classified by level of difficulty as 
follows: 6 difficult questions, 10 average questions, and 12 
easy questions. How many different 10-question tests can 
she construct from the pool of 28 questions if her test is to 
have 3 difficult, 4 average, and 3 easy questions? 


. Selecting Mutual Funds Joe Chang recently graduated 
from college and now has a job that provides a retirement 
investment plan. Joe wants to diversify his investments, 
so he wants to invest in four stock mutual funds and 
two bond mutual funds. If he has a choice of eight stock 


42 


43. 


44. 


mutual funds and five bond mutual funds, how many dif- 
ferent selections of mutual funds does he have? 


Door Prize As part of a door prize, Mary McCarty won 
three tickets to a baseball game and three tickets to a the- 
ater performance. She decided to give all the tickets to 
friends. For the baseball game she is considering six dif- 
ferent friends, and for the theater she is considering eight 
different friends. In how many ways can she distribute the 
tickets? 


New Breakfast Cereals General Mills is testing 4 oat 
cereals, 5 wheat cereals, and 6 rice cereals. If it plans to 
market 3 of the oat cereals, 2 of the wheat cereals, and 2 of 


the rice cereals, how many different combinations are pos- 
sible? 


Catering Service A catering service is making up trays of 
hors d’oeuvres. The hors d’oeuyres are categorized as in- 
expensive, average, and expensive. If the client must select 
three of the eight inexpensive, five of the nine average, 
and two of the four expensive hors d’ oeuvres, how many 
different choices are possible? 


Challenge Problems/Group Activities 


45. Test Answers Consider a 10-question test in which each 


46. 


47. 


question can be answered either correctly or incorrectly. 


a) How many different ways are there to answer the ques- 
tions so that eight are correct and two are incorrect? 


b) How many different ways are there to answer the ques- 
tions so that at least eight are correct? 


a) A Dinner Toast Four people at dinner make a toast. If 
each person is to tap glasses with each other person one at 
a time, how many taps will take place? 


b) Repeat part (a) with five people. 


c) How many taps will there be if there are n people at the 
dinner table? 


° n 
Pascal’s Triangle The notation ,,C2 may be written ( 


a) Use this notation to evaluate each of the combinations 
in the following array. Form a triangle of the results, 


48. 


49, 


50. 


51. 
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similar to the one given, by placing the answer to 
each combination in the same relative position in the 
triangle. 


G) G) G) G) @ 


b) Using the number pattern in part (a), find the next row of 
numbers of the triangle (known as Pascal’s triangle). 


Lottery Combinations Determine the number of combi- 
nations possible in a state lottery where you must select 


a) 6 of 46 numbers. 

b) 6 of 47 numbers. 

c) 6 of 48 numbers. 

d) 6 of 49 numbers. 

e) Does the number of combinations increase by the same 
amount going from part (a) to part (b) as from part (b) 


to part (c)? 


a) Table Seating Arrangements How many distinct ways 
can four people be seated in a row? 


b) How many distinct ways can four people be seated at a 
circular table? 


Show that ,C, = nC(n-r)- 


Forming a Committee A group of 15 people wants to 
form a committee consisting of a chair, vice chair, and 
three additional members. How many different committees 
can be formed? 


Recreational Mathematics 


52. 


a) Combination Lock To open a combination lock, 
you must know the lock’s three-number sequence in 
its proper order. Repetition of numbers is permitted. 
Why is this lock more like a permutation lock than a 
combination lock? Why is it not a true permutation 
problem? 


b) Assuming that a combination lock has 40 numbers, de- 
termine how many different three-number arrangements 
are possible if repetition of numbers is allowed. 
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c) Answer the question in part (b) if repetition is not Internet/Research Activity 


Blnvies 53. The area of mathematics called combinatorics is the sci- 


ence of counting. Do research and write a paper on combi- 
natorics and its many applications. 


Solving Probability Problems 


SECTION 12.10 : Hee 
by Using Combinations 


Suppose that we want to find the probability of selecting two picture cards (jacks, 
queens, or kings) when two cards are selected, without replacement, from a standard 
deck of cards. In Section 12.6, we used the and probability formula to solve this type 
of probability problem. In this section, we will learn another way to solve this type of 


probability problem by using combinations. 


This is Important Combinations can be used in a variety of real-world probability 


applications. 
4 What is the probability of selecting lols the and formula for determining the probability of selecting two picture 
two picture cards from a standard cards from a dark of 52 cards, we could reason as follows: 
deck of 52 cards when the two cards 
are selected without replacement? P(2 picture cards) = P(first picture card) + P(second picture card ) 
yl 132 11 


759 519659. 221 


Since the order of the two picture cards selected is not important to the final an- 
swer, this problem can be considered a combination probability problem. 

We can also find the probability of selecting two picture cards, using combinations, 
by finding the number of possible successful outcomes (selecting two picture cards) and 
dividing that answer by the total number of possible outcomes (selecting any two cards). 

The number of ways in which two picture cards can be selected from the 
12 picture cards in a deck is ,2C, or 

6 
a 12! pits Milt 2 ge 
1202 ~ (49 = 2)I2) Ot 
The number of ways in which two cards can be selected from a deck of 52 cards is 
52 C), or 
26 
52! BSD Sli+-SOt |) 
202 ap Sete 
Thus, 


1p omeiy 66) hd 
520p 26" 221 


P(selecting 2 picture cards) = 


Did You Know? 
The Dead Man’s Hand 


ri bee Butler “Wild Bill” Hickok 
(1837-1876), known as “the 
fastest gun in the West,” was a fa- 
mous scout and federal marshal. 
Hickok was shot in the back and 
mortally wounded by Jack McCall 
while playing poker in a saloon in 
Deadwood, Dakota Territory (now 
South Dakota). McCall was hanged 
for his deed. The cards Hickok was 
holding when shot are shown here. 
Since that tine, the two pairs, aces 
and eights, have become known 
as “the dead man’s hand” (see Ex- 
ercise 43 on page 757). Hickok is 
buried next to Martha Canary, bet- 
ter known as “Calamity Jane," ina 


cemetery overlooking the town of 
Deadwood. 
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Note that the same answer is obtained with either method. To give you more exposure 
to counting techniques, we will work the problems in this section using combinations. 


Example §§} Committee of Three Women 


A club consists of four men and five women. Three members are to be selected at 
random to form a committee. What is the probability that the committee will con- 
sist of three women? 


The order in which the three members are selected is not important. 
Therefore, we may work this problem using combinations. 


number of possible committees with 3 women 


P cae ae nae = 


of 3 women ~~ total number of possible 3-member committees 


Since there is a total of 5 women, the number of possible committees with three 
women is 5C3 = 10. Since there is a total of 9 people, the total number of possible 
three-member committees is 9C3 = 84. 


Pit ittee consists of 3 ) ee 
commi' s of 3 women) = — = — 
84 = 42 
The probability of randomly selecting a committee with three women is a a 


Example —& A Heart Flush 


A flush in the game of poker is five cards of the same suit (5 hearts, 5 diamonds, 
5 clubs, or 5 spades). If you are dealt a five-card hand, determine the probability 
that you will be dealt a heart flush. 


The order in which the five hearts are dealt is not important. Therefore, 
we may work this problem using combinations. 


number of possible 5-card heart flushes 


P (heart flush) = 
Ue Bt) total number of possible 5-card hands 


Since there are 13 hearts in a deck of cards, the number of possible five-card heart 
flush hands is ;3Cs; = 1287. The total number of possible five-card hands in a deck 
of 52 cards 1s 59Cs = 2,598,960. 


13C5 1287 33 
Ane ine Cal 9COSER CON 66,640 
The probability of being dealt a heart flush is am or ~ 0.000495. 2 


Example Employment Assignments 


A temporary employment agency has six men and five women who wish to be as- 
signed for the day. One employer has requested four employees for security guard 
positions, and the second employer has requested three employees for moving 
furniture in an office building. If we assume that each of the potential employees 
has the same chance of being selected and being assigned at random and that only 
seven employees will be assigned, find the probability that 


a) three men will be selected for moving furniture. 


b) three men will be selected for moving furniture and four women will be selected 
for security guard positions. 


754 CHAPTER 12_ Probability 


number of possible combinations 
of 3 men selected 


‘ p( 3 men selected 


for moving sity total number of possible combinations 
for selecting 3 people 


The number of possible combinations with 3 men is 6C3. The total number of 
possible selections of 3 people is ;,C3. 


3 men selected 6C3 20 4 
for moving furniture/ —_,C, 165 33 


Thus, the probability that 3 men are selected is * 

b) The number of ways of selecting 3 men out of 6 is ¢C3, and the number of 
ways of selecting 4 women out of 5 is 5C4. The total number of possible 
selections when 7 people are selected from 11 is ;;C 7. Since both the 3 men 
and the 4 women must be selected, the probability is calculated as follows: 


of 3 men selected of 4 women selected 


( 3 men and 


Gs of ig mie ee! ae of een 
4 women ie a 


total number of possible combinations 
for selecting 7 people 


Thus, the probability is 3. a 


Example Z§ DVD Selection 


Jennifer Alfredo has 4 Scooby Doo DVDs, 5 Magic School Bus DVDs, and 3 Bob 
the Builder DVDs. If Jennifer randomly selects 4 DVDs for her children to take on 
a road trip, determine the probability that 

a) no Scooby Doo DVDs are selected. 

b) at least 1 Scooby Doo DVD 1s selected. 

c) 2 Scooby Doo DVDs and 2 Magic School Bus DVDs are selected. 


a) Ifno Scooby Doo DVDs are to be selected, then only Magic School Bus and Bob the 
Builder DVDs must be selected. Eight DVDs are either Magic School Bus or Bob 
the Builder. Thus, the number of ways that 4 Magic School Bus or Bob the Builder 
DVDs may be selected from the possible 8 Magic School Bus or Bob the Builder 
DVDs is gC4. The total number of possible selections is ;2C4. 

gC4 70 _ 14 


P +c) Mosiaog 
(no Scooby Doo DVDs) inCh | 4958 8 99 


b) When 4 DVDs are selected, the choice must contain either no Scooby Doo 


DVDs or at least | Scooby Doo DVD. Since one of these outcomes must occur, 
the sum of the probabilities must be 1, or 


P(no Scooby Doo DVDs) + P (at least 1 Scooby Doo DVD) = 1 
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Therefore, 


P(at least 1 Scooby Doo DVD) = 1— P(no Scooby Doo DVDs) 


14 
Note that the probability of selecting no Scooby Doo DVDs, 99° was found in part (a). 


c) The number of ways of selecting 2 Scooby Doo DVDs out of 4 Scooby Doo 
DVDs is 4C, which equals 6. The number of ways of selecting 2 Magic School 
Bus DVDs out of 5 Magic School Bus DVDs is 5C2, which equals 10. The total 
number of possible selections when 4 DVDs are selected from the 12 choices is 
12C4, which equals 495. Since both the 2 Scooby Doo and 2 Magic School Bus 
DVDs must be selected, the probability is calculated as follows. 


4C°5Cp 6:10 60 4 


shy AGN) 9¥4O Suni Bln 


P (2 Scooby Doo and 2 Magic School Bus) = 


Example f§ Rare Coins 


Conner Shanahan’s rare coin collection is made up of 8 silver dollars, 7 quarters, 
and 5 dimes. Conner plans to sell 8 of his 20 coins to finance part of his college 
education. If he selects the coins at random, what is the probability that 3 silver 
dollars, 2 quarters, and 3 dimes are selected? 


The number of ways that Conner can select 3 out of 8 silver dollars is 
gC3. The number of ways he can select 2 out of 7 quarters is 7C). The number of 
ways he can select 3 out of 5 dimes is 5C3. He will select 8 coins from a total of 
20 coins. The number of ways he can do so is 29Cg. The probability that Conner 
selects 3 silver dollars, 2 quarters, and 3 dimes is calculated as follows. 


gC3 ° 7Co * 5C3 
208 
pee a LO 11,760 392 


125,970 125,970 4199 » 


P(3 silver dollars, 2 quarters, and 3 dimes) = 


SEC as Exercises 


Practice the Skills 5. A dog breeder has 15 puppies for sale, of which 8 are yellow 
Labrador retrievers. If 5 puppies are selected at random, deter- 


In Exercises I—8, set up the problem as if it were to be mine the probability they are all yellow Labrador retrievers. 


solved, but do not solve. Assume that each problem is to be 
done without replacement. 


1. Ten red balls and four blue balls are in a bag. If four balls 
from the bag are to be selected at random, determine the 


probability of selecting four red balls. 


2. A class consists of 15 girls and 12 boys. If 8 of the stu- 
dents are to be selected at random, determine the probabil- 


ity that they are all girls. 


3. Three letters are to be selected at random from the English 
alphabet of 26 letters. Determine the probability that 3 


vowels (a, e, i, 0, u) are selected. 


4, Determine the probability of being dealt 3 aces from a 
standard deck of 52 cards when 3 cards are dealt. 


756 CHAPTER 12 Probability 


6. Of 80 people attending a dance, 28 have a college degree. 
If 4 people at the dance are selected at random, determine 
the probability that each of the 4 has a college degree. 


7. Of 120 students attending a college orientation session, 23 
are criminal justice majors. If 5 students at the orientation 
are selected at random, determine the probability that each 
of the 5 is a criminal justice major. 


8. A class of 16 people contains 4 people whose birthday is 
in October. If 3 people from the class are selected at ran- 
dom, determine the probability that none of those selected 
has an October birthday. 


Problem Solving 


In Exercises 9-18, the problems are to be done without re- 
placement. Use combinations to determine probabilities. 


9. Selecting Lightbulbs A box contains 3 defective and 
7 good lightbulbs. If two lightbulbs are to be selected at 
random from the box, determine the probability that both 
lightbulbs are defective. 


10. Green and Red Balls A bag contains four red balls and 
five green balls. You plan to select three balls at random. 
Determine the probability of selecting three green balls. 


11. Flu Vaccine A doctor has five doses of flu protection 
vaccine left. He has six women and eight men who want 
the medication. If the names of five of these people are se- 
lected at random, determine the probability that five men’s 
names are selected. 


12. Bills of Four Denominations Duc Tran’s wallet contains 
8 bills of the following denominations: four $5 bills, two 
$10 bills, one $20 bill, and one $50 bill. If Duc selects two 
bills at random, determine the probability that he selects 
two $5 bills. 


13. Selecting Digits Each of the digits 0-9 is written on a 
slip of paper, and the slips are placed in a hat. If three slips 
of paper are selected at random, determine the probability 
that the three numbers selected are greater than 5. 


14. Selecting Books Barnes & Noble has 20 different books 
listed on its clearance list. Twelve books are listed as mys- 
tery, and 8 are listed as romance. If 4 books are selected at 
random from the list, determine the probability that they 
are all mystery books. 


15. Gift Certificates The sales department at Atwell Studios 
consists of three people, the manufacturing department 
consists of six people, and the accounting department con- 
sists of two people. Three people will be selected at ran- 
dom from these people and will be given gift certificates 
to Sweet Tomatoes, a local restaurant. Determine the prob- 
ability that two of those selected will be from the manu- 
facturing department and one will be from the accounting 
department. 


16. Faculty-Student Committee A committee of four is to 
be randomly selected from a group of seven teachers and 
eight students. Determine the probability that the commit- 
tee will consist of two teachers and two students. 


17. Winning the Grand Prize A lottery consists of 46 num- 
bers. You select 6 numbers, and if they match the 6 numbers 
selected by the lottery commission, you win the grand prize. 
Determine the probability of winning the grand prize. 


18. Red Cards You are dealt 5 cards from a standard deck of 
52 cards. Determine the probability that you are dealt 5 red 
cards. 


TV Game Show In Exercises 19-22, a television game 
show has five doors, of which the contestant must pick two. 
Behind two of the doors are expensive cars, and behind the 
other three doors are consolation prizes. The contestant 
gets to keep the items behind the two doors she selects. 


Determine the probability that the contestant wins 
19. no cars. 20. both cars. 


21. at least one car. 22. exactly one car. 


Baseball In Exercises 23-26, assume that a particular pro- 
fessional baseball team has 10 pitchers, 6 infielders, and 

9 other players. If 3 players’ names are selected at random, 
determine the probability that 


23. all 3 are infielders. 
24. none of the three is a pitcher. 


25. 2 are pitchers and 1 is an infielder. 


26. | is a pitcher and 2 are players other than pitchers and 
infielders. 


Car Rental In Exercises 27-30, a car rental agency has 
10 midsized and 15 compact cars on its lot, from which 

6 will be selected. Assuming that each car is equally likely 
to be selected and the cars are selected at random, deter- 
mine the probability (as a decimal number rounded to four 
decimal places) that the cars selected consist of 


27. all midsized cars. 
28. 2 midsized cars and 4 compact cars. 
29. 3 midsized cars and 3 compact cars. 


30. at least 1 compact car. 


New Soup In Exercises 31-34, Campbell’s is testing 

12 new soups for possible production. They are testing 
3 Chunky soups, 4 Healthy Request soups, and 5 Select 
Harvest soups. If we assume each of the 12 soups has 
the same chance of being selected and 4 new soups will 
be produced, determine the probability that the four new 
soups selected will be as follows 


31. 2 are Healthy Request soups and 2 are Chunky soups. 
32. 3 are Select Harvest soups and | is a Healthy Request soup. 


33. 1 is a Healthy Request soup, 1 is a Select Harvest soup, 
and 2 are Chunky soups. 


34. at least one is a Chunky soup. 


Theater In Exercises 35—38, five men and six women are 
going to be assigned to a specific row of seats in a theater. 
If the 11 tickets for the numbered seats are given out at 
random, determine the probability that 


35. five women are given the first five seats next to the center 
aisle. 


36. at least one woman is in one of the first five seats. 
37. exactly one woman is in one of the first five seats. 


38. three women are seated in the first three seats and two men 
are seated in the next two seats. 


39. Working Overtime Of 24 employees at Lowe’s home im- 
provement store, 10 work as cashiers and 14 stock shelves. If 
3 of the 24 employees are selected at random to work over- 
time, determine the probability that all 3 are cashiers. 


40. Poker Probability A full house in poker consists of 
three of one kind and two of another kind in a five-card 
hand. For example, if a hand contains three kings and 
two 5’s, it is a full house. If 5 cards are dealt at random 
from a standard deck of 52 cards, without replacement, 
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determine the probability of getting three kings and 
two 5’s. 


41. A Royal Flush A royal flush consists of an ace, king, 
queen, jack, and 10 all in the same suit. If 7 cards are dealt 
at random from a standard deck of 52 cards, determine the 
probability of getting a 


a) royal flush in spades. 
b) royal flush in any suit. 


42. Restaurant Staff The staff of a restaurant consists of 25 
people, including 8 waiters, 12 waitresses, and 5 cooks. 
For Mother’s Day, a total of 9 people will need to be 
selected to work. If the selections are made at random, de- 
termine the probability that 3 waiters, 4 waitresses, and 2 
cooks will be selected. 


43. “Dead Man’s Hand” A pair of aces and a pair of 8’s is 
often known as a “dead man’s hand.” (See the Did You 
Know? on page 753.) 


a) Determine the probability of being dealt a dead man’s 
hand (any two aces, any two 8’s, and one other card 
that is not an ace or an 8) when 5 cards are dealt, 
without replacement, from a standard deck of 52 
cards. 


b) The actual cards “Wild Bill” Hickok was holding when 
he was shot were the aces of spades and clubs, the 8’s 
of spades and clubs, and the 9 of diamonds. If you are 
dealt five cards without replacement, determine the 
probability of being dealt this exact hand. 


Challenge Problems/Group Activities 


44, Alternate Seating If three men and three women are to be 
assigned at random to six seats in a row at a theater, deter- 
mine the probability that they will alternate by gender. 


45. Selecting Officers A club consists of 15 people including 
Ali, Kendra, Ted, Alice, Marie, Dan, Linda, and Frank. 
From the 15 members, a president, vice president, and 
treasurer will be selected at random. An advisory commit- 
tee of 5 other individuals will also be selected at random. 


a) Determine the probability that Ali is selected president, 
Kendra is selected vice president, Ted is selected trea- 
surer, and the other 5 individuals named form the advi- 
sory committee. 


758 CHAPTER12 Probability 


b) Determine the probability that 3 of the 8 individuals Recreational Mathematics 


named are selected for the three officers’ positions and 
the other 5 are selected for the advisory board. 


46. A Marked Deck A number is written with a magic marker 
on each card of a deck of 52 cards. The number | is put on 
the first card, 2 on the second, and so on. The cards are then 


47. Hair When the Isle of Flume took its most recent census, 
the population was 100,002 people. Nobody on the isle has 
more than 100,001 hairs on his or her head. Determine the 
probability that at least two people have exactly the same 
number of hairs on their head. 


shuffled and cut. What is the probability that the top 4 cards 
will be in ascending order? (For example, the top card is 12, 
the second 22, the third 41, and the fourth 51.) 


SECTION 12.11 


A We can use the binomial formula 
to determine the probability that 
selected customers waited on will 
leave a tip. 


Figure 12.23 


Binomial Probability Formula 


Suppose that you are a waiter at a restaurant and have learned from past experience 
that 80% of your customers leave a tip. If you wait on 6 customers, what is the prob- 
ability that all 6 customers will leave a tip? If you wait on 8 customers, what is the 
probability that at least 5 of them will leave you a tip? In this section, we will learn how 


to use the binomial probability formula to answer these and similar questions. 


39 This is Important Binomial probabilities have many applications in business and 


industry, as well as in the sciences and the pharmacological industry. 


Se that a basket contains three identical balls, except for their color. One is 
red, one is blue, and one is yellow (Fig. 12.23). Suppose further that we are going 
to select three balls with replacement from the basket. We can determine specific 
probabilities by examining the tree diagram shown in Fig. 12.24. Note that 27 differ- 
ent selections are possible, as indicated in the sample space. 


Sample Space 
(ai bale 
r b rrb 
aS rry 
jee rbr 
r b b rbb 
erg Ne care rby 
ee ryr 
SSS b ryb 
y ryy 
Gee brr 
(eas ae b me 
y bry 
1 es r bbr 
b b= bbb 
ty, bby 
ee ee byr 
faa eres b byb 
y byy 
Rd = gf yrr 
r ee b yrb 
y yry 
¥ he Ces ss, ybr 
y b Soe ee b ybb 
y yby 
ple = ae yyr 
ae ae b yyb 
J yy 
Figure 12.24 


Our three selections may yield 0, 1, 2, or 3 red balls. We can determine the prob- 
ability of selecting exactly 0, 1, 2, or 3 red balls by using the sample space. To deter- 
mine the probability of selecting 0 red balls, we count those outcomes that do not 
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contain a red ball. There are 8 of them (bbb, bby, byb, byy, ybb, yby, yyb, yyy). Thus, 
the probability of obtaining exactly 0 red balls is 8/27. We determine the probability 
of selecting exactly 1 red ball by counting the sample points that contain exactly 1 red 
ball. There are 12 of them. Thus, the probability is 45, or 3. 

We can determine the probability of selecting exactly 2 red balls and exactly 3 
red balls in a similar manner. The probabilities of selecting exactly 0, 1, 2, and 3 red 
balls are illustrated in Table 12.5. 


Table 12.5 A Probability Distribution for Three Balls Selected with Replacement 


sth Bah a pe. ss: Probability of Selecting 
_ Number of Red Balls Selected, _ the Number of Red Balls, 
. 2 3) pais Pins: ARO SSS, 
0 8 
Dil 
1 27 
Dil 
2 ic 
ay, 
3 ee 
Dil 
27 
Sum = — = 1 
um Ti 


Note that the sum of the probabilities is 1. This table is an example of a probabil- 
ity distribution, which shows the probabilities associated with each specific outcome 
of an experiment. Jn a probability distribution, every possible outcome must be listed 
and the sum of the probabilities must be 1. 

Let us specifically consider the probability of selecting | red ball in 3 selections. 
We see from Table 12.5 that this probability is 44, or §. Can we determine this proba- 
bility without developing a tree diagram? The answer is yes. 

Suppose that we consider selecting a red ball success, S, and selecting a non—red 
ball failure, F. Furthermore, suppose that we let p represent the probability of success 
and q the probability of failure on any trial. Then p = 4 and q = 2 We can obtain | 
success in three selections in the following ways: 


SFF FSF FFS 


We can compute the probabilities of each of these outcomes using the multiplica- 
tion formula because each of the selections is independent. 


Ne 


PC SFE) oer (S ge Re Fee dg = pq" = +(2) aie 
(PSF) = P(F) + P(S) “P(R) = a-p a= pa = 4(2) = 4 
P(FFS) = P(F) - P(F) + P(S) =4-4q°p = pq? = +(2) a S 


We obtained an answer of é, the same answer that was obtained using the tree 
diagram. Note that each of the 3 sets of outcomes above has | success and 2 failures. 
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Rather than listing all the possibilities containing 1 success and 2 failures, we can use 
the combination formula to determine the number of possible combinations of 1 suc- 
cess in 3 trials. To do so, evaluate 3 C. 


3! 2} 0 Dol 
(Clip ap pee  S 
eA eins Sem Qesbiet 
Number Number 
of trials of successes 


Thus, we see that there are 3 ways the 1 success could occur in 3 trials. To com- 
pute the probability of 1 success in 3 trials, we can multiply the probability of success 
in any one trial, p° q. by the number of ways the 1 success can be arranged among 
the 3 trials, 3 C,. Thus, the probability of selecting 1 red ball, P(1), in 3 trials may be 
found as follows. 


PUI) =GC))p'a = (2)(2) = Gis ; 


The binomial probability formula, which we introduce shortly, explains how to 
obtain expressions like P(1) = (3C,)p'q? and is very useful in finding certain 
types of probabilities. 


To use the binomial probability formula, the following three conditions must hold. 


Before going further, let’s discuss why we can use the binomial probability for- 
mula to find the probability of selecting a specific number of red balls when three 
balls are selected with replacement. First, since each trial is performed with replace- 
ment, the three trials are independent of each other. Second, we may consider select- 
ing a red ball as success and selecting any ball of another color as failure. Third, for 
each selection, the probability of success (selecting a red ball) is L and the probability 
of failure (selecting a ball of another color) is $. Now let’s discuss the binomial prob- 
ability formula. 


In the formula, p will be a number between 0 and 1, inclusive, and q = 1 — p. 
Therefore, if pi = 0.2, then g— 1 — 02'— 0:89 It p= 3, then g = 1 = 2 = 2. 
Note that p + g = | and the values of p and g remain the same for each independent 
trial. The combination ,, C, is called the binomial coefficient. 
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In Example 1, we use the binomial probability formula to solve the same problem 
we recently solved by using a tree diagram. 


Example § Selecting Colored Balls with Replacement 


A basket contains 3 balls: 1 red, 1 blue, and | yellow. Three balls are going to be 
selected with replacement from the basket. Find the probability that 


a) no red balls are selected. 

b) exactly | red ball is selected. 
c) exactly 2 red balls are selected. 
d) exactly 3 red balls are selected. 


a) We will consider selecting a red ball a success and selecting a ball of any other 
color a failure. Since only | of the 3 balls is red, the probability of success 
on any single trial, p, is I The probability of failure on any single trial, g, is 
1 — } = }. Weare finding the probability of selecting 0 red balls, or 0 suc- 
cesses. Since x represents the number of successes, we let x = 0. There are 3 
independent selections (or trials), so n = 3. In our calculations, we will need to 
evaluate ( 1)0, Note that any nonzero number raised to a power of 0 is |. Thus, 
(3)° = |. We determine the probability of 0 successes, or P(0), as follows. 


PAS = Cpa 


p(0) = (00)(4) (2) 
on 


b) We are finding the probability of obtaining exactly | red ball or exactly 1 suc- 


cess in 3 independent selections. Thus, x = 1 and n = 3. We find the probabil- 
ity of exactly 1 success, or P(1), as follows. 


ll 

— 

— 
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c) We are finding the probability of selecting exactly 2 red balls in 3 independent 
trials. Thus, x = 2 and n = 3. We find P(2) as follows. 
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d) We are finding the probability of selecting exactly 3 red balls in 3 independent 
trials. Thus, x = 3 and n = 3. We find P(3) as follows. 


P(x) = (nCx)pq” * 


p(3) = Gen(z) (2) 


-1(s a) =F a 


All the probabilities obtained in Example | agree with the answers obtained by using 
the tree diagram. Whenever you obtain a value for P(x), you should obtain a value between 
0 and 1, inclusive. If you obtain a value greater than 1, you have made a mistake. 


Il 
hey 
Ge ws 
GO |e 
Se 

w 
aN 
WIN 
ee 
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Example Quality Control for Batteries 


A manufacturer of batteries knows that 0.4% of the batteries produced by the com- 

pany are defective. 

a) Write the binomial probability formula that would be used to determine the 
probability that exactly x out of n batteries produced are defective. 

b) Write the binomial probability formula that would be used to find the probabil- 
ity that exactly 3 batteries of 75 produced will be defective. Do not evaluate. 


a) We want to find the probability that exactly x batteries are defective where se- 
lecting a defective battery is considered success. The probability, p, that an in- 
dividual battery is defective is 0.4%, or 0.004 in decimal form. The probability 
that a battery is not defective, g, is 1 — 0.004, or 0.996. The general formula for 
finding the probability that exactly x out of n batteries produced are defective is 


PG) = a Cydia 
Substituting 0.004 for p and 0.996 for g, we obtain the formula 
P(x) = (nC,) (0.004)* (0.996 )” * 


b) We want to determine the probability that exactly 3 batteries out of 75 produced 
are defective. Thus, x = 3 and n = 75. Substituting these values into the 
formula in part (a) gives 

P(3) = (75C3) (0.004)?(0.996)7>3 
= (75C3) (0.004)? (0.996) 
The answer may be obtained using a scientific calculator. r] 


Example —¥ Spring Break 

According to a survey conducted by OnCampus Research, 20% of college students 
reported they will work during spring break. Determine the probability that 

a) exactly 3 of 5 college students selected at random will work during spring break. 
b) exactly 4 of 4 college students selected at random will work during spring break. 


a) We want to determine the probability that exactly 3 of 5 college students se- 
lected at random will work during spring break. Therefore a college student 


TECHNOLOGY FIP 


Now would be a good time to 
spend a few minutes learning how 
to evaluate expressions such as 
10(0.2)3(0.8)2 using your calculator. 
Read the instruction manual that 
comes with your calculator to learn 
the procedure to follow to evaluate 
exponential expressions. Many sci- 
entific calculators have keys for 


evaluating factorials 
be used to evaluate 
and combinations 


nd some can 
ermutations 

. Check to see if 
your calculator can be used to 
evaluate factorials, permutations, 
and combinations. Also, check with 
your instructor to 


see if these fea- 
tures on your calculator can be 
used on exams 


b 


ma 
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working during spring break is considered a success. Thus, x = 3 andn = 5. 
The probability of success, p, is 20%, or 0.2. The probability of failure, g, is 
1—0.2, or 0.8. Substituting these values into the binomial formula yields 


P(x) = (nCx)p*q" * 

PB) = (5C3) (0.2) (0.8) 
= 10(0.2)?(0,8)7 
= 10(0.008) (0.64) 
= 0.0512 


Thus, the probability that exactly 3 of 5 randomly selected college students will 
work during spring break is 0.0512. 

We want to find the probability that 4 of 4 college students selected at random 
will work during spring break. Thus, x = 4 and n = 4. We wish to find P (4). 


P(x) = (nC,)p*q” * 

P(4) = (4Ca) (0.2)*(0.8)*~* 
= 1(0.2)*(0.8) 
= 10(0.0016) (1) 
= 0.016 


Thus, the probability that exactly 4 of 4 randomly selected college students will 
work during spring break is 0.016. r 


Example £ Planting Trees 


The probability that a tree planted by a landscaping company will survive is 0.8. 
Determine the probability that 
a) none of four trees planted will survive. 


b) at least one of four trees planted will survive. 


a) Success is a tree survives. Thus, p = 0.8 and g = 1 —p = 1 — 0.8 = 0.2. 


We want to find the probability of 0 successes in 4 trials. Thus, x = 0 and 
n = 4. We find the probability of 0 successes, or P(Q), as follows. 


P(x). Gag 

P(0) = (4€p) (0.8)°(0.2)* 
=/1(1)(0.2)4 
= 1(1) (0.0016) 
= 0.0016 


Thus, the probability that none of the four trees planted will survive is 0.0016. 


b) The probability that at least one tree of the four trees planted will survive can be 


found by subtracting from 1 the probability that none of the four trees survives. 
We worked problems of this type in earlier sections of the chapter, including 
Sections 12.6 and 12.10. 


In part (a), we determined the probability that none of the four trees planted sur- 
vives is 0.0016. Thus, 


os fis of the four ial 
planted will survive 
= 1 — 0.0016 


= 0.9984 a 


P (at least one tree planted will survive) = 
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SECTION 12.11 : 
Exercises 


Warm Up Exercises 
In Exercises 1+, fill in the blank with an appropriate 


word, phrase, or symbol(s). 


1. A distribution that shows the probabilities associated with 
each specific outcome of an experiment is called a(n) 
distribution. 


2. Ina probability distribution, the sum of all the probabilities 
must be 


3. In the binomial probability formula, p represents the 
probability of 


4. In the binomial probability formula, g represents the 


probability of 


Practice the Skills 


In Exercises 5—10, assume that each of the n trials is inde- 
pendent and that p is the probability of success on a given 
trial. Use the binomial probability formula to find P (x). 


5.n =4,x =3,p =0.1 
6. n = 5,x = 2,p = 0.6 
7.n=5,x =2,p=04 
8 n =3,x =3,p = 0.8 
9.n = 6,x = 0,p = 0.5 


10.1 =5,x =3,p = 0.9 


Problem Solving 


11. A Dozen Eggs An egg distributor determines that the 
probability that any individual egg has a crack is 0.14. 


a) Write the binomial probability formula to determine 
the probability that exactly x eggs of n eggs are 
cracked. 


b) Write the binomial probability formula to determine the 
probability that exactly 2 eggs in a one-dozen egg carton 
are cracked. Do not evaluate. 


12. Facebook According to Social Media Today, as of April 
2010,41.6% of Americans had a Facebook account. 


a) Write the binomial formula to determine the probability 
that exactly x out of n randomly selected Americans 
had a Facebook account. 


b) Write the binomial formula to determine the probability 
that exactly 5 out of 20 randomly selected Americans 
had a Facebook account. Do not evaluate. 


In Exercises 13-21, use the binomial probability formula to 
answer the question. Round answers to five decimal places. 


13. Auto Insurance An insurance company reported that 60% 
of all automobile damage claims were made by people under 
the age of 25. If eight automobile damage claims were se- 
lected at random, determine the probability that exactly five 
of them were made by someone under the age of 25. 


14. Leaving a Tip Thomas Zellner works as a waiter at Out- 
back Steakhouse. He has learned from experience that 
80% of customers who dine alone leave a tip. If Thomas 
waits on 6 customers dining alone, determine the probabil- 
ity that exactly 4 of them leave a tip. 


15. Staying Connected According to a survey conducted by 
American Express, 77% of adults stated they want access 
to their cell phones and laptops while on vacation. If ten 
adults are selected at random, determine the probability 
that exactly six of them want access to their cell phones 
and laptops while on vacation. 


16. Bank Loans Records from a specific bank show that 70% 
of car loan applications are approved. If eight car loan appli- 
cations from this bank are selected at random, determine the 
probability that exactly five of the applications are approved. 


17. Dolphin Drug Care When treated with the antibiotic 
resonocyllin, 92% of all dolphins are cured of a particular 
bacterial infection. If six dolphins with the particular bac- 
terial infection are treated with resonocyllin, determine the 
probability that exactly four are cured. 


18. Manufacturing Lightbulbs A quality control engineer at 
a GE lightbulb plant finds that 1% of its bulbs are defec- 
tive. Determine the probability that exactly two of the next 
six bulbs made are defective. 


19. Water Heaters The probability that a specific brand of 
water heater produces the water temperature it is set to 
produce is 4 Determine the probability that if five of 
these water heaters are selected at random, exactly four 
of them will produce the water temperature they are set 
to produce. 


20. TV Purchases Ata Circuit City store, + of those purchas- 
ing color televisions purchase a large-screen TV. Deter- 
mine the probability that 


a) none of the next four people who purchase a color televi- 
sion at Circuit City purchases a large-screen TV. 


b) at least one of the next four people who purchase a color 
television at Circuit City purchases a large-screen TV. 


21. Multiple-Choice Quiz Edward Dunn has to take a five- 
question multiple-choice quiz in his sociology class. Each 
question has four choices for answers, of which only one 
is correct. Assuming that Edward guesses on all five ques- 
tions, what is the probability that he will answer 


a) all five questions correctly. 
b) exactly three questions correctly. 
c) at least three questions correctly. 


Challenge ?rosivns/Group Activities 


22. Transportation to Work In arandom sample of 80 work- 
ing mothers in Duluth, Minnesota, the following data indi- 
cating how they get to work were obtained. 


Mode of 


Number of 
‘Eransportalion “ass neeaee 
Car 40 
Bus 20 
Bike 16 


Other 4 


If this sample is representative of all working mothers in 
Duluth, determine the probability that exactly three of five 
working mothers selected at random 
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a) take a car to work. 
b) take a bus to work. 


23. Selecting 6 Cards Six cards are selected from a standard 
deck of playing cards with replacement. Determine the 
probability that 


a) exactly three picture cards are obtained. 
b) exactly two spades are obtained. 


24. Office Visit The probability that a person visiting 
Dr. Guillermo Suarez’s office is more than 60 years old is 
0.7. Determine the probability that 


a) exactly three of the next five people visiting the office 
are more than 60 years old. 


b) at least three of the next five people visiting the office 
are more than 60 years old. 


Recreational Mathematics 


25. Aruba The island of Aruba is well known for its beaches 
and predictable warm, sunny weather. In fact, Aruba’s 
weather is so predictable that the daily newspapers don’t 
even bother to print a forecast. Strangely enough, however, 
on New Year’s Eve, as the islanders were counting down 
the last 10 sec of 2011, it began to rain. What is the prob- 
ability, from 0 to 1, that 72 hr later the sun will be shining? 


Important Facts And Concepts 


Examples and Discussion 


Section 12,1 


Empirical Probability 


| E number of times event E has occurred 
one oy, total number of times the ) 
baa has been performed 


The Law of Large Numbers 


accurately predictable, not individual events or precise totals. 


| Section 12.2 
Theoretical Probability 


number of outcomes favorable to E 
pene ‘total number of possible outcomes 


Probability statements apply in practice to a large number of trials, 
not to a single trial. It is the relative frequency over the long run that is 


Examples 1—2, pages 676-677 


Discussion, pages 678-679 


Examples 1—3, pages 684-687 
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Probability Facts 


and | inclusively; that is 
0= P(E) =m 


P(A) + P(notA) = 1 


Expected Value 
E=P,A, + PA, + P3A3 + aie UP, Ab 


Section 12.5 


Counting Principle 


Section 12.6 

OR and AND problems 

P(A orB) = P(A) + P(B) — P(A and B) 
P(A and B) = P(A) - P(B) 


Section 12.7 
Conditional Probability 


Section 12.8 
The number of permutations of n items is n!. 
ni =n(n— Dia = 2)-:- BQ) 


Permutation Formula 


n! 


Danan 


the objects are identical is 


n! 


[ ny!no! +++ n,! 


Section 12.3 
Odds Against an Event 
d P(event fails to occur)  P (failure) 
Odds against = = 
P (event occurs ) P(success ) 
Odds in Favor of an Event 
| . P (event occurs ) P(success ) 
Odds in favor = : Sea 
P(event fails to occur)  P( failure) 
Section 12.4 


The number of different permutations of n objects where ny, 19, . . 


The probability of an event that cannot occur is 0. The probability of an 
event that must occur is 1. Every probability must be a number between 0 


The sum of the probabilities of all possible outcomes of an event is 1. 


If a first experiment can be performed in M distinct ways and a second 
experiment can be performed in N distinct ways, then the two experiments 
in that specific order can be performed in M - N distinct ways. 


POL 
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Examples 2-4, page 748 
Examples 1-5, pages 753-755 


Examples 1-4, pages 761-763 


12.1-12.11 


1. In your own words, explain the law of large numbers. 


2. Explain how empirical probability can be used to determine 
whether a die is “loaded” (not a fair die). 


3. Cars Of 45 people who purchase a vehicle at a car dealer- 
ship, 9 purchased an SUV. Determine the empirical prob- 
ability that the next person who purchases a vehicle from 
that car dealership purchases an SUV. 


4. Cards Select a card from a deck of cards 40 times with 
replacement and compute the empirical probability of se- 
lecting a heart. 


5. Television News Ina small town, 250 people were asked 
whether they watched ABC, CBS, NBC, Fox, or MSNBC 


news. The results are indicated below. 
Network Number of People ~ 
BC" Pe 80 
CBS 35 
NBC | 60 
Fox | 35 
MSNBC | 40 


Determine the empirical probability that the next person 
selected at random from the town watches ABC news. 


Digits In Exercises 6-9, each of the digits 0, 1, 2, 3, 4, 5, 

6, 7, 8, 9 is written on a piece of paper and all the pieces of 
paper are placed in a hat. One number is selected at ran- 
dom. Determine the probability that the number selected is 


6. even. 
7. odd or greater than 3. 
8. greater than 2 or less than 6. 


9. eyen and greater than 4. 


Yogurt Preference In Exercises 10-13, a taste test is given 
to 50 customers at a supermarket. The customers are asked 
to taste 4 types of yogurt and to list their favorite. The re- 
sults are summarized below. 


Type — Number of People _ 
Strawberry 18 
Raspberry 14 
Blueberry 11 
Banana creme pie df | 


If one person who participated in the taste test is selected 
at random, determine the probability that the person’s fa- 
vorite was 


10. strawberry 
11. blueberry 
12. either strawberry or raspberry. 


13. a yogurt other than banana creme pie. 


14. Obesity According to the U.S. Centers for Disease Con- 
trol and Prevention, 20% of children in the United States, 
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age 6-11, are obese. If a child age 6-11 was selected at 
random, determine the odds 


a) against the child being obese. 
b) in favor of the child being obese. 


15. Vegetable Mix-up Nicholas Delaney, a mischievous little 
boy, has removed labels on the eight cans of vegetables in 
the cabinet. Nicholas’s father knows that there are three 
cans of corn, three cans of beans, and two cans of carrots. 
If the father selects and opens one can at random, deter- 
mine the odds against his selecting a can of corn. 


16. Horseracing The odds against Buttermilk winning the 
Triple Crown in horse racing are 82:3. Determine the 
probability that Buttermilk wins the Triple Crown. 


17. Dry Cleaner Success The probability that a new dry 
cleaner will succeed at a given location is 0.85. Determine 
the odds in favor of the dry cleaner succeeding. 


18. Raffle Tickets One thousand raffle tickets are sold at 
$2 each. Three prizes of $200 and two prizes of $100 will 
be awarded. Assume that the probability that any given 
ticket is selected for a $200 prize is io and the probabil- 
ity that any given ticket is selected for a $100 prize is Ww- 


a) Determine the expectation of a person who purchases a 
ticket. 


b) Determine the expectation of a person who purchases 
three tickets. 


19. Expectation of a Card If Cameron selects a picture card from 
a standard deck of 52 cards, Lindsey will give him $9. If Cam- 
eron does not select a picture card, he must give Lindsey $3. 


a) Determine Cameron’s expectation. 
b) Determine Lindsey’s expectation. 


c) If Cameron plays this game 100 times, how much can 
he expect to lose or gain? 


20. Expected Attendance If the day is sunny, 1000 people 
will attend the baseball game. If the day is cloudy, only 500 
people will attend. If it rains, only 100 people will attend. 
The local meteorologist states that the probability of a sunny 
day is 0.4, of a cloudy day is 0.5, and of a rainy day is 0.1. 
Determine the number of people that are expected to attend. 


21. Fair Price At a game of chance, the expected value is 
found to be —$2.50, and the cost to play the game is 
$6.50. Determine the fair price to play the game. 


22. Fair Price The expected value when you purchase a lot- 
tery ticket is —$1.50, and the cost to play the game is 
$5.00. Determine the fair price of the lottery ticket. 


23. Club Officers Tina, Jake, Gina, and Carla form a club. 
They plan to select a president and a vice president. 


a) Construct a tree diagram showing all the possible 
outcomes. 


b) List the sample space. 


c) Determine the probability that Gina is selected presi- 
dent and Jake is selected vice president. 


24. A Coin anda Number A coin is flipped and then a num- 
ber from | through 4 is selected at random from a bag. 


a) Construct a tree diagram showing all the possible out- 
comes. 


b) List the sample space. 


c) Determine the probability that a head is flipped and an 
odd number is selected. 


d) Determine the probability that a head is flipped or an 
odd number is selected. 


Spinning Two Wheels In Exercises 25—30, the outer and in- 
ner wheels are spun. 


Assuming that the wheels are independent and the out- 
comes are equally likely, determine the probability of ob- 
taining 


25. even numbers on both wheels. 
26. numbers greater than 5 on both wheels. 


27. an odd number on the outer wheel and a number less than 
6 on the inner wheel. 


28. an even number or a number less than 6 on the outer 
wheel. 


29. an even number or a color other than green on the inner 
wheel. 


30. gold on the outer wheel and a color other than gold on the 
inner wheel. 


Sports Drink Selection In Exercises 31-34, assume that 
Skip Bailey is going to purchase three bottles of sports 
drinks at a convenience store. The store has 12 different 
bottles of sports drinks, including 5 different bottles made 
by Gatorade, 4 different bottles made by Powerade, and 3 
different botiles made by All Sport. If Skip selects 3 of these 
12 bottles at random, determine the probability he selects 


31. 3 bottles of Gatorade. 
32. no bottles of Powerade. 
33. at least 1 bottle of Powerade. 


34. a boitle of Gatorade. a bottle of Gatorade, and a bottle of 
All Sport, in that order. 


Spinner Probabilities In Exercises 35-38, assume that the 
spinner cannes land on a line. 


If spun once, determine 


35. the probability that the spinner lands on yellow. 


36. the odds against and the odds in favor of the spinner land- 


ing on yellow. 
g On } 


37. You are awarded $5 if the spinner lands on red, $10 if it 
lands etlow, and $20 if it lands on green. Determine 
your expected value. 


38. If the spinner is spun twice, determine the probability that 
it lands on red and then green (assume independence). 


Spinner Probabilities In Exercises 39-42, assume that the 
spinner cannot land on a line. 


If spun once, determine 
39. the probability that the spinner does not land on green. 


40. the odds in favor of and the odds against the spinner 
landing on green. 


41. A person wins $10 if the spinner lands on green, wins $5 
if the spinner lands on red, and loses $20 if the spinner 
lands on yellow. Find the expectation of a person who 
plays this game. 


42. If the spinner is spun three times, determine the probability 
that at least one spin lands on red. 
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Restaurant Service In Exercises 43—46, use the results of a 
survey regarding the service at the Lake View Diner, which 
is summarized as follows. 


| Service Rated Service Rated | 
Meal Fig _____ Good me Poor _ : 
Breakfast 


Lunch 


If one person who completed the survey is selected at random, 
determine the probability that the person indicated that the 


43. service was rated good. 
44. service was rated good, given that the meal was breakfast. 
45. service was rated poor, given that the meal was lunch. 


46. meal was breakfast, given that the service was rated poor. 


Neuroscience In Exercises 47-50, assume that in a neuro- 
science course the students perform an experiment. Tests 
are given to determine if people are right brained, are 

left brained, or have no predominance. It is also recorded 
whether they are right handed or left handed. The follow- 
ing chart shows the results obtained. 


SPP CLT ae 
Brained Brained _ Predominance 


Total 
230 


Right handed 
Left handed 


If one person who completed the survey is selected at ran- 
dom, determine the probability the person selected is 


47. right handed. 

48. left brained, given that the person is left handed. 

49. right handed, given that the person has no predominance. 
50. right brained, given that the person is left handed. 


51. Television Show Four contestants are on a television 
show. There are four different-colored rubber balls in a 
box, and each contestant gets to pick one from the box. 
Inside each ball is a slip of paper indicating the amount 
the contestant has won. The amounts are $10,000, $5000, 
$2000, and $1000. 


a) In how many different ways can the contestants select 
the balls? 


b) What is the expectation of a contestant? 
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52. Spelling Bee Five finalists remain in a high school spell- 
ing bee. Two will receive $50 each, two will receive $100 
each, and one will receive $500. How many different ar- 
rangements of prizes are possible? 


53. Candy Selection Mrs. Williams takes her 3 children shop- 
ping. Each of her children gets to select a different type of 
candy that only that child will eat. At the store, there are 
only 10 boxes of candy left and each is a different type. In 
how many ways can the 3 children select the candy? 


54. Astronaut Selection Three of nine astronauts must be 
selected for a mission. One will be the captain, one will be 
the navigator, and one will perform scientific experiments. 
Assuming each of the nine astronauts can perform any of 
the tasks, in how many ways can a three-person crew be 
selected so that each person has a different assignment? 


on 
On 


. Vaccine Dr. Goldberg has three doses of vaccine for 
influenza type A. Six patients in the office require the 
vaccine. In how many different ways could Dr. Goldberg 
dispense the vaccine? 


56. Dogsled Ten huskies are to be selected to pull a dogsled. 
How many different arrangements of the 10 huskies on a 
dogsled are possible? 


57. Mega Millions To play the lottery game Mega Millions, 
you select 5 numbers from | through 56 and 1 Mega Ball 
number from | through 46. If you match all 6 numbers, 
you win the jackpot! 


Select 5 numbers from 1-56 
@O@O6®@ 
+@ 

CY 


Select Mega Ball number from 146 


tee Millions win 


a) What is the probability that you match the first 5 num- 
bers? 


b) What is the probability that you match the first 5 num- 
bers and the Mega Ball? 


58. Parent-Teacher Committee A committee of 7 is to be 
formed from 10 parents and 12 teachers. If the committee 
is to consist of 2 parents and 5 teachers, how many differ- 
ent committees are possible? 


59. Selecting Test Subjects In a psychology research laboratory, 
one room contains eight men and another room contains five 
women. Three men and two women are to be selected at 
random to be given a psychological test. How many different 
combinations of these people are possible? 


60. Choosing Two Aces Two cards are selected at random, 
without replacement, from a standard deck of 52 cards. 
Determine the probability that two aces are selected 
(use combinations). 


Color Chips In Exercises 61—64, a bag contains five red 
chips, three white chips, and two blue chips. Three chips are 
to be selected at random, without replacement. Determine 
the probability that 


61. all are red. 
62. the first two are red and the third is blue. 
63. the first is red, the second is white, and the third is blue. 


64. at least one is red. 


Magazines In Exercises 65—68, on a table in a doctor’s office 
are five Newsweek magazines, six Parenting magazines, and 
three Sports Illustrated magazines. If Ramona Cleary ran- 
domly selects three magazines, determine the probability that 


65. three Newsweek magazines were selected. 


66. two Parenting magazines and one Sports Illustrated maga- 
zine were selected. 


67. no Parenting magazine was selected. 
68. at least one Parenting magazine was selected. 


69. New Homes In the community of Spring Hill, 60% of the 
homes purchased cost more than $160,000. 


a) Write the binomial probability formula to determine the 
probability that exactly x of the next n homes purchased 
in Spring Hill cost more than $160,000 


b) Write the binomial probability formula to determine the 
probability that exactly 75 of the next 100 home pur- 
chases cost more than $160,000. 


70. Long-Stemmed Roses At the Floyd’s Flower Shop, i of 
people ordering flowers select long-stemmed roses. Deter- 
mine the probability that exactly 3 of the next 5 customers 
ordering flowers select long-stemmed roses. 


71. Taking a Math Course During any semester at City 
College, 60% of the students are taking a mathematics 
course. Determine the probability that of five students 
selected at random, 


a) none is taking a mathematics course this semester. 


b) at least one is taking a mathematics course this semester. 


% 
ah 


1. Flowers Of the last 50 people who purchased flowers at 
Whistlestop Florist, 14 purchased roses. Determine the 
empirical probability that the next person who purchases 
flowers at Whistlestop Florist purchases roses. 


One Sheet of Paper In Exercises 2—4, each of the num- 
bers i—9 is written on a sheet of paper and the nine sheets 
of paper placed in a hat. If one sheet of paper is se- 
lected at random from the hat, determine the probability 
that the number selected is 


2. greater than 4. 


3. even. 


4. even or greater than 5. 


Two Sheets of Paper In Exercises 5—7, if two of the 
same ets of paper mentioned above are selected, 
without replacement, from the hat, determine the prob- 
ability 


nine she 
that 
5, both numbers are greater than 5 

6. the first number is odd and the second number is even. 
7. neither of the numbers is greater than 6. 


8. One card is selected at random from a standard deck of 
52 cards, Determine the probability that the card selected 
is a red card or a picture card. 


One Chip and One Die In Exercises 9-13, one colored 
chip—red, blue, or green-is selected at random and a 
die is rolled. 


9. Use the counting principle to determine the number of 
sample points in the sample space. 


Construct a tree diagram illustrating all the possible 
outcomes and list the sample space. 


10. 


In Exercises 11-13, by observing the sample space of the 
chips and die, determine the probability of obtaining 


11. the color green and the number 2. 
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12. the color red or the number 1. 
13. a color other than red or an even number. 


14. Passwords A personal password for an Internet broker- 
age account is to consist of a letter, followed by two 
digits, followed by two letters. Determine the number of 
personal codes possible if the first digit cannot be zero 
and repetition is permitted. 


15. Puppies A litter of collie puppies consists of four males 
and five females. If one of the puppies is selected at ran- 
dom, determine the odds 


a) against the puppy being male. 
b) in favor of the puppy being female. 


16. Pick a Card You get to select one card at random from a 
standard deck of 52 cards. If you pick a club, you win $8. 
If you pick a heart, you win $4. If you pick any other suit, 
you lose $6. Determine your expectation for this game. 


17. Cars and SUVs The number of cars and the number 
of SUVs going through the toll gates of two bridges is 
recorded. The results are shown below. 


George oe 
Golden Gate 230 


456 


4 A toll booth at the Golden Gate Bridge 


If one of these vehicles going over the bridges is selected 
at random, determine the probability that 


a) itis acar. 


771 


712 CHAPTER 12 Probability 


b) it is going over the George Washington Bridge. 19. Quality Control A bin contains a total of 20 batteries, of 
which 6 are defective. If you select 2 at random, without 
c) itis an SUV, given that it is going over the George replacement, determine the probability that 


Washington Bridge. bry 
a) none of the batteries is good. 


d) it is going over the Golden Gate Bridge, given that it 


is a car. b) at least one battery is good. 


20. University Admission The probability that a person 
is accepted for admission to a specific university is 
0.6. Determine the probability that exactly two of 


18. Awarding Prizes Three of six people are to be selected and 
given small prizes. One will be given a book, one will be 
given a calculator, and one will be given an iTunes card. In 


: ; the next five people who apply to the university get 
how many different ways can these prizes be awarded? 


accepted. 


The Probability Of An Exact Measured Value b) How many different ways are there of pressing 5 but- 
tons if repetition is allowed? 


1. Your car’s speedometer indicates that you are traveling at 
65 mph. What is the probability that you are traveling at c) A burglar is going to press 5 buttons at random, with 
exactly 65 mph? Explain your answer. repetition allowed. What is the probability that the 
burglar hits the sequence to open the door? 


Taking An Exam 


d) Suppose that each button had only one number associ- 


Pe IN 10-question multiple-choice exam is given, and each ated with it as illustrated below. How many different 
question has five possible answers. Pascal Gonyo takes 5-digit codes can be made with the 5 digits if repetition 
this exam and guesses at every question. Use the bino- is permitted? 


mial probability formula to determine the probability (to 
5 decimal places) that 


a) he gets exactly 2 questions correct. 


b) he gets no questions correct. 


c) he gets at least 1 question correct (use the information 
from part (b) to answer this part). 


d) he gets at least 9 questions correct. e) Using the buttons labeled 1-5, how many different 
ways are there to press 5 buttons if repetition is 


e) Without using the binomial probability formula, determine allowed? 


the probability that he gets exactly 2 questions correct. 

f) A burglar is going to press 5 buttons of those labeled 
1-5 at random with repetition allowed. Determine the 
probability that the burglar hits the sequence to open 


f) Compare your answers to parts (a) and (e). If they are 
not the same, explain why. 


Keyless Entry the door. 
3. Many cars have keyless entry. To open the lock, you may g) Is a burglar more likely, is he or she less likely, or does 
press a 5-digit code on a set of buttons like that illustrated. he or she have the same likelihood of pressing 5 buttons 
The code may include repeated digits like 11433 or 55512. and opening the car door if the buttons are labeled as 


in the first illustration or as 1n the second illustration? 
Explain your answer. 


h) Can you see any advantages in labeling the buttons as 
in the first illustration? Explain.* 


*In actuality, in most cars that have key pads like that shown on the 


, Elis , bottom left, each key acts as if it contains a single digit. For example, if 
a) How many different 5-digit codes can be made using your code is 7, 9, 5, 1, 3, the code 8, 0, 6, 2, 4 will unlock the door. The 


the 10 digits if repetition is permitted? extra numbers, in effect, give the owner a false sense of security. 


What You Will Learn 


= Sampling techniques 


= Misuses of statistics 

= Frequency distributions 

= Histograms, frequency polygons, 
stem-and-leaf displays 

= Mode, median, mean, and midrange 

= Percentiles and quartiles 

= Range and standard deviation 

® z-scores and the normal 
distribution 

= Correlation and regression 


This is Important 


Benjamin Disraeli (1804-1881), 
once prime minister of the United 
Kingdom, said that there are three 
kinds of lies: lies, damned lies, 

and statistics. Do numbers lie? 
Numbers are the foundation of all 
statistical information. The “lie” 


AT 195 ¢ : : : 
1185.99 occurs when, either intentionally 


+8 489 79 or carelessly, a number is used 
432674 in such a way that leads us 


Dae ie to an unjustified or incorrect 
: conclusion. Numbers may not lie, 
but they can be manipulated and 
misinterpreted. This chapter will 
provide information that can help 
you recognize when statistical 
information is being manipulated 
and misinterpreted. It will also 
400 bli help you see the many valuable 
uses of statistics. 
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a Statisticians have several different 
techniques with which they can 
collect numerical information, such 
as how many Americans use an 
e-reader. 


SECTION 13.1 | Sampling Techniques 


According to Harris Interactive, 20% of Americans use an e-reader, an electronic read- 
ing device. It would be very expensive for Harris Interactive to ask every American if 
he or she uses an e-reader. Instead, to collect this information the polling company 
may ask a subset of Americans, called a sample. If it does not ask every American if he 
or she uses an e-reader, how do we know that Harris Interactive’s results are accurate? 
In this section, we will discuss different techniques statisticians use to collect numeri- 
cal information, and how they make accurate conclusions about an entire set of data 
from the sample collected. 


| Why us is Important Samples are used to determine a variety of information such 
as the percentage of college graduates in a city and the average credit card debt of 
an American family. 


he study of statistics was originally used by governments to manage large amounts 

of numerical information. The use of statistics has grown significantly and today 
is applied in all walks of life. Governments use statistics to estimate the amount of 
unemployment and the cost of living. In psychology and education, the statistical the- 
ory of tests and measurements has been developed to compare achievements of indi- 
viduals from diverse places and backgrounds. Newspapers and magazines carry the 
results of different polls on topics ranging from the president’s popularity to the num- 
ber of cans of soda consumed. Statistics is used in scores of other professions; in fact, 
it is difficult to find any profession that does not depend on some aspect of statistics. 

Before we discuss different techniques used to collect numerical information, we 
will first introduce a few important definitions. S/afistics is the art and science of gather- 
ing, analyzing, and making inferences (predictions) from numerical information obtained 
in an experiment. The numerical information so obtained is referred to as data. Statistics 
is divided into two main branches: descriptive and inferential. Descriptive statistics is 
concerned with the collection, organization, and analysis of data. Inferential statistics is 
concerned with making generalizations or predictions from the data collected. 

Probability and statistics are closely related. Someone in the field of probability 
is interested in computing the chance of occurrence of a particular event when all the 
possible outcomes are known. A statistician’s interest lies in drawing conclusions 
about possible outcomes through observations of only a few particular events. 

If a probability expert and a statistician find identical boxes, the probability 
expert might open the box, observe the contents, replace the cover, and proceed to 
compute the probability of randomly selecting a specific object from the box. The 
statistician might select a few items from the box without looking at the contents and 
make a prediction as to the total contents of the box. 

The entire contents of the box constitute the population. A population consists of 
all items or people of interest. The statistician often uses a subset of the population, 
called a sample, to make predictions concerning the population. It is important to un- 
derstand the difference between a population and a sample. A population includes all 
items of interest. A sample includes some of the items in the population. 

When a Statistician draws a conclusion from a sample, there is always the possi- 
bility that the conclusion is incorrect. For example, suppose that a jar contains 90 blue 
marbles and 10 red marbles, as shown in Fig. 13.1 on page 775. If the statistician se- 
lects arandom sample of five marbles from the jar and they are all blue, he or she may 
wrongly conclude that the jar contains all blue marbles. If the statistician takes a 
larger sample, say, 15 marbles, he or she is likely to select some red marbles. At that 


he A. C. Nielsen Company, 

which has been measuring the 
viewing population of TV shows for 
more than 50 years, uses 
of about 9000 metered eholds 
in the United States to drav 
clusions about more than 110 mil-+ 


ample 


Ww con- 


lion American householk that 
have a television. An electronic 
measurement system, called the 


People Meter, is placed on each TV 
in the sample household. Each 


household meinber is assigned a 
personal viewing button on the 
People Meter keep track of 
which channels he or she watches 
and for how long. Nielsen then 
computes the rating of the show, 
using the data obtained from the 


sample. 

You can learn rnore about the 
sampling techniques used by A. C. 
Nielsen at Nielsenmecia.com. A. C. 
Nielsen is involved in many other 
areas of statistical testing and 
measurement. 


Wise This is oxportant Television 
programs that have a large audience 
can charge more for commercial 
advertising. A. C. Nielsen is only one 
of a large number of companies that 
use a sample to make a prediction 
about an entire population. 
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Figure 13.1 


point, the statistician may make a prediction about the contents of the jar based on the 
sample selected. Of course, the most accurate result would occur if every object in the 
jar, the entire population, were observed. However, in most statistical experiments, 
observing the entire population is not practical. 

Statisticians use samples instead of the entire population for two reasons: (a) it is 
often impossible to obtain data on an entire population, and (b) sampling is less ex- 
pensive because collecting the data takes less time and effort. For example, suppose 
that you wanted to determine the number of each species of all the fish in a lake. To 
do so would be almost impossible without using a sample. If you did try to obtain this 
information from the entire population, the cost would be astronomical. Or suppose 
that you wanted to test soup cans for spoilage. If every can produced by the company 
was opened and tested, the company wouldn’t have any product left to sell. Instead of 
testing the entire population of soup cans, a sample is selected. The results obtained 
from the sample of soup cans selected are used to make conclusions about the entire 
population of soup cans. 

Later in this chapter we will discuss statistical measures such as the mean and the 
standard deviation. When statisticians calculate the mean and the standard deviation 
of the entire population, they use different symbols and formulas than when they cal- 
culate the mean and standard deviation of a sample. The following chart shows the 
symbols used to represent the mean and standard deviation of a sample and of a popu- 
lation. Note that the mean and standard deviation of a population are symbolized by 
Greek letters. 


Le et gata, Ft A ee ; 
____ Population 


Standard deviation § 


Unless otherwise indicated, in this book we will always assume that we are work- 
ing with a sample and so we will use x and s. If you take a course in statistics, you 
will use all four symbols and different formulas for a sample and for a population. 

Consider the task of determining the political strength of a certain candidate run- 
ning in a national election. It is not possible for pollsters to ask each of the approxi- 
mately 213 million eligible voters his or her preference of a candidate. Thus, pollsters 
must select and use a sample of the population to obtain their information. How large 
a sample do you think they use to make predictions about an upcoming national elec- 
tion? You might be surprised to learn that pollsters use only about 1600 registered 
voters in their national sample. How can a pollster using such a small percentage of 
the population make an accurate prediction? 

The answer is that when pollsters select a sample, they use sophisticated statisti- 
cal techniques to obtain an unbiased sample. An unbiased sample is one that is a 
small replica of the entire population with regard to income, education, gender, race, 


716 CHAPTER 13 Statistics 


Did You Know? 


The Birth of Inferential 
Statistics 


PHILOSOPHICAL 
TRANSACTIONS: 


GIVING SOME 


ACCOMP] 


OF THE PRESENT 
Undertakings , Studies , and Labours 


OF THE 
INGENIOUS 
IN MANY 
CONSIDERABLE PARTS 
OF THE 
WORLD. 
Vol I. 


For Anno 1665, and 1666, 


Inthe SAVOT, , 


Printed by T. N. for ohm Martyn at the Bell, a little with- 
out Temple-Bar , and Fanves Alleftry in Dack-Lane » 
Printers to the Royal Soctety, 


wine Gaunt, a London merchant, 
is credited with being the first 
person to make statistical predic- 
tions, or inferences, from a set of 
data rather than basing the predic- 
tions simply on the laws of chance. 
He studied the vital statistics (births, 
deaths, marriages) contained in the 
Bills of Mortality published during 
the years of the Great Plague. He 
observed that more males were 
born than females and that women 
lived longer than men. From these 
observations, he made predictions 
about life expectancies. The keep- 
ing of mortality statistics was stimu- 
lated considerably by the growth of 
the insurance industry. 


religion, political affiliation, age, and so on. The procedures statisticians use to obtain 
unbiased samples are quite complex. The following sampling techniques will give 
you a brief idea of how statisticians obtain unbiased samples. 


Random Sampling 


If a sample is drawn in such a way that each time an item is selected each item in the 
population has an equal chance of being drawn, the sample is said to be a random 
sample. When using a random sample, one combination of a specified number of 
items has the same probability of being selected as any other combination. When all 
the items in the population are similar with regard to the specific characteristic we are 
interested in, a random sample can be expected to produce satisfactory results. For 
example, consider a large container holding 300 tennis balls that are identical except 
for color. One-third of the balls are yellow, one-third are white, and one-third are 
green. If the balls can be thoroughly mixed between each draw of a tennis ball so that 
each ball has an equally likely chance of being selected, randomness is not difficult to 
achieve. However, if the objects or items are not all the same size, shape, or texture, it 
might be impossible to obtain a random sample by reaching into a container and se- 
lecting an object. 

The best procedure for selecting a random sample is to use a random number 
generator or a table of random numbers. A random number generator is a device, usu- 
ally a calculator or computer program, that produces a list of random numbers. A 
random number table is a collection of random digits in which each digit has an equal 
chance of appearing. To select a random sample, first assign a number to each 
element in the population. Numbers are usually assigned in order. Then select the 
number of random numbers needed, which is determined by the sample size. Each 
numbered element from the population that corresponds to a selected random number 
becomes part of the sample. 


Systematic Sampling 


When a sample is obtained by drawing every nth item on a list or production line, the 
sample is a systematic sample. The first item should be determined by using a ran- 
dom number. 

It is important that the list from which a systematic sample is chosen includes the 
entire population being studied. See the Did You Know? called “Don’t Count Your 
Votes Until They’re Cast” on page 777. Another problem that must be avoided when 
this method of sampling is used is the constantly recurring characteristic. For exam- 
ple, on an assembly line, every 10th item could be the work of robot X. If only every 
10th item is checked for defects, the work of other robots doing the same job may not 
be checked and may be defective. 


Cluster Sampling 


A cluster sample is sometimes referred to as an area sample because it is frequently 
applied on a geographical basis. Essentially, the sampling consists of a random selec- 
tion of groups of units. To select a cluster sample, we divide a geographic area into 
sections. Then we randomly select the sections or clusters. Either each member of the 
selected cluster is included in the sample or a random sample of the members of each 
cluster is used. For example, geographically we might randomly select city blocks to 
use as a sample unit. Then either every member of each selected city block would be 
used or a random sample from each selected city block would be used. Another ex- 
ample is to select x boxes of screws from a whole order, count the number of defec- 
tive screws in the x boxes selected, and use this number to determine the expected 
number of defective screws in the whole order. 


Did You Know? 


Don’t Count Your Votes Until 
They’re Cast 


WELLS A 


WES > 


jigs instance of faulty sam- 
occurred in the 1936 


on. On the ba- 
of 2,300,000 


2m automobile 


owners and telephone subscrib- 
ers, the Literary Digest confidently 
predicted that the Republican 
candidate, Alf Landon, would be 
elected. As it turned out, Franklin 
D. Roosevelt, the Democratic can- 
didate, won by a large margin. The 
erroneous prediction occurred be- 
cause the voters used in the sam- 
ple were not representative of the 
general voting population. In 1936, 
telephones and automobiles were 
unaffordable to the average voter. 
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Stratified Sampling 


When a population is divided into parts, called strata, for the purpose of drawing a 
sample, the procedure is known as stratified sampling. Stratified sampling involves 
dividing the population by characteristics called stratifying factors such as gender, 
race, religion, or income. When a population has varied characteristics, it is desirable 
to separate the population into classes with similar characteristics and then take a ran- 
dom sample from each stratum (or class). For example, we could separate the popula- 
tion of undergraduate college students into strata called freshmen, sophomores, 
juniors, and seniors. 

The use of stratified sampling requires some knowledge of the population. For 
example, to obtain a cross section of voters in a city, we must know where various 
groups are located and the approximate number of voters in each location. 


Convenience Sampling 


A convenience sample uses data that are easily or readily obtained. Occasionally, 
data that are conveniently obtained may be all that is available. In some cases, some 
information is better than no information at all. Nevertheless, convenience sampling 
can be extremely biased. For example, suppose that a town wants to raise taxes to 
build a new elementary school. The local newspaper wants to obtain the opinion of 
some of the residents and sends a reporter to a senior citizens center. The first 
10 people who exit the building are asked if they are in favor of raising taxes to build 
a new school. This sample could be biased against raising taxes for the new school. 
Most senior citizens would not have school-age children and may not be interested in 
paying increased taxes to build a new school. Although a convenience sample may be 
very easy to select, one must be very cautious when using the results obtained by this 
method. 


Example ({§ Identifying Sampling Techniques 


Identify the sampling technique used to obtain a sample in the following. Explain 
your answer. 


a) Every 20th soup can coming off an assembly line is checked for defects. 

b) A $50 gift certificate is given away at the Annual Bankers Convention. Tickets 
are placed in a bin, and the tickets are mixed up. Then the winning ticket is se- 
lected by a blindfolded person. 

c) Children in a large city are classified based on the neighborhood school they 
attend. A random sample of five schools is selected. All the children from each 
selected school are included in the sample. 

d) The first 50 people entering a zoo are asked if they support an increase in taxes 
to support a zoo expansion. 

e) Viewers of the USA Network are classified according to age. Random samples 
from each age group are selected. 


a) Systematic sampling. The sample is obtained by drawing every nth item. In this 
example, every 20th item on an assembly line is selected. 


b) Random sampling. Every ticket has an equal chance of being selected. 

c) Cluster sampling. A random sample of geographic areas is selected. 

d) Convenience sampling. The sample is selected by picking data that are easily 
obtained. 

e) Stratified sampling. The viewers are divided into strata based on their age. Then 
random samples are selected from each strata. a 
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SECTION 13.1 5 
Exercises 


Warm Up Exercises 


In Exercises 1—12, fill in the blank with an appropriate 
word, phrase, or symbol(s). 


1. 


10. 


11. 


12. 


The art and science of gathering, analyzing, and making 
inferences (predictions) from numerical information 
obtained in an experiment is called 


. Making generalizations or predictions from the data 


collected is called statistics. 


. The collection, organization, and analysis of data is called 


statistics. 


. All items or people of interest in an experiment is called 


a(n) 2 aa a 


. A subset of a population used by statisticians to make 


predictions about a population is called a(n) 


. When a sample is obtained by drawing every nth item, the 


sample is called a(n) sample. 


. Ifa sample is drawn in such a way that each time an 


item is selected, each item in the population has an equal 
chance of being drawn, the sample is called a(n) 
sample. 


. When a population is divided into parts, called strata, for 


the purpose of drawing a sample, the procedure is known 
25 sal DUN On 


. A sample that consists of a random selection of groups or 


units is called a(n) sample. 


A sample that uses data that are easily or readily obtained 
is called a(n) sample. 


A sample that is a small replica of the entire population is 
called a(n) sample. 


An area sample is another name for a(n) 
sample. 


Practice the Skills 


Sampling Techniques In Exercises 13-22, identify the 
sampling technique used to obtain a sample. Explain your 
answer. 


13. All registered vehicles in the state of Georgia are classified 


14. 


according to type: subcompact, compact, mid-size, full- 
size, SUV, and truck. A random sample of vehicles from 
each category is selected. 


Every 10th iPod coming off an assembly line is checked 
for defects. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


A See Exercise 14 


A state is divided into counties. A random sample of 
12 counties is selected. A random sample from each of the 
12 selected counties is selected. 


A door prize is given away at a home improvement semi- 
nar. Tickets are placed in a bin, and the tickets are mixed 
up. Then a ticket is selected by a blindfolded person. 


Every 17th person in line at a grocery store is asked his or 
her age. 


The businesses in Iowa City are grouped according to 
type: medical, service, retail, manufacturing, financial, 
construction, restaurant, hotel, tourism, and other. A ran- 
dom sample of 10 businesses from each type is selected. 


The first 25 adults leaving a grocery store are asked how 
much money they spend per week on entertainment. 


The Food and Drug Administration randomly selects five 
stores from each of four randomly selected sections of 

a large city and checks food items for freshness. These 
stores are used as a representative sample of the entire city. 


Bingo balls in a bin are shaken, and then balls are selected 
from the bin. 


The Student Senate at the University of North Carolina is 
electing a new president. The first 25 people leaving the 
library are asked for whom they will vote. 


Challenge Problems/Group Activities 


23. 


24. 


a) Random Sampling Select and indicate a topic and 
population of interest to which a random sampling 
technique can be applied to obtain data. 


b) Explain how you or your group would obtain a random 
sample for your population of interest. 


c) Actually obtain the sample by the procedure stated in 
part (b). 


Data from Questionnaire Some subscribers of Consumer 
Reports respond to an annual questionnaire regarding their 
satisfaction with new appliances, cars, and other items. The 
information obtained from these questionnaires is then used 
as a sample from which frequency of repairs and other rat- 
ings are made by the magazine. Are the data obtained from 
these returned questionnaires representative of the entire 
population, or are they biased? 


Recreational Mathematics 


25. Statistically speaking, what is the most dangerous job in 


the United States? 


Internet/Research Activity 


26. We have briefly introduced sampling techniques. Using 
statistics books and Internet Web sites as references, select 


bout products before 
2 statements as fact. 
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one type of sampling technique (it may be one that we have 
not discussed in this section) and write a report on how 
statisticians obtain that type of sample. Also indicate when 
that type of sampling technique may be preferred. List two 
examples of when the sampling technique may be used. 


Many of us may remember the advertisement stating, “Four out of five dentists rec- 
ommend sugarless gum for their patients who chew gum.” Seeing an advertisement 
like this one may cause some of us to be a bit skeptical. Should we believe that sug- 
arless chewing gum will not harm our teeth? Or should we investigate a bit further 
before buying that next pack of chewing gum? In this section, we will learn how to 
examine statistical statements before accepting them as fact. 


| Why ds is Important |In order to be an educated consumer, it is important to be 
able to distinguish between misleading advertisements and actual facts. 


Sa when used properly, is a valuable tool to society. However, many indi- 
viduals, businesses, and advertising firms misuse statistics to their own advantage. 
You should examine statistical statements very carefully before accepting them as 
fact. You should ask yourself two questions: Was the sample used to gather the statis- 
tical data unbiased and of sufficient size? Is the statistical statement ambiguous; that 
is, can it be interpreted in more than one way? 

Let’s examine two advertisements. “Four out of five dentists recommend sugar- 
less gum for their patients who chew gum.” In this advertisement, we do not know the 
sample size and the number of times the experiment was performed to obtain the de- 
sired results. The advertisement does not mention that possibly only 1 out of 100 
dentists recommended gum at all. 

In a golf ball commercial, a “type A” ball is hit and a second ball is hit in the 
same manner. The type A ball travels farther. We are supposed to conclude that the 
type A is the better ball. The advertisement does not mention the number of times 
the experiment was previously performed or the results of the earlier experiments. 
Possible sources of bias include (1) wind speed and direction, (2) that no two swings 
are identical, and (3) that the ball may land on a rough or smooth surface. 

Vague or ambiguous words also lead to statistical misuses or misinterpretations. The 
word average is one such culprit. There are at least four different “averages,” some of 
which are discussed in Section 13.4. Each is calculated differently, and each may have a 
different value for the same sample. During contract negotiations, it is not uncommon for 
an employer to state publicly that the average salary of its employees is $45,000, whereas 
the employees’ union states that the average is $40,000. Who is lying? Actually, both 
sides may be telling the truth. Each side will use the average that best suits its needs to 
present its case. Advertisers also use the average that most enhances their products. 
Consumers often misinterpret this average as the one with which they are most familiar. 

Another vague word is /argest. For example, ABC claims that it is the largest 
department store in the United States. Does that mean largest profit, largest sales, 
largest building, largest staff, largest acreage, or largest number of outlets? 
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MATHEMATICS TODAY 


Creative Displays 


How Employers Make Workers Happy 


Stress 
reduction 


Massage 
therapy 
Nap during 
workday 


1% 


isual graphics are often used to 

“dress up" what might other- 
wise be considered boring statis- 
tics. Although visually appealing, 
such creative displays of numerical 
data can be misleading. The graph 
above shows the percentage of 
employers that offer “perks” such 
as stress reduction, massage ther- 
apy, or a nap during the workday 
to make workers happy. This graph 
is misleading because the lengths 
of the bars are not proportional to 
one another as they should be to 
accurately reflect the percent of 
employers offering each of the 
named perks. For example, the bar 
for massage therapy should be 
eight times as long as the bar for 
nap during workday instead of be- 
ing approximately four times as 
long, as the graph shows. 


| Why is Important \n order 
to correctly interpret data from a 
graph, it is important to be aware 
that a graph may be misleading. 


Still another deceptive technique used in advertising is to state a claim from 
which the public may draw irrelevant conclusions. For example, a disinfectant manu- 
facturer claims that its product killed 40,760 germs in a laboratory in 5 seconds. “To 
prevent colds, use disinfectant A.” It may well be that the germs killed in the labora- 
tory were not related to any type of cold germ. In another example, company C claims 
that its paper towels are heavier than its competition’s towels. Therefore, they will 
hold more water. Is weight a measure of absorbency? A rock is heavier than a sponge, 
yet a sponge is more absorbent. 

An insurance advertisement claims that in Duluth, Minnesota, 212 people 
switched to insurance company Z. One may conclude that this company is offering 
something special to attract these people. What may have been omitted from the ad- 
vertisement is that 415 people in Duluth, Minnesota, dropped insurance company Z 
during the same period. 

A foreign car manufacturer claims that 9 of every 10 of a popular-model car it 
sold in the United States during the previous 10 years were still on the road. From this 
statement, the public is to conclude that this foreign car is well manufactured and 
would last for many years. The commercial neglects to state that this model has been 
selling in the United States for only a few years. The manufacturer could just as well 
have stated that 9 of every 10 of these cars sold in the United States in the previous 
100 years were still on the road. 

Charts and graphs can also be misleading or deceptive. In Fig. 13.2, the two 
graphs show the performance of two stocks over a 6-month period. Based on the 
graphs, which stock would you purchase? Actually, the two graphs present identical 
information; the only difference is that the vertical scale of the graph for stock B has 
been exaggerated. 


Stock A Stock B 
40 - 35 
~ uP o 
2 = — 30 
oO 20 I a) 
10 25 
0 ja eee 
Ve ACs Meee) TE Mie Ar viens 
Month Month 
Figure 13.2 


The two graphs in Fig. 13.3 show the same change. However, the graph in part (a) 
appears to show a greater increase than the graph in part (b), again because of a different 
scale. 


100 


95 


2009 2010 
(a) (b) 


2009 2010 


Figure 13.3 
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Consider a claim that if you invest $1, by next year you will have $2. This type of 
claim is sometimes misrepresented, as in Fig. 13.4. Actually, your investment has only 
doubled, but the area of the square on the right is four times that of the square on the left. 
By expressing the amounts as cubes (Fig. 13.5), you increase the volume eightfold. 


Figure 13.4 Why People Surf the Web 
Top six reasons Americans say they use the Internet 


Gather information 
about products 


Check for Purchase 
news, weather Surf for goods and 
updates bade services 
15% 16% 24% 


Figure 13.6 


The graph in Fig. 13.6 is an example of a circle graph. We will discuss circle 
graphs in Section 13.3. In a circle graph, the total circle represents 100%. Therefore, 
the sum of the parts should add up to 100%. This graph is misleading since the sum of 
its parts is 183%. A graph other than a circle graph should have been used to display 
the top six reasons Americans say they use the Internet. 

Despite the examples presented in this section, you should not be left with the im- 
pression that statistics is used solely for the purpose of misleading or cheating the con- 
sumer. As stated earlier, there are many important and necessary uses of statistics. Most 
statistical reports are accurate and useful. You should realize, however, the importance 
of being an aware consumer. 


P Exercises 


Practice the Skills 6. Morgan’s is the largest department store in New York. So 


shop at Morgan’s and save money. 


Misinterpretaiions of Statistics In Exercises I-14, discuss 


the statement and tell what possible misuses or misinterpre- 7. Eighty percent of all automobile accidents occur within 
tations may exist. 10 miles of the driver’s home. Therefore, it is safer to take 
‘ ‘ long trips. 
1. Cold Remedy In a study of patients with cold symptoms, 
each patient was found to have improved symptoms after 8. Arizona has the highest death rate for asthma in the United 
taking honey. Therefore, honey cures the common cold. States. Therefore, it is unsafe to go to Arizona if you have 
asthma. 


2. In 2011, Liberty Travel received more requests for travel 
brochures to Hawaii than to Las Vegas. Therefore, in 
2012, Liberty Travel sold more travel packages to Hawaii 
than to Las Vegas. 


3. There are more empty spaces in the parking lot of Mama 
Mia’s Italian restaurant than at Shanghai Chinese restaurant. 
Therefore, more people prefer Chinese food than Italian food. 


4. Healthy Snacks cookies are fat free. So eat as many as you 
like and you will not gain weight. 


5. Most accidents occur on Saturday night. That means that 
people do not drive carefully on Saturday night. 4 Sedona, Arizona 
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9. Thirty students said that they would recommend Professor 
Malone to a friend. Twenty students said that they would 
recommend Professor Wagner to a friend. Therefore, 
Professor Malone is a better teacher than Professor Wagner. 


10. A steak is more expensive at Dino’s Steak House than at 
Rick’s Prime Rib House. Therefore, the quality of a steak 
at Dino’s Steak House is better than the quality of a steak 
at Rick’s Prime Rib House. 


11. John Deere lawn tractors cost more than Toro lawn trac- 
tors. Therefore, John Deere lawn tractors will last longer 
than Toro lawn tractors. 


12. More men than women are involved in automobile accidents. 
Therefore, women are better drivers. 


13. The average depth of the pond is only 3 ft, so it is safe to 
go wading. 


14. In 2011, more men than women applied for sales positions 
at Dick’s Sporting Goods. Therefore, in 2011, more men 
than women were hired for sales positions at Dick’s Sport- 
ing Goods. 


15. Population of Honolulu The following table shows the pop- 
ulation, in thousands, in Honolulu, Hawaii, for selected years. 


Year ; Population — 
1980 365.0 
1990 365.2 
2000 SHley, 
2010 Sys 


Source: U.S Census Bureau 


Draw a line graph that makes the increase in the popula- 
tion of Honolulu for the years shown appear to be 


a) small. b) large. 


16. Officers in the U.S. Marine Corps The following table 
shows the number of officers, in thousands, on active duty 
in the U.S. Marine Corps for the years 2004—2009. 


Year = Number of Officers 
2004 19.1 
2005 19.1 
2006 19.2 
2007 10°5 
2008 20.1 
2009 21.0 


‘tL. 


Draw a line graph that makes the increase in the number of 
officers on active duty for the U.S. Marine Corps appear to be 


a) small. b) large. 


First Marriage In Exercises 17 and 18, use the following 
table. 


Median Age at First Marriage 
RE a Female 
2002 253 
2004 DD 
2006 25.5 
2008 25.9 


Source: U.S. Census Bureau 


17. a) Draw a bar graph that appears to show a small increase 
in the median age at first marriage for males. 


b) Draw a bar graph that appears to show a large increase 
in the median age at first marriage for males. 


18. a) Draw a bar graph that appears to show a small increase 
in the median age at first marriage for females. 


b) Draw a bar graph that appears to show a large increase 
in the median age at first marriage for females. 


19. Price of a Movie Ticket The following graph shows 
the average price of a movie ticket for the years 2009 
and 2010. 


Average Price of a Movie Ticket 


$7.95 


de lhe SE 
7.00 7.20 7.40 7.60 7.80 8.00 


Price ($) 


a) Draw a bar graph that shows the entire scale from $0 to 
$8.00. 


b) Does the new graph give a different impression? 
Explain. 


Concept/Writing Exercises 


20. Find five advertisements or commercials that may 
be statistically misleading. Explain why each may be 
misleading. 


21. The following circle graph shows the percentage of com- 
muters who are frustrated by particular driving situations. 
Is the graph misleading? Explain. 


Driving Situations 
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a) Compute the projected percent increase in population 
from 2000 to 2050 by using the formula given on page 
603. 


b) Measure the radius and then compute the area of the 


Frustrating to Commuters 


circle representing 2000. Use A = ar”. 


c) Repeat part (b) for the circle representing 2050. 


speed : ; : 
0% artist d) Compute the percent increase in the size of the area of 


the circle from 2000 to 2050. 


e) Are the circle graphs misleading? 


Recreational Mathematics 


23. What mathematical symbol can you place between | and 2 to 
obtain a number greater than | but less than 2? 


Chaiiengs Sroblem/Group Activity 
Internet/Research Activity 


24. Read the book How to Lie with Statistics by Darrell 
SS Huff and write a book report on it. Select three illustra- 


22. Consider the following graph, which shows the U.S. popu- 
lation in 2000 and the projected U.S. population in 2050. 


America in 2000 and in 2050 tions from the book that show how people manipulate 
statistics. 
Population in 2000 Projected population in 2050 
275 million 394 million 
0.7% 3.9% 
ee Ne 
12.2% me 11.4% 
2.2% tt 11. 
| mY 
\ T1.8% ) 
| (=) White [J African-American [369] Hispanic* 
| {__] Asian and Pacific American Indian, Eskimo 
islander and Aleut 
Source: U S, Census Bureau 


<< 


SECTION(3.3 ) Frequency Distributions and Statistical Graphs 


Suppose you have a job as a waitress and decide to record the daily amount you 
make in tips. After keeping a list of your tips each day for several months, you realize 
that you have a large set of data and want to condense your data into a more man- 
ageable form. In this section we will learn a method to organize and summarize data. 
We will also introduce four types of graphs that can be used to display information in 


a meaningful way. 


aD This is Important Organizing and summarizing data and using graphs to display 
information can make large sets of information more useful. 


t is not uncommon for statisticians and others to have to analyze thousands of pieces of 

data. A piece of data is a single response to an experiment. When the amount of data is 
large, it is usually advantageous to construct a frequency distribution. A frequency dis- 
tribution is a listing of the observed values and the corresponding frequency of occur- 
rence of each value. Example 1 shows how we construct a frequency distribution. 


& Organizing and summarizing data, 
such as a waitress's daily tips, can 
make large sets of information more 
useful. 
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“Statistical thinking will one day be 
as necessary for efficient citizenship 
as the ability to read and write.” 

H. G. Wells 


Example i} Frequency Distribution 


The number of children per family is recorded for 64 families surveyed. Construct a 
frequency distribution of the following data: 


Sao oe oe © 
Rater teh Gary yy pete jeer ae 
WWW MS aos. 
NNNYNNNNDND DW 
WWWNON NN WY 
WWW WW WH WH Ww 
oy C7 OS ES iS US tS IS 
XO! (GO: 60) =I (On ON a Ch 


Listing the number of children (observed values) and the number of fami- 
lies (frequency) gives the following frequency distribution. 


Naw cca Nase 
_ (Observed Values) ==—=—S(Frequency) 

0 8 

1 ili! 

2 18 

3 Ta 

4 6 

5 4 

6 2, 

7 1 

8 2 

9 1 

64 


Eight families had no children, 11 families had one child, 18 families had two chil- 
dren, and so on. Note that the sum of the frequencies is equal to the original number 
of pieces of data, 64. 5 


Often data are grouped in classes to provide information about the distribution 
that would be difficult to observe if the data were ungrouped. Graphs called histo- 
grams and frequency polygons can be made of grouped data, as will be explained later 
in this section. These graphs also provide a great deal of useful information. 

When data are grouped in classes, certain rules should be followed. 


30644) 6) ia RULES FOR DATA GROUPED BY CLASSES 


1. The classes should be the same “width.” 


2. The classes should not overlap. 


3. Each piece of data should belong to only one class. 


In addition, it is often suggested that a frequency distribution should be constructed 
with 5 to 12 classes. If there are too few or too many classes, the distribution may be- 
come difficult to interpret. For example, if you use fewer than 5 classes, you risk los- 
ing too much information. If you use more than 12 classes, you may gain more detail 


Can You Count the F's? 

(* tatistical errors often result from 
«J careless observations. To see 
how such errors can occur, con- 
sider the statement below. How 
many F’s do you count in the 
statement? 


FINISHED FILES ARE THE RE- 
SULT OF YEARS OF SCIENTIF- 
(@SiRU OMBINED WITH 
THE EXPERIENCE OF YEARS. 


"S,-| 9 QUE G15) : JemsuYy 
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but you risk losing clarity. Let the spread of the data be a guide in deciding the num- 
ber of classes to use. 
To understand these rules, let’s consider a set of observed values that go from a low 
of 0 to a high of 26. Let’s assume that the first class is arbitrarily selected to go from 0 
through 4. Thus, any of the data with values of 0, 1, 2, 3, 4 would belong in this class. 
We say that the class width is 5 since there are five integral values that belong to the 
class. This first class ended with 4, so the second class must start with 5. If this class is 
to have a width of 5, at what value must it end? The answer is 9 (5, 6, 7, 8, 9). The sec- 
ond class is 5—9. Continuing in the same manner, we obtain the following set of classes. 
Classes 
0-4 
5-9 
10-14 
15-19 
20-24 
25-29 


Lower class limits Upper class limits 


We need not go beyond the 25—29 class because the largest value we are consid- 
ering is 26. The classes meet our three criteria: They have the same width, there is no 
overlap among the classes, and each of the values from a low of 0 to a high of 26 be- 
longs to one and only one class. 

The choice of the first class, 0-4, was arbitrary. If we wanted to have more classes 
or fewer classes, we would make the class widths smaller or larger, respectively. 

The numbers 0, 5, 10, 15, 20, 25 are called the lower class limits, and the num- 
bers 4, 9, 14, 19, 24, 29 are called the upper class limits. Each class has a width of 5. 
Note that the class width, 5, can be obtained by subtracting the first lower class limit 
from the second lower class limit: 5 — 0 = 5. The difference between any two con- 
secutive lower class or upper class limits is also 5. 


Example @ A Frequency Distribution of Consumer Magazines 


Table 13.1 on page 786 shows the 2008 circulation for the 46 leading U.S. consumer 
magazines (excluding AARP Magazine and AARP Bulletin, which are far ahead of the 
other magazines). The circulation is rounded to the nearest ten thousand. Construct a 
frequency distribution of the data, letting the first class be 173-237. 


Forty-six pieces of data are given in descending order from highest to 
lowest. We are given that the first class is 173-237. The second class must therefore 
start at 238. To find the class width, we subtract 173 (the lower class limit of the first 
class) from 238 (the lower class limit of the second class) to obtain a class width of 
65. The upper class limit of the second class is found by adding the class width, 65, 
to the upper class limit of the first class, 237. Therefore, the upper class limit of the 
second class is 237 + 65 = 302. Thus, 


173-237 first class 
238-302 second class 


The other classes are found using a similar technique. They are 303-367, 368-432, 
433-497, 498-562, 563-627, 628-692, 693-757, 758-822. Since the highest value in 
the data is 817, there is no need to go any further. Note that each two consecutive lower 
class limits differ by 65, as does each two consecutive upper class limits. There are 23 
pieces of data in the 173-237 class. There are 8 pieces of data in the 238-302 class, 6 
in the 303-367 class, 5 in the 368-432 class, | in the 433-497 class, 1 in the 498-562 
class, 0 in the 563-627 class, 0 in the 628-692 class, 0 in the 693-757 class, and 2 in 
the 758-822 class. The complete frequency distribution of the 10 classes is given on 
page 786. The number of magazines totals 46, so we have included each piece of data. 
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Table 13,1 
Circulation 
Magazine (ten thousands) 
Reader’s Digest 817 
Better Homes and 766 
Gardens 
National 506 
Geographic 
Good Housekeeping 468 
| Woman’s Day 392 
/ Family Circle 391 
| AAA Westways 384 
| Ladies’ Home 384 
| Journal 
People 369 
| Game Informer 352 
Time 336 
Prevention 334 
TV Guide 326 
Sports Illustrated 322 
Taste of Home 320 
Cosmopolitan 293 
Southern Living 283 
AAA 281 
Newsweek 270 
Playboy 262 
AAA Going Places 256 
Maxim 252 
American Legion 243 
Magazine 
O, The Oprah Dawn 
Magazine 
Glamour 229 
Redbook 221 
Guideposts 220 
AAA World 213 
Parenting 213 
Parents 206 
ESPN The 206 
Magazine 
Seventeen 203 
Martha Stewart 203 
Living 
Smithsonian 203 
Real Simple 198 
Remedy/Remedy MD 196 
Money 191 
Us Weekly 190 
Family Fun 188 
Men’s Health 186 
Entertainment 180 
Weekly 
Endless Vacation 179 
Cooking Light 179 
Every Day with 178 
Rachael Ray 
InStyle 176 
Country Living 173 


Source: Audit Bureau of Circulations 


. Number of Magazines 
Circulation (ten thousands) 

173-237 23 
238-302 8 
303-367 6 
368-432 5 
433-497 1 
498-562 1 
563-627 0 
628-692 0 
693-757 0 
758-822 

46 

+ | 


The modal class of a frequency distribution is the class with the greatest fre- 
quency. In Example 2, the modal class is 173-237. The midpoint of a class, also 
called the class mark, is found by adding the lower and upper class limits and divid- 
ing the sum by 2. The midpoint of the first class in Example 2 is 


Mise 237 410 
2 2, 


= 205 


Note that the difference between successive class marks is the class width. The class 
mark of the second class can therefore be obtained by adding the class width, 65, to 
the class mark of the first class, 205. The sum is 205 + 65 = 270. Note that 


238 + 302 = 270. which checks with the class mark obtained by adding the class 


width to the first class mark. 


Example —] A Frequency Distribution of Family Income 
The following set of data represents the family income (in thousands of dollars, 


rounded to the nearest hundred) of 15 randomly selected families. 


46.5 31.8 45.8 44.7 40.9 
65.2 52.4 446 53.7 48.8 
cers) 4003) SOS 6.3) S07 


Construct a frequency distribution with a first class of 31.5-37.6. 


First rearrange the data from lowest to highest so that the data will be 
easier to categorize. 


31.8 40.3 44.7 48.8 53.7 
sper AOD) 2byc) SL SOS 
39.8 446 465 52.4 65.2 


The first class goes from 31.5 to 37.6. Since the data are in tenths, the class limits 
will also be given in tenths. The first class ends with 37.6; therefore, the second 
class must start with 37.7. The class width of the first class is 37.7 — 31.5, or 6.2. 
The upper class limit of the second class must therefore be 37.6 + 6.2, or 43.8. 
The frequency distribution is given on page 787. 


MATHEMATICS. TODAY 


Cyberspace Is the Place to Be 


Raleigh, North Carolina 


eB you remember the days 
when you were only able to 
access the Internet from your of- 
fice, school, or home? With wire- 
less Internet access, we can now 
connect to the Internet to share in- 
formation and enjoy entertainment 
while we are on the go. Today, 


wireless hic locations offer- 
ing wireless access to the Internet, 
show up in diverse places such as 
coffee shops, parks, gas stations, 


bowling alleys, airports, and golf 
courses in addition to more tradi- 
tional places such as colleges and 
hotels. According to a survey con- 
ducted by Forbes Magazine in 
March 2010, Raleigh, North 
Carolina, was the most accessible 
wireless city in the United States. 
Many Web sites, such as www. 
wififreespot.com, list worldwide lo- 
cations that offer free wireless 


Internet access. 


This is emportant More 
and more people are using wireless 
devices every day. 
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pra: 


31.5-37.6 
37.7-43.8 
43.9—50.0 
50.1-56.2 
56.3-62.4 
62.5-68.6 


Note in Example 3 that the class width is 6.2, the modal class is 43.9-50.0, and 
SHS) se SIS or 34.55 


the class mark of the first class is 
We have discussed how to organize and summarize data. Now we will introduce 

graphs that can be used to display information. We will consider four types of graphs: 

the histogram, the frequency polygon, the stem-and-leaf graph, and the circle graph. 


Histograms and Frequency Polygons 


Histograms and frequency polygons are statistical graphs used to illustrate frequency 
distributions. A histogram is a graph with observed values on its horizontal scale and 
frequencies on its vertical scale. A bar is constructed above each observed value (or 
class when classes are used), indicating the frequency of that value (or class). The 
horizontal scale need not start at zero, and the calibrations on the horizontal and verti- 
cal scales do not have to be the same. The vertical scale must start at zero. To accom- 
modate large frequencies on the vertical scale, it may be necessary to break the scale. 
Because histograms and other bar graphs are easy to interpret visually, they are used a 
great deal in newspapers and magazines. 


Example EJ Construct a Histogram 


The frequency distribution developed in Example 1, on page 784, is repeated here. 
Construct a histogram of this frequency distribution. 


OANA MNFWNeKE OC} 


The vertical scale must extend at least to the number 18 since that is the 
greatest recorded frequency. The horizontal scale must include the numbers 0-9, 
the number of children observed. Eight families have no children. We indicate that 
by constructing a bar above the number 0, centered at 0, on the horizontal scale 
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Profile in Mathematics 


Katherine K. Wallman— 
Chief U.S. Statistician 


ince 1992, Katherine Wallman 
has served as the chief statistician 


of the U.S. Office of Management 
and Budget. In this capacity, she 
oversees and coordinates U.S. fed- 
eral statistical policies, standards, 
and programs; develops and ad- 
vances long-term improvements in 
federal statistical activities; and rep- 
resents the U.S. government in inter- 
national statistics | organizations, 
including the United Nations and the 
Organization for Economic Co- 
operation and Development. 

In the United States, there are 
multiple agencies that actually pro- 
duce statistics on which the country 
relies. For example, the Census 
Bureau provides population data; 
the Bureau of Economic Analysis 
provides national accounting data; 
and the National Center for Health 
Statistics provides data concerning 
health and well-being. In her ca- 
pacity, Katherine Wallman_ sets 
standards for a federal statistical 
establishment that comprises more 
than 70 agencies spread across ev- 
ery cabinet department. 


When constructing a histogram or 
frequency polygon, be sure to la- 
bel both scales of the graph. 


extended up to 8 on the vertical scale (Fig. 13.7). Eleven families have one child, 
so we construct a bar extending to 11 above the number 1, centered at 1, on the 
horizontal scale. We continue this procedure for each observed value. Both the 
horizontal and vertical scales should be labeled, the bars should be the same width 
and centered at the observed value, and the histogram should have a title. In a 
histogram, the bars should always touch. 


Number of Children per Family 


Number of Families 


io ke ee 
Number of Children 


Figure 13.7 | 


Frequency polygons are line graphs with scales the same as those of the histo- 
gram; that is, the horizontal scale indicates observed values and the vertical scale in- 
dicates frequency. To construct a frequency polygon, place a dot at the corresponding 
frequency above each of the observed values. Then connect the dots with straight-line 
segments. When constructing frequency polygons, always put in two additional class 
marks, one at the lower end and one at the upper end on the horizontal scale (values 
for these added class marks are not needed on the frequency polygon). Since the fre- 
quency at these added class marks is 0, the end points of the frequency polygon will 
always be on the horizontal scale. 


Example Construct a Frequency Polygon 
Construct a frequency polygon of the frequency distribution in Example | on page 784. 


Since eight families have no children, place a mark above the 0 at 8 on 
the vertical scale, as shown in Fig. 13.8. Because there are 11 families with one 
child, place a mark above the | on the horizontal scale at the 11 on the vertical 
scale, and so on. Connect the dots with straight-line segments and bring the end 
points of the graph down to the horizontal scale, as shown. 


Number of Children per Family 


tN 
oS 


Number of Families 
S oa 
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Nn 


o 


BAe 6) 7 +829 
Number of Children 


Figure 13.8 B 


Table 13.2 
| Distance Numaber of 
| failes) Workers | 
7 SOs WFD | 
| eee sete 24 
|uagtoe B 
| 22-2 8 
| 29.35 5 
| 36-42 5 
Table 13.3 
Number of 
Pieces of 
| Weight (pounds) Luggage 
| pees page 8 
| ree tg 10 
. 11-15 7 
| 16-20 5 
| eet 2-25 6 
| 26-30 3 
31-35 I 
2 


| 36-40 


13.3. Frequency Distributions and Statistical Graphs 789 


Example [] Commuting Distances 


The frequency distribution of the one-way commuting distances for 70 workers 
is listed in Table 13.2. Construct a histogram and then construct a frequency 
polygon. 

The histogram can be constructed with either class limits or class 
marks (class midpoints) on the horizontal scale. Frequency polygons are 
constructed with class marks on the horizontal scale. Since we will construct a 
frequency polygon on the histogram, we will use class marks. Recall that class 
marks are found by adding the lower class limit and upper class limit and 


il Se 
dividing the sum by 2. For the first class, the class mark is oe or 4. Since 


the class widths are seven units, the class marks will also differ by seven units 
(see Fig. 13.9). 


One-Way Commuting Distance 


25 
5 20 
m4 
= Frequency 
15 polygon 
je) 
gud \ 
=) 
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ie 
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Distance (miles) 


Figure 13.9 a 


Example Carry-on Luggage Weights 


The histogram in Fig. 13.10 shows the weights of selected pieces of carry-on luggage 
at an airport. Construct the frequency distribution from the histogram in Fig. 13.10. 


Weights of Selected Pieces of 
Carry-on Luggage 


— 


RSBNW BRN ANY COO CO 


Number of Pieces of Luggage 


Alp 
om FE I Fea 


era 
3) 18 13s 


Weight (pounds) 
Figure 13.10 


There are five units between class midpoints, so each class width 
must also be five units. Since three is the midpoint of the first class, there 

must be two units below and two units above it. The first class must be 1-5. 
The second class must therefore be 6-10. The frequency distribution is given 
in Table 13.3. 7 
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4 Captain Fairfield Inn Bed and 
Breakfast 


Stem-and-Leaf Displays 


Frequency distributions and histograms provide very useful tools to organize and 
summarize data. However, if the data are grouped, we cannot identify specific data 
values in a frequency distribution and in a histogram. For example, in Example 7, we 
know that there are eight pieces of luggage in the class of 1 to 5 pounds, but we don’t 
know the specific weights of those eight pieces of luggage. 

A stem-and-leaf display is a tool that organizes and groups the data while allowing 
us to see the actual values that make up the data. To construct a stem-and-leaf display each 
value is represented with two different groups of digits. The left group of digits is called 
the stem. The remaining group of digits on the right is called the Jeaf: There is no rule for 
the number of digits to be included in the stem. Usually the units digit is the leaf and the 
remaining digits are the stem. For example, the number 53 would be broken up into 5 and 
3. The 5 would be the stem and the 3 would be the leaf. The number 417 would be broken 
up into 41 and 7. The 41 would be the stem and the 7 would be the leaf. The number 6, 
which can be represented as 06, would be broken up into 0 and 6. The stem would be the 
0 and the leaf would be the 6. With a stem-and-leaf display, the stems are listed, in ascend- 
ing order, to the left of a vertical line. Then we place each leaf to the right of its corre- 
sponding stem, to the right of the vertical line.* Example 8 illustrates this procedure. 


Example EJ Stem-and-Leaf Display 


The table below indicates the ages of a sample of 20 guests who stayed at Captain 
Fairfield Inn Bed and Breakfast. Construct a stem-and-leaf display. 


KY hil 88) 4B) IS: 
OO @& SD SS BY 
AT 0) ee Se ae 
72 44 45 44 68 


By quickly glancing at the data, we can see the ages consist of two-digit 
numbers. Let’s use the first digit, the tens digit, as our stem and the second digit, 
the units digit, as the leaf. For example, for an age of 62, the stem is 6 and the leaf 
is 2. Our values are numbers in the 20s, 30s, 40s, 50s, 60s, and 70s. Therefore, the 
stems will be 2, 3, 4, 5, 6, 7 as shown below. 


2 


NYDN fF WW 


Next we place each leaf on its stem. We will do so by placing the second digit of 
each value next to its stem, to the right of the vertical line. Our first value is 29. The 
2 is the stem and the 9 is the leaf. Therefore, we place a 9 next to the stem of 2 and 
to the right of the vertical line. 

2/9 
The next value is 31. We will place a leaf of 1 next to the stem of 3. 

219 

3 


*In stem-and-leaf displays, the leaves are sometimes listed from lowest digit to greatest digit, but that is 
not necessary. 


Distractions at the Movies 


Other 


races, 


Source: AMC Entertainment 


Figure % 


jan we 
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The next value is 39. Therefore, we will place a leaf of 9 after the leaf of 1 that is 
next to the stem of 3. 


2\9 

Syl I) 
We continue this process until we have listed all the leaves on the display. The dia- 
gram below shows the stem-and-leaf display for the ages of the guests. In our dis- 


play, we will also include a legend to indicate the values represented by the stems 
and leaves. For example, 5|6 represents 56. 


5| 6 represents 56 
Stem Leaves 
D198 
Sil 
4/3 
5/6 
6/0 
7\1 


NN ON Oo 


Every piece of the original data can be seen in a stem-and-leaf display. From the 
above diagram, we can see that five of the guests’ ages were in the 40s. Only two 
guests were older than 70. Note that the stem-and-leaf display gives the same visual 
impression as a sideways histogram. 


Circle Graphs 


Circle graphs (also known as pie charts) are often used to compare parts of one or 
more components of the whole to the whole. The circle graph in Fig. 13.11 shows what 
moviegoers say is the most annoying distraction during a movie. Since the total circle 
represents 100%, the sum of the percents of the sectors should be 100%, and it is. 

In the next example, we will discuss a circle graph. 


Example §] Circus Performances 


Eight hundred people who attended a Ringling Bros. and Barnum & Bailey Circus 
were asked to indicate their favorite performance. The circle graph in Fig. 13.12 
shows the percentage of respondents that answered tigers, elephants, acrobats, jug- 
glers, and other. Determine the number of respondents for each category. 


Favorite Performance 
at the Circus 
Other 
5% 


Elephants 
26% 


Figure 13.12 


To determine the number of respondents in a category, we multiply the 
percentage for each category, written as a decimal number, by the total number 
of people, 800. The table on page 792 indicates the results. 
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Performance _ % 


Tigers 
Elephants 
Acrobats 
Jugglers 
Other 


Total 


Res 


Percent of. el ‘ Per nt Written Number of 
pondents _as a Decimal Nun ha Peoples). 
38% 0.38 0.38 X 800 = 304 
26% 0.26 0.26 X 800 = 208 
17% 0.17 0.17 X 800 = 136 
14% 0.14 0.14 X 800 = 112 

5% 0.05 0.05 x 800 = 40 
800 


As we can see from the table, 304 people indicated that the tigers were their favor- 
ite performance, 208 indicated elephants, 136 people indicated the acrobats, 112 
people indicated the jugglers, and 40 people indicated some other performance. m 


Warm Up Exercises 


In Exercises 1-8, fill in the blank with an appropriate 
word, phrase, or symbol(s). 


1. 


A listing of observed values and the corresponding 
frequency of occurrence of each value is called a(n) 
distribution. 


. Ina frequency distribution, the class with the greatest fre- 


quency is called the class. 


. Ina frequency distribution, another name for the midpoint 


of a class is the class 


. The class width of a frequency distribution with a first 


class of 9-16 and a second class of 17—24 is 


. A bar graph with observed values on its horizontal 


scale and frequencies on its vertical scale is called a(n) 


. A line graph with observed values on its horizontal scale 


and frequencies on its vertical scale is called a frequency 


. In a stem-and-leaf display, the group of digits in the left- 


hand column is called the 


. Ina stem-and-leaf display, the group of digits in the right- 


hand column is called the 


Practice the Skills/Problem Solving 


In Exercises 9 and 10, use the frequency distribution to 
determine 


a) the total number of observations. 
b) the width of each class. 

c) the midpoint of the second class. 
d) the modal class (or classes). 


e) the class limits of the next class if an additional class 
were to be added. 


9. 


11. 


12. 


SECTION 13.3 : 
Exercises 


Class Frequency 10. Class Frequency 
9-15 4 40-49 7 
16-22 ii 50-59 5 
23-29 1 60-69 3 
30-36 0 70-79 2 
37-43 3 80-89 7 
44-50 5 90-99 I 


Visits to the Library Johnson County Community 
College is planning to expand its library. Forty students 
were asked how many times they visited the library during 
the previous semester. Their responses are given below. 
Construct a frequency distribution, letting each class have 
a width of 1 (as in Example | on page 784). 


Ogee ple 3) 4S). alas 
Ome e233 55 7 8 
Opes 203 3, 5. 7 

mele. 8s 35) 16) 8) 10 
eer Om Som 10 


Hot Dog Sales A hot dog vendor is interested in the num- 
ber of hot dogs he sells each day at his hot dog cart. The 
number of hot dogs sold is indicated below for 32 consecu- 
tive days. Construct a frequency distribution, letting each 
class have a width of 1. 


LSC Hel ZO 21 2A 27 
See omen 0! 2 22 25 2 
1S See Sane?) 2 ee 25 28 
NI) is} RD ai Bahay PAS 


Note that there were no days in which the vendor sold 17 
hot dogs. However, it is customary to include a missing 
value as an observed value and assign to it a frequency 
of 0. 


& See Exercise 12 


Magazine Circulation In Exercises 13-16, use the 
data given in Table 13.1 on page 786 to construct 
a frequency distribution with a first class (in ten 
thousands) of 


13. 173-322. 14. 170-316. 


15. 173-272 16. 173-250. 

City Popilation In Exercises 17-20, use the following data, 
which represent the population of the 20 most populous cit- 
ies in the world in 2010, in millions of people (rounded to 
the nearest 106.000). 


5:8 Zo ONS sae O 
1318 LEZ SIOE 84 eS 
3:0 LOGOS nt 
2:6) OS RS 9) eae Cree 


& Shanghai, China, is the world’s most populated city. 


Use these data to construct a frequency distribution with a 


first class of 
17. 70-79 18, 6.5—7.4. 


19. 6.5-7.5. 20. 7.0-7.4. 


Residents in Poverty In Exercises 21-24, use the data in 
the table abave to the right. 
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Percent of U.S. Residents Living in Poverty in 2008, by State 


AL 14.4 NC 14.7 
AR 14.5 ND 10.5 
AZ 16.1 NE 10.3 
CA 13.6 NH 6.4 
CO 10.4 NJ 9.0 
(Gin 8.5 NM 16.6 
DE 9.4 NV 10.3 
EL, 12.8 NY 14.3 
GA 14.6 OH L322 
HI 8.7 OK 13 
IA 92, OR 11.7 
ID 11.1 PA 10.7 
IE 11.1 RI ipa 
IN ley SC 14.0 
KS 12.2 SD ie? 
KY 16.3 TN 14.9 
LA ileal TX 16.2 
MA 12 UT 8.6 
MD 8.8 VA 9.5 
ME 11.4 Wat 9.4 
MI ES) WA 10.3 
MN 9.6 WI 10.4 
MO iNsiath WV 14.6 
MS 20.4 WY 10.5 


Source: Bureau of the Census 


Construct a frequency distribution with a first class of 


21. 6.4-8.3. 22. 6.4—9.0. 


23. 6.4-7.8. 24. 6.4-8.8. 


25. Jogging Distances Twenty members of a health club who 
jog were asked how many miles they jog per week. The re- 
sponses are as follows. Construct a stem-and-leaf display. 
For single digit data, use a stem of 0. 


V2 aie FA ae eel 5 2 
chy itch Moe ey 2 ee ey) 
CSS 3D Ss 4 aly 16 
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26. 


27. 
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College Credits Eighteen students in a geology class 
were asked how many college credits they had earned. 
The responses are as follows. Construct a stem-and-leaf 
display. 


10 15 24 36 48 45 
42 53 60 17 24 30 
33 45 48 62 54 60 


Starting Salaries Starting salaries (in thousands of dol- 
lars) for social workers with a bachelor of science degree 
and no experience are shown for a random sample of 25 


different social workers. 


PEE SP iey PAY aie 335) 
Ayes Phe PBS ile 333} 
Dis} Piss 330) 3} SS) 
Dey PA) iO) ay) ay 
Dey PS 2h0) By) ays! 


a) Construct a frequency distribution. Let each class have 


a width of one. 
b) Construct a histogram. 
c) Construct a frequency polygon. 


d) Construct a stem-and-leaf display. 


28. Visiting a Symphony The ages of a random sample of 40 


people attending a symphony are 


20) 26731 340939 545 550 62 
20) 29553 1a one40 4 ee SanG3 
23, 30032) 354049 Sil 66 
23 30 33 37 40 49 54 69 
26 30 34 38 42 49 57 72 


a) Construct a frequency distribution with a first class of 


20-30. 
b) Construct a histogram. 
c) Construct a frequency polygon. 


d) Construct a stem-and-leaf display. 


29. Concert Tours The following table shows the 25 top- 


grossing North American concert tours, in millions of 
dollars, for the years 1985-2008. 


oo Total Gross 

Artist i : eae ($ millions) 
1. The Rolling Stones (2005) 162 
2. U2 (2005) 139 
3. The Rolling Stones (2006) 139 
4. The Police (2007) 133 
5. The Rolling Stones (1994) 121 
6. Bruce Springsteen & the E Street 116 

Band (2003) 
7. U2 (2001) 110 
8. Madonna (2008) 105 
9. Pink Floyd (1994) 104 
10. Paul McCartney (2002) 103 
11. The Rolling Stones (1989) 98 
12. Celine Dion (2008) 94 
13. Barbra Streisand (2006) 93 
14. The Rolling Stones (1997) 89 
15. Tim McGraw/Faith Hill (2006) 89 
16. The Rolling Stones (2002) 88 
17. Prince (2004) 87 
18. °N Sync (2001) 87 
19. Madonna (2006) 86 
20. Backstreet Boys (2001) 82 
21. Cirque de Soleil: Delirium (2006) 82 
22. Celine Dion (2005) 81 
23. Celine Dion (2003) 81 
24. Celine Dion (2004) 80 
[ 25. Tina Turner (2000) 80 
Source: Pollstar 


a) Construct a frequency distribution with a first class of 


80-91. 


b) Construct a histogram. 


c) Construct a frequency polygon. 


30. U.S. Presidents The ages of the 44 U.S. presidents at their 


first inauguration (as of 2011) are 


a) Construct a frequency distribution with a first class of 


ee) 28) 2Y) 
61 61 64 56 
Di D450) 46 
57 68 48 54 
58 51 65 49 


42-47. 


50 
47 
55 
55 
54 


42 
51 
56 
55 
51 


54 
ol 
60 
62 
43 


35) 
56 
61 
52 
69 


64 
46 
54 
47 


Sie 


32. 


b) Construct a histogram. 
c) Construct a frequency polygon. 


Number of Televisions per Home Use the histogram 
below to answer the following questions. 


Televisions per Home 


Number of Homes 


0 
Number of Televisions 


a) How many homes were included in the survey? 

b) In how many homes were four televisions observed? 
c) What is the modal class? 

d) How many televisions were observed? 

e) Construct a frequency distribution from this histogram. 
Car Insurance Use the histogram below to answer the 


following questions. 


Annual Car Insurance Premiums for Students 


752 803 854 905 956 1007 
Annual Amount (dollars) 


Number of Students 


650 701 


a) How many students were surveyed? 


b) What are the lower and upper class limits of the first 
and second classes? 


c) How many students have an annual car insurance pre- 
mium in the class with a class mark of $752? 


d) What is the class mark of the modal class? 


e) Construct a frequency distribution from this histogram. 


Use a first class of 625-675. 
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33. E-mail Messages Use the frequency polygon below to an- 


34. 


swer the following questions. 


Number of E-mail Messages 
Sent per Day 


Number of People 
FPNWANADAAIC 


3) 4 Sh6n758: 90 
Number of Messages Sent 
a) How many people sent five e-mail messages? 
b) How many people sent six or fewer e-mail messages? 
c) How many people were included in the survey? 


d) Construct a frequency distribution from the frequency 
polygon. 


e) Construct a histogram from the frequency distribution 
in part (d). 


San Diego Zoo Use the frequency polygon below to 
answer the following questions. 


Number of Visits Selected Families Have 


Made to the San Diego Zoo 
~ 
11 
S ne 
Ob 
Ss 8 
oy 
re, (9) 
25 
E4 
Zi 3 
2 
1 


Ie Sa Slee 
eeu Ome oe 9 0 


Number of Visits to San Diego Zoo 


a) How many families visited the San Diego Zoo four 
times? 


b) How many families visited the San Diego Zoo at least 
six times? 


c) How many families were surveyed? 


d) Construct a frequency distribution from the frequency 
polygon. 


e) Construct a histogram from the frequency distribution 
in part (d). 


35. College Costs The cost for Florida residents to attend 


the University of Florida for the 2010-2011 school year 
was $14,570. The circle graph on page 796 shows the 


9S 
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percentage of that cost for tuition/fees, room, board, and 
computer costs. Determine the cost, in dollars, for each 
category. 


Cost to Attend the University of Florida 
for 2010-2011 


Computer costs 
6.2% 


36. Automobile Accessories A sample of 600 people were 
asked which one automobile accessory they would most 
prefer to have on a family road trip. The following circle 
graph shows the percentage of respondents that answered 
GPS, DVD player, extra cup holders, roof rack, and other. 
Determine the number of respondents for each category. 


Automobile Accessories for a 


Family Road Trip 


Roof rack 
8% 


Extra cup 
holders 
15% 


Challenge Problems/Group Activities 


37. a) Birthdays What do you believe a histogram of the 
months in which the students in your class were born (Jan- 
uary is month 1 and December is month 12) would look 
like? Explain. 


SECTION 13.4 


/ i = 
_ errs =I %p,, 


s, 


ue 


A An average is used to describe the 


fuel efficiency of a car. of data. 


Measures of Central Tendency 


b) By asking, determine the month in which the students 
in your class were born (include yourself). 


c) Construct a frequency distribution containing 12 
classes. 


d) Construct a histogram from the frequency distribution 
in part (c). 


e) Construct a frequency polygon of the frequency distri- 
bution in part (c). 


38. Social Security Numbers Repeat Exercise 37 for the last 
digit of the students’ Social Security numbers. Include 
classes for the digits 0-9. 


Recreational Mathematics 


39. a) Count the number of F’s in the sentence at the bottom 
of the Recreational Mathematics box on page 785. 


b) Can you explain why so many people count the number 
of F’s incorrectly? 


40. In what month do people take the least number of daily 
vitamins? 


Internet/Research Activity 


41. Over the years many changes have been made in the U.S. 
Social Security System. 


a) Do research and determine the number of people re- 
ceiving Social Security benefits for the years 1945, 
1950, 1955, 1960, ..., 2010. Then construct a frequency 
distribution and histogram of the data. 


b) Determine the maximum amount that self-employed in- 
dividuals had to pay into Social Security (the FICA tax) 
for the years 1945, 1950, 1955, 1960, ..., 2010. Then 
construct a frequency distribution and a histogram of 
the data. 


Most people have an intuitive idea of what is meant by an “average.” The term is 
used daily in many familiar ways. “This car averages 19 miles per gallon,” “The aver- 
age test grade was 82,” and “The average height of adult males is 5 feet 9 inches” 
are three examples. In this section, we will introduce four different averages and dis- 


cuss the circumstances in which each average is used. 


LD this is Important An average is one of the most common ways to represent a set 
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Measures of Central Tendency 


An average is a number that is representative of a group of data. There are at least 
four different averages: the mean, the median, the mode, and the midrange. Each is 
calculated differently and may yield different results for the same set of data. Each 
will result in a number near the center of the data; for this reason, averages are com- 
monly referred to as measures of central tendency. 

The arithmetic mean, or simply the mean, is symbolized either by x (read “x 
bar’) or by the Greek letter mu, 4. The symbol x is used when the mean of a sample 
of the population is calculated. The symbol p is used when the mean of the entire 
population is calculated. Unless otherwise indicated, we will assume that the data 
featured in this book represent samples; therefore, we will use x for the mean. 

The Greek letter sigma, }, is used to indicate “summation.” The notation &x, 
read “the sum of x,” is used to indicate the sum of all the data. For example, if there 
are five pieces of data—4, 6, 1,0,5—then 3x =4+6+1+0+5= 16. 

Now we can discuss the procedure for determining the mean of a set of data. 


The most common use of the word average is the mean. 


Example Qj} Determine the Mean 


Determine the mean age of a group of patients at a doctor’s office if the ages of the 
individuals are 28, 19, 49, 35, and 49. 


—_ Yx 28+19+49+35+49 180 
x= — = ooo —_ = — = 36 
n ) 5) 


Therefore, the mean, x, is 36 years. a 


The mean represents “the balancing point” of a set of data. For example, if a see- 
saw were pivoted at the mean and uniform weights were placed at points correspond- 
ing to the ages in Example 1, the seesaw would balance. Figure. 13.13 shows the five 
ages given in Example | and the calculated mean. 


20 30 yN 40 50 


Mean 
36 


Figure 13.13 


A second average is the median. To find the median of a set of data, rank the data 
from smallest to largest, or largest to smallest, and determine the value in the middle 
of the set of ranked data. This value will be the median. 
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Data must be ranked before deter- 
mining the median. A common 
error made when determining the 


data in ascending (increasing) or in 
descending (decreasing) order. 


MATHEMATICS TODAY 


Buying the American Dream 


San Jose, California 


Cy" of the biggest dreams for 


most people is to own their 
own home. Yet depending on 
where you live, the American 
dream may be hard to achieve. In 
2010, San Jose, California, had the 
highest median home price for ma- 
jor metropolitan housing markets, 
$630,000. Saginaw, Michigan, had 
the lowest median home price for 
major metropolitan housing mar- 
kets, $59,700. 


Saginaw, Michigan 


Source: National Association of 
Realtors 


median is neglecting to arrange the 


Example 4 Determine the Median 
Determine the median of the patients’ ages in Example | on page 797. 


Ranking the data from smallest to largest gives 19, 28, 35, 49, and 49. 
Since 35 is the value in the middle of this set of ranked data (two pieces of data 
above it and two pieces below it), 35 years is the median. a 


When there are an even number of pieces of data, the median is halfway between 


the two middle pieces. In this case, to find the median, add the two middle pieces and 
divide this sum by 2. 


Example § Determine the Median of an Even Number of Pieces of Data 


Determine the median of the following sets of data. 
FEN) SYS cals NGS ZR TL, toys TN, 1? le) Heats oh oh, Os 110) 


a) Ranking the data gives 9, 11, 11, 12, 14, 16, 16, 17. There are eight pieces of 
data. Therefore, the median will lie halfway between the two middle pieces, 


the 12 and the 14. The median is 2 = 7 or 26. or 13. 


b) There are six pieces of data, and they are already ranked. Therefore, the median 


lies halfway between the two middle pieces. Both middle pieces are 8’s. The 


median is © s a or 18. or 8. Pil 


A third average is the mode. 


Definition: Mode 
The mode is the piece of data that occurs most frequently. 


Example Z§ Determine the Mode 
Determine the mode of the patients’ ages in Example | on page 797. 


The ages are 28, 19, 49, 35, and 49. The age 49 is the mode because it 
occurs twice and the other values occur only once. ‘ei 


If each piece of data occurs only once, the set of data has no mode. For example, 
the set of data 1, 2, 3, 4, 5 has no mode. If two values in a set of data occur more often 
than all the other data, we consider both these values as modes and say that the data are 
bimodal* (which means two modes). For example, the set of data 1, 1, 2, 3, 3, 5 has two 
modes, | and 3. 

The last average we will discuss is the midrange. The midrange is the value half- 
way between the lowest (L) and highest (H) values in a set of data. It is found by add- 
ing the lowest and highest values and dividing the sum by 2. A formula for finding the 
midrange follows. 


Midrange 
The midrange of a set of data can be calculated using the following formula. 


lowest value + highest value 
2) 


Midrange = 


*Some textbooks say that sets of data such as 1, 1, 2, 3, 3, 5 have no mode. 


MATHEMATICS TODAY 


When Babies’ Eyes Are Smiling 


Reedione psychologists for- 
mulate hypotheses about hu- 
man behavior, design experiments 
to test them, make observations, 


and draw conclusions from their 
data. They use statistical concepts 
at each stage to help ensure that 
their conclusions are valid. In one 
experiment, researchers observed 
that 2-month-old infants who 
learned to rnove their heads so as 
to make a mobile turn began to 
smile as soon as the mobile turned. 
Babies in the control group did not 
smile as often when the mobile 
moved independently of their head 
turning. The researchers concluded 
that it was not the movement of 
the mobile that made the infant 
smile; rather, the infants smiled at 
their own achievement. 


This is fmportant Statistics 
is used in many fields of study, in- 
cluding psychology. 
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Example ky Determine the Midrange 

Determine the midrange of the patients’ ages given in Example | on page 797. 
The ages of the patients are 28, 19, 49, 35, and 49. The lowest age is 19, 
and the highest age is 49. 


é lowest + highest 19+ 49 68 
Midrange = a = ait 4 Years 
2 2 2 a 


The “average” of the ages 28, 19, 49, 35, 49 can be considered any one of the follow- 
ing values: 36 (mean), 35 (median), 49 (mode), or 34 (midrange). Which average do you 
feel is most representative of the ages? We will discuss this question later in this section. 


Example { Measures of Central Tendency 


The salaries of eight selected social workers rounded to the nearest thousand dollars 
are 40, 25, 28, 35, 42, 60, 60, and 73. For this set of data, determine the (a) mean, 
(b) median, (c) mode, and (d) midrange. Then (e) list the measures of central ten- 
dency from lowest to highest. 


2x 40-25 28835 242 + 60 4.60 4-73. 363 
n 8 


b) Ranking the data from the smallest to largest gives 
25, 28, 35, 40, 42, 60, 60, 73 
Since there are an even number of pieces of data, the median is halfway between 
40 +42 82 Al 
2 2 : 


c) The mode is the piece of data that occurs most frequently. The mode is 60. 
Lo ds 25 toe) 28 


40 and 42. The median = 


d) The mid = SSS = 49, 

) The midrange 5 5 5 9 

e) The averages from lowest to highest are the median, mean, midrange, and mode. 
Their values are 41, 45.375, 49, and 60, respectively. a 


At this point, you should be able to calculate the four measures of central ten- 
dency: mean, median, mode, and midrange. Now let’s examine the circumstances in 
which each is used. 

The mean is used when each piece of data is to be considered and “weighed” 
equally. It is the most commonly used average. It is the only average that can be af- 
fected by any change in the set of data; for this reason, it is the most sensitive of all 
the measures of central tendency (see Exercise 23). 

Occasionally, one or more pieces of data may be much greater or much smaller 
than the rest of the data. When this situation occurs, these “extreme” values have the 
effect of increasing or decreasing the mean significantly so that the mean will not be 
representative of the set of data. Under these circumstances, the median should be 
used instead of the mean. The median is often used in describing average family in- 
comes because a relatively small number of families have extremely large incomes. 
These few incomes would inflate the mean income, making it nonrepresentative of 
the millions of families in the population. 

Consider a set of exam scores from a mathematics class: 0, 16, 19, 65, 65, 65, 68, 
69, 70, 72, 73, 73, 75, 78, 80, 85, 88, 92. Which average would best represent these 
grades? The mean is 64.06. The median is 71. Since only 3 of the 18 scores fall below 
the mean, the mean would not be considered a good representative score. The median 
of 71 probably would be the better average to use. 
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MATHEMATICS TODAY 


Average Wealth 
of U.S. Households 


a 


Warren Buffet and Bill Gates 


n the March 25, 2011, issue of the 
St. Petersburg Times newspaper, 
an article, with information pro- 
vided by the Federal Reserve, 
stated the average net worth (or 
wealth) of U.S. households had 
dropped 23% from 2007 to 2009, 
and the average net worth per U.S. 
household was about $481,000 in 
2009. 

Upon visiting the Federal 
Reserve's Web site, we determined 
the word average was referring to 
the mean and included very wealthy 
people like Bill Gates and Warren 
Buffet. The Web site also states the 
median U.S. household net worth in 
2009 was about $96,000. In your 
opinion, would you say the average 
U.S. household net worth in 2009 
was $481,000 or $96,000? 


This is Important This ex- 
ample shows that even though the 
same data are used in the calcula- 
tions, different averages can vary 
widely, and so statistics can some- 
times be misleading or deceptive. 


The mode is the piece of data, if any, that occurs most frequently. Builders plan- 
ning houses are interested in the most common family size. Retailers ordering shirts 
are interested in the most common shirt size. An individual purchasing a thermometer 
might choose one, from those on display, whose temperature reading is the most com- 
mon reading among those on display. These examples illustrate how the mode may be 
used. 

The midrange is sometimes used as the average when the item being studied is 
constantly fluctuating. Average daily temperature, used to compare temperatures in 
different areas, is calculated by adding the lowest and highest temperatures for the 
day and dividing the sum by 2. The midrange is actually the mean of the high value 
and the low value of a set of data. Occasionally, the midrange is used to estimate the 
mean since it is much easier to calculate. 

Sometimes an average itself is of little value, and care must be taken in inter- 
preting its meaning. For example, Jim is told that the average depth of Willow 
Pond is only 3 feet. He is not a good swimmer but decides that it is safe to go out 
a short distance in this shallow pond. After he is rescued, he exclaims, “I thought 
this pond was only 3 feet deep.” Jim didn’t realize that an average does not indi- 
cate extreme values or the spread of the values. The spread of data is discussed in 
Section 13.5. 


Measures of Position 


Measures of position are used to describe the position of a piece of data in relation to 
the rest of the data. If you took the Scholastic Aptitude Test (SAT) before applying to 
college, your score was described as a measure of position rather than a measure of 
central tendency. Measures of position are often used to make comparisons, such as 
comparing the scores of individuals from different populations, and are generally 
used when the amount of data is large. 

Two measures of position are percentiles and quartiles. There are 99 percentiles 
dividing a set of data into 100 equal parts; see Fig. 13.14. For example, suppose that 
you scored 520 on the math portion of the SAT, and the score of 520 was reported to 
be in the 78th percentile of high school students. This wording does not mean that 
78% of your answers were correct; it does mean that you outperformed about 78% of 
all those taking the exam. In general, a score in the nth percentile means that you out- 
performed about n% of the population who took the test and that (100 — n)% of the 
people taking the test performed better than you did. 


Percentiles 
i) 2) Boece 100 —100 equal parts 
fe ae 2, lie — Percentile indicators 
Figure 13.14 


Example §@ English Achievement Test 


Kara Hopkins took an English achievement test to obtain college credit by exam for 
freshman English. Her score was at the 81st percentile. Explain what that means. 


If a score is at the 81st percentile, it means that about 81% of the scores 
are below that score. Therefore, Kara scored better than about 81% of the students 
taking the exam. Also, about 19% of all students taking the exam scored higher 
than she did. a 


Quartiles are another measure of position. Quartiles divide data into four equal 
parts: The first quartile is the value that is higher than about 4, or 25%, of the popula- 
tion. It is the same as the 25th percentile. The second quartile is the value that is 
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higher than about f the population and is the same as the 50th percentile, or the me- 
dian. The third quartile is the value that is higher than about 3 of the population and is 
the same as the 75th percentile; see Fig. 13.15. 


Quartiles 

1 7 

are = | 

Lema R a r= | | 
Q, Q, Q, 

Figure 13.15 


e140] aa TO DETERMINE THE QUARTILES OF A SET OF DATA 


. List the data from smallest to largest. 


. Determine the median, or the 2nd quartile, of the set of data. If there is an odd 
number of pieces of data, the median is the middle value. If there is an even 
number of pieces of data, the median will be halfway between the two middle 
pieces of data. 


. The first quartile, Q), is the median of the lower half of the data; that is, Q; is 
the median of the data less than Q>. 


. The third quartile, Q3, is the median of the upper half of the data; that is, Q3 is 
the median of the data greater than Q>. 


Example i] Finding Quartiles 


Electronics World is concerned about the high turnover of its sales staff. A survey 
was done to determine how long (in months) the sales staff had been in their cur- 
rent positions. The responses of 27 sales staff follow. Determine Q), Q>, and Q3. 


pry Sh IP Alsi ail Sioa CARY ee 
lili AMY 78) MBS) hi RE PA) 
co EPP NSIS PEE MS oy, 0) 


First we list the data from smallest to largest. 


Bh By he ee he el) sli 
> Mie alles) ike NG! ilkeh IKE NO)" 
21 23 RAG OS ele BO BONA? 


Next we determine the median. Since there are 27 pieces of data, an odd number, 
the median will be the middle value. The middle value is 17, with 13 pieces of data 
less than 17 and 13 pieces of data greater than 17. Therefore, the median, Qo, is 17, 
shown in red. 

To find Q,, the median of the lower half of the data, we need to find the me- 
dian of the 13 pieces of data that are less than Q>. The middle value of the lower 
half of the data is 9. There are 6 pieces of data less than 9 and 6 pieces of data 
greater than 9. Therefore, Q is 9, shown in blue. 

To find Q3, the median of the upper half of the data, we need to find the me- 
dian of the 13 pieces of data that are greater than 17, or Qo. The middle value of the 
upper half of the data is 24. There are 6 pieces of data greater than 17 but less than 
24 and 6 pieces of data greater than 24. Therefore, Q3 is 24, shown in blue. a 
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TECHNOLOGY TIP 


Several computer software programs and calculators can be used to determine the mean 

of a set of data. These programs and calculators can also provide other types of statistical 
information that we will discuss in this chapter. In this Technology Tip we will provide the 
instructions for using a software program called Microsoft Excel as well as information on 
how to use Texas Instruments TI-83 Plus and TI-84 Plus graphing calculators. In the example, 
we will use the data from Example 1 on page 797, which represent the ages of patients in a 
doctor's office. 


EXCEL 
In our discussion, we will use the symbol > to indicate the next item to be selected from the 
list or menu of items. 

Begin by entering the five pieces of data in column A. Press the Enter key after each 
piece of data is entered. Next select 


Insert > Function ... > Statistical > AVERAGE 


Then click the | OK | box at the bottom. The program will then generate a gray box, where 
you need to enter the data. In the area to the right of Number1, you need to enter the data 
for which you want to find the mean. Since you have already entered the data in column A, 
rows 1 to 5, if A1:A5 is not already listed, you can enter A1:A5 in the area to the right of 
Number 1. Then, at the bottom of the gray box, Formula Results = 36 is displayed. The 36 
is the mean of the set of data. If you then press the | OK | box, the mean will be displayed in 
the cell where the cursor was located. If you do not want the mean displayed in a cell, press 
CANCEL|. To find the median or mode you follow a similar procedure, except that instead 
of selecting AVERAGE you would select MEDIAN or MODE, respectively. 


TI-83 PLUS AND TI-84 PLUS GRAPHING CALCULATORS 
To enter the data, press| STAT |. Then highlight 1: Edit and press the |ENTER| key. If any 
data are currently listed in column L1, move the cursor to the L1 and press| CLEAR | and 
then the |ENTER|key. This step will eliminate all data from column L1. Now enter the data in 
column L1. After you enter each piece of data, press the |ENTER| key. After all the data have 
been entered, press|STAT |. Then highlight CALC. At this point, 1: 1-Var Stats should be 
highlighted. Press the |ENTER| key twice. You will now see x = 36. Thus, the mean is 36. 
Several other descriptive statistics that we will discuss shortly are also shown. If you scroll 
down, you will eventually see the values of Q,, the median, and Q3. 


SECTION 13.4 : 
Exercises 


Warm Up Exercises 7. The measures of position that divide a set of data into four 


1 part led 
In Exercises 1-10, fill in the blank with an appropriate acai dent oer 


word, phrase, or symbol(s). 8. Data that are listed from the lowest value to the highest 


1. A number that is representative of a set of data is called Se oes ee ie eee value io the lowest valite are 


called =e ata: 
a(n) 
2. Averages are referred to as measures of central ____. 9. a) The symbol for the sample mean is 
3. The average that is found by summing the data and then b) The symbol for the population mean is 
dividing the sum by the number of pieces of data is called 
the: Su) ese 10. a) Another name for the 25th percentile is the 
quartile. 


4, The value in the middle of a set of ranked data is called the 


b) Another name for the 50th percentile is the 
5. The piece of data that occurs most frequently is called the quartile. 
c) Another name for the 75th percentile is the 
6. The value halfway between the lowest and highest values quartile. 
in a set of data is called the 


Practice the Skills 


In 


an 


Exercises 11-20, determine the mean, median, mode, 
d midrange of the set of data. Where appropriate, round 


your answer to the nearest tenth. 


11 


SAC Rk eae LS ER OY as 


125,759, 10410: 10212..12 


iS 


14. 


15. 


16. 


17. 


18. 


19, 


20. 


21. 


76, 82, 94, 55, 100, 52, 96 

4, 6, 10, 12, 10, 9, 365, 40, 37; 8 

13 Sod toe ligeli saab 

40, 50, 30, 60, 90, 100, 140 

Dglis il steady AO, ak ewig Soll 

1,1, 1,1, 4, 4, 4, 4, 6, 8, 10, 12, 15, 21 
6,8) 12, 19 11 ah lon 1 


Dela. SLD ia ley 


Cholesterol Level The total cholesterol level of 10 pa- 
tients of Dr. Novak are 176, 202, 285, 153, 200, 182, 248, 
nd 195, Determine the 


132, 214,.a 


a) mean, b) median. 


¢) mode. d) midrange. 


2. Daily Commission The amount of money Steve Kline 


collected in sales commission in each of seven days is $48, 
$67. $51, $25, $102, $61, $80. Determine the mean, me- 
dian, mode, and midrange. 


Problem Solving 


23 


. Change in the Data The mean is the “most sensitive” av- 
erage because it is affected by any change in the data. 


a) Determine the mean, median, mode, and midrange for 
Le 5, Secu laelibe 


bp) Change the 7 to a 10 in part (a). Determine the mean, 
median, mode, and midrange. 


24. 


25. 


26. 


27. 
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c) Which averages were affected by changing the 7 to a 10? 


d) Which averages will be affected by changing the 11 to 
a 10 in part (a)? 


Life Expectancy In 2010, the National Center for Health 
Statistics indicated a record “average life expectancy” of 
78.2 years for the total U.S. population. The average life 
expectancy for men was 75.6 years, and for women it was 
80.8 years. Which “average” do you think the National 
Center for Health is using? 


A Grade of B To get a grade of B, a student must have 

a mean average of 80 or greater. Jim Condor has a mean 
average of 79 for 10 quizzes. He approaches his teacher 
and asks for a B, reasoning that he missed a B by only one 
point. What is wrong with Jim’s reasoning? 


Employee Salaries The salaries of 10 employees of a 
small company follow. 
$29,000 $65,000 

26,000 25,000 

32,000 = 28,000 

27,000 82,000 

27,000 30,000 
Determine the 
a) mean. b) median. 
c) mode. d) midrange. 


e) If the employees wanted to demonstrate the need for a 
raise, which average would they use to show they are 
being underpaid: the mean or the median? Explain. 


f) If the management did not want to give the employees 
a raise, which average would they use: the mean or the 
median? Explain. 


Ice Cream Consumption The 10 countries with the 
highest per person consumption of ice cream in 2008 are 
listed below. 


Australia 
USA 26.0 
Nauru 25.3 
New Zealand 23.4 
Canada 22.7 
Norway 22.3 
Finland 20.9 
Sweden 20.4 
Iceland 18.5 


Italy 


Source: Euromonitor International 
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28. 


29. 


30. 
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Determine, to the nearest tenth, the 
a) mean. b) median. 
c) mode. d) midrange. 


Living Expenses Bob Bennet’s monthly living expenses 
for | year are as follows: 


$1200 $1050 $1570 $1600 
2000 1050 1550 1450 
1800 1100 1310 1430 


Where appropriate, round your answer to the nearest cent. 
Determine the 
a) mean. b) median. 
c) mode. d) midrange. 


Internet Retailers The ten U.S. retailers with the highest 
Internet sales in 2008 are listed below. 


] 
Sales 
Company ($ billion) 
Amazon.com, Inc. 14.8 
Staples, Inc. 5.6 
Office Depot, Inc. 49 
Dell, Inc. 4.2 
HP Home & Home Office Store 3.4 
OfficeMax, Inc. By? 
Apple, Inc. Pee 
Sears Holding Corp. 2.6 
CDW Corp. 2.4 
Newegg.com IS) 
Source: Internet Retailer 

Determine to the nearest tenth the 

a) mean. b) median. 

c) mode. d) midrange. 


Exam Average Malcolm Sander’s mean average on five 
exams is 86. Determine the sum of his scores. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


Exam Average Jeremy Urban’s mean average on 
six exams is 92. Determine the sum of his scores. 


Creating a Data Set Construct a set of five pieces of data 
in which the mode has a lower value than the median and 
the median has a lower value than the mean. 


Creating a Data Set Construct a set of six pieces of data 
with a mean, median, and midrange of 75 and where no two 
pieces of data are the same. 


Creating a Data Set Construct a set of six pieces of data 
with a mean of 84 and where no two pieces of data are the 
same. 


Water Park For the 2011 season, 27,000 people visited 
the Blue Lagoon Water Park. The park was open 120 days 
for water activities. The highest number of visitors on a 
single day was 500. The lowest number of visitors on a 
single day was 50. Determine whether it is possible to find 
the following with the given information. 


a) the mean number of visitors per day 
b) the median number of visitors per day 
c) the mode number of visitors per day 


d) the midrange number of visitors per day 


Determine a Necessary Grade A mean average of 80 or 
greater for five exams is needed for a final grade of B in 
a course. Jorge Rivera’s first four exam grades are 73, 69, 
85, and 80. What grade does Jorge need on the fifth exam 
to get a B in the course? 


Grading Methods A mean average of 60 on seven exams 
is needed to pass a course. On her first six exams, Sheryl 
Ward received grades of 51, 72, 80, 62, 57, and 69. 


a) What grade must she receive on her last exam to pass 
the course? 


b) An average of 70 is needed to get a C in the course. Is 
it possible for Sheryl to get a C? If so, what grade must 
she receive on the seventh exam? 


c) If her lowest grade of the exams already taken is to be 
dropped, what grade must she receive on her last exam 
to pass the course? 


d) If her lowest grade of the exams already taken is to be 
dropped, what grade must she receive on her last exam 
to get a C in the course? 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


46. 


48. 


Central Tendencies Which of the measures of central ten- 
dency must be an actual piece of data in the distribution? 


Creating a Data Set Construct a set of six pieces of data 
such that if only one piece of data is changed, the mean, 
median, and mode will all change. 


Changing One Piece of Data Consider the set of data 
1, 1, 1, 2, 2, 2. If one 2 is changed to a 3, which of the 
following will change: mean, median, mode, midrange? 


Changing One Piece of Data Is it possible to construct 

a set of six different pieces of data such that by changing 
only one piece of data you cause the mean, median, mode, 
and midrange to change? Explain. 


Grocery Expenses The Taylors have recorded their weekly 
grocery expenses for the past 12 weeks and determined that 
the mean weekly expense was $85.20. Later Mrs. Taylor 
discovered that 1 week’s expense of $74 was incorrectly 
recorded as $47, What is the correct mean? 


Percentiles For any set of data, what must be done to the 
dat ore percentiles can be determined? 


Percentiles Josie Waverly scored in the 73rd percentile 
on the verbal part of her College Board test. What does 
that 


mean. 


. Percen stile s When a national sample of heights of kinder- 


ren was taken, Kevin Geis was told that he was 


in the 35th percentile. Explain what that means. 
Quartiles A union leader is told that, when all workers’ 
salaries are considered, the first quartile is $22,750. Explain 


what that means. 


. Quartiles The prices of a gallon of the 21 top-rated inte- 


rior paints, as rated in the March 2010 issue of Consumer 
Reports, are as follows: 


$18 $19 $19 $19 $20 $20 $21 
COT TSI AGOSeE 2s 025 O27 
$30 $33 $35 $35 $35 $58 $61 
Determine 
a) Qo. b) Q). c) Q3. 


Quartiles The prices of the 20 top-rated 16-inch laptops, 
as rated in the June 2010 issue of Consumer Reports, are 


as follows: 


$450 $460 $500 $530 $550 
$550 $650 $650 $680 $700 
$720 $730 $800 $850 $900 
$1000 $1200 $1350 $1700 $1900 
Determime 
a) Q». b) Qi. c) Q3. 


49. 


50. 


Sil 
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The 50th Percentile Give the names of two other statis- 
tics that have the same value as the 50th percentile. 


College Admissions Jonathan Burd took an admission 
test for the University of California and scored in the 
85th percentile. The following year, Jonathan’s sister 
Kendra took a similar admission test for the University 
of California and scored in the 90th percentile. 


a) Is it possible to determine which of the two answered 
the higher percent of questions correctly on their re- 
spective exams? 


b) Is it possible to determine which of the two was ina 
better relative position with regard to their respective 
populations? Explain. 


Employee Salaries The following statistics represent 
weekly salaries at the Midtown Construction Company: 


Mean $600 First quartile $560 
Median $590 Third quartile $625 
Mode $580  83rdpercentile $665 


a) What is the most common salary? 
b) What salary did half the employees’ salaries surpass? 


c) About what percent of employees’ salaries surpassed 
$625? 


d) About what percent of employees’ salaries were less 
than $560? 


e) About what percent of employees’ salaries surpassed 
$665? 


f) If the company has 100 employees, what is the total 
weekly salary of all employees? 


Challenge Problems/Group Activities 


52. 


The Mean of the Means Consider the following five sets 
of values. 


1) OMe mr Omeo. 14 
ind peshmuoyemtely pe) 

TED YE NGS ik <j ally 2S) 

in) GY ee DP A ls) 

Vip OM aes 60 = SO 100 

a) Compute the mean of each of the five sets of data. 
b) Compute the mean of the five means in part (a). 


c) Find the mean of the 27 pieces of data. 


d) Compare your answer in part (b) to your answer in 
part (c). Are the values the same? Does your answer 
make sense? 
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53. Ruth Versus Mantle The tables below compare the bat- 
ting performances for selected years for two well-known 
former baseball players, Babe Ruth and Mickey Mantle. 


Babe Ruth 
Boston Red Sox 1914-1919 
New York Yankees 1920-1934 


Year At Bats Hits Pct. 
1925 309) 104 
1930 518 186 
1933 459 138 
1916 136 37 
1922 __ 406 _ 128 
Total 1878 593 


Mickey Mantle 
New York Yankees 1951-1968 


Year At Bats __ Hits EPcts 
1954 543 163 
1957 474 173 
1958 Se) 158 
1960 2 145 
1962 Sa) 121 
Total 2440 760 


a) For each player, compute the batting average percent 
(pet.) for each year by dividing the number of hits by 
the number of at bats. Round to the nearest thousandth. 
Place the answers in the pct. column. 


b) Going across each of the five horizontal lines (for exam- 
ple Ruth, 1925, vs. Mantle, 1954), compare the percents 
(pct.) and determine which is greater in each case. 


c) For each player, compute the mean batting average 
percent for the 5 given years by dividing the total hits by 
the total at bats. Which is greater, Ruth’s or Mantle’s? 


d) Based on your answer in part (b), does your answer in 
part (c) make sense? Explain. 


e) Find the mean percent for each player by adding the 
five pcts. and dividing by 5. Which is greater, Ruth’s 
or Mantle’s? 


f) Why do the answers obtained in parts (c) and (e) differ? 
Explain. 


g) Who would you say has the better batting average per- 
cent for the 5 years selected? Explain. 


54. Employee Salaries The following table gives the annual 
salary distribution for employees at Kulzer’s Home 
Improvement. 


Annual Salary Number Receiving Salary 
$100,000 1 
85,000 
24,000 
21,000 
18,000 
17,000 


Nu f- DW 


Using the information provided in the table, determine the 
a) mean annual salary. 

b) median annual salary. 

c) mode annual salary. 

d) midrange annual salary. 


e) Which is the best measure of central tendency for this 
set of data? Explain your answer. 


Weighted Average Sometimes when we wish to find an ay- 
erage, we may wish to assign more importance, or weight, 
to some of the pieces of data. To calculate a weighted 

Sxw 
Sw’ 
where w is the weight of the piece of data, x; Sxw is the 
sum of the products of each piece of data multiplied by its 
weight; and w is the sum of the weights. For example, 
suppose that students in a class need to submit a report 


average, we use the formula: weighted average = 
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that counts for 20% of their grade, they need to take a of points corresponding to the grade as pieces of data. 
midterm exam that counts for 30% of their grade, and Calculate Tanya’s GPA for the previous semester. (Round 
they need to take a final exam that counts for 50% of their your answer to the nearest hundredth.) 

grade. Suppose that a student got a 72 on the report, an 

85 on the midterm exam, and a 93 on the final exam. To Recreational Mathematics 

determine this student's weighted average, first find >xw: 57. Your Exam Average a) Calculate the mean, median, 
2xw = 72(0.20) + 85(0.30) + 93(0.50) = 86.4. mode, and midrange of your exam grades in your math- 
Next find Xw, the sum of the weights: Sw = 0.20 + ematics course. 


0.30 + 0.50 = 1.00. Now determine the weighted average 


Gn b) Which measure of central tendency best represents your 


average grade? 


Lxw 86.4 
a = 1.00 = 86.4 c) Which measure of central tendency would you rather 


use as your average grade? 


Weighted average = 


Thus, the weighted average is 86.4. Note that yw does not 
always have to be 1.00. In Exercises 55 and 56, use the 58. Purchases Matthew Riveria purchased some items at 


Staples each day for five days. The mode of the number of 
items Matthew purchased is higher than the median of the 
number of items he purchased. The median of the number 
erage Suppose that your final grade for a course of items Matthew purchased is higher than the mean of the 


weighied average formula. 


55. Course At 


is determi y a midterm exam and a final exam. The number of items he purchased. He purchased at least two 
midterm exam is worth 40% of your grade, and the final items but no more than seven items each day. 

exam is worth 60%. If your midterm exam grade is 84 and 

your final exam grade is 94, calculate your final average. a) How many items did Matthew purchase each day? 


(Note: There is more than one correct answer.) 
56. Grade Point Average In a four-point grade system, an A 
corresponds to 4.0 points, a B corresponds to 3.0 points, b) Determine the mean, median, and mode for your 
a C corresponds to 2.0 points, and a D corresponds to 1.0 answer to part (a). 
] points. No points are awarded for an F. Last semester, 
Tanya Reeves received a B in a four-credit hour course, Internet/Research Activity 


an A ina three-credit hour course, aC ina three-credit 59. Two other measures of location that we did not mention in 
hour course, and an A in another three-credit hour course. esc aentet Ait ont: and deciles. Use statistics books 
Grade point average (GPA) is calculated as a weighted books on educational testing and measurements, and Internet 
average using the credit hours as weights and the number Web sites to write a report on what stanines and deciles are 
and when percentiles, quartiles, stanines, and deciles are used. 


SECTION 13.5 | Measures of Dispersion 


Measures of central tendency by themselves do not always give sufficient infor- 
mation to analyze a situation and make decisions. For example, suppose Apple 
Computer is considering two companies to produce batteries for its iPads. Testing 
shows that Company A batteries have a mean life of 10 hours. Company B batteries 
have a mean life of 9.5 hours. If both manufacturers’ batteries cost the same, which 
one should be purchased? The average battery life may not be the most important 
factor. If half of Company A batteries last only 5 hours, while half last 15 hours, 


& The average life span of a tablet 
PC battery may not be enough 
information to make a sound last between 9.0 and 10.0 hours, the batteries are more consistent and reliable. 


there is a large variability in the life of the batteries. If all of Company B batteries 


purchasing decision. This example illustrates the importance of knowing something about the spread, 
or variability, of the data. In this section we will discuss two measures of variability 


or dispersion. 


FD This is Important Knowing the spread, or variability of a set of data helps us make 
accurate conclusions about the set of data. 
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x x x 
papa bi 


Figure 13.16 


KG a A AGS) 


ane of dispersion are used to measure the variability of the data, including the 
spread of the data, and how the data varies about the mean. The range and standard 
deviation* are the measures of dispersion that will be discussed in this section. 


Range and Standard Deviation 


The range is the difference between the highest and lowest values; it indicates the 
total spread of the data. 


Range 
The range of a set of data can be calculated using the following formula. 


Range = highest value — lowest value 


Example §f] Determine the Range 


The amount of caffeine, in milligrams, of 10 different soft drinks is given below. 
Determine the range of these data. 


38, 43, 26, 80, 55, 34, 40, 30, 35, 43 


Range = highest value — lowest value = 80 — 26 = 54. The range of 
the amounts of caffeine is 54 milligrams. a 


The second measure of dispersion we discuss in this section, the standard de- 
viation, measures how much the data differ from the mean. It is symbolized either 
by the letter s or by the Greek letter sigma, o.' The s is used when the standard de- 
viation of a sample is calculated. The o is used when the standard deviation of the 
entire population is calculated. Since we are assuming that all data presented in 
this section are for samples, we use s to represent the standard deviation (note, 
however, that on the height and weight charts on page 814, o is used). 

The larger the variability of the data about the mean, the larger the standard 
deviation is. Consider the following two sets of data. 


3h, 2), NO, IO Ss, 9), HO), 1), 1h 


Both have a mean of 9.5. Which set of values on the whole do you believe differs less 
from the mean of 9.5? Figure 13.16 may make the answer more apparent. The scores 
in the second set of data are closer to the mean and therefore have a smaller standard 
deviation. You will soon be able to verify such relationships yourself. 

Sometimes only a very small standard deviation is desirable or acceptable. 
Consider a cereal box that is to contain 8 oz of cereal. If the amount of cereal put into 
the boxes varies too much—sometimes underfilling, sometimes overfilling—the 
manufacturer will soon be in trouble with consumer groups and government 
agencies. 

At other times, a larger spread of data is desirable or expected. For example, in- 
telligence quotients (IQs) are expected to exhibit a considerable spread about the 


“Variance, another measure of dispersion, is the square of the standard deviation. 

‘Our alphabet uses both uppercase and lowercase letters, for example, A and a. The Greek alphabet also 
uses both uppercase and lowercase letters. The symbol > is the capital Greek letter sigma, and o is the 
lowercase Greek letter sigma. 
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mean because everyone is different. The following procedure explains how we deter- 
mine the standard deviation of a set of data. 


cele) 8] ia TO DETERMINE THE STANDARD DEVIATION 
OF A SET OF DATA 


. Determine the mean of the set of data. 
. Make a chart having three columns: 
Data Data — Mean (Data — Mean)? 
3. List the data vertically under the column marked Data. 


Subtract the mean from each piece of data and place the difference in the 
Data — Mean column. 


Square the values obtained in the Data — Mean column and record these values 
in the (Data — Mean)? column. 


6. Determine the sum of the values in the (Data — Mean)? column. 


7. Divide the sum obtained in Step 6 by n — 1, where n is the number of pieces of 
data.” 


. Determine the square root of the number obtained in Step 7. This number is the 
standard deviation of the set of data. 


Example 2 illustrates the procedure to follow to determine the standard deviation 
of a set of data. 


Example 4 Determine the Standard Deviation 


A veterinarian in an animal hospital recorded the following life spans of selected 
Labrador retrievers (to the nearest year): 


EOS Miele a 1S 12 


Determine the standard deviation of the life spans. 


First determine the mean: 


Sx 7+94114+15+18+12 72 
n 6 6 


x= 


= 12 


Next construct a table with three columns, as illustrated in Table 13.4 on page 810, 
and list the data in the first column (it is often helpful to list the data in ascending or 
descending order). Complete the second column by subtracting the mean, 12 in this 
case, from each piece of data in the first column. 

The sum of the values in the Data — Mean column should always be zero; if 
not, you have made an error. (If a rounded value of x is used, the sum of the values 
in the Data —- Mean column will not always be exactly zero; however, the sum will 
be very close to zero.) 


*To determine the standard deviation of a sample, divide the sum of (Data — Mean)? column by n — 1. 
To find the standard deviation of a population, divide the sum by n. In this book, we assume that the set 
of data represents a sample and divide by n — 1. The quotient obtained in Step 7 represents a measure of 
dispersion called the variance. 
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MATHEMATICS TODAY 


Statistics and Opera Houses 


Sydney Opera House in Sydney, Australia 


rchitects have developed a 

mathematical rule based on 
statistics to help them construct 
opera houses with exceptional 
acoustics. The rule was first devel- 
oped by having conductors rate 
the overall sound quality in 23 op- 
era houses. Then acoustical engi- 
neers measured several acoustical 
properties in those 23 buildings. By 
using statistical analysis, the engi- 
neers were able to determine 
which combination of properties 
produced exceptional sound and 
which of the acoustic characteris- 
tics were most important. This 
mathematical rule is now used in 
the development of new opera 
houses. 


This is Important Statistics 
is used is many different profes- 
sions including architecture and 
engineering. 


Table 13.4 
Data‘ Data~ Mean (Data ~ Mean)? _ 
7 7-12 =-5 
9 9-12=-3 
11 11-12=-1 
12 12-12= 0 
15 [S52 = 3 
18 18 —12= 6 
[arene ee eauee ee | 


Next square the values in the second column and place the squares in the third 
column (Table 13.5). 


Table 13.5 
‘Data Data—Mean ——(Data — Mean)? __ 
i we (2S) 5)(=5)= 25 
9 =3 (—3)* = (-3)(-3) = 9 
11 —1 (-1 = (-1)(-1) = 1 
12 0 (0? =(0)0) = 0 
15 3 G6)? =G)G) = 9 
18 oft (6° = (6)(6) = = 36 
0 80 


Add the squares in the third column. In this case, the sum is 80. Divide this 
sum by one less than the number of pieces of data (n — 1). In this case, the number 
of pieces of data is 6. Therefore, we divide by 5 and get 


80 

5 
Finally, take the square root of this number. Since V 16 = 4, the standard devia- 
tion, symbolized s, is 4. | 


Now we will develop a formula for determining the standard deviation of a set of 
data. If we call the individual data x and the mean x, we could write the three column 
heads Data, Data — Mean, and (Data — Mean)? in Table 13.4 as 

cy, x—Xx (x — x)" 
Let’s follow the procedure we used to obtain the standard deviation in Example 2. We 
found the sum of the (Data — Mean)” column, which is the same as the sum of the 
(~- x)" column. We can represent the sum of the (x - x) column by using the sum- 
mation notation, S(x — x). Thus, in Table 13.5, =(x — x)? = 80. We then divided 
this number by | less than the number of pieces of data, n — 1. Thus, we have 


Xx — x)? 


ips | 


*16 is the variance, symbolized s*, of this set of data. 
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Finally, we took the square root of this value to obtain the standard deviation. 


Example [&§ Determine the Standard Deviation of Stock Prices 


The following are the prices of nine stocks on the New York Stock Exchange. 
Determine the standard deviation of the prices. 


$17, $28, $32, $36, $50, $52, $66, $74, $104 


The mean, x, is 


SD Se Sg 28 82-k 36450152 + 66474" 104" 459 
? n 9 9 
The mean is $51. 


Table 13.6 


PEDROS 
pe euler 


Table 13.6 shows us that S(x — x)? = 5836. Since there are nine pieces of data, 


n-1=9-—1,or8. 


aay 
f= a = = = V7295 ~ 27.01 
\ eee V 


The standard deviation, to the nearest tenth, is $27.01. 
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Warm Up Exercises 


word, phrase, or symbol(s). 


Exercises 


Standard deviation will be used in Section 13.6 to find the percent of data be- 
tween any two values in a normal curve. Standard deviations are also often used in 
determining norms for a population (see Exercise 29). 


TECHNOLOGY TIP 
In this Technology Tip, we will explain how to find the standard deviation using Excel as well 
as with the TI-83 Plus and TI-84 Plus graphing calculators. In our illustration, we will use the 
data from Example 3 on page 811, which represent the prices of nine stocks on the New 
York Stock Exchange. 


EXCEL 

The instructions used to determine the standard deviation are very similar to those used to 
determine the mean in the Technology Tip on page 802 in Section 13.4. Please read that 
material now. Then enter the nine piece of data in columns A1-A9 and press the Enter key. 
Now select the following: 


Insert > Function... > Statistical > STDEV 


Then click the |OK] box. The program will then generate a gray box where you need to en- 
ter the data. In the area to the right of Number1 you need to enter the data for which you 
want to find the standard deviation. Since you have already entered the data in column A, 
rows 1 to 9, if A1:A9 is not already listed, you can enter A1:A9 in the area to the right of 
Number 1. At the bottom of the gray box, Formula Results = 27.00925767, which is the 
standard deviation, is displayed. If you click OK, Excel will place the standard deviation in 
cell A10. 


TI-83 PLUS AND TI-84 PLUS GRAPHING CALCULATORS 

To find the standard deviation on Texas Instruments graphing calculators, follow the 
instructions for finding the mean in the Technology Tip on page 802 in Section 13.4. 
As explained there, press |STAT| |>| [EDIT] |>] [ENTER |, Remove existing data by 
highlighting L1 and then pressing | CLEAR | |>| | ENTER|. Then enter the nine pieces of 
data, pressing the Enter key after each entry. Then press|STAT| [>| [CALC] |>] [ENTER 
>| | ENTER |. The fourth statistic down is S, = 27.00925767. This value is the standard 
deviation. 


Practice the Skills 


In Exercises 1-6, fill in the blank with an appropriate In Exercises 7-14, determine the range and standard devi- 


ation of the set of data. When appropriate, round standard 
deviations to the nearest hundredth. 


1. Measures of dispersion are used to indicate the spread or 
of the data. Te iS oi IPAS 17/ 
2. The difference between the highest and lowest values in a RP asp, 15), WO, Oi, 1) 


set of data is called the 


O30 STS IS2 1851341350136 


3. The measure of dispersion that measures how much the data 

differ from the mean is called the LOB NT ASal2 30298 ll aon, 
4. The symbol, a, is used to indicate the standard deviation 11. 4, 8, 9, 11, 13, 15 

of a(n) 


. The symbol, s, is used to indicate the standard deviation of 


a(n) 


. The standard deviation of a set of data in which all the data 


values are the same is 


Ibs, ©), 9) OO.) 
BS 1, 1 DO, WO, 2 


14. 60, 58, 62, 67, 48, 51, 72, 70 


Problem Solving 


15. 


16. 


17. 


Digital Cameras Determine the range and standard devia- 
tion of the following prices of selected digital cameras: 
$158, $95, $175, $180, $95, $129, $228, $300. 


Years Until Retirement Seven employees at a large 
company were asked the number of additional years they 
planned to work before retirement. Their responses were 
10, 23, 28, 4, 1, 6, 12. Determine the range and standard 
deviation of the number of years. 


Camping Tents Determine the range and standard devia- 
tion of the following prices of selected camping tents: 
$109, $60, $80, $60, $210, $250, $60, $100, $115. 


18. 


19. 


21. 


be 
be 


bo 
we 


24. 


Prescription Prices The amount of money seven people 
spent on prescription medication in a year are as follows: 
$600, $100, $850, $350, $250, $140, $300. Determine the 
range and standard deviation of the amounts. 


Can you think of any situations in which a large standard 
deviation may be desirable? 


. Can you think of any situations in which a small standard 


deviation may be desirable? 


Without actually doing the calculations, decide which, if 
either, of the following two sets of data will have the greater 
standard deviation. Explain why. 


10, 13, 145 15,175.21 LG DT TS LS Lo) 


. Without actually doing the calculations, decide which, 


if either, of the following two sets of data will have the 
greater standard deviation. Explain why. 


2,4,6,8,10 102, 104, 106, 108, 110 


. By studying the standard deviation formula, explain why 


the standard deviation of a set of data will always be 
greater than or equal to 0. 


Patricia Wolff teaches two statistics classes, one in the 
morning and the other in the evening. On the midterm 
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exam, the morning class had a mean of 75.2 and a stan- 
dard deviation of 5.7. The evening class had a mean of 
75.2 and a standard deviation of 12.5. 


a) How do the means compare? 


b) If we compare the set of scores from the first class 
with those in the second class, how will the distribu- 
tions of the two sets of scores compare? 


25. Count Your Money Six people were asked to deter- 


mine the amount of money they were carrying, to the 
nearest dollar. The results were 


$32, $60, $14, $25, $5, $68 


a) Determine the range and standard deviation of the 
amounts. 


b) Add $10 to each of the six amounts. How do you ex- 
pect the range and standard deviation of the new set of 
data to change? 


c) Determine the range and standard deviation of the 
new set of data. Do the results agree with your an- 
swer to part (b)? If not, explain why. 


26. a) Adding to or Subtracting from Each Number Pick 


any five numbers. Compute the mean and the stan- 
dard deviation of this distribution. 


b) Add 20 to each of the numbers in your original distri- 
bution and compute the mean and the standard devia- 
tion of this new distribution. 


c) Subtract 5 from each number in your original distri- 
bution and compute the mean and standard deviation 
of this new distribution. 


d) What conclusions can you draw about changes in 
the mean and the standard deviation when the same 
number is added to or subtracted from each piece of 
data in a distribution? 


e) How will the mean and standard deviation of the num- 
bers 8, 9, 10, 11, 12, 13, 14 differ from the mean and 
standard deviation of the numbers 648, 649, 650, 651, 
652, 653, 654? Determine the mean and standard devia- 
tion of both sets of numbers. 


27. a) Multiplying Each Number Pick any five numbers. 


Compute the mean and standard deviation of this dis- 
tribution. 


b) Multiply each number in your distribution by 3 and 
compute the mean and the standard deviation of this 
new distribution. 


c) Multiply each number in your original distribution by 
9 and compute the mean and the standard deviation 
of this new distribution. 
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d) What conclusions can you draw about changes in the 
mean and the standard deviation when each value in a 
distribution is multiplied by the same number? 


e) The mean and standard deviation of the distribution 1, 
3, 4, 4, 5, 7 are 4 and 2, respectively. Use the conclu- 
sion drawn in part (d) to determine the mean and stan- 
dard deviation of the distribution 


5), ley ADS AU soe) 


28. Waiting in Line Consider the following illustrations of 
two bank-customer waiting systems. 


Old system Bank A 


BAO Customers 


New system Bank B 


Teller 1 Teller 2 Teller B 
oa ee] 


BAO Customers [Tellers 


a) How would you expect the mean waiting time in Bank 
A to compare with the mean waiting time in Bank B? 


b) How would you expect the standard deviation of waiting 
times in Bank A to compare with the standard deviation 
of waiting times in Bank B? 


29. Height and Weight Distribution The chart shown on the 
right uses the symbol o to represent the standard devia- 


tion. Note that 20 represents the value that is two standard 


deviations above the mean; —2o represents the value that 
is two standard deviations below the mean. The unshaded 


areas, from two standard deviations below the mean to two 


standard deviations above the mean, are considered the 


normal range. For example, the average (mean) 8-year- 
old boy has a height of about 50 inches, but any heights 
between approximately 45 inches and 55 inches are 
considered normal for 8-year-old boys. Refer to the chart 
below to answer the following questions. 


Boys’ physical development, 1-18 years 


[ | 


1 ToS, will, Moe tSoedlifilts 
Age in years 
*Supine length to 6 years, standing height from 6 to 18 years 


a) What happens to the standard deviation for weights of 
boys as the age of boys increases? What is the signifi- 
cance of this fact? 


b) At age 16, what is the mean weight, in pounds, of 
boys? 


c) What is the approximate standard deviation of boys’ 
weights at age 16? 


d) Determine the mean weight and normal range for boys 
at age 13. 


e) Determine the mean height and normal range for boys 
at age 13. 


f) Assuming that this chart was constructed so that ap- 
proximately 95% of all boys are always in the normal 
range, determine what percentage of boys are not in 
the normal range. 


Challenge Problems/Group Activities 
30. Athletes’ Salaries The tables on page 815 list the 


10 highest-paid athletes in Major League Baseball and in 
the National Football League. 


Major League Baseball (2010 Season) 


| i. Alex Rodriguez 33.0 
| Moen. Sabathia * 24.3 
| ao: Deckjece 22.6 
4, Mark Teixeira 20.6 
| 5, Joken Semana 20.1 

6. Whiguen Cope 20.0 
7. Carlosmeien 19.4 
|g en onan 19.0 
ee a 
ii ic Alfonse Sonane 19.0 

ten we 

Source: Major League Baseball Players Association 


Nationa! Football League (2009-2010 season) 


mover tions of datas) 
i. Philip Rivers 25.6 
2. Jay Guiles ne 22.0 
3 a Bi Mandige 20.5 
4. Kurt Water 19.0 
| 3 eeivini ences WES) 
“6. Matt Schaufh 17.0 
1. I ling Peres 16.7 
‘ Sichis ane 16.6 
9, ae jain 16.3 
0. inntontorsuieh 155 


Source: National Football League Players Association 


Without doing any calculations, which do you believe 
is greater, the mean salary of the 10 baseball players or 
the mean salary of the 10 football players? 


Without doing any calculations, which do you believe 

is greater, the standard deviation of the salary of the 10 
baseball players or the standard deviation of the salary 

of the 10 football players? 


31. 
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c) Compute the mean salary of the 10 baseball players and 
the mean salary of the 10 football players and deter- 
mine whether your answer in part (a) was correct. 


d) Compute the standard deviation of the salary of the 10 
baseball players and the standard deviation of the sal- 
ary of the 10 football players and determine whether 
your answer in part (b) is correct. Round each mean to 
the nearest tenth to determine the standard deviation. 


Oil Change Jiffy Lube has franchises in two different 
parts of a city. The number of oil changes made daily, for 
25 days, is given below. 


East Store West Store 
BSD. 2s 042 380 F46) 438)" .387930 
I ZI iby PIP By Sir aks Sih hii 
Ay PH Sih Sih PP 39 36 40 37 47 
40 67 38 44 43 30 34 42 45 29 
1S; 31 49 41 35 31 46 28 45 48 


a) Construct a frequency distribution for each store with a 
first class of 15—20. 


b) Draw a histogram for each store. 


c) Using the histogram, determine which store appears to 
have a greater mean, or do the means appear about the 
same? Explain. 


d) Using the histogram, determine which store appears to 
have the greater standard deviation. Explain. 


e) Calculate the mean for each store and determine whether 
your answer in part (c) was correct. 


f) Calculate the standard deviation for each store and de- 
termine whether your answer in part (d) was correct. 


Recreational Mathematics 


32. 


33. 


Calculate the range and standard deviation of your exam 
grades in this mathematics course. Round the mean to the 
nearest tenth to calculate the standard deviation. 


Construct a set of five pieces of data with a mean, 
median, mode, and midrange of 6 and a standard deviation 
of 0. 


Internet/Research Activity 


34. 


Use a calculator with statistical function keys to find 
the mean and standard deviation of the salaries of the 10 
Major League Baseball players and the 10 National 
Football League players in Exercise 30. 
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SECTION 13.6 | !he Normal Curve 


A Some sets of data, such as exam 
grades, may form a bell-shaped 
distribution. 


Suppose your mathematics teacher states that exam scores for the previous exam 
followed a bell-shaped distribution and that your score was 1.5 standard deviations 
above the mean. How does your exam grade compare with the exam grades of 
your classmates? What percentage of students in your class had exam grades below 
your exam grade? In this section, we will discuss sets of data that form bell-shaped 
distributions and learn how to determine the percentage of data that fall below a 


particular piece of data in the set of data. 


| Why is Important There are many real-life applications, such as IO scores, heights 
and weights of males, heights and weights of females, and wearout mileage of automo- 
bile tires, that have a bell-shaped distribution. 


hen examining data using a histogram, we can refer to the overall appearance 

of the histogram as the shape of the distribution of the data. Certain shapes of 
distributions of data are more common than others. In this section, we will illustrate 
and discuss a few of the more common ones. In each case, the vertical scale is the 
frequency and the horizontal scale is the observed values. 

In a rectangular distribution (Fig. 13.17), all the observed values occur with the 
same frequency. If a die is rolled many times, we would expect the numbers 1—6 to 
occur with about the same frequency. The distribution representing the outcomes of 
the die is rectangular. 


Frequency 


Rectangular 
distribution 


Values 


Figure 13.17 


In J-shaped distributions, the frequency is either constantly increasing 
(Fig. 13.18(a)) or constantly decreasing (Fig. 13.18(b)). The number of hours studied 
per week by students may have a distribution like that in Fig. 13.18(b). The bars 
might represent (from left to right) 0-5 hours, 6-10 hours, 11-15 hours, and so on. 


J-shaped Distributions 


(a) (b) 


Figure 13.18 


Bimodal 
distribution 


wre T3542 
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A bimodal distribution (Fig. 13.19) is one in which two nonadjacent values oc- 
cur more frequently than any other values in a set of data. For example, if an equal 
number of men and women were weighed, the distribution of their weights would 
probably be bimodal, with one mode for the women’s weights and the second for the 
men’s weights. For a distribution to be considered bimodal, both modes need not have 
the same frequency but they must both have a frequency greater than the frequency of 
each of the other values in the distribution. 

The life expectancy of lightbulbs has a bimodal distribution: a small peak very 
near O hours of life, resulting from the bulbs that burned out very quickly because of a 
manufacturing defect, and a much higher peak representing the nondefective bulbs. A 
bimodal frequency distribution generally means that you are dealing with two distinct 
populations, in this case, defective and nondefective lightbulbs. 

Another distribution, called a skewed distribution, has more of a “tail” on one 
side than the other. A skewed distribution with a tail on the right (Fig. 13.20(a)) is 
said to be skewed to the right. If the tail is on the left (Fig. 13.20(b)), the distribution 
is referred to as skewed to the left. 


Skewed to 
the left 


Skewed to 
the right 


Figure 13.20 


The number of children per family might be a distribution skewed to the right. 
Some families have no children, more families may have one child, the greatest per- 
centage may have two children, fewer may have three children, still fewer may have 
four children, and so on. 

Since few families have high incomes, distributions of family incomes might be 
skewed to the right. 

Smoothing the histograms of the skewed distributions shown in Fig. 13.20 to 
form curves gives the curves illustrated in Fig. 13.21. 


Skewed to Skewed to 
the right the left 


(a) (b) 


Figure 13.21 


In Fig. 13.21(a), the greatest frequency appears on the left side of the curve and 
the frequency decreases from left to right. Since the mode is the value with the great- 
est frequency, the mode would appear on the left side of the curve. 

Every value in the set of data is considered in determining the mean. The values 
on the far right side of the curve in Fig. 13.21(a) would tend to increase the value of 
the mean. Thus, the value of the mean would be farther to the right than the mode. 


818 CHAPTER 13 Statistics 


Did You Know? 


What Conclusions 
Can You Draw? 


0 200 400 600. 800 
Math scores 


B see on the figure, which 
shows the distribution of 
scores on the mathematics part of 
the SAT test for two different cities, 
can we say that any given person 
selected at random from city B has 
outperformed any given person se- 
lected at random from city A? Both 
distributions appear normal, and 
the mean of city A is slightly smaller 
than the mean of city B. Consider, 
however, two randomly selected 
students who took this test: Sally 
from city A and Kendra from city 
B. The graph shows that many 
students in city A outperformed 
students from city B, so we cannot 
conclude that Sally scored higher 
than Kendra or that Kendra scored 
higher than Sally. 


(a) 


Figure 13.24 


The median would be between the mode and the mean. The relationship between the 
mean, median, and mode for curves that are skewed to the right and left is given in 
Fig. 13.22. 


Skewed to 
the left 


Skewed to 
the right 


Mean 
Median 


Median 
(a) (b) 


Figure 13.22 


Normal Distributions 


Each of these distributions is useful in describing sets of data. However, the most 
important distribution is the normal or Gaussian distribution, named for German 
mathematician Carl Friedrich Gauss. The histogram of a normal distribution is 
illustrated in Fig. 13.23. 


Normal 
distribution 


Figure 13.23 


The normal distribution is important because many sets of data are normally 
distributed or closely resemble a normal distribution. Such distributions include intel- 
ligence quotients, heights and weights of males, heights and weights of females, 
lengths of full-grown boa constrictors, weights of watermelons, wearout mileage of 
automobile brakes, and life spans of refrigerators, to name just a few. 

The normal distribution is symmetric about the mean. If you were to fold the his- 
togram of a normal distribution down the middle, the left side would fit the right side 
exactly. In a normal distribution, the mean, median, and mode all have the same 
value. 

When the histogram of a normal distribution is smoothed to form a curve, the 
curve is bell-shaped. The bell may be high and narrow or short and wide. Each of the 
three curves in Fig. 13.24 represents a normal curve. Curve 13.24(a) has the smallest 
standard deviation (spread from the mean); curve 13.24(c) has the largest. 


Properties of a Normal Distribution 

¢ The graph of a normal distribution is called a normal curve. 

¢ The normal curve is bell-shaped and symmetric about the mean. 

¢ The mean, median, and mode of a normal distribution all have the same value 
and all occur at the center of the distribution. 


Profile In Mathematics © 


David Blackwell (1919-2010) 


FR NEO | 


. 


Bie H. Blackwell, (1919-2010), 
professor of statistics, was the 
author of mare than 90 publications 
on statistics, probability, game the- 
ory, set theory, dynamic program- 
ming, anc information theory. 
Blackwell, past president of the 
American Statistical Society, was the 
first African-American elected to 
the National Academy of Sciences. 
When he received his Ph.D. in math- 
ematics from the University of 
Illinois in 1941, he was only the sixth 
African-American to receive a doc- 
torate in mathematics in the United 
States. 

Blackwell taught both at the 
Institute for Advanced Study at 
Princeton University and at Howard 
University. 

In 1954, he joined the Depart- 
ment of Statistics at the University 
of California, Berkeley. Blackwell, 
who taught a wide variety of math- 
ematics courses, said, “Basically, 
|'m not interested in doing research 
and | never have been. I'm inter- 
ested in understanding, which is 
quite a different thing.” 
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Since the curve representing the normal distribution is symmetric, 50% of the 
data always falls above (to the right of) the mean and 50% of the data falls below (to 
the left of) the mean. In addition, every normal distribution has approximately 68% 
of the data between the value that is one standard deviation below the mean, and 
the value that is one standard deviation above the mean, see Fig. 13.25. 
Approximately 95% of the data falls between the value that is two standard devia- 
tions below the mean and the value that is two standard deviations above the mean. 
Approximately 99.7% of the data falls between the value that is three standard de- 
viations below the mean, and the value that is three standard deviations above the 
mean. These three percentages, 68%, 95%, and 99.7%, are used in what is referred 
to as the empirical rule. 


One standard deviation 
above the mean 


One standard deviation 
below the mean 


Two standard deviations 
above the mean 


Two standard deviations 
below the mean 


Three standard deviations 
above the mean 


Three standard deviations 
below the mean 


Figure 13.25 


Thus, if a normal distribution has a mean of 100 and a standard deviation of 10, 
then approximately 68% of all the data falls between 100 — 10 and 100 + 10, or 
between 90 and 110. Approximately 95% of the data falls between 100 — 20 and 
100 + 20, or between 80 and 120, and approximately 99.7% of the data falls between 
100 — 30, and 100 + 30, or between 70 and 130. 

The empirical rule is summarized as follows. 


Example §i§ Applying the Empirical Rule 


The cholesterol levels for females are normally distributed. In a random sample of 
500 females, determine the approximate number of females in the sample who are 
expected to have a cholesterol level 

a) within one standard deviation of the mean. 


b) within two standard deviations of the mean. 


a) By the empirical rule, about 68% of females have a cholesterol level within one 
standard deviation of the mean. Since there are 500 females in the sample, the 
number of females expected to have a cholesterol level within one standard de- 
viation of the mean is 


68% X 500 = 0.68 x 500 = 340 
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MATHEMATICS TODAY 


Six Sigma 


Men companies use a process 
called Six Sigma, a quality- 


control strategy, to help the com- 
pany improve quality and reduce 
errors. Six Sigma refers to an inter- 
val in a normal distribution from six 
standard deviations below the 
mean to six standard deviations 
above the mean. As 99.9997% of a 
normal distribution is within six 
standard deviations of the mean, 
Six Sigma means the company’s 
goal is to produce error-free 
products 99.9997% of the time. 
Companies such as General Electric 
(GE), Whirlpool, and Motorola have 
all reported success after imple- 
menting Six Sigma. GE estimates 
that by using Six Sigma, it was able 
to save approximately $30 billion 
during the first 6 years of imple- 
mentation. Thousands of compa- 
nies worldwide now use Six Sigma. 


This is Important Many 
companies use statistics to improve 
quality control and reduce costs. 


Therefore, about 340 females are expected to have a cholesterol level within one 
standard deviation of the mean. 


b) By the empirical rule, about 95% of females have a cholesterol level within two 
standard deviations the mean. Since there are 500 females in the sample, the 
number of females expected to have a cholesterol level within two standard devia- 
tions of the mean is 


95% X 500 = 0.95 X 500 = 475 


Therefore, about 475 females are expected to have a cholesterol level within two 
standard deviations of the mean. r 


z-Scores 


Now we turn our attention to z-scores. We use z-scores (or standard scores) to de- 
termine how far, in terms of standard deviations, a given data value is from the 
mean of the distribution. For example, a data value that has a z-score of 1.5 indi- 
cates the data value is 1.5 standard deviations above the mean. The standard score 
or z-score is calculated as follows. 


z-Scores or Standard Scores 
The formula for finding z-scores or standard scores is 


value of the piece of data — mean 
eNotes Te 
standard deviation 


In this book, the notation z, represents the z-score, or standard score, of the value x. 
For example, if a normal distribution has a mean of 86 with a standard deviation of 12, a 
score of 110 has a standard score or z-score of 


110 = 86 _ 24 


Sas Se D 
12 1. 


Z110 — 


Therefore, a value of 110 in this distribution has a z-score of 2 and is two standard 
deviations above the mean. 

Data below the mean will always have negative z-scores; data above the mean 
will always have positive z-scores. The mean will always have a z-score of 0. 


Example BJ Finding z-Scores 


A normal distribution has a mean of 80 and a standard deviation of 10. Determine 
z-scores for the following values. 


a) 90 b) 95 c) 80 d) 64 
a) 


value — mean 


~~ standard deviation 


90-80 10 
= 10 10 


| 


Z-SCOres 


Figure TZ. 


1.19 


Z-SCOTES 
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A value of 90 has a z-score of 1. Therefore, a value of 90 is one standard deviation 
above the mean. 


95-80 15 _ 


b) L055 4, iS 


A value of 95 has a z-score of 1.5, and is 1.5 standard deviations above the mean. 


80 — 80 0 
Zg0 = = =0 
8) at E40 10 
The mean always has a z-score of 0. 
64-80 —16 
d = a =-l. 
om 10 10 = 


A value of 64 has a z-score of —1.6, and is 1.6 standard deviations below the 
mean. | 


If we are given any normal distribution with a known mean and standard 
deviation, it is possible through the use of Table 13.7 on pages 822 and 823 (the 
z-table) to determine the percent of data between any two given values. The total 
area under any normal curve is 1.00. Table 13.7 will be used to determine the 
cumulative area under the normal curve that lies to the left of a specified z-score. 
We will use Table 13.7(a) when we wish to determine area to the left of a negative 
z-score, and we will use Table 13.7(b) when we wish to determine area to the left 
of a positive z-score. 

Example 3 illustrates the procedure to follow when using Table 13.7 to deter- 
mine the area under the normal curve. When you are determining the area under 
the normal curve, it is often helpful to draw a picture and shade the area to be 
determined. 


Example 3 Determining the Area Under the Normal Curve 


Determine the area under the normal curve 
a) to the left of z = —1.00. 

b) to the left of z = 1.19. 

c) to the right of z = 1.19. 

d) between z = —1.62 and z = 2.57. 


Solution | 


a) To determine the area under the normal curve to the left of z = —1.00, as il- 
lustrated in Fig. 13.26, we use Table 13.7(a) since we are looking for an area 
to the left of a negative z-score. In the upper-left corner of the table, we see 
the letter z. The column under z gives the units and the tenths value for z. To 
locate the hundredths value of z, we use the column headings to the right of 
z. In this case, the hundredths value of z = —1.00 is 0, so we use the first 
column labeled .00. To determine the area to the left of z = —1.00, we use 
the row labeled —1.0 and move to the column labeled .00. The table entry, 
.1587, is circled in blue. Therefore, the total area to the left of z = —1.00 
is 0.1587 


b) To determine the area under the normal curve to the left of z= 1.19 (Fig. 13.27), 
we use Table 13.7(b) since we are looking for an area to the left of a positive 


z-score. We first look for 1.1 in the column under z. Since the hundredths value 
Continued on p.824 
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| 
l 
1 
Zz 0 


Table entry for z is the area to the 
left of z. 


Table 13.7 Areas of a Standard Normal Distribution 


Zz 
3.4 
= 315) 
Sy 
aah 
3.0 
=2.9 
—2.8 
—2.7 
0) 
=e 
| —2.4 
XS} 
=D) 
Sk 
—2.0 
le) 
-1.8 
Sly 
=I 
—1.5 
-1.4 
sales 
12. 
Sil 
= 
—0.9 
—0.8 
a7) 
-0.6 
—0.5 
—0.4 
-0.3 
=). 
—0.1 
—0.0 


— 


00 
.0003 
.0005 
.0007 
.0010 
.0013 
0019 
.0026 
.0035 
.0047 
.0062 
.0082 
0107 
0139 
0179 
0228 
0287 
0359 
0446 
0548 
.0668 
.0808 
.0968 
alitisys| 
1357 
1841 
2119 
2420 
2743 
3085 
3446 
.3821 
4207 
4602 
5000 


01 


02 


.03 


04 


.0003 
0005 
.0007 
.0009 
0013 
0018 
.0025 
.0034 
0045 
.0060 
0080 
.0104 
.0136 
.0174 
0222 
0281 
0351 
.0436 
0537 
.0655 
0793 
0951 
Si HITsh 
a335) 
1562 
1814 
.2090 
.2389 
.2709 
3050 
3409 
3783 
4168 
4562 
4960 


0003 
.0005 
.0006 
.0009 
.0013 
0018 
.0024 
.0033 
0044 
0059 
.0078 
.0102 
0132 
.0170 
0217 
.0274 
.0344 
0427 
.0526 
0643 
.0778 
0934 
el 2 
1314 
539 
1788 
.2061 
.2358 
.2676 
3015 
se 
3745 
4129 
4522 
4920 


.0003 
.0004 
.0006 
.0009 
0012 
0017 
.0023 
.0032 
.0043 
0057 
0075 
0099 
.0129 
.0166 
0212 
.0268 
.0336 
0418 
0516 
.0630 
.0764 
.0918 
1093 
lO? 
silovilis) 
1762 
2038) 
2327 
.2643 
2981 
3336 
3707 
4090 
4483 
4880 


.0003 
.0004 
.0006 
.0008 
0012 
.0016 
.0023 
0031 
0041 
.0055 
.0073 
0096 
0125 
.0162 
.0207 
.0262 
0329 
.0409 
0505 
.0618 
0749 
.0901 
1075 
All AA7/AI 
1492 
.1736 
.2005 
.2296 
2611 
2947 
3300 
3669 
4052 
4443 
4840 


(a) Table of Areas to the Left of z When z is Negative 


.05 


.0003 
0004 
0006 
.0008 
0011 
.0016 
.0022 
.0030 
.0040 
0054 
.0071 
.0094 
0122 
.0158 
.0202 
0256 
.0322 
0401 
0495 
.0606 
0735 
0885 
1056 
1251 
1469 
mile 
Ae 
.2266 
.2578 
29 
3264 
3632 
4013 
4404 
4801 


.06 


.0003 
.0004 
.0006 
.0008 
0011 
.0015 
0021 
0029 
.0039 
0052 
.0069 
.0091 
0119 
0154 
0197 
0250 
0314 
0392 
0485 
0594 
0721 
.0869 
1038 
.1230 
1446 
.1685 
1949 
.2236 
2546 
2877 
3228 
3594 
3974 
4364 
4761 


07 


0003. 
0004 . 
0005 . 
0008 . 
0011 
0015S. 
0021 
0028 . 
0038. 
0051 
0068 . 
0089. 
116 . 
0150 =: 
LOLS Ze 
0244 . 
0307 . 
0384 . 
0475. 
0582 . 
0708. 
0853. 
1020 . 
PANO) 3 
1423. 
1660 . 
LOD 2a. 
22. 00me 
2514 . 
2843. 
SHIRL 
Beni 
39 30Ne 
Leys) 
4721 


.0002 
.0003 
0005 
.0007 
0010 
0014 
0019 
.0026 
.0036 
.0048 
.0064 
.0084 
.0110 
0143 
0183 
.0233 
0294 
.0367 
0455 
0559 
.068 1 
.0823 
0985 
Pus 
1611 
1867 
2148 
2451 
.2776 
lA 
3483 
3859 
4247 
4641 


For z-scores less than —3.49, use 0.000 to approximate the area. 


i 
i 
a —— — = = 


0 


Table entry for zis the area to the 


left of z. 
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Table 13.7. Areas of a Standard Normal Distribution (continued) 


r 


(b) Table of Areas to the Left of z When z is Positive 
Lier tag Ohi Bega OSatpy 0405.06) 6007 
0.0 .5000 .5040 .5080 .5120 .5160 .5199 .5239 .5279 
Oa 398 N43 85 547 Ome, med95 712590) 65030) 45675 
0.2 5793 5832 .5871 .5910 .5948 .5987 .6026 .6064 
0.3. .6179 .6217 .6255 .6293 .6331 .6368 .6406 .6443 
0.4 .6554 .6591 .6628 .6664 .6700 .6736 .6772 .6808 
OSiee O91 S695 069857 019) S054 OSSme 23 41 157. 
0.6 .7257 .7291 .7324 .7357 .7389 .7422 .7454 .7486 
0.7. .7580 .7611 .7642 .7673 .7704 .7734 .7764 .7794 
0.8 .7881 .7910 .7939 .7967 .7995 .8023 .8051 .8078 
0.9 8159 .8186 .8212 .8238 .8264 .8289 .8315 .8340 
1.0 .8413 .8438 .8461 .8485 .8508 .8531 .8554 .8577 
1.1 .8643 .8665 .8686 .8708 .8729 .8749 .8770 .8790 
1.2 .8849 .8869 .8888 .8907 .8925 .8944 .8962 .8980 
T3e 903259049, 9060n 0082 S099RO IIS 29131 79147, 
AO LOD eS 2 ieee 9222 ee O23 0m O2 Sl 92056 927999292 
15 .9332 9345 .9357 °9370 .9382 .9394 .9406 .9418 
1.6 .9452 .9463 .9474 .9484 .9495 .9505 .9515 .9525 
17 929554 929564595730) 9582) 7.9591) .9599' .9608 .9616 
1.8 .9641 .9649 .9656 .9664 .9671 .9678 .9686 .9693 
Oe OF See OT NO REST Ouro 32a ooo 4429509756 
ZOO Zee O Ui Smo LS 5m oS Oto (Simo 986 9.9803) 9808 
2.1 .9821 .9826 .9830 .9834 .9838 .9842 .9846 .9850 
2.2 .9861 .9864 .9868 .9871 .9875 .9878 .9881 .9884 
2.3 .9893 .9896 .9898 .9901 .9904 .9906 .9909 .9911 
Pye SNES SAD) nn) Spy SE) SPI see Sey) 
2.5 .9938 .9940 .9941 .9943 .9945 .9946 .9948 .9949 
a) S53) S255) SEs, CMa Sse) Sit) weil eer 
2 9965 99609967 9968) .99698).9970 9971 29972 
Zo OTA oo ame 9916 9977 -9977..9978 29979), 9979 
2.9 .9981 .9982 .9982 .9983 .9984 .9984 .9985 .9985 
OOo SiO D8) eo ONES S Olen o Gon 9 959 9989 9989 
OO OOo 9 DO 2 9 299 2 992 
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5319 
5714 
.6103 
.6480 
6844 
7190 
elif 
.1823 
.8106 
8365 
8599 
8810 
8997 
.9162 
.9306 
9429 
OBY3)5) 
.9625 
.9699 
9761 
.9812 
9854 
.9887 
O98 
9934 
9951 
.9963 
09973 
.9980 
.9986 
9990 
9993 
9995 
.9996 
997 


.09 
9359 
SVS8) 
.6141 
.6517 
.6879 
.7224 
.7549 
HLODe 
.8133 
8389 
.8621 
(8830 
9015 
177 
.9319 
944] 
9545 
.9633 
.9706 
.9767 
9817 
9857 
.9890 
.9916 
.9936 
9952 
.9964 
.9974 
9981 
.9986 
.9990 
.9993 
.9995 
9997 
.9998 


For z-scores greater than 3.49, use 1.000 to approximate the area. 
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of z= 1.19 is 9, we move to the column labeled .09. Using the row labeled 1.1 
and the column labeled 0.09, the table entry is .8830, circled in green. There- 
fore, the total area to the left of z = 1.19 is 0.8830. 

To determine the area to the right of z = 1.19, we use the fact that the total area 
under the normal curve is 1. In part (b), we determined that the area to the left of 
z= 1.19 was 0.8830. To determine the area to the right of z = 1.19, we can sub- 
tract the area to the left of z= 1.19 from 1 (Fig. 13.28(a)). Therefore, the area to 
the right of z= 1.19 is 1 — 0.8830, or 0.1170. 


fo) 
~ 


oy ee 


0 1.19 z-scores -1.19 1.19 z-scores 


(a) 


> 
lox 
Sa 


Figure 13.28 


Another way to determine the area to the right of z = 1.19 is to use 
the fact that the normal curve is symmetric about the mean. Thus, the 
area to the left of a negative z-score is equal to the area to the right of a 
positive z-score. Therefore, the area to the left of z = —1.19 is equal to the 
area to the right of z = 1.19 (Fig. 13.28(b)). Using Table 13.7(a), we see 
that the area to the left of z = —1.19 is .1170. This value is circled in red 
in the table. Therefore, the area to the right of z = 1.19 is also .1170. This 
answer agrees with our answer obtained by subtracting the area to the left 
OL 7 — EL Ontrome ly: 

To determine the area between two z-scores, we subtract the smaller area 
from the larger area (Fig. 13.29). Using Table 13.7(b), we see that the 
area to the left of z = 2.57 is .9949 (Fig. 13.29(a)). Using Table 13.7(a), 
we see that the area to the left of z = —1.62 is .0526 (Fig. 13.29(b)). Thus, 
the area between z = —1.62 and z = 2.57 is 0.9949 — 0.0526, or 0.9423 
(Fig. 13.29(c)). 


0.0526 
= | = 
0.9549 f 0.9423 


0 2.57 -1.62 0 z-scores —1.62 0 2 
z-scores z-scores 


(a) (b) (c) 


d 


wa 


Figure 13.29 P| 


To change the area under the normal curve to a percent, multiply the area by 
100%. In Example 3(a), we determined the area to the left of z = —1.00 to be 0.1587. 
To change this area to a percent, multiply 0.1587 by 100%. 


0.1587 = 0.1587 X 100% = 15.87% 


Therefore 15.87% of the normal curve is less than a score that is one standard 
deviation below the mean. 
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Below, we summarize the procedure to determine the percent of data for any in- 
terval under the normal curve. 


4310449) 0) {3 TO DETERMINE THE PERCENT OF DATA BETWEEN 
ANY TWO VALUES IN A NORMAL DISTRIBUTION 


1. Draw a diagram of the normal curve, indicating the area or percent to be deter- 
mined. 
value of the piece of data — mean 


2. Use the formula z = = to convert the given 
standard deviation 


values to z-scores. Indicate these z-scores on the diagram. 


3. Look up the areas that correspond to the specified z-scores in Table 13.7. 
a) When determining the area to the left of a negative z-score, use Table 13.7(a). 


ve 10) 


b) When determining the area to the left of a positive z-score, use Table 13.7(b). 


OR 


c) When determining the area to the right of a z-score, subtract the percent of 
data to the left of the specified z-score from 100%. 


Area under entire Area to the left of z Area to the right of z 
curve = 1.0000 


Or, use the symmetry of a normal distribution. 


Be be 


ean to é left of z Area to i a of z 
(<0) (z >0) 


d) When determining the area between two z-scores, subtract the smaller area 
from the larger area. 


In the figure below, we let z, represent the smaller z-score and z, repre- 
sent the larger z-score. 


Area to the left of z, Area to the left of z, Area between z, and Z 


4. Change the areas you determined in Step 3 to percents as explained on page 824. 
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Original values 


Z-SCOres 


Figure 13.31 


2.28% 


| 
97172% 
| 


a= 


Statistics 


Example EJ IQ Scores 


Intelligence quotients (IQ scores) are normally distributed with a mean of 100 and a 
standard deviation of 15. Determine the percent of individuals with IQ scores 


a) below 115. b) below 130. 
c) below 70. d) between 70 and 115. 
e) between 115 and 130. f) above 122.5. 


a) We want to determine the area under the normal curve below the value of 115, as 
illustrated in Fig. 13.30(a). Converting 115 to a z-score yields a z-score of 1.00. 


Milby == KOO). tks 
15 15 


| | 
- we 84.13% 
ee 3) il 
ate 4 poe ss ee_ 


100 115 Original 0 1.00 z-scores 
(a) values (b) 


AS) ea — 1.00 


Figure 13.30 


The percent of individuals with IQ scores below 115 is the same as the 
percent of data below a z-score of 1.00 (Fig. 13.30(b)). Since our z-score is posi- 
tive, we use Table 13.7(b). From Table 13.7(b), we determine that the area to 
the left of a z-score of 1.00 is .8413. Therefore, 84.13% of all the IQ scores are 
below a z-score of 1.00. Thus, 84.13% of individuals have IQ scores below 115. 


b) Begin by finding the z-score for 130. 


130-100 30 
8 15 15 


= 2.00 


100 


0 


The percent of data below a z-score of 130 is the same as the percent of 
data below a z-score of 2.00 (Fig. 13.31). Using Table 13.7(b), we determine 
that the area to the left of a z-score of 2.00 is .9772. Therefore, 97.72% of the 
IQ scores are below a z-score of 2.00. Thus, 97.72% of all individuals have IQ 
scores below 130. 


Cc 


Ss 


Begin by finding the z-score for 70. 


70 - 100 _ —30 
15 15 


Z70 = = —2.00 


—2.00 
Figure 13.32 


1 


So Ofe———— 


0 


Original values 


oeccrss The percent of data below a score of 70 is the same as the percent of 


data below a z-score of —2.00 (Fig. 13.32). Since our z-score is negative, we 

use Table 13.7(a). Using the table, we determine that the area to the left of 

z = —2.00 is .0228. Therefore, 2.28% of the data is below a z-score of —2.00. 
Thus, 2.28% of all individuals have IQ scores below 70. 

In part (a), we determined that z;;5 = 1.00, and in part (c), we determined that 

279 = —2.00. The percent of data below a z-score of 1.00 is 84.13% (Fig. 13.33(a) 
on page 827). The percent of data below a z-score of —2.00 is 2.28% (Fig. 13.33(b)). 
Since we want to find the percent of data between two z-scores, we subtract the 
smaller percent from the larger percent: 84.13% — 2.28% = 81.85% (Fig. 13.33(c)). 
Thus, 81.85% of all individuals have IQ scores between 70 and 115. 


d 


SS 


13.6 The Normal Curve 827 


| 2.28% re 
84.13% | v 81.83% 
<a 


70 100 115 Original 70 100 115 Original 70 100 115 Original 
values values values 
—2.00 0 1.00 z-scores —2.00 0 1.00 z-scores —2.00 0 1.00 z-scores 
(a) (b) (c) 
Figure 13.33 
e) In part (a), we determined that z};5; = 1.00, and in part (b), we determined 


Z139 = 2.00. The percent of data below a z-score of 1.00 is 84.13%. The 
percent of data below a z-score of 2.00 is 97.72%. Since we want to find the 
percent of data between two z-scores, we subtract the smaller percent from the 
larger percent: 97.72% — 84.13% = 13.59% (Fig. 13.34). Thus, 13.59% of all 
individuals have IQ scores between 115 and 130. 


13.59% 


Begin by determining a z-score for 122.5. 


Original values 100 115 130 122.55 —100 22.5 
-scores 0 i 2 2122.5 ~ 15 i, 15 


| 
| 
i} 
} 
-h 
w— 


= 1.50 


The percent of IQ scores above 122.5 is the same as the percent of data 
above z = 1.50 (Fig. 13.35). To determine the percent of data above z = 1.50, we 
can determine the percent of data below z = 1.50 and subtract this percent from 
100%. In Table 13.7(b), we see that the area to the left of z = 1.50 is .9332. 
Therefore, 93.32% of the IQ scores are below z = 1.50. The percent of IQ scores 
above z = 1.50 are 100% — 93.32%, or 6.68%. Thus, 6.68% of all IQ scores 
are greater than 122.5. 


93.32% I 


Original values 100 122.5 
z-scores 0 NES} 


Figure 13.35 a 


Example k} Horseback Rides 


Assume that the length of time for a horseback ride on the trail at Triple R Ranch is 

normally distributed with a mean of 3.2 hours and a standard deviation of 0.4 hour. 

a) What percent of horseback rides last at least 3.2 hours? 

b) What percent of horseback rides last less than 2.8 hours? 

c) What percent of horseback rides are at least 3.7 hours? 

d) What percent of horseback rides are between 2.8 hours and 4.0 hours? 

e) In a random sample of 500 horseback rides at Triple R Ranch, how many are at 
least 3.7 hours? 


a) In a normal distribution, half the data are always above the mean. Since 3.2 
hours is the mean, half, or 50%, of the horseback rides last at least 3.2 hours. 
b) Convert 2.8 hours to a z-score. 
Di SP 
eS SS S100 
oh 0.4 
Use Table 13.7(a) to find the area of the normal curve that lies below a z-score 
of —1.00. The area to the left of z = —1.00 is 0.1587. Therefore, the percent of 
horseback rides that last less than 2.8 hours is 15.87% (Fig. 13.36). 
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89.44% 


Original values By 37 
z-scores 0 125 
Figure 13.37 


Following is a summary of some 
important items presented in this 
section. 

¢ The normal curve is symmetric 

about the mean. 

¢ The area under the normal curve 

cannot be negative. 

e Anegative z-score indicates that 
the corresponding value in the 
original distribution is less than 
the mean. 

¢ A positive z-score indicates that 
the corresponding value in the 
original distribution is greater 
than the mean. 

e Azscore of 0 indicates that the 

corresponding value in the origi- 

nal distribution is the mean. 

Table 13.7 provides the area to 

the left of a specified z-score. 

e When using Table 13.7 to deter- 
mine the area to the left of a 
specified z-score, locate the units 
value and tenths value of your 
specified z-score under the col- 
umn labeled z. Then move to the 
column containing the hundredths 
value of your specified z-score to 
obtain the area. 


c) At least 3.7 hours means greater than or equal to 3.7 hours. Therefore, we are 
seeking to find the percent of data to the right of 3.7 hours. Convert 3.7 hours to 
a z-score. 


From Table 13.7(b), we determine that the area to the left of z = 1.25 is .8944. 
Therefore, 89.44% of the data are below z = 1.25. The percent of data above 

z = 1.25 (or to the right of z = 1.25) is 100% — 89.44%, or 10.56% (Fig. 13.37). 
Thus, 10.56% of horseback rides last at least 3.7 hours. 


d) Convert 4.0 to a z-score. 


40-32 


= = 2.00 
oe 0.4 


From Table 13.7(b), we determine that the area to the left of z = 2.00 is .9772 
(Fig.13.38(a)). Therefore the percent of data below a z-score of 2.00 is 97.72%. 
From part (b), we determined that z3, = —1.00 and that the percent of data be- 
low a z-score of —1.00 is 15.87% (Fig. 13.38(b)). To find the percent of data be- 
tween a z-score of —1.00 and a z-score of 2.00, we subtract the smaller percent 
from the larger percent. Thus, the percent of horseback rides that last between 
2.8 hours and 4.0 hours is 97.72% — 15.87%, or 81.85% (Fig. 13.38(c)). 


| 
| 
97.72% 


I 
§1.85% 
Original Bee 4.0 Original 2.8 3.2 Original 2.8 3.2 4.0 
values values values 
z-scores 0 2 z-scores -l 0 z-scores -l 0 2 
(a) (b) (c) 


Figure 13.38 


e) In part (c), we determined that 10.56% of all horseback rides last at least 3.7 hours. 
We now multiply 0.1056 times the number in the random sample, 500, to 
determine the number of horseback rides that last at least 3.7 hours. There are 
0.1056 X 500 = 52.8, or approximately 53, horseback rides that last at least 
3.7 hours. a 


SECTION 13.6 : 
Exercises 


Warm Up Exercises 


In Exercises 1-12, fill in the blank with an appropriate 


word, phrase, or symbol(s). 


1. A distribution in which all the values have the same fre- 


quency is called a(n) 


2. A distribution in which the frequency is either con- a(n) 


5. A distribution in which two nonadjacent values occur 
more frequently than any other values in a set of data is 
called a(n) distribution. 


6. A normal distribution is a(n) shaped distribution. 


distribution. 7. A measure of how far, in terms of standard deviations, a 


given data value is from the mean is called a z-score or 
score. 


stantly increasing or constantly decreasing is called a(n) 


distribution. 


8. The mean of a set of data will always have a z-score of 


3. A distribution that has a “tail” on its right is skewed to the 


9. A piece of data that has a negative z-score is 
the mean. 


4, A distribution that has a “tail” on its left is skewed to the 


10. A piece of data that has a positive z-score is_________ the 
mean. 


11. According to the empirical rule, in a normal distribution, 


a) approximately % of the data lie within plus 
or minus | standard deviation of the mean, 


b) approximately % of the data lie within plus 
or minus 2 standard deviations of the mean, and 


c) approximately % of the data lie within plus 
or minus 3 standard deviations of the mean. 


12. In a normal distribution, the mean, median, and mode all 
have the same 


In Exercises 13—16, give an example of the type of distribution. 


13. Rectangular 14. Skewed 


15. J-shaped 16. Bimodal 


For the distributions in Exercises 17-20, state whether you 
think the distribution would be normal, J-shaped, bimodal, 
rectangular, skewed left, or skewed right. 


17. The wearout mileage of automobile tires 


18. The numbers resulting from tossing a die many times 
19. The number of people per household in the United States 


20. The heights of a sample of high school seniors, where 
there are an equal number of males and females 


Practice the Skills 
In Exercises 21-32, use Table 13.7 on pages 822 and 823 
to find the specified area. 


21. Above the mean 22. Below the mean 
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23. Between two standard deviations below the mean and one 
standard deviation above the mean 


24. Between 1.10 and 1.60 standard deviations above the 
mean 


25. To the right of z = 1.53 26. To the left of z = 1.62 
27. To the left of z = —1.78 28. To the right of z = —1.78 
29. Between z = —1.32 and z = —1.64 

30. To the left of z = 1.84 

31. To the left of z = —2.13 


32. To the left of z = —0.92 


In Exercises 33—42, use Table 13.7 on pages 822 and 823 
to determine the percent of data specified. 


33. Less than z = 0.71 34. Less than z = —0.82 


35. Between z = —1.34 and z = 2.24 
36. Between z = —2.18 and z = —1.90 
37. Greater than z = —1.90 

38. Greater than z = 2.66 

39. Less than z = 1.96 

40. Between z = —1.53 and z = —1.82 


41. Between z = 0.72 and z = 2.14 


ll 


42. Between z = —2.15 and z = 3.31 


Problem Solving 


Heights of Girls In Exercises 43 and 44, assume that the 
heights of 7-year-old girls are normally distributed. The 
heights of 8 girls are given in z-scores below. 


0.0 Heather —1.3 Shenice 0.0 
Carol 0.8 Kang = 122 


Emily 0.9 Jenny 
Sarah 1.7 Sadaf —0.2 


43. a) Which of these girls are taller than the mean? 
b) Which of these girls are at the mean? 
c) Which of these girls are shorter than the mean? 
44, a) Which girl is the tallest? 


b) Which girl is the shortest? 
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Police Officer’s Salaries In Exercises 45—48, assume the 
annual salaries of police officers are normally distributed 
with a mean of $50,000 and a standard deviation of $7000. 


45. Determine the percent of police officers with an annual 
salary of at least $50,000. 


46. Determine the percent of police officers with an annual 
salary between $43,000 and $64,000. 


47. Determine the percent of police officers with an annual 
salary of at least $58,750. 


48. In a random sample of 500 police officers, how many have 
an annual salary of at least $58,750. 


SAT Scores In Exercises 49-54, assume that the math- 
ematics scores on the SAT are normally distributed with a 
mean of 500 and a standard deviation of 100. 


49. What percent of students who took the test have a math- 
ematics score below 550? 


50. What percent of students who took the test have a math- 
ematics score above 650? 


51. What percent of students who took the test have a math- 
ematics score between 550 and 650? 


52. What percent of students who took the test have a math- 
ematics score below 300? 


53. What percent of students who took the test have a math- 
ematics score between 400 and 525? 


54. What percent of students who took the test have a math- 
ematics score above 380? 


Vending Machine In Exercises 55—58, a vending machine 
is designed to dispense a mean of 7.6 oz of coffee into an 
8-oz cup. If the standard deviation of the amount of coffee 
dispensed is 0.4 oz and the amount is normally distributed, 
find the percent of times the machine will 


55. dispense from 7.4 oz to 7.7 oz. 
56. dispense less than 7.0 oz. 
57. dispense less than 7.7 oz. 


58. result in the cup overflowing (therefore dispense more 
than 8 oz). 


A See Exercises 55-58 


Automobile Speed In Exercises 59-64, assume that the 
speed of automobiles on an expressway during rush hour is 
normally distributed with a mean of 62 mph and a standard 
deviation of 5 mph. 


59. What percent of cars are traveling faster than 62 mph? 


60. What percent of cars are traveling between 58 mph and 
66 mph? 


61. What percent of cars are traveling slower than 56 mph? 
62. What percent of cars are traveling faster than 70 mph? 


63. If 200 cars are selected at random, how many will be 
traveling slower than 56 mph? 


64. If 200 cars are selected at random, how many will be 
traveling faster than 70 mph? 


Corn Flakes In Exercises 65—68, assume that the amount 
of corn flakes in a box is normally distributed with a mean 
of 16 oz and a standard deviation of 0.1 oz. 


65. Determine the percent of boxes that will contain between 
15.83 oz and 16.32 oz of corn flakes. 


66. Determine the percent of boxes that will contain more than 
16.16 oz of corn flakes. 


67. If the manufacturer produces 300,000 boxes, how many of 
them will contain less than 15.83 oz of corn flakes? 


68. If the manufacturer produces 300,000 boxes, how many of 
them will contain more than 16.16 oz of corn flakes? 


Cost of Day Care In Exercises 69-74, assume the annual 
day care cost per child is normally distributed with a mean 
of $8000 and a standard deviation of $1500. 


69. 
70. 


71. 


We 
73. 


74. 


75. 


76. 


Wo 


78. 


18% 


What percent of day care costs are more than $7250 annually? 


What percent of day care costs are between $6500 and 
$8750 annually? 


What percent of day care costs are more than $11,750 
annually? 


What percent of day care costs are less than $11,750 annually? 


In a random sample of 120 families, how many pay more 
than $7250 annually for day care per child? 


In a random sample of 120 families, how many pay 
between $6500 and $8750 annually for day care per child? 


Weight Loss A weight-loss clinic guarantees that its new 
customers will lose at least 5 Ib by the end of their first 
month of participation or their money will be refunded. If 
the weight loss of customers at the end of their first month 
is normally distributed, with a mean of 6.7 Ib and a stan- 
dard deviation of 0.81 lb, determine the percent of custom- 
ers who will be able to claim a refund. 


Battery Warranty The warranty on a car battery is 36 
months. If the breakdown times of this battery are normally 
distributed with a mean of 46 months and a standard devia- 
tion of 8 months, determine the percent of batteries that can 
be expected to require repair or replacement under warranty. 


Coffee Machine A vending machine that dispenses cof- 
fee does not appear to be working correctly. The machine 
rarely gives the proper amount of coffee. Some of the time 
the cup is underfilled, and some of the time the cup over- 
flows. Does this variation indicate that the mean number 
of ounces dispensed has to be adjusted, or does it indicate 
that the standard deviation of the amount of coffee dis- 
pensed by the machine is too large? 


Grading on a Normal Curve Mr. Sanderson marks his 
class on a normal curve. Those with z-scores above 1.8 
will receive an A, those between 1.8 and 1.1 will receive 
a B, those between 1.1 and —1.2 will receive a C, those 
between —1.2 and —1.9 will receive a D, and those under 
—1.9 will receive an F. Determine the percent of grades 
that will be A, B, C, D, and F. 


Consider the following normal curve, representing a nor- 
mal distribution, with points A, B, and C. One of these 
points corresponds to the mean, one point corresponds to 
the mean plus one standard deviation and one point cor- 
responds to the mean minus two standard deviations. 


80. 
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a) Which point corresponds to the mean? 


b) Which point corresponds to the mean plus one standard 
deviation? 


c) Which point corresponds to the mean minus two stan- 
dard deviations? 


Consider the following two normal curves. 


B 


eee eee L he SE 


28 30 32 34 36 38 40 42 44 


a) Do these distributions have the same mean? If so, what 
is the mean? 


b) One of these curves corresponds to a normal distribution 
with a standard deviation of 1. The other curve corres- 
ponds to a normal distribution with a standard deviation 
of 3. Which curve, A or B, has a standard deviation of 3? 


Concept/Writing Exercises 


81. 


82. 


83. 


84. 


In a distribution that is skewed to the right, which has the 
greatest value: the mean, median, or mode? Which has the 
smallest value? Explain. 


In a distribution skewed to the left, which has the greatest 
value: the mean, median, or mode? Which has the smallest 
value? Explain. 


List three populations other than those given in the text 
that may be normally distributed. 


List three populations other than those given in the text 
that may not be normally distributed. 


Challenge Problems/Group Activities 


85. 


Salesperson Promotion The owner at Kim’s Home Interi- 
ors is reviewing the sales records of two managers who are 
up for promotion, Katie and Stella, who work in different 
stores. At Katie’s store, the mean sales have been $23,200 
per month, with a standard deviation of $2170. At Stella’s 
store, the mean sales have been $25,600 per month, with a 
standard deviation of $2300. Last month, Katie’s store 
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sales were $28,408 and Stella’s store sales were $29,510. 
At both stores, the distribution of monthly sales is normal. 


a) Convert last month’s sales for Katie’s store and for 
Stella’s store to z-scores. 


b) If one of the two were to be promoted based solely on 
the increase in sales last month, who should be pro- 
moted? Explain. 


86. Chebyshev’s Theorem How can you determine whether a 
distribution is approximately normal? A statistical theorem 
called Chebyshev’s theorem states that the minimum per- 
cent of data between plus and minus K standard deviations 
from the mean (K > 1) in any distribution can be found 
by the formula 


1 
Minimum percent = | — —> 
Ke 
Thus, for example, between +2 standard deviations from the 
mean there will always be a minimum of 75% of data. This 


minimum percent applies to any distribution. For K = 2, 


Minimum percent = 


92 
1 3 
LDR Me or 75% 


Likewise, between +3 standard deviations from the mean 
there will always be a minimum of 89% of the data. For 
K = 3, 


1 
Minimum percent = | — a 
I oct 
sais SAK or 89% 


The following table lists the minimum percent of data in 
any distribution and the actual percent of data in the nor- 
mal distribution between + 1.1, 1.5, =2.0, and £2.5 
standard deviations from the mean. The minimum percents 
of data in any distribution were calculated by using Cheby- 
shev’s theorem. The actual percents of data for the normal 
distribution were calculated by using the area given in the 
standard normal, or z, table. 


Minimum 
(for any 
distribution) 

Normal 
distribution 


17.4% 


55.6% 75% 84% 


72.9% 86.6% 95.4% 98.8% 


Given 
distribution 


J 


The third row of the chart has been left blank for you to 
fill in the percents when you reach part (e). 


87. 


88. 


89. 


Consider the following 30 pieces of data obtained from 
a quiz. 


yd, Les oe aa 5; 9, 
15 7/5, Thy Wek, teh teh ey OD OOS NG 


a) Determine the mean of the set of scores. 
b) Determine the standard deviation of the set of scores. 


c) Determine the values that correspond to 1.1, 1.5, 2, and 
2.5 standard deviations above the mean. 
Then determine the values that correspond to 1.1, 
1.5, 2, and 2.5 standard deviations below the mean. 


d) By observing the 30 pieces of data, determine the actual 
percent of quiz scores between 


+ 1.1 standard deviations from the mean. 
+ 1.5 standard deviations from the mean. 
+ 2 standard deviations from the mean. 


+ 2.5 standard deviations from the mean. 


e) Place the percents found in part (d) in the third row of 
the chart. 


f) Compare the percents in the third row of the chart with 
the minimum percents in the first row and the normal 
percents in the second row, and then make a judgment 
as to whether this set of 30 scores is approximately 
normally distributed. 


Test Scores Obtain a set of test scores from your instructor. 


a) Determine the mean, median, mode, and midrange of 
the test scores. 


b) Determine the range and standard deviation of the set 
of scores. (You may round the mean to the nearest tenth 
when finding the standard deviation.) 


c) Construct a frequency distribution of the set of scores. 
Select your first class so that there will be between 5 
and 12 classes. 


d) Construct a histogram and frequency polygon of the 
frequency distribution in part (c). 


e) Does the histogram in part (d) appear to represent a 
normal distribution? Explain. 


f) Use the procedure explained in Exercise 86 to deter- 
mine whether the set of scores approximates a normal 
distribution. Explain. 


Determine a value of z such that z = 0 and 47.5% of the 
standard normal curve lies between 0 and the z-value. 


Determine a value of z such that z = 0 and 38.1% of the 
standard normal curve lies between 0 and the z-value. 
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Recreational Mathematics c) After your proposal has been approved, gather 50 


90. Ask your instructor for the class mean and class standard pieces of data by the method you proposed. 


deviation for one of the exams taken by your class. For 


d) Rank the data from S 
that exam, calculate the z-score for your exam grade. How ) pesey obese 


many standard deviations is your exam grade away from e) Compute the mean, median, mode, and midrange. 
the mean? - 
oe f) Determine the range and standard deviation of the data. 
91. If the mean score on a math quiz is 12.0 and 77% of the You may round the mean to the nearest tenth when 
students in your class scored between 9.6 and 14.4, deter- computing the standard deviation. 


mine the standard deviation of the quiz scores. 
g) Construct a frequency distribution, histogram, frequency 
Internet/Research Activity polygon, and stem-and-leaf display of your data. Select 
your first class so that there will be between 5 and 
12 classes. Be sure to label your histogram and 
frequency polygon. 


92. In this project, you actually become the statistician. 


a) Select a project of interest to you in which data must be 


collected. en a 
h) Does your distribution appear to be normal? Explain 


your answer. Does it appear to be another type of distri- 
bution discussed? Explain. 


b) Write a proposal and submit it to your instructor for 
approval. In the proposal, discuss the aims of your proj- 
ect and how you plan to gather the data to make your 
sample unbiased. 


i) Determine whether your distribution is approximately 
normal by using the technique discussed in Exercise 86, 


SECTION 13.7. Linear Correlation and Regression — 


Do you believe that there is a relationship between the time a person studies for an 
exam and the exam grade the person receives? Is there a relationship between the 
age of a car and the value of the car? Can we predict the value of a car based on the 
age of the car? In this section, we will learn how to determine whether there is a re- 
lationship between two quantities and, if so, how strong that relationship is. We will 
also learn how to determine the equation of the line that best describes the relation- 


ship between two quantities. 


«4 You can predict the value of a car 
based on the age of the car. 


| Why Je is Important There are many real-life applications in which a relationship 
exists between two variables, such as the amount of time spent studying for an exam 


and the exam score. 


n this section, we discuss two important statistical topics: correlation and regres- 

sion. Correlation is used to determine whether there is a relationship between two 
quantities and, if so, how strong the relationship is. Regression is used to determine 
the equation that relates the two quantities. Although there are other types of correla- 
tion and regression, in this section we discuss only linear correlation and linear 
regression. We begin by discussing linear correlation. 


Linear Correlation 


The linear correlation coefficient, r, is a unitless measure that describes the strength 
of the linear relationship between two variables. A positive value of r, or a positive 
correlation, means that as one variable increases, the other variable also increases. A 
negative value of r, or a negative correlation, means that as one variable increases, the 
other variable decreases. The correlation coefficient, r, will always be a value 
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between —1 and 1 inclusive. A value of | indicates the strongest possible positive 
correlation, a value of —1 indicates the strongest possible negative correlation, and a 
value of 0 indicates no correlation (Fig. 13.39). 


Strongest No correlation Strongest 
negative correlation | positive correlation 


—] 0 1 
me 


Figure 13.39 


A visual aid used with correlation is the scatter diagram, a plot of data points. To 
help understand how to construct a scatter diagram, consider the following data from 
Egan Electronics. During a 6-day period, Egan Electronics kept daily records of the 
number of assembly line workers absent and the number of defective parts produced. 
The information is provided in the following chart. 


Pigs PEE Si EIS ET SRG AEROS 


te er ae eae eee 
Number of workers absent 3 3) 0 1 2 6 
Number of defective parts iS) 22) 7 12 20 30 


For each of the 6 days, two pieces of data are provided: number of workers absent 
and number of defective parts. We call the set of data bivariate data. Often when we 
have a set of bivariate data, we can control one of the quantities. We generally denote 
the quantity that can be controlled, the independent variable, x. The other variable, the 
dependent variable, is denoted as y. In this problem, we will assume that the number of 
defective parts produced is affected by the number of workers absent. Therefore, we 
will call the number of workers absent x and the number of defective parts produced y. 
When we plot bivariate data, the independent variable is marked on the horizontal axis 
and the dependent variable is marked on the vertical axis. Therefore, for this problem, 
number of workers absent is marked on the horizontal axis and number of defective 
parts is marked on the vertical axis. If we plot the six pieces of bivariate data in the 
Cartesian coordinate system, we get a scatter diagram, as shown in Fig. 13.40. 


S 

jae 

2) |e 
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2 29 | ° 
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ga 15 F e 
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Z st 

1 1 oo eS ae 
0 1 ps 3 4 5 6 
Number of Workers Absent 

Figure 13.40 


The figure shows that, generally, the more workers that are absent, the more defective 
parts are produced. 
In Fig. 13.41, we show some scatter diagrams and indicate the corresponding 
strength of correlation between the quantities on the horizontal and vertical axes. 
Earlier, we mentioned that r will always be a value between —1 and 1 inclusive. 
A value of r = 1 is obtained only when every point of the bivariate data on a scatter 
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diagram lies in a straight line and the line is increasing from left to right (Fig. 13.41 (a)). 
In other words, the line has a positive slope, as discussed in Section 6.7. 

A value of r = —1 will be obtained only when every point of the bivariate data 
on a scatter diagram lies in a straight line and the line is decreasing from left to right. 
(Fig. 13.41(e)). In other words, the line has a negative slope. 

The value of r is a measure of how far a set of points varies from a straight line. 
The greater the spread, the weaker the correlation and the closer the value of r is to 0. 
Figure 13.41 shows that the more the points diverge from a straight line, the weaker 
the correlation becomes. 
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negative correlation negative correlation weak negative correlation 
Figure 13.41 


The following formula is used to calculate r. 


Linear Correlation Coefficient 

The formula to calculate the correlation coefficient, r, is as follows. 
____n(Sy) - (2x) By) 

Vial ee ania) Vil 2y*) (Sy)? 


To determine the correlation coefficient, r, and the equation of the line of best fit (to 
be discussed shortly), a statistical calculator may be used. On the statistical calcula- 
tor, you enter the ordered pairs, (x, y) and press the appropriate keys. At the end of 
this section, we indicate the procedure to follow to use the computer software 
spreadsheet program, Microsoft Excel, and the TI-83 Plus or the TI-84 Plus calcula- 
tors to determine the correlation coefficient. 

In Example 1, we show how to determine r for a set of bivariate data without the 
use of a statistical calculator. We will use the same set of bivariate data given on page 
834 that was used to make the scatter diagram in Fig. 13.40. 


Example §J Number of Absences Versus Number of Defective Parts 


Egan Electronics provided the following daily records about the number of assem- 
bly line workers absent and the number of defective parts produced for 6 days. De- 
termine the correlation coefficient between the number of workers absent and the 


number of defective parts produced. 
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Day it eh a ee ee 


Number of workers absent 3 5 0 1 D 6 
Number of defective parts 15 22 q 2 20 30 


We plotted this set of data on the scatter diagram in Fig. 13.40 on page 834. 
We will call the number of workers absent x. We will call the number of defective 
parts produced y. We list the values of x and y and calculate the necessary sums: 

Dx, Sy, Vxy, Dx?, Ly*. We determine the values in the column labeled x? by squar- 
ing the x’s (multiplying the x’s by themselves). We determine the values in the column 
labeled y” by squaring the y’s. We determine the values in the column labeled xy by 
multiplying each x-value by its corresponding y-value. 


Number of Number of 
Workers — Defective 
Absent _ Parts : 
x y ag y? xy 
3 15 9 225 45 
3) 22 De 484 110 
0 qf 0 49 0 
1 12 l 144 1 
2 20 4 400 40 
6 30 36 900 180 
17 106 1 2202 387 


Thus, Sx = 17, Sy = 106, 3x2 = 75, Sy? = 2202, and Say = 387. In the for- 
mula for r, we use both (Sx)? and Sx”. Note that (=x)? = (17)? = 289 and 
that Sx? = 75. Similarly, (Sy)? = (106)* = 11,236 and Sy” = 2202. 

The n in the formula represents the number of pieces of bivariate data. Here 
n = 6. Now let’s determine r. 


n( xy) — (2x) (2y) 
Vin Sx) = (ae een Sy2) — (Dy)? 
6 (387) — (17) (106) 
V6(75) — (17)? V6(2202) — (106)? 
239) = 1802 
~ V¥6(75) — 2896 (2202) — 11,236 
520 
~ 1/450 — 289V13,212 — 11,236 
520 


= 19D 
V161V 1976 


Since the maximum possible value for r is 1.00, a correlation coefficient of 0.922 is 
a strong, positive correlation. This result implies that, generally, the more assembly 
line workers absent, the more defective parts produced. a 


In Example 1, had we found r to be a value greater than | or less than —1, it 


would have indicated that we had made an error. Also, from the scatter diagram, we 
should realize that r should be a positive value and not negative. 


Table 13.8 Correlation 
Coefficient, r 


Passel war | 
4 0.950 0.990 
5 0.878 0.959 
6 0.811 ONG 
7 0.754 0.875 
8 0.707 0.834 
9 0.666 0.798 

10 0.632 0.765 
11 0.602 0.735 
12 0.576 0.708 
13 0.553 0.684 
14 0.532 0.661 
15 0.514 0.641 
16 0.497 0.623 
17 0.482 0.606 
18 0.468 0.590 
19 0.456 0.575 
20 0.444 0.561 
We 0.423 0.537 
Pil 0.381 0.487 
32 0.349 0.449 
Syl 0.325 0.418 
42 0.304 0.393 
47 0.288 OB 72 
52 0.273 0.354 
62 0.250 O25 
72 232 0.302 


The derivation of this table is beyond the 
scope of this text. It shows the critical val- 
ues of the Pearson correlation coefficient. 
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In Example 1, there appears to be a cause-effect relationship. That is, the more 
assembly line workers who are absent, the more defective parts are produced. 
However, a correlation does not necessarily indicate a cause-effect relationship. For 
example, there is a positive correlation between police officers’ salaries and the cost 
of medical insurance over the past 10 years (both have increased), but that does not 
mean that the increase in police officers’ salaries caused the increase in the cost of 
medical insurance. 

Suppose in Example | that r had been 0.53. Would this value have indicated a 
correlation? What is the minimum value of r needed to assume that a correlation ex- 
ists between the variables? To answer this question, we introduce the term level of 
significance. The level of significance, denoted @ (alpha), is used to identify the cut- 
off between results attributed to chance and results attributed to an actual relationship 
between the two variables. Table 13.8 gives critical values* (or cutoff values) that are 
sometimes used for determining whether two variables are related. The table indicates 
two different levels of significance: a = 0.05 and a = 0.01. A level of significance 
of 5%, written a = 0.05, means that there is a5% chance that, when you say the vari- 
ables are related, they actually are not related. Similarly, a level of significance of 1%, 
or a = 0.01, means that there is a 1% chance that, when you say the variables are 
related, they actually are not related. More complete critical value tables are available 
in Statistics books. 

To explain the use of the table, we use absolute value, symbolized | |. The 
absolute value of a nonzero number is the positive value of the number, and the abso- 
lute value of 0 is 0. Therefore, 


1Bilieaeng. el enen V5 =us5. |—5| = 5, and ;0| = 


e table un- 
der the specified a@ and appropriate sample size n, we assume that a correlation does 
exist between the variables. If |r| is less than the table value, we assume that no cor- 
relation exists. 

Returning to Example 1, if we want to determine whether there is a correlation at 
a 5% level of significance, we find the critical value (or cutoff value) that corresponds 
to n = 6 (there are 6 pieces of bivariate data) and a = 0.05. The value to the right of 
n = 6 and under the a = 0.05 column is the critical value 0.811. From the formula, 
we had obtained r = 0.922. Since |0.922| > 0.811, or 0.922 > 0.811, we assume 
that a correlation between the variables exists. 

Note in Table 13.8 that the larger the sample size, the smaller is the value of r 
needed for a significant correlation. 


Example Amount of Drug Remaining in the Bloodstream 


To test the length of time that an infection-fighting drug stays in a person’s blood- 
stream, a doctor gives 300 milligrams of the drug to 10 patients, labeled 1-10 in the 
table below. Once each hour, for 10 hours, one of the 10 patients is selected at ran- 
dom and that person’s blood is tested to determine the amount of the drug 
remaining in the bloodstream. The results are as follows. 


‘Patient 0 8 2 VS ps eke ipo WP een eee eae aa 10. 
P 5 2 2 3 | 
Time (hr) WOE be ne ee ee ee 


Drug remaining (mg) 250 230 200 210 140 120 210 100 90 85 


*This table of values may be used only under certain conditions. If you take a statistics course, you will 
learn more about which critical values to use to determine whether a linear correlation exists. 
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Determine at a level of significance of 5% whether a correlation exists between the 
time elapsed and the amount of drug remaining. 


Let time be represented by x and the amount of drug remaining by y. We 
first draw a scatter diagram (Fig. 13.42). 


Drug Remaining (mg) 
Sj 
Nn 


[ia foe alee 
eee Sil. G7 eS 59 8 10) 


Time (hr) 


Figure 13.42 


The scatter diagram suggests that, if a correlation exists, it will be negative. We 
now construct a table of values and calculate r. 


eae By ges “Pg eae ce oo Se! 
1 250 1 62,500 250 
2 230 4 52,900 460 
: 200 9 40,000 600 
4 10 hieals 44,100 840 
140 25° ~—:19,600 700 
6 120 dy 136 14,400 720 
wv AO aidle oS) 44,100 1470 
8 100 64 10,000 800 
2 O08) 8100 810 
ay 85 100 7225. 850 
55 16357385 302,925 7500 
r= n(2xy) — (2x) (2y) 
Vn (25°) =x) )2 Vn(Sy? ay = (Sy)" 


10(7500) — (55) (1635) 
~ /10(385) — (55)2 V'10 (302,925) — (1635)2 
__-14925 14,928 
V825V356,025 17,138.28 


From Table 13.8, forn = 10 and a = 0.05, we get 0.632. Since | =()/871)) = 0.871 
and 0.871 > 0.632, a correlation exists. The correlation is negative, which indicates 
that the longer the time period, the smaller is the amount of drug remaining. a 


ee AMes/l 


Figure 13.43 
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Linear Regression 


Let’s now turn to regression. Linear regression is the process of determining the 
linear relationship between two variables. Recall from Section 6.7 that the slope— 
intercept form of a straight line is y = mx + b, where m is the slope and ) is the 
y-intercept. 

Using the set of bivariate data, we will determine the equation of the line of besi 
fit. The line of best fit is also called the regression line, or the least squares line. The 
line of best fit is the line such that the sum of the squares of the vertical distances from 
the line to the data points (on the scatter diagram) is a minimum, as shown in Fig. 13.43 
In Fig. 13.43, the line of best fit minimizes the sum of d, through dg. To determine the 
equation of the line of best fit, y = mx + b,* we must find m and then b. The formulas 
for finding m and b are as follows.* 


The Line of Best Fit 
The equation of the line of best fit is 
: y=mx+t b, 
_ n(2xy) ~ (2x) (2y) _ dy — m(2x) 
Where = season aces aud b= 


n(&x?) — (x)? n 


Note that the numerator of the fraction used to find m is identical to the numerator 
used to find r. Therefore, if you have previously found r, you do not need to repeat 
this calculation. Also, the denominator of the fraction used to find m is identical to the 
radicand of the first square root in the denominator of the fraction used to find r. 


Example E] The Line of Best Fit 


a) Use the data in Example 1 on pages 835-836 to find the equation of the line of 
best fit that relates the number of workers absent on an assembly line and the 
number of defective parts produced. 


b) Graph the equation of the line of best fit on a scatter diagram that illustrates the 
set of bivariate points. 


a) In Example 1, we found n(Sxy) — (2x) (Zy) = 520 and n(Sx?) — (2x)? 
= 161. Thus, 


n(Sxy) — (2x) (2y) _ 520 _ 

n(dx*) — (2x)? 161 
Now we find the y-intercept, b. In Example 1, we found n = 6, &x = 17, and 
Ly = 106. 


i 


_ dy — m(2x) 
4 n 
Zs 106 — anes 51.09 ~ 852 


*Some statistics books use y = ax + b, y = bo + b,x, or something similar, for the equation of the line 
of best fit. In any case, the letter next to the variable x represents the slope of the line of best fit, and the 
other letter represents the y-intercept of the graph. 
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Therefore, the equation of the line of best fit is 


y=mxt+b 
Vi 01230 8.52 


where x represents the number of workers absent and y represents the predicted 
number of defective parts produced. 


b) To graph y = 3.23x + 8.52, we need to plot at least two points. We will plot 
three points and then draw the graph. 


WSS eres ate 
y= 2 y = 3.23(2) + 8.52 = 14.98 
x= y = 3.23(4) + 8.52 = 21.44 
x=6 y = 3.23(6) + 8.52 = 27.90 


These three calculations indicate that if 2 assembly line workers are absent on 
the assembly line, the predicted number of defective parts produced is about 15. 
If 4 assembly line workers are absent, the predicted number of defective parts 
produced is about 21, and if 6 assembly line workers are absent, the predicted 
number of defective parts produced is about 28. Plot the three points (the three 
black points in Fig. 13.44) and then draw a straight line through the three points. 
The scatter diagram and graph of the equation of the line of best fit are plotted 
in Fig. 13.44. 


Number of Defective Parts 


0 1 2 3 4 5 6 
Number of Workers Absent 


Figure 13.44 7 


In Example 3, the line of best fit intersects the y-axis at 8.52, the value we deter- 
mined for the y-intercept, b, in part (a). 


Example 9 Line of Best Fit for Example 2 


a) Determine the equation of the line of best fit between the time elapsed and the 
amount of drug remaining in a person’s bloodstream in Example 2 on pages 
837-838. 

b) If the average person is given 300 mg of the drug, how much will remain in the 
person’s bloodstream after 5 hr? 


a) From the scatter diagram on page 838, we see that the slope of the line of best fit, m, 
will be negative. In Example 2, we found that n( xy) — (Xx) (Zy) = —14,925 
and that n(=x*) — (2x)? = 825. Thus, 
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_ n(2ay) — (2x)(2y) 
(2x NP Ox)? 
—14,925 
825 
=~ —18.09 


From Example 2, n = 10, x = 55, and Sy = 1635. 
Sy) ieee 


1635 — (—18.09) (55) 


10 


b= 


= 263.00 
Thus, the equation of the line of best fit is 


Y= 08 ae B 
y = —18109% => 263.00 


where x is the elapsed time and y is the amount of drug remaining. 
b) We evaluate y = —18.09x + 263.00 at x = 5. 


y = —18.09x + 263.00 
y = —18.09(5) + 263.00 = 172.55 


Thus, after 5 hr, about 173 mg of the drug remains in the average person’s 
bloodstream. r 


TECHNOLOGY TIP 


We can use EXCEL and both the TI-83 Plus and the TI-84 Plus graphing calculators to deter- 
mine the correlation coefficient, r, and the equation of the line of best fit. Below we use the 
data from Example 1 on page 835-836, where x represents the number of workers absent 
and y represents the number of defective parts for 6 selected days. 


Excel 

Begin by reading the Technology Tip on page 802. The instructions for determining the cor 
relation coefficient and equation of the line of best fit are similar to the instructions given on 
page 802. In column A, rows 1 through 6, enter the 6 values representing the number of 
workers absent. In column B, rows 1 through 6, enter the 6 values that represent the number 
of defective parts. In general, the items listed on the horizontal axis in the scatter diagram 
(the independent variable if there is one) are placed in column A and the items listed on the 
vertical axis are placed in column B. Then select the following: 


Insert > Function ... > Statistical 


Then to determine the value of the correlation coefficient, select CORREL and click | OX |. 
Excel will then generate a gray box and ask you for information about your data. In the box 
to the right of Array1, type in A1:A6, and in the box to the right of Array2, type in B1:B6. 
Then at the bottom of the box you will see Formula results = .921927852, which is the 
correlation coefficient. If you then wish to find the equation of the line of best fit, press 
CANCEL] on the bottom of the gray box. Then select 


Insert > Function ... > Statistical > SLOPE > OK 


Excel will then generate a gray box. In the box to the right of Known_y’s, type in B1:B6. In 
the box to the right of Known_x’s, type in A1:Aé. At that point, at the bottom of the box 
you will see Formula results = 3.229813665, which is the slope of the equation of the line of 
best fit. To find the y-intercept, press cancel to remove the gray box. Then select 


Insert > Function ... > Statistical ... > INTERCEPT > OK 


Excel will then generate a gray box. In the box to the right of Known_y’s, type in B1:B6. In the 
box to the right of Known_x’s, type in A1:A6. At that point, at the bottom of the box you will 
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see Formula results = 8.51552795, which is the y-intercept of the equation of the line of 
best fit. 


TI-83 Plus And TI-84 Plus Graphing Calculators 

To determine the correlation coefficient and the equation of the line of best fit on a graph- 
ing calculator, press |STAT|. Then select Edit. If you have any data in L1 or L2, delete the 
data by going to L1 and pressing | CLEAR] and then |ENTER|. Follow a similar procedure to 
clear column L2. Now enter the 6 pieces of data representing the number of workers 
absent in column L1 and enter the 6 pieces of data representing the number of defective 
parts in L2. Then press | STAT | and highlight CALC. At this point, 1: 1 — Var Stats should 
be highlighted. Scroll down to highlight 4: LinReg (ax+b). Then press the Enter key twice. 
You will get r= 921927852, which represents the correlation coefficient. On the screen, 
you will also see values for a and b. Note that a represents the slope and b represents the 
y-intercept of the equation of the line of best fit. Thus, the slope is 3.229813665 and the y- 
intercept is 8.51552795. 


SECTION 13.7 ; 
Exercises 


Warm Up Exercises tion, a weak positive correlation, a weak negative correla- 


In Exercises 1-10, fill in the blank with an appropriate tion, or no correlation. Explain your answer. 


word, phrase, or symbol(s). 


1. A unitless measure that describes the strength of the linear 
relationship between two variables is called the linear cor- 
relation 


2. The process of determining the linear relationship between 
two variables is called linear 


3. The value of r, the linear correlation coefficient, that repre- 
sents the strongest positive correlation is 


4. The value of r, the linear correlation coefficient, that repre- 
sents the strongest negative correlation is 


5. The value of 7, the linear correlation coefficient, that repre- 
sents no correlation between two variables is 


6. If one quantity increases as the other quantity decreases, 
the two variables are said to have a(n) 


correlation. Practice the Skills 
7. If one quantity increases as the other quantity increases, the In Exercises 15 22, sae that wid le of bivariate data 
two variables are said to have a(n) conelancn yields the correlation coefficient, r, indicated. Use Table 13.8 
on page 837 for the specified sample size and level of signifi- 
8. A plot of data points is called a(n) ________ diagram. cance to determine whether a linear correlation exists. 
9. The line such that the sum of the squares of the verti- 15. r = 0.87 when n = 10 at a = 0.01 
cal distances between the data points in the scatter dia- 
gram and the line is a minimum is called the line of best 16. r = 0.43 when n = 27 ata = 0.01 
17. r = —0.92 when n = 6 at a = 0.05 
10. The cutoff between results attributed to chance and results 
attributed to an actual relationship between two variables ASS 049 when = 11 at a = 0.05 
is Called eS ae a 19. r = —0.23 when n = 102 at a = 0.01 
In Exercises 11-14, indicate if you believe that a correla- 20. r = —0.49 when n = 18 at a = 0.01 


tion exists between the quantities on the horizontal and ver- 
tical axis. If so, indicate if you believe that the correlation 
is a strong positive correlation, a strong negative correla- 22. r = 0.96 when n = 5 at a = 0.01 


21. r = 0.75 when n = 6 ata = 0.01 
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In Exercises 23-30, (a) draw a scatter diagram; (b) deter- Problem Solving 
mine the value of r, rounded to the nearest thousandth; (c) 
determine whether a correlation exists at a = 0.05; and 
(d) determine whether a correlation exists at a = 0.01. 


In Exercises 39—49, round both the slope and y-intercept 
to the nearest hundredth. 


39. Fitness Six students provided the following data 
about the number of sit-ups completed and the number 
of push-ups completed during a fitness test in their 
physical education class. 


Sit-ups 50 33) 60 3p) 43 C2enn | 
Push-ups 40 42 45 25 34 45 


a) Determine the correlation coefficient between the num- 
ber of sit-ups completed and the number of push-ups 
completed. 


b) Determine whether a correlation exists at a = 0.05. 


c) Determine the equation of the line of best fit for the 
number of sit-ups completed and the number of push- 
ups completed. 


40. Amount of Fat in Chicken Nuggets The June 2010 issue 
of Consumer Reports provided the following information 
regarding the number of calories and the number of grams 
of fat per 3-ounce serving of chicken nuggets for the 6 top- 
rated chicken nuggets. 


" ry | 


Calories 210 310 240 210 160 oe 
Fat (grams) 10 21 16 13 8 at 


a) Determine the correlation coefficient between the num- 
In Exercises 31-38, determine the equation of the line of ber of calories and the number of grams of fat. 
best fit from the data in the exercise indicated. Round both 


the slope and the y-intercept to the nearest hundredth. b) Determine whether a correlation exists at a = 0.05. 


c) Determine the equation of the line of best fit for the 


did cabal ena number of calories and the number of grams of fat. 
99 Rese airedB EES A 41. Time Spent Studying Six students provided the following 
35. Exercise 27 36. Exercise 28 data on page 844 about the lengths of time they studied 


for a psychology exam and the grades they received on the 
37. Exercise 29 38. Exercise 30 exam. 


844 


42. 


43. 
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20 40 50 60 80 100 
40 45 70 76 92 95 


Time studied (minutes) 


Grade received (percent) 


a) Determine the correlation coefficient between the 
length of time studied and the grade received. 


b) Determine whether a correlation exists at a = 0.01. 


c) Find the equation of the line of best fit for the length of 
time studied and the grade received 


Re 
St 


Price of a Home _ The following table shows the listing 
price and the selling price, in thousands of dollars, for 
eight houses listed and sold. 


List price NK) illo EAN. PEWS IRAE alley ey es) 
(thousands $) 
Sale price 120) 16598208) 275 21602 100) S148) 390) 
(thousands $) 


a) Determine the correlation coefficient between the list- 
ing price and the selling price of a house. 


b) Determine whether a correlation exists at a = 0.01. 


c) Determine the equation of the line of best fit for the 
listing price and selling price of a house. 


d) Use the equation in part (c) to estimate the selling price 
of a house listed for $130,000. 


Blood Pressure The following table shows the systolic 
blood pressure and diastolic blood pressure readings for 
six adults. 


110 
Diastolic 70 


Systolic 153) 120. 143 LOO Se euL2 


110 80 98 70 15 


a) Determine the correlation coefficient between the sys- 
tolic blood pressure and the diastolic blood pressure 
readings. 


b) Determine whether a correlation exists at a = 0.05. 


c) Determine the equation of the line of best fit for the 
systolic blood pressure and the diastolic blood pressure 
readings. 


44. 


45. 


46. 


d) Use the equation in part (c) to estimate the diastolic 
blood pressure for an adult with a systolic blood pres- 
sure reading of 115. 


Selling Popcorn at the Movies The number of movie 
tickets sold and the number of units of popcorn sold at 
AMC Cinema for 8 days is shown below. 


89 110 125 92 100 95 108 97 
Units of popcorn 22 28 30 26 22 21 28 25 


Ticket sales 


a) Determine the correlation coefficient between ticket 
sales and units of popcorn sold. 


b) Determine whether a correlation exists at a = 0.05. 


c) Determine the equation of the line of best fit for tickets 
sold and units of popcorn sold. 


d) Use the equation in part (c) to estimate the units of pop- 
corn sold if 115 tickets are sold. 


Fuel Efficiency of Cars The following table shows the 
weights, in hundreds of pounds, for six selected cars. Also 
shown is the corresponding fuel efficiency, in miles per 
gallon (mpg), for the car in city driving. 


Weight (hundreds of pounds) 27 31 35 32 30 30 
PB VOD DEY PU OEE oP) 


Fuel efficiency (mpg) 


a) Determine the correlation coefficient between the 
weight of a car and the fuel efficiency. 


b) Determine whether a correlation exists at a = 0.01. 


c) Determine the equation of the line of best fit for the 
weight of a car and the fuel efficiency of a car. 


d) Use the equation in part (c) to estimate the fuel effi- 
ciency of a car that weighs 33 hundred pounds. 


City Muggings In a certain section of a city, muggings 
have been a problem. The number of police officers patrol- 
ling that section of the city has varied. The following chart 
shows the number of police officers and the number of 
muggings for 8 successive days. 


Police officers 20 12 18 15 22 10 20 12 
Muggings See OMe 2S 9 Gals: ios) 


a) Determine the correlation coefficient for number of 
police officers and number of muggings. 


b) Determine whether a correlation exists at a = 0.05. 


c) Find the equation of the line of best fit for number of 
police officers and number of muggings. 


d) Use the equation in part (c) to estimate the average 
number of muggings when 14 police officers are 
patrolling that section of the city. 


47. Chlorine in a Swimming Pool A gallon of chlorine is put 


into a swimming pool. Each hour later for the following 
6 hours the percent of chlorine that remains in the pool is 
measured. The following information is obtained. 


Time 1 2D 3 4 2) 6 


Chlorine 
remaining 
(percent) 


80.0 76.2 68.7 50.1 30.2 20.8 


a) Determine the correlation coefficient for time and 
percent of chlorine remaining. 


b) Determine whether a correlation exists at a = 0.01. 


c) Determine the equation of the line of best fit for time 
and amount of chlorine remaining. 


d) Use the equation in part (c) to estimate the average 
amount of chlorine remaining after 4.5 hr. 


48. Social Security Numbers a) Match the first 9 digits of 


your phone number (including area code) with the 9 digits 
in your Social Security number. To do so, match the first 
digit in your phone number with the first digit in your Social 
Security number to get one ordered pair. Match the second 
digits to get a second ordered pair. Continue this process 
until you get a total of nine ordered pairs. 


b) Do you believe that this set of bivariate data has a posi- 
tive correlation, a negative correlation, or no correla- 
tion? Explain your answer. 


c) Construct a scatter diagram for the nine ordered pairs. 
d) Calculate the correlation coefficient, r. 


e) Is there a correlation at a = 0.05? Explain. 


49. 


At high speed on a wet road, a typical midsize car may need a distance longer 
than two football fields to come to a stop. 


Braking distance at given mph 


Dry pavement 
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f) Calculate the equation of the line of best fit. 


g) Use the equation in part (f) to estimate the digit in a 
social Security number that corresponds with a7 in a 
telephone number. 


Hitting the Brakes a) Examine the art below. Do you be- 
lieve that there is a positive correlation, a negative correlation, 
or no correlation between speed of a car and stopping distance 
when the brakes are applied? 


b) Do you believe that there is a stronger correlation be- 
tween speed of a car and stopping distance on wet or 
dry roads? 


c) Use the figure to construct two scatter diagrams, one 
for dry pavement and the other for wet pavement. Place 


the speed of the car on the horizontal axis. 


d) Compute the correlation coefficient for speed of the car 
and stopping distance for dry pavement. 


e) Repeat part (d) for wet pavement. 


f) Were your answers to parts (a) and (b) correct? 
Explain. 


g) Determine the equation of the line of best fit for dry 
pavement. 


h) Repeat part (g) for wet pavement. 
i) Use the equations in parts (g) and (h) to estimate the 


stopping distance of a car going 77 mph on both dry 
and wet pavements. 


Hitting the brakes 


Source: Car and Driver, American Automobile Association 
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Challenge Problems/Group Activities 


50. Interchanging Variables a) Assume that a set of bi- 
variate data yields a specific correlation coefficient. If 
the x- and y-values are interchanged and the correlation 
coefficient is recalculated, will the correlation coefficient 
change? 


b) Make up a table of five pieces of bivariate data and de- 
termine r using the data. Then switch the values of the 
x’s and y’s and recompute the correlation coefficient. 
Has the value of r changed? 


51. Height vs. Length a) Do you believe that a correlation 
exists between a person’s height and the length of a per- 
son’s arm? 


b) Select 10 people from your class and measure (in 
inches) their heights and the lengths of their arms. 


c) Plot the 10 ordered pairs on a scatter diagram. 
d) Calculate the correlation coefficient, r. 


e) Determine the equation of the line of best fit. 


f) Estimate the length of the arm of a person who 1s 58 in. 


tall. 


52. Calculating a Correlation Coefficient a) Have your 
group select a category of bivariate data that it thinks has 
a strong positive correlation. Designate the independent 
variable and the dependent variable. Explain why your 
group believes that the bivariate data have a strong posi- 
tive correlation. 


b) Collect at least 10 pieces of bivariate data that can be 
used to determine the correlation coefficient. Explain 
how your group chose these data. 


c) Plot a scatter diagram. 
d) Calculate the correlation coefficient. 


e) Does there appear to be a strong positive correlation? 
Explain your answer. 


f) Calculate the equation of the line of best fit. 
g) Explain how the equation in part (f) may be used. 


53. CPI Use the following table. CPI represents consumer 
price index. 


Year 2005 2006 2007 2008 2009 2010 
CPI 19513 2068 P2073 2s.3 2145) 21801 


a) Calculate r. 


b) If 2005 is subtracted from each year, the table obtained 
becomes: 


Year 0 1 2 3 4 5) 
CPE 19533) 2016) 20723 2 Saye ae sel 


If ris calculated from these values, how will it com- 
pare with the r determined in part (a)? Explain. 


c) Calculate r from the values in part (b) and compare 
the results with the value of r found in part (a). Are 
they the same? If not, explain why. 


54. a) There are equivalent formulas that can be used to 
find the correlation coefficient and the equation of 
the line of best fit. A formula used in some statistics 
books to find the correlation coefficient is 


___ SSxy) 
VSS (x)SS(y) 
where 
2 
SS(x) = Xx? = tet, 
SG) ape 
SS (xy) = Dxy = (2x) (2y) 


n 


Use this formula to find the correlation coefficient 
of the set of bivariate data given in Example | on 
page 835-836. 


b) Compare your answer with the answer obtained in 
Example 1. 


Internet/Research Activity 
55. a) Obtain a set of bivariate data from a newspaper or 
magazine. 


b) Plot the information on a scatter diagram. 


c) Indicate whether you believe that the data show a 
positive correlation, a negative correlation, or no cor- 
relation. Explain your answer. 


d) Calculate r and determine whether your answer to part (c) 56. 


was correct. 


e) Determine the equation of the line of best fit for the 
bivariate data. 
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Find a scatter diagram in a newspaper or magazine and 
write a paper on what the diagram indicates. Indicate 
whether you believe that the bivariate data show a positive 
correlation, a negative correlation, or no correlation and 
explain why. 


Important Facts and Concepts 


Examples and Discussion 


Section 13.1 

Random sampling 
Systematic sampling 
Cluster sampling 
Stratified sampling 
Convenience sampling 


Section 13.2 


Misuses of statistics 


Section 13.3 
Frequency Distribution 


Rules for Data Grouped by Classes 


1. The classes should be the same width. 
2. The classes should not overlap. 
3. Each piece of data should belong to only one class. 


Statistical Graphs 


Histogram 

Frequency polygon 
Stem-and-leaf display 
Circle graph 


Section 13.4 
Measures of Central Tendency 
The mean is the sum of the data divided by the number of pieces of 
> 
data: x = a 
n 
The median is the value in the middle of a set of ranked data. 
The mode is the piece of data that occurs most frequently (if there is 
one). 
The midrange is the value halfway between the lowest and highest 
i ciel 
values: midrange = — 


Percentiles and Quartiles are measures of position. 


Example 1, page 777 


Discussion pages 779-781 


Examples 1-2, pages 784-786 


Discussion, page 784; Examples 1-3, 
pages 784-787 


Examples 4, 6, 7, pages 787-789 
Examples 5—6, pages 788-789 
Examples 8, pages 790-791 
Examples 9, pages 791-792 


Example |, page 797 


Examples 2-3, 6, pages 798-799 
Examples 4, 6, pages 798-799 


Examples 5, 6, page 799 | 


Examples 7—8, pages 800-801 
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Section 13.5 


Measures of Dispersion 


The range is the difference between the highest value and lowest value 


in a set of data. 


The standard deviation, s, is a measure of the spread of a set of data 


| Wea 
about the mean: s = 2G 
ye 


Section 13.6 
z-SCORES 


value of the piece of data — mean 


standard deviation 


Section 13.7 
Linear Correlation And Regression 


Linear correlation coefficient, r, is 
bye n(Xxy) — (2x) (2y) 
Vn( x2) — (3x? Vn(Sy?) — (Zy) 


Equation of the Line of the Best Fit 


y = mx + b, where 


_ n(xy) — Gy) 


n(2x2) — (Sx)? 
Ly — m(2x) 


n 


b= 


Discussion pages 808-812; 
Example 1, page 808 
Examples 2—3, pages 809-811 


Discussion pages 820-828; 
Examples 2-5, pages 820-828 


Discussion pages 833-835; 
Examples 1-2, pages 835-838 


Discussion pages 839-840; 
Examples 3-4, pages 839-841 


13.1 
1. a) What is a population? 


b) What is a sample? 


2. What is a random sample? 


i322 


In Exercises 3 and 4, tell what possible misuses or misin- 
terpretations may exist in the statements. 


3. The Stay Healthy Candy Bar indicates on its label that it 
has no cholesterol. Therefore, it is safe to eat as many of 
these candy bars as you want. 


4. More copies of Time magazine are sold than are copies 
of Money magazine. Therefore, Time is a more profitable 
magazine than Money. 


5. U.S. Households with Cable Television In 2008, 99.7 
million households in the United States subscribed to cable 


television. In 2009, 103.0 million households in the United 
States subscribed to cable television. Draw a graph that ap- 
pears to show a 


a) small increase in the number of households subscribing 
to cable television from 2008 to 2009. 


b) large increase in the number of households subscribing 
to cable television from 2008 to 2009. 


13.3 


6. Consider the following set of data. 


350937, 938) 4643 
36 37 38 41 43 
36 37 39 41 43 
36 37 39 41 44 
37 37 39 42 45 


a) Construct a frequency distribution letting each class 
have a width of 1. 
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b) Construct a histogram. is normally distributed with a mean of 20 minutes and 
standard deviation of 5 minutes. Determine the percent of 


€) Construct aitrequency: poly gon, pizzas that were prepared and delivered 


7. Average Monthly High Temperature Consider the fol- 
lowing average monthly high temperature in July for 40 
selected U.S. cities. 


TART OSS Sia 3 BS OP GS 84a 
CYT ASV). TOs Tiss 8), 18). Ul? 
80 66 74 68 81 84 75 67 
SN Ome ome O03 09 OSmao 
TEV Tks) ASO) Eis) 7/8) Si 7 


a) Construct a frequency distribution. Let the first class be 
58-62. 


b) Construct a histogram of the frequency distribution. 


c) Construct a frequency polygon of the frequency 


distribution. 

d) Construct a stem-and-leaf display. 25. between 20 and 25 minutes. 26. in less than 18 minutes. 

13.4. 13.5 27. between 22 and 28 minutes. 
4, 15. 
In Exercises 8-13, for the following test scores 67, 74, 79, 28. If Pepe’s Pizza advertises that the pizza is free if it takes more 
83. 84. 93. determine the than 30 min to deliver, what percent of the pizza will be free? 
8. mean. 9. median. 13.7 

10. mode. 11. midrange. 29. Hiking The following table shows the number of hiking 


permits issued for a specific trail at Yellowstone National 
12. range. 13. standard deviation. Park for selected years and the corresponding number of 
bears sighted by the hikers on that trail. 
In Exercises 14-19, for the set of data 4, 5, 12, 14, 19, 7, 
12, 23, 7, 17, 15, 21, determine the 


14. mean. 15. median. 

16. mode. 17. midrange. 

18. range. 19. standard deviation. 
13.6 


Police Response Time In Exercises 20-24, assume that 
police response time to emergency calls is normally distrib- 
uted with a mean of 9 minutes and a standard deviation of 
2 minutes. Determine the percent of emergency calls with a 
police response time 


20. between 7 and 11 minutes. 21. between 5 and 13 minutes. 


22. less than 12.2 minutes. 23. more than 12.2 minutes. Hiking permits 765 926 1145 842 1485 1702 


: Bears 119 127. SO 9 153) 156 
24. more than 7.8 minutes. 


Pizza Delivery In Exercises 25—28, assume that the amount a) Construct a scatter diagram with hiking permits on the 
of time to prepare and deliver a pizza from Pepe *s Pizza horizontal axis. 


850 


30. 
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b) Use the scatter diagram in part (a) to determine 
whether you believe that a correlation exists between 
the number of hiking permits issued and the number 
of bears sighted by hikers. If so, is it a positive or 
negative correlation? 


c) Calculate the correlation coefficient between the num- 
ber of hiking permits issued and the number of bears 
sighted by hikers. 


d) Determine whether a correlation exists at a = 0.05. 


e) Determine the equation of the line of best fit between 
the number of hiking permits issued and the number 
of bears sighted by hikers. Round both the slope and 
y-intercept to the nearest hundredth. 


f) Assuming that this trend continues, use the equation 
of the line of best fit to estimate the number of bears 
sighted if 1500 hiking permits were issued. 


Daily Sales Ace Hardware recorded the number of a par- 
ticular item sold per week for 6 weeks and the correspond- 
ing weekly price, in dollars, of the item as shown in the 
table below. 


Price ($) 


Number sold 


0.75 
200 


1.00 
160 


1:25; 
140 


1.50 
120 


1.75 2.00 
TO S95 


a) Construct a scatter diagram with price on the horizontal 
axis. 


b) Use the scatter diagram in part (a) to determine whether 
you believe that a correlation exists between the price 
of the item and number sold. If so, it is a positive or a 
negative correlation? 


c) Determine the correlation coefficient between the price 
and the number sold. 


d) Determine whether a correlation exists at a = 0.05. 


e) Determine the equation of the line of best fit for the 
price and the number sold. 


f) Use the equation in part (e) to estimate the number sold 
if the price is $1.60. 


13.4-13.6 


Men’s Weight In Exercises 31-36, use the following data 
obtained from a study of the weights of adult men. 


Mean 192 lb First quartile 178 Ib 
Median 185 lb Third quartile 232 lb 
Mode 180 Ib 86th percentile 239 Ib 
Standard deviation 23 Ib 


31. 


32. 


What is the most common weight? 


What weight did half of those surveyed exceed? 


kh 


34. 


35. 


36. 


37. 


38. 


About what percent of those surveyed weighed more than 
232 Ib? 


About what percent of those surveyed weighed less than 
178 Ib? 


About what percent of those surveyed weighed more than 
239 Ib? 


If 100 men were surveyed, what is the total weight of all 
men? 


What weight represents two standard deviations above the 
mean? 


What weight represents 1.8 standard deviations below the 
mean? 


13.2-13.6 


Presidential Children The following list shows the names 
of the 43 U.S. presidents and the number of children in 
their families. 


Washington 0B. Harrison 3 
J. Adams 5 McKinley 2 
Jefferson 6 T. Roosevelt 6 
Madison Oe att 3 
Monroe 2 Wilson 3 
J. Q. Adams 4 Harding 0 
Jackson 0 Coolidge 2 
Van Buren 4 Hoover 2 
W. H. Harrison 10 F.D.Roosevelt 6 
Tyler 14 Truman 1 
Polk 0 Eisenhower 2 
Taylor 6 Kennedy 3 
Fillmore 2  L.B. Johnson 2 
Pierce 3 Nixon 2. 
Buchanan QO Ford 4 
Lincoln 4 Carter 4 
A. Johnson 5 Reagan 4 
Grant 4  G. Bush 6 
Hayes 8 Clinton 1 
Garfield 7  G.W. Bush 2 
Arthur 3. Obama 2 
Cleveland 5 


In Exercises 39-50, use the data to determine the following. 


39. 


41. 


Mean 40. Mode 


Median 42. Midrange 


43. Range 

44. Standard deviation (round the mean to the nearest tenth) 
45. Construct a frequency distribution; let the first class be 0-1. 
46. Construct a histogram of the frequency distribution. 


47. Construct a frequency polygon of the frequency distribution. 


CHAPTER 13 Test 851 


48. Does this distribution appear to be normal? Explain. 


49. Do you think the number of children per family in the United 
States is a normal distribution? Explain. 


50. Is this set of data representative of the U.S. population? 
Explain. 


In Exercises 1-6, for the set of data 27, 43, 43, 45, 52, 
determine the 


1. mean. 2. median. 
3. mode. 4. midrange. 
5. range. 6. standard deviation. 


In Exercises 7-9, use the set of data 


20028) SA Oe 4 OR OG 
26 30 36 46 49 58 
26 32 40 47 50 58 
26 32 44 47 52 62 
27 35 46 47 54 66 


to construct the following. 
7. a frequency distribution; let the first class be 25-30 
8. a histogram of the frequency distribution 


9. a frequency polygon of the frequency distribution 


Statistics on Salaries In Exercises 10-16, use the follow- 


ing data on weekly salaries at Donovan's Construction 
Company. 


Mean $740 ‘First quartile $690 
Median $710 Third quartile $745 
Mode $735 79th percentile $752 


Standard deviation $40 


10. What is the most common salary? 
11. What salary did half the employees exceed? 


12. About what percent of employees’ salaries exceeded 
$690? 


13. About what percent of employees’ salaries was less than 


$752? 


14. If the company has 100 employees, what is the total 
weekly salary of all employees? 


15. What salary represents one standard deviation above the 
mean? 


' 
i 
e 
Anthropology In Exercises 16-19, assume that anthropol- | 
ogists have determined that the akidolestes, a small primi- 
tive mammal believed to have lived with the dinosaurs, 
had a head circumference that was normally distributed 
with a mean of 42 cm and a standard deviation of 5 cm 
i 
k 
| 


16. What percent of head circumferences were between 36 
and 53 cm? 


17. What percent of head circumferences were greater than 
35.75 cm? 


4 
18. What percent of head circumferences were greater than 
48.25 cm? 

} 


19. What percent of head circumferences were less than 50 cm? 


20. Minimum Wage The following table shows the hourly 
minimum wage in the U.S. for the years 2006-2010, 
where the column labeled Year refers to the number of 
years since 2006. 


r ; 


Year Minimum Wage 
0 $5.15 
1 $5.85 
2 $6.55 
3 $7.25 
| ieee $7.25 


Source: Bureau of Labor Statistics 


a) Construct a scatter diagram placing the year on the 
horizontal axis. 


b) Use the scatter diagram in part (a) to determine 
whether you believe a correlation exists between the 
year and the minimum wage. 
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both the slope and y-intercept to the nearest 
hundredth. 


c) Determine the correlation coefficient between the 
year and the minimum wage. 


f) Use the equation in part (e) to predict the minimum 
wage in 2014. 


d) Determine whether a correlation exists at a = 0.05. 


e) Determine the equation of the line of best fit 
between the year and the minimum wage. Round 


Watching TV divided by 60, will you obtain the same mean as when 
you add the two means from part (c) and divide the sum 
1. Do you think that men or women, aged 17—20, watch by 2? Explain. 
more hours of TV weekly, or do you think that they 
watch the same number of hours? i) Compute the mean of the 60 pieces of data by using 
both methods mentioned in part (h). Are they the same? 


a) Write a procedure to use to determine the answer to If so, why? If not, why not? 


that question. In your procedure, use a sample of 30 
men and 30 women. State how you will obtain an un- 
biased sample. 


j) Do you believe that this group of 60 pieces of data 
represents a normal distribution? Explain. 


b) Collect 30 pieces of data from men aged 17-20 and Bivariate Data Experiment 
30 pieces of data from women aged 17—20. Round 
answers to the nearest 0.5 hr. Follow the procedure 


developed in part (a) to obtain your unbiased sample. 


2. a) Have your group select a category of bivariate data 
that it thinks has a strong negative correlation. Indicate 
the variable that you will designate as the independent 
variable and the variable that you will designate as the 
dependent variable. Explain why your group believes 
that the bivariate data have a strong negative correla- 

d) Using the means obtained in part (c), answer the tion. 

question asked at the beginning of the problem. 


c) Compute the mean for your two groups of data to the 
nearest tenth. 


b) Collect at least 10 pieces of bivariate data that can be 


e) Is it possible that your conclusion in part (d) is 
wrong? Explain. 


f) Compute the standard deviation for each group to 
the nearest tenth. How do the standard deviations 
compare? 


g) Do you believe that the distribution of data from 
either or both groups resembles a normal distribution? 
Explain. 


h) Add the two groups of data to get one group of 60 
pieces of data. If these 60 pieces of data are added and 


used to determine the correlation coefficient. Explain 
how your group chose these data. 


c) Plot a scatter diagram. 
d) Calculate the correlation coefficient. 


e) Is there a negative correlation at a = 0.05? Explain 
your answer. 


f) Calculate the equation of the line of best fit. 


g) Explain how the equation in part (f) may be used. 


What You Will Learn 
= Graphs, paths, and circuits 

a The Kénigsberg bridge problem 
# Euler paths and Euler circuits 


= Hamilton paths and Hamilton 
circuits 


a Traveling salesman problems 

® Brute force method 

= Nearest neighbor method 

m Trees, spanning trees, and 
minimum-cost spanning trees 


This is importané 

In our everyday lives, we often 
face problems that require us 

to carry out several tasks to 
reach a desired solution. Graph 
theory is an important branch of 
mathematics used to represent and 
find solutions to such problems. 
Businesses, governments, and 
other organizations make use of 
graph theory to determine the 
most cost-effective means of 
solving problems and providing 
products and services. 

Graph theory can also be 
used in our everyday lives to 
help make decisions when 
traveling to multiple locations. 
For example, if you wish to visit 
several theme parks on your 
vacation, graph theory can be 
used to find the shortest driving 
route to all of the parks. 


<4 Graph theory can be used to help you plan 


N. f 
' 
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Suppose that you are a Girl Scout leader and you must deliver cookies to 15 different 


homes. You will use your car to drive from home to home to deliver all the cookies. 
You realize that you have many possible routes to accomplish the task, but how can 
you determine the shortest route? In this section, we will introduce a type of diagram 


that can help you analyze such problems. 


LZ) This is Important Graphs can be used to help solve problems from a wide vari- 


A What is the shortest route to deliver ety of applications that relate to our everyday lives. 
Girl Scout cookies to 15 different 


homes? 


he study of graph theory can be traced back to the eighteenth century when peo- 

ple of the East Prussian town of KGnigsberg sought the solution to a popular 
problem. KGnigsberg was situated on both banks and two islands of the Prigel 
River. From Fig. 14.1, we see that the sections of town were connected with a series 
of seven bridges. The townspeople wondered if one could walk through town and 
cross all seven bridges without crossing any of the bridges twice. This question was 
presented to Swiss mathematician Leonhard Euler (pronounced “oiler,” 1707-1783). 
To study this problem, Euler reduced the problem to one that could be represented 
with a series of dots and lines. This problem came to be known as the K6nigsberg 
bridge problem. 


Figure 14.1 


We will revisit the K6nigsberg bridge problem several times in this section and 
in Section 14.2. Our main focuses in this section are to introduce definitions of graph 
theory and to explain how these definitions can help represent problems from the 
physical world. In the next section, we will introduce some basic graph theory used to 
solve these problems. 


A B/ top | Graphs 


Nota A graph is a finite set of points called vertices (singular form is vertex) 
connected by line segments (not necessarily straight) called edges. An edge that 
connects a vertex to itself is called a Joop. Vertices, edges, and a loop are dis- 
: ee A aha played in the graph in Fig. 14.2. We generally refer to vertices with capitalized 
letters. The edge between two vertices will be referred to using the two vertices. 

Figure 14.2 For example, in Fig. 14.2, the edge that connects vertex A to vertex B is referred to 


RECREATIONAL MATH 


Online Social Networks 


facebook fee a ee 


nline social networks such as 


Facebook, MySpace, Twitter, 
Google+ and LinkedIn are Internet 
sites that share information among 
a network of people who are linked 
together. For example, if two 
Facebook users wish to be linked, 
they become friends. If a Facebook 
user posts any comments, pictures, 
or videos, the information is avail- 
able to all of that user's friends. 
Social networks can be depicted 
with graphs where the people are 
represented with vertices and the 
friendship links are represented 
with edges. Such a graph for 
Facebook can be represented only 
with the help of a very large com- 
puter. As of July 2010, Facebook 
had over 500 million users! Exercise 
44 on page 864 asks you to draw a 
graph representing the friendships 
of six people who are on Facebook. 
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as edge AB or as edge BA. The loop in Fig. 14.2 is referred to as edge BB or loop 
BB. Not every place where two edges cross is a vertex. A dot must be present to 
represent a vertex. For instance, in Fig. 14.2, even though edges AD and BC cross, 
since no dot is indicated, the place where these lines cross is not a vertex. 

With these basic definitions, we can begin using graphs to represent physical 
settings. 


Example Representing the Konigsberg Bridge Problem 


Using the definitions of vertex and edge, represent the K6nigsberg bridge problem 
with a graph. 


Note that each bridge in Fig. 14.1 on page 854 connects two pieces of 
land in a manner similar to an edge connecting two vertices. To begin representing 
the K6nigsberg bridge problem as a graph, we will label each piece of land with a 
capital letter, as shown in Fig. 14.3. 


Figure 14.3 


Next, we draw edges to represent the bridges. Notice that there are two bridges 
connecting land A to land B in Fig. 14.3. Therefore, we need two edges to connect 
vertex A to vertex B in our graph (see Fig. 14.4). Notice that there is one bridge 
connecting land A to land C in Fig. 14.3. Therefore, we need one edge to connect 
vertex A to vertex C in our graph. We continue to let edges represent bridges, and 
the resulting graph is given in Fig. 14.4. 

Although the picture and the graph do not look very similar, the graph repre- 
sents the key aspects of the problem: The land is represented with vertices, and the 
bridges are represented with edges. s 


Graphs are powerful tools in problem solving because they allow us to focus on 
the key aspects of problems without getting distracted with unnecessary details. Our 
next three examples show other ways that graphs can be used to represent settings 
from the physical world. 


Example B4 Navy Region Southwest 


The Navy Region Southwest (NRS) is a division of the United States Navy. 
NRS includes all Navy facilities in the states shown in Fig. 14.5 on page 856. 
Construct a graph to show the states that share a common border. States whose 
borders touch only at a single corner point will not be considered to share a 


common border. 
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Figure 14.5 


bhes ee Ae In our graph, each vertex will represent one of the six states shown 
in Fig. 14.5. We begin by placing six vertices in the same relative positions as 
the six states on the map and then labeling each vertex with the corresponding 
two-letter abbreviation (Fig. 14.6). The exact placement of the vertices is not 
a Zz “yM critical. 

Next, if two states share a common border, connect the respective vertices with 
an edge. For example, Nevada shares a common border with Utah, Arizona, and 
California so there will be edges that connect vertex NV to vertices UT, AZ, and 
CA, as shown in Fig. 14.7. 


Figure 14.6 


CA AZ NM 
Figure 14.7 


Next, note that Utah shares a common border with Nevada, Arizona, and 
Colorado. Therefore, the graph in Fig. 14.7 will have edges that connect UT to 
NV, AZ, and CO, respectively. Note that Utah and New Mexico have borders 
that touch only at a corner point and thus are not considered to share a common 
border. Therefore, in the graph shown in Fig. 14.7, no edge connects UT to NM. 
Likewise, Arizona and Colorado are not considered to share a common border; 
NM thus, no edge connects AZ to CO. To finish the graph, we continue adding 
edges until, for every two states in Fig. 14.5 that share a common border, there 
is an edge between their respective vertices in Fig. 14.7. | 
ee In Example 2, the graph shown in Fig. 14.7 is only one possible arrangement of 
co , A 
vertices and edges that can show which states share a common border. Many other 
graphs that display the same relationship are equally valid. Figure 14.8 shows one 
such graph. Although the vertices in the graph in Fig. 14.8 do not resemble the re- 
spective locations of the states they represent, the relationship between the vertices 
Figure 14.8 is the same as in Fig. 14.7. 


UT NV 


MATHEMATICS TODAY 


«, 
ry “ 
in, 
Om 


& Pore a 


NHaAwne \ EE 
aCeny Park 


RAL \ SCIENCE 
te 
& KENDALL/MIT 


ACHARLE nk BOWDOIN 


Ge a 
Center 


PARK Sr 


Graph Theory Representations 


Comvounry C 


NORTH * 
SOSTATIONs 


a 
OH Re WAS 
#8 cet 4 


TStayes 


55 F. Union Pane Stra 
Ave af 


Newton Sr A, 


Pie” RUSLESA 
ey ONBURY 
Crossings 
Y ACKSON Sod 
A Day BROOK A Dp 


heen Sta 


FOREST 
HILLS & yh 


x 
Bo Lalo Sy 


PHAMS 


Outside 


Mrs. 


Reb Restroom Ms. Starr’s 
ODE 8 A Classroom Use a graph to represent the floor plan. 
Classroom 

Hallway 


Mrs. Kozak’s| Restroom |Mr. Cannata’s 


Classroom 


Classroom B 


Figure 14.9 


SORE A | 


JWorcmaten $9 
=, Many Ave A 


"Metre gress Biv’: 
DLEY 
BQUARE « 


This is important 


14.1. Graphs, Paths, and Circuits 


Gz consisting of points called verti- 
ces and lines called edges can repre- 
sent numerous applications used in many 
professions. Chemists use graphs to sketch 
atoms in a molecule. Engineers use graphs 
in schematic drawings of electrical networks 
Genealogists use graphs to represent family 
trees. Transportation officials use graphs to 
show airline, railway, and ground transporta- 
tion routes. Industrial scientists use graphs 
to represent human and machine interaction 
times in factories. All these applicat can 
be represented and studied with the branch 
of mathematics called graph theory, the ori: 
gins of which can be traced back to 
Leonhard Euler (1707-1783). The subway 
map shown at left for the city and surround- 
ing area of Boston, Massachusetts, is a 
graph of vertices and edges. 


Graph theory 
is an important tool that uses simple dia- 
grams for representing key aspects of many 
problems. 


Example Representing a Floor Plan 


To create a graph, we start by letting vertices represent each of the 
six rooms, the hallway, and the outside of the building. To label the vertices, we 
will use the first letter of the teacher’s last names along with H for hallway, A 
for restroom A, B for restroom B, and O for the outside of the building. Next, 
connect the vertices with edges. To determine placement of the edges within 
the graph, visualize walking through the various doorways in the building. For 
instance, since a person can walk from Mrs. Kozak’s room directly into the 
hallway or into restroom B, there is an edge between K and H and an edge 
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Figure 14.9 shows the floor plan of the kindergarten building at the Pullen Academy. 


between K and B. The resulting graph is shown in Fig. 14.10. Notice that since 


the hallway has two separate doorways that lead to the outside of the building, 


there are two separate edges that connect vertices H and O. 


i 


In Example 3, we placed the vertex O, for outside, near the top of the graph. 
However, vertex O could have been placed in another location either above, below, or 
on either side of the vertices that represent the floor plan. If vertex O had been placed 
elsewhere, the graph would look different, but the graph would still represent the 


floor plan shown in Fig. 14.9. 


Example £4 Representing a Neighborhood 


K B (6! 


Figure 14.11 on page 858 shows a sketch of the Country Oaks subdivision of 


homes. Use a graph to represent the streets of this neighborhood. 


Figure 14.10 
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A B 
(G D 
Figure 14.13 


Cypress Lakes Boulevard 


O’ Keefe Lane 
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Sabino Lane 


Palm Aire Boulevard 


Figure 14.11 


In this problem, the vertices will represent the street intersections and the 
edges will represent the street blocks. We will use the letters A, B, C, ..., K to name 
the vertices. The resulting graph is shown in Fig. 14.12. 


A B Cc D 


Figure 14.12 


Now that we have some experience using graphs to represent real-life settings, 
we will introduce some additional vocabulary used in graph theory. We will begin 
with a method of classifying vertices. The degree of a vertex is the number of edges 
that connect to that vertex. For instance, in Fig. 14.13, vertex A has two edges con- 
nected to it. Therefore, the degree of vertex A is two. We also see from Fig. 14.13 that 
vertex B has three edges connected to it, as does vertex C. Therefore, vertices B and C 
each have degree three. Vertex D has a loop connected to it. A question arises: Should 
loop DD count as one edge or two edges when determining the degree of vertex D? 
We will agree to count each end of a loop when determining the degree of a vertex. 
Thus, vertex D from Fig. 14.13 will have degree four. A vertex with an even number 
of edges connected to it is an even vertex, and a vertex with an odd number of edges 
connected to it is an odd vertex. In Fig. 14.13, vertices A and D are even and vertices 
B and C are odd. 


Paths, Circuits, and Bridges 


We next introduce some definitions of graph theory that can be used to describe 
“movement.” 


Definition: Path 
A path is a sequence of adjacent vertices and the edges connecting them. 


By adjacent vertices, we mean two vertices that are connected by a common 
edge. For example, in Fig. 14.13, vertices A and B are adjacent vertices since 
there is a common edge between vertex A and vertex B. Vertices A and D are not 
adjacent vertices since there is not a common edge between vertex A and vertex 
D. An example of a path is given in Fig. 14.14. It is important to recognize the 


Cc 
Figure 14.16 
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difference between a graph and a path. The graph is the set of black vertices and 
the blue edges connecting them. The path, shown in red, can be thought of as 
movement from vertex C to vertex D to vertex A to vertex B. For convenience, 
and to help in explanations, paths will be referred to with the sequence of vertices 
separated by commas. For example, the path in Fig. 14.14 will be referred to as 
path C, D, A, B. 


Figure 14.14 


A path does not need to include every edge and every vertex of a graph. In addi- 
tion, a path could include the same vertices and the same edges several times. For ex: 
ample, in Fig. 14.15, we see a graph with four vertices. The path A, B, C, D, A, B, C, 
D, A, B, C, D, A, B, C starts at vertex A, “circles” the graph three times, and then goes 
through vertex B to vertex C. 


Figure 14.15 


We now will discuss a special kind of path called a circuit. 


Definition: Circuit 
A circuit is a path that begins and ends at the same vertex. 


Examine Fig. 14.16. The path given by A, C, B, D, A forms a circuit. The path 
given by B, D, E, B forms another circuit. 

Note that every circuit is, by definition, a path; however, not every path is a cir- 
cuit. A circuit needs to begin and end at the same vertex. For example, in Fig. 14.16, 
the path given by A, C, B, D is not a circuit, since it does not begin and end at the 
same vertex. In Sections 14.2 and 14.3, we will discuss paths and circuits in more 
depth. 
Our next definitions classify graphs themselves. A graph is connected if, for 
any two vertices in the graph, there is a path that connects them. All the graphs 
we have studied thus far have been connected because a path existed between 
each pair of vertices in each graph. If a graph is not connected, it is disconnected. 
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Figure 14.17 shows three examples of disconnected graphs. In Fig. 14.17(c), although 
edge AD and edge BC cross, the graph is not connected because there is no vertex 
indicated where the edges cross. 


A B 
Ag B A B 
(al é D 
D E, F Cc D 
G H 


(a) (b) (c) 
Figure 14.17 


We next discuss an important type of edge called a bridge. 


Definition: Bridge 
A bridge is an edge that, if removed from a connected graph, would create a dis- 
connected graph. 


Figure 14.18 shows graphs with bridges indicated. Compare these graphs with 
those in Fig. 14.17. The graphs in Fig. 14.18 are the same graphs as those in Fig. 14.17 
with a bridge added. Note in Fig. 14.18(c) that, in addition to edge AB that we added, 
edges AD and BC are also bridges. If edge AD were removed, vertex D would be 
isolated from the rest of the graph. If edge BC were removed, vertex C would be 
isolated from the rest of the graph. Note that our graph theory definition of bridge is 
different from bridges as they are used in the Konigsberg bridge problem. In the 
KG6nigsberg bridge problem, none of the edges that represent real bridges is a bridge 
in the graph theory sense. 


id: A B 5 
ridge 4 Pi ridge A 
E G D Bridge Bridge 
Bridge 
D E F G D 
G HT 
(a) (b) (c) 
Figure 14.18 
SECTION 14.1 : 
Exercises 

Warm Up Exercises 2. A point in a graph is called a(n) 
In Exercises 1-6, fill in the blanks with an appropriate 3. A line segment in a graph is called a(n) 


word, phrase, or symbol(s). 


4. An edge that connects a vertex to itself is called a(n) 
1. A finite set of points connected by line segments is called 


a(n) 


5. A sequence of adjacent vertices and the edges connecting 
them is called a(n) 


6. A path that begins and ends with the same vertex is called 


a(t) See 


7. The number of edges that connect to a vertex is called the 
of the vertex. 


8. A bridge is an edge that, if removed from a connected 
graph, would create a(n) graph. 


Practice the Skills 


In Exercises 9-14, create a graph with the given proper- 
ties. There are many possible answers for each problem. 


9. Four even vertices 10. Four odd vertices 
11. Two even and two odd vertices 
12. Four odd vertices and one even vertex 


13. Seven vertices and one bridge 


14. Seven vertices and two bridges 


In Exercises 15-20, use the graph below to answer the 
following questions. 


15. Is A, B, C, D, F, E a path? Explain. 


16. Which edge(s) shown on the graph are not included in the 
following path: A, B, D, F, E, C? 


17. On the graph, is it possible to determine a path that begins 
with vertex A, contains all the edges exactly once, and 
ends with vertex B? If so, determine one such path. 


18. On the graph, is it possible to determine a circuit that 
includes only four distinct vertices? If so, determine one 
such circuit. 


19. On the graph, can you determine a path that includes all 
the edges without using any edge twice? If so, determine 
one such path. 


20. On the graph, can you determine a circuit that includes 
all the vertices without using any vertex (other than the 
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beginning and ending vertex) twice? If so, determine one 
such circuit. 


Problem Solving 


Modified Konigsberg Bridge Problems In Exercises 21 
and 22, suppose that the people of Kénigsberg decide 
to add several bridges to their city. Two such possibili- 
ties are shown. Create graphs that would represent the 
Konigsberg bridge problem with these new bridges. 


Other Navy Regions In Exercises 23 and 24, the maps 
of states that are in other Navy regions (see Example 2 
on page 855) are shown. Represent each map as a graph 
where each vertex represents a state and each edge 
represents a common border between the states. Use the 
state abbreviations to label the vertices of the graph. 


23. Navy Region Northwest 
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24. Navy Region Southeast For Exercises 27-30, use a graph to represent the floor 
South Carolina Plan shown. In each graph, use the letter O to represent the 


Alabama (SC) outside of the building. See Example 3, page 857. 
Mississippi (AL) 5 
(MS) TE 


27. Floor Plan The drawing below shows the first-floor plan 
of the Aloha model home offered by the Kim Ghiselin 
Family Construction Company of Woonsocket, Rhode 
Island. Place vertex O near the top of the graph. 


Louisiana 
(LA) 


Outside 


_ l- dipeel 


Kitchen 


(FL) 


25. Central America The map below shows the countries of 
Belize (B), Costa Rica (C), El Salvador (E), Guatemala (G), 
Honduras (H), Nicaragua (NV), and Panama (P). Represent the 
map as a graph where each vertex represents a country and 
each edge represents a common border between the countries. 
Use the letters indicated in parentheses to label the vertices. 


28. Floor Plan The drawing below shows the floor plan of 
the Sun Valley model home offered by Wubben Builders 
of Pocatello, Idaho. Place vertex O near the bottom of the 


graph. 


Master 
Bedroom 


———_——_— 
Bathroom 


Guest 
Bedroom 


Costa Rica 


Kitchen/ 


Dining Room Room 
26. Northern Africa The map below shows the countries of 
Algeria (A), Egypt (E), Libya (L), Morocco (M), Sudan (S), Outside 
Tunisia (7), and Western Sahara (W). Represent the map 
as a graph where each vertex represents a country and each 
edge represents a common border between the countries. 29. Floor Plan The drawing below shows the floor plan of the 
Use the letters indicated in parentheses to label the vertices. first floor of the Oleander model home offered by Nisely 


Builders of Albuquerque, New Mexico. Place vertex O 
near the bottom of the graph. 


Bath , Laundry 


| | Kitchen First Bedroom 


Great 
Guest Bathroom 


Dining Room Room 


Second Bedroom 
Entry 


Outside 
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30. Floor Plan The drawing below shows the floor plan of 
the Bougainvillea model home offered by Alstrom Build- 
ers of Waco, Texas. Place vertex O near the bottom of the 
graph. 


In Exercises 33-36, determine whether the graph shown is 
connected or disconnected. 


8) 


Recreation Room 


First Bedroom 


Kitchen Master 
Bedroom 
Second 
Bedroom 
34, A B 
Garage Outside 
E 1 
: : 35. A B 
31. Representing a Neighborhood The map of the Tree Tops Cc ¢———* 
subdivision in Prince George County, Virginia, is shown eel | 
below. Use a graph to represent the streets in this subdivi- D 
sion. Use letters to label the vertices. F G 


In Exercises 37-40, a connected graph is shown. Identify 
any bridges in each graph. 


Sih A 
32. Representing a Neighborhood The map of the Crescent 


Lakes subdivision in Essex County, Maryland, is shown 
below. Use a graph to represent the streets in this subdivi- 
sion. Use letters to label the vertices. 


ak aig a 
Brook 
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39. A B b) determine the sum of the degrees from all vertices from 
this same graph. 


Ee 
ho c) determine the number of edges on this same graph. 


E 
(wy d) What conclusion relating the sum of the degrees of verti- 
ces to the number of edges can you draw from this exer- 
cise? Explain why this conclusion is true. 


40. 4 B G D Recreational Mathematics 


44. Facebook Friends Read the Recreational Mathematics 
box on page 855. Belinda, Dennis, Jeff, Kristie, Lucy, and 
Mike are all on Facebook. The following pairs of people are 
friends: Belinda and Dennis, Belinda and Kristie, Belinda 

N O and Lucy, Dennis and Kristie, Dennis and Lucy, Dennis 
and Mike, Jeff and Lucy, Kristie and Lucy, and Kristie and 
Mike. Represent the friendships with a graph. 
Challenge Problems/Group Activities 


41. Poll your entire class to determine which students knew 
each other prior to taking this course. Draw a graph that a) the floor plan of your home. 
shows this relationship. 


45. Use a graph to represent 


b) the streets in your neighborhood within 4 mile from 


42. Attempt to draw a graph that has an odd number of odd your home in all directions. 
vertices. What conclusion can you draw from this exer- 
ise? aare 
eae Internet/Research Activity 
43. Draw four different graphs and then for each graph: 46. Choose a continent other than North America or Australia 
and create a graph showing the common boundaries 
a) determine the degree of each vertex. between countries. Be sure to use a current map. 


SECTION 14.2 Euler Paths and Euler Circuits 


& 


A snowplow driver must plow every road in the township. To minimize the time and 
cost involved, the driver would like to establish a route that would allow the plow to 
travel over each road exactly one time. In this section, we will study paths and circuits 
that can be used to determine the best route for the snowplow driver. 


[QY This is important Graphs, paths, and circuits can be used to solve many real-world 
problems. 


A Graph theory can be used to 
determine the best route for a 
snowplow to travel. 


ection 14.1 provided us with some of the basic definitions of graph theory. Although 
we were able to represent physical settings with graphs, we have not yet discussed 
solving problems related to these settings. In this section, we will provide more details 
of graph theory, which allows us to reach solutions to the K6nigsberg bridge problem 
and other real-world problems. Before we do so, we need to give two more definitions. 


Definition: Euler Path 
An Euler path is a path that passes through each edge of a graph exactly one time. 


If a graph has an Euler path, we say the graph is fraversable. If a graph has an 
Euler path, or is traversable, it is possible to trace the entire graph without removing 
the pencil from the paper and without tracing an edge more than once. For our next 
definition, recall that a circuit is a path that begins and ends at the same vertex. 
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A ‘Eg n>s tai fite ae 
_ Definition: Euler Circuit A 
An Euler circuit is a circuit that passes through each edge of a graph exactly 
‘ é Onecumes bau af. ae 
D E The difference between an Euler path and an Euler circuit is that an Euler circuit 
(a) 


must start and end at the same vertex. An alternate definition for an Euler circuit is 
that it is an Euler path that begins and ends at the same vertex. To become farniliar 
with Euler paths and Euler circuits, examine the graphs in Fig. 14.19(a) and (b}. As 
we discuss each graph, trace each path or circuit with a pencil or with your finger, or 


An Euler path 
DE BAG vAN BD GaE, 


A draw the path or circuit on a separate sheet of paper. 
In Fig. 14.19(a), the path D, E, B, C, A, B, D, C, E is an Euler path since each 
edge was traced only one time. However, since the path begins at vertex D and ends 
B é at a different vertex, E, the path is not a circuit and therefore is not an Euler circuit. In 
Fig. 14.19(b), the path D, E, B, C, A, B, D, C, E, F, D is an Euler path since each edge 
was traced only one time. Furthermore, since the path begins and ends with the same 
D E vertex, D, it is also an Euler circuit. Note that every Euler circuit is an Euler path, but 
not every Euler path is an Euler circuit. 
Our next task is to determine whether a given graph has an Euler path, an Euler 
F circuit, neither, or both. In the next example, we will use trial and error to find Euler 
(b) paths and Euler circuits. Our discussion will help us introduce Euler's theorem, which 
will be used to solve the K6nigsberg bridge problem and other problems involving 
An Euler circuit D, E, B, C, A, B, D, graph theory. 
G; EF, D 
Figure 14.19 Example Euler Paths and Circuits 


For the graphs shown in Fig. 14.20, determine if an Euler path, an Euler circuit, 
neither, or both exist. 


A A B 
B c @ D 
D B FF 1B F 
(a) (b) 
Figure 14.20 


a) The graph in Fig. 14.20(a) has many Euler circuits, each of which is also 
an Euler path. One Euler circuit is A, B, D, E, B, C, E, F, C, A. Trace this 
circuit now. Notice that you traced each edge exactly one time and that you 
started and finished with vertex A. Notice that this graph has no odd vertices 
(and therefore has all even vertices). This graph has both Euler paths and 
Euler circuits. 

b) Using trial and error, we can see that the graph in Fig. 14.20(b) has an Euler 
path but it does not have an Euler circuit. One Euler path is C, A, B, D, C, E, F, 
D. Another Euler path is D, B, A, C, D, F, E, C. There are actually several Euler 
paths for this graph, but each one must begin at either vertex C or vertex D. If 
the Euler path begins at vertex C, it must end at vertex D, and vice versa (you 
should try to find a few more to confirm this observation). Notice that there are 
exactly two odd vertices, vertex C and vertex D. 
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Did You Know? 


Topology 


DNA molecule 


raph theory is part of a larger 

branch of mathematics known 
as topology. Although topology 
involves concepts from other older 
branches of mathematics, such as 
geometry, algebra, and analysis, 
the name topology wasn’t used 
until 1930 in a paper by Solomon 
Lefschetz (see Profile in Mathemat- 
ics on page 894). Topology is fre- 
quently referred to as rubbersheet 
geometry. This descriptive name 
refers to topology’s focus on geo- 
metric properties that remain con- 
sistent even when an object is bent, 
twisted, or stretched. One of the 
more interesting areas within to- 
pology is knot theory. Once a very 
obscure area of mathematics, knot 
theory is increasingly important be- 
cause of its applications to science. 
Among other things, knot theory is 
used to study DNA molecules, to 
find new drugs, and to study how 
infectious diseases spread. 


c) Our attempts to trace the graph in Fig. 14.20(c) lead to either tracing at least one 
edge twice or to omitting at least one of the edges. We must therefore conclude 
that this graph has neither an Euler path nor an Euler circuit. Notice that this 
graph has more than two odd vertices. Ls 


We are now ready to introduce Euler’s theorem, which is used to determine if a 
graph contains Euler paths and Euler circuits. As you will see, the number of odd 
vertices of a graph determines whether the graph has Euler paths and Euler 
circuits. 


Euler’s Theorem 
For a connected graph, the following statements are true. 


1. A graph with no odd vertices (all even vertices) has at least one Euler path, 
which is also an Euler circuit. An Euler circuit can be started at any vertex, and 
it will end at the same vertex. 


2. A graph with exactly two odd vertices has at least one Euler path but no Euler 
circuits. Each Euler path must begin at one of the two odd vertices, and it will 
end at the other odd vertex. 


3. A graph with more than two odd vertices has neither an Euler path nor an Euler 
circuit. 


The proof of this theorem is beyond the scope of this book. In Example 2, we will 
reexamine the graphs used in Example 1. However, this time we will use Euler’s the- 
orem to determine whether the graph has Euler paths and Euler circuits. 


Example 4 Using Euler’s Theorem 


Use Euler’s theorem to determine whether an Euler path or an Euler circuit exists in 
Fig. 14.20(a), (b), and (c) on page 865. 


a) The graph in Fig. 14.20(a) has no odd vertices (all the vertices are even). 
According to item | in Euler’s theorem, at least one Euler circuit exists. An 
Euler circuit can be determined starting at any vertex. The Euler circuit will 
end at the vertex from which it started. Recall that each Euler circuit is also 
an Euler path. 

b) We see that the graph in Fig. 14.20(b) has four even vertices (A, B, E, and F) 
and two odd vertices (C and D). Based on item 2 in Euler’s theorem, we con- 
clude that since there are exactly two odd vertices, at least one Euler path exists 
but no Euler circuit exists. Each Euler path must begin at one of the odd vertices 
and end at the other odd vertex. 


c) The graph in Fig. 14.20(c) has four odd vertices (A, B, D, and E) and one 
even vertex (C). According to item 3 in Euler’s theorem, since this graph 
has more than two odd vertices, the graph has neither an Euler path nor an 
Euler circuit. a 


The results found in Example 2 using Euler’s theorem are the same as the results 
found in Example | using trial and error. Although both methods led to the same re- 
sult, Euler’s theorem is superior to trial and error because it gives us a tool to examine 
more complicated graphs. 

Next, we will use Euler’s theorem to solve questions regarding the Kénigsberg 
bridge problem as well as problems relating to the graphs we developed in 
Section 14.1. 


A 
B 

D 
Figure 14.21 
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Example Solving the K6nigsberg Bridge Problem 


In Section 14.1, Example 1 on page 855, we discussed the Konigsberg bridge problem 
and drew a graph to represent the situation. The graph is repeated in Fig. 14.21. Could a 
walk be taken through K6nigsberg during which each bridge is crossed exactly one time? 


The vertices of the graph given in Fig. 14.21 represent the land areas, and 
the edges of the graph represent the bridges in the Konigsberg bridge problem. The 
original problem posed by the townspeople of K6nigsberg, in graph theory terms, 
was whether or not an Euler path exists for the graph in Fig. 14.21. From the figure, 
we see that the graph has four odd vertices (A, B, C, and D). Thus, according to 
item 3 of Euler’s theorem, no Euler path exists. Therefore, no walk could be taken 
through K6nigsberg in which each bridge was crossed exactly one time. ] 


Example £§ Navy Region Southwest 


In Section 14.1, Example 2 on page 855, we discussed the states in the Navy 
Region Southwest. We drew a graph showing the states that share a common 
border. The graph is repeated in Fig. 14.22. 


NV UT CO 
CA AZ NM 
Figure 14.22 


Secretary of the Navy, Ray Mabus wishes to visit each of these states. He wishes to 

travel between these states and cross each common state border (or use each edge) 

exactly one time. 

a) Is it possible for him to travel among these six states and cross each common 
state border (or use each edge) exactly one time? 

b) If yes, determine a path that he could take to travel between these states and 
cross each common state border exactly one time. 


a) Since Secretary Mabus must use each edge (or common border) exactly one 
time, he is seeking an Euler path for the graph in Fig. 14.22. Notice that this 
graph has exactly two odd vertices, NV and UT. According to item 2 of Euler’s 
theorem, at least one Euler path, but no Euler circuit, exists. Therefore, it is 
possible for him to travel among these states and cross each common state 
border exactly one time. However, since there is no Euler circuit, he must start 
his travel and end his travel in different states. 


b 


mam 


Many Euler paths exist, but each one must either start with NV and end with UT 
or start with UT and end with NV. One such path is NV, UT, CO, NM, AZ, CA, 
NV, AZ, UT. There are many other Euler paths on this graph. You should try to 
find at least two now. | 


Euler’s theorem can be used to determine whether a graph has an Euler path or an 
Euler circuit. If an Euler path or Euler circuit exists, how can we determine it? We can 
always attempt to determine Euler paths and Euler circuits using trial and error. This 
strategy might work well for simpler graphs. However, we would like to attempt this task 
with a more systematic approach. Our final topic in this section, Fleury’s algorithm, will 
give us such an approach. An algorithm is a procedure for accomplishing some task. 
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4 (ee 30) 0) 4-9 FLEURY’S ALGORITHM 
To determine an Euler path or an Euler circuit: 


1. Use Euler’s theorem to determine whether an Euler path or an Euler circuit ex- 
ists. If one exists, proceed with Steps 2-5. 


. Ifthe graph has no odd vertices (therefore has an Euler circuit, which is also an 
Euler path), choose any vertex as the starting point. If the graph has exactly two 
odd vertices (therefore has only an Euler path), choose one of the two odd verti- 


ces as the starting point. 


. Begin to trace edges as you move through the graph. Number the edges as you 
trace them. Since you can’t trace any edges twice in Euler paths and Euler cir- 
cuits, once an edge is traced consider it “invisible.” 

. When faced with a choice of edges to trace, if possible, choose an edge that is 
not a bridge (i.e., don’t create a disconnected graph with your choice of edges). 


. Continue until each edge of the entire graph has been traced once. 


O Example Locking a Kindergarten Building 


In Section 14.1, Example 3 on page 857, we introduced the kindergarten building 

at Pullen Academy and drew the graph that represented its floor plan. The graph is 

repeated in Fig. 14.23. Joe Mays, the school’s custodian, is responsible for locking 

all the doors at the end of the day. Joe wishes to determine a way to move through 

the building using each doorway exactly once. 

a) Is it possible for Joe to move through the building using each doorway of the 
building exactly one time? (In other words, does an Euler path exist in the graph 
in Fig. 14.23?) 

b) If so, determine one such Euler path. 


a) To determine if there is an Euler path, we will use Euler’s theorem. The graph 
in Fig. 14.23 contains exactly two odd vertices, O and A. By item 2 of Euler’s 
theorem, the graph has at least one Euler path (but no Euler circuit). By Euler’s 
theorem, the Euler path would have to begin at one of the two odd vertices, either 
O or A, and end at the other odd vertex. Therefore, Joe could move through the 
building and use each doorway of the building exactly one time by starting at the 
outside (vertex O) or at restroom A (vertex A). 


K B (e 


Figure 14.23 


b) In part (a), we determined that an Euler path exists. Now we use Fleury’s al- 
gorithm to determine one such path. We can start at either odd vertex, O or A. 
Let us choose to start at vertex O (see Fig. 14.23). As a matter of convention, 
once we trace an edge, we will redraw it using a dashed, instead of solid, edge. 
The dashes will indicate that the edge has already been traced and so it cannot 
be traced again. At vertex O, there are three choices of edges: the left-side edge 
OH, the right-side edge OH, or edge OA. None of these edges is a bridge. Thus, 
if we were to remove any one of these edges, we would not create a discon- 
nected graph. Since none of these edges is a bridge, we can choose to trace any 
one of these edges. Let us choose the left-side edge OH as our first edge and 
number it | (see Fig. 14.24). 

Now closely examine our position at vertex H. We now must make a choice 
among the following edges: HR, HS, HK, HC, and the right-side edge HO. None 
of these edges is a bridge. Thus, if we were to remove any of these edges, we 
would not create a disconnected graph. Since none of these edges is a bridge, we 
can choose to trace any one of these edges. Let us choose edge HK and label it 

Figure 14.24 edge 2 as shown in Fig. 14.24. 


Start here 


Figure 14.25 
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Now we are at vertex K. At vertex K, we have no choice but to select edge 
KB, followed by edge BC, followed by edge CH. We will choose these edges 
and label them edges 3, 4, and 5, respectively, as in Fig. 14.25. We are now 
back at vertex H. 

Examine our position at vertex H in Fig. 14.25. There are three choices 
of edges: HR, HS, and right-side edge HO. None of these edges is a bridge, 
so we may choose to trace any one of these edges. Let us choose edge HR 
and label it 6. That will put us at vertex R, where our only choice is to trace 
edge RA and label it 7. We are now at vertex A. At vertex A, there is a choice 
between edges AO and AS. Because neither edge is a bridge, we may choose 
either one of these edges. Let us choose edge AS and label it 8. Our choices 
up to this point are shown in Fig. 14.26. 

We are now at vertex S, where our only choice is to trace edge SH followed 
by edge HO, followed by edge OA. These edges are labeled 9, 10, and 11, re- 
spectively, and the completed Euler path is given in Fig. 14.27. 
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Notice that we started at one odd vertex, O, and ended at the other odd vertex, A. 
Therefore, if Joe followed the path O, H, K, B, C, H, R, A, S, H, O, A, he would 
travel through each doorway exactly one time. Many other Euler paths also exist 
for this problem. You will be asked to find another one in Exercise 50. # 


Example [4 Crime Stoppers Problem 


In Section 14.1, Example 4 on page 857, we introduced the Country Oaks subdivi- 
sion of homes and drew a graph to represent it. The graph is repeated in Fig. 14.28 
below. The Country Oaks Neighborhood Association is planning to organize a 
crime stopper group in which residents take turns walking through the neighbor- 
hood with cell phones to report any suspicious activity to the police. 


Figure 14.28 
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Profile In Matheme 


Paul Erdés 


aul Erdds (1913-1996) was a 

Hungarian mathematician who 
worked in many areas of mathemat- 
ics, including graph theory, topol- 
ogy, number theory, set theory, and 
probability theory. Erdés’s parents 
were both math teachers, and he 
grew up loving to solve math prob- 
lems. At age 20, Erdés received his 
doctorate from University Pazmany 
Péter in Budapest. During his 
career, Erdés published about 1475 
papers—more than any other math- 
ematician in history. He strongly be- 
lieved in discovering mathematics 
through social interaction, having 
511 different collaborators on his 
publications. Erdos owned very few 
possessions, and for most of his ca- 
reer he did not hold a conventional 
position. Instead, he traveled be- 
tween various conferences and uni- 
versities, working with his many col- 
laborators. He often would offer 
cash rewards for individuals who 
would solve certain aspects of prob- 
lems on which he was working. 
Erdés was recognized for his bril- 
liance by receiving over 15 honorary 
doctorate degrees from universities 
all over the world. Erdés worked 
until the day he died, at age 83, of a 
heart attack while attending a math- 
ematics conference in Warsaw, 
Poland. 


a) Can the residents of Country Oaks start at one intersection (or vertex) and walk 
each street block (or edge) in the neighborhood exactly once and return to the 
intersection where they started? 


b) If yes, determine a circuit that could be followed to accomplish their walk. 


a) Since the residents wish to start at one intersection (or vertex) and return to the same 
intersection (or vertex), we need to determine if this graph has an Euler circuit. From 
Fig. 14.28 on page 869, we see that there are no odd vertices. Therefore, by item 1 
of Euler’s theorem, we determine that there is at least one Euler circuit. 


b) In part (a), we determined that an Euler circuit exists. Now we use Fleury’s al- 
gorithm to determine one such circuit. Euler’s theorem states that we can start at 
any vertex to determine an Euler circuit. Let us choose to begin at vertex A. We 
face a choice of tracing edge AB or edge AE. Since neither edge AB nor edge AE 
is a bridge, we can choose either edge. Let us choose edge AB. Our first choice 
is indicated in Fig. 14.29. 


Start here a 


Figure 14.29 


We will continue to trace from vertex to vertex around the outside of the 
graph, as indicated in Fig. 14.30. Notice that no edge chosen is a bridge. 


Figure 14.30 


We are now at vertex E. Our choices are edge EA, edge EB, or edge El. 
Edge EA is a bridge because removing edge EA would leave vertex A discon- 
nected from the rest of the untraced graph. Therefore, we need to choose either 
edge EB or edge EI. Let us choose edge EB. Now we are at vertex B and must 
choose edge BF. Our choices so far are shown in Fig. 14.31. 


Figure 14.31 
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We are now at vertex F with choices of edge FC, edge FJ, or edge FI. 
Notice that edge FI is a bridge (it connects vertices A, E, and / to the rest of the 
untraced graph). We can therefore choose either edge FC or edge FJ. Let us choose 
edge FC, which will put us at vertex C (see Fig. 14.32). At vertex C, our only 
choice is edge CG. 


Figure 14.32 


We are now at vertex G and have to choose between edge GJ and edge 
GG (which is a loop): see Fig. 14.32. Since GJ is a bridge, we choose the 
edge GG. We then are back at vertex G. Here and throughout the rest of our 
circuit we only have one choice at each of the remaining vertices. We trace 
each of these remaining edges to get the result given in Fig. 14.33. 
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Figure 14.33 


The circuit given in Fig. 14.33 gives one possible Euler circuit that would pro- 
vide the residents of Country Oaks with one way to cover each street block exactly 
one time starting and ending at vertex A. Fleury’s algorithm could be used to find 
many alternative circuits. You will be asked to find several such alternative circuits 
in Exercises 51 through 54. a 


In our first two sections on graph theory, we introduced key concepts and theory 
that allowed us to represent physical settings as graphs and to solve some problems 
relating to these settings. We solved problems dealing with the bridges of K6nigsberg, 
the states in the Navy Region Southwest, the doorways of a kindergarten building, 
and the street blocks involved in a neighborhood crime stopper program. Although 
these problems are very different, they are all related because in each case a graph is 
used to represent a physical setting. 

There are many other examples of how Euler paths and Euler circuits can be ap- 
plied to real-life problems, including problems that deal with the most efficient route for 
a snowplow or a street sweeper. Another example of a path problem is found in the clas- 
sic arcade games Pac-Man and Ms. Pac—Man (Fig. 14.34). In both these games, the 
Figure 14.34 The game Pac-Man ideal path (disregarding the ghosts) is an Euler path. 
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SECTION 14.2 


Exercises 


Warm Up Exercises 
In Exercises 1—6, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


1. A path that passes through each edge of a graph exactly 
one time is called a(n) path. 


2. A circuit that passes through each edge of a graph exactly 
one time is called a(n) circuit. 


3. A connected graph has at least one Euler path that is also an 
Euler circuit, if the graph has odd vertices. 


4. A connected graph has at least one Euler path, but no Euler 
circuits, if the graph has exactly odd vertices. 


5. A connected graph has neither an Euler path nor an Euler 
circuit, if the graph has more than two vertices. 


6. If a connected graph has exactly two odd vertices, A and B, 
then each Euler path must begin at vertex A and end at ver- 
tex , or begin at vertex B and end at vertex A. 


Practice the Skills 
For Exercises 7—10, use the following graph. 


A 16. 


18. 


D EB 


19. 


7. Determine an Euler path that begins with vertex A. 
8. Determine an Euler path that begins with vertex C. 


9. Is it possible to determine an Euler path that begins with 
vertex B? Explain. 


10. Is it possible to determine an Euler circuit for this graph? 


Explain. 


For Exercises 11-14, use the following graph. 


A 


23. 


BE 


11. Determine an Euler path that begins with vertex A. 


12. 


13. 


14. 


15. 


17. 


20. 


21. 


22. 


Determine an Euler path that begins with vertex E. 


Is it possible to determine an Euler circuit for this graph? 
Explain. 


Is it possible to determine an Euler path that begins with 
vertex C? Explain. 


For Exercises 15-20, use the following graph. 


Determine an Euler circuit that begins and ends with 
vertex A. 


Determine an Euler circuit that begins and ends with 
vertex B. , 


Determine an Euler circuit that begins and ends with 
vertex C. 


Determine an Euler circuit that begins and ends with 
vertex D. 


Determine an Euler circuit that begins and ends with 
vertex E. 


Determine an Euler circuit that begins and ends with 
vertex F. 


Imagine a very large connected graph that has 400 even 
vertices and no odd vertices. 


a) Does an Euler path exist for this graph? Explain. 
b) Does an Euler circuit exist for this graph? Explain. 


Imagine a very large connected graph that has two odd 
vertices and 398 even vertices. 


a) Does an Euler path exist for this graph? Explain. 
b) Does an Euler circuit exist for this graph? Explain. 


Imagine a very large connected graph that has 400 odd 
vertices and no even vertices. 


a) Does an Euler path exist for this graph? Explain. 


b) Does an Euler circuit exist for this graph? Explain. 


24. Imagine a very large connected graph that has 200 odd 
vertices and 200 even vertices. 


a) Does an Euler path exist for this graph? Explain. 
b) Does an Euler circuit exist for this graph? Explain. 


Problem Solving 


Revisiting the Kénigsberg Bridge Problem In Exercises 25 and 
26, suppose that the people of Kénigsberg decide to add sev- 
eral bridges to their city. Two such possibilities are shown. 


a) Would the townspeople be able to walk across all the 
bridges without crossing the same bridge twice? 


b) Ifso, where should they begin and where would they end? 


Other Navy Regions In Exercises 27 and 28, the maps 
of states that are in other Navy regions (see Example 4 
on page 867) are shown. Use these graphs to answer the 
questions. 


27. Navy Region Northwest 
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a) Represent the map as a graph. Use the state abbrevia- 
tions to label the vertices of the graph. 


b) Determine (state yes or no) whether the graph in part 
(a) has an Euler circuit. If yes, give one such Euler 
circuit. 


28. Navy Region Southeast 


South Carolina 
Alabama (SC) 
Mississippi (AL) : 


(MS) 


Louisiana 
(LA) 

Florida ~ 
(FL) 


a) Represent the map as a graph. Use the state abbrevia- 
tions to label the vertices of the graph. 


b) Determine (state yes or no) whether the graph in part 
(a) has an Euler path or an Euler circuit. If yes, give 
one such Euler path or circuit. 


Areas of the World In Exercises 29-32 use each map 
shown. 


a) Represent the map as a graph. Use the letter indicated 
in parentheses to label vertices of the graph. 


b) Determine (state yes or no) whether the graph in part 
(a) has an Euler path. If yes, give one such Euler 
path. 


c) Determine (state yes or no) whether the graph in part 
(a) has an Euler circuit. If yes, give one such Euler 
circuit. 


29. Southwest Asia Afghanistan (A), Iran (NV), Iraq (Q), 
Jordan (J), Pakistan (P), and Turkey (7) 


Jordan 
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30. Central Europe Austria (A), Czech Republic (C), 
Germany (G), Italy (7), Poland (P), and Switzerland (S) 


>. Czech Republic 
Switzerland { ord 


31. Southeast Asia Burma (B), Cambodia (C), Laos (L), 
Thailand (7), and Vietnam (V) 


32. South America Argentina (A), Bolivia (B), Brazil (Z), 
Chile (C), Paraguay (P), and Uruguay (U) 


Locking Doors Joe Mays, the custodian at the Pullen 
Academy (see Example 5 on page 868), is also 
responsible for locking the doors of four other build- 
ings. The floor plans for these buildings are shown in 
Exercises 33-36. 


a) Represent each floor plan as a graph. Use the letters 
shown to label the vertices of the graph and use the let- 
ter O to label the vertex that represents the outside of 
the building. Place vertex O near where the word Out- 
side is placed in the diagram. 


b) Determine (state yes or no) whether it is possible for 
Joe to move through the building using each doorway 
of the building exactly one time. (In other words, does 
an Euler path exist in the graph?) 


c) If your answer to part (b) is yes, determine one such 
Euler path. 


33. Administration Building 


Outside A 


34. Library 


Outside 


35. Computer Center 


Outside 


36. Fitness Center 


A B 
tl ‘lies - Outside 
D E 


Cc 
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Crime Stopper Routes The Country Oaks crime stopper 40. A B 


organization (see Example 6 on page 869) was so suc- 
cessful that the residents shared their strategies with é . 
friends living in the subdivisions of Crescent Lakes and 
Tree Tops. In Exercises 37 and 38, the respective maps 
of these communities are given. le G 
a) Determine whether the residents in each subdivision = 


will be able to establish a path through their commu- 
nities so that each street block is walked exactly one 


time. 41. A B iG 
b) If yes, where would the residents need to start their 
walk? 
D 13) F 
37. Tree Tops 
42. A B 


kK Ai ee ONS CO 


In Exercises 43—48, use Fleury’s algorithm to determine an 
Euler circuit. 


43. A B G D 


F G H vi 
44. A B C 
In Exercises 39-42, use Fleury’s algorithm to determine an 
Euler path. D F 
39, 
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46. 4 B Cc D 51. Determine an Euler circuit for the Country Oaks crime 
stopper group (see Example 6 on page 869) that begins 
with vertex B followed by vertex A. 


52. Determine an Euler circuit for the Country Oaks crime 
stopper group (see Example 6 on page 869) that begins 
with vertex B followed by vertex E. 


47. A 53. Determine an Euler circuit for the Country Oaks crime stop- 
per group that begins with vertex J followed by vertex G. 


B G 54. Determine an Euler circuit for the Country Oaks crime stop- 
per group that begins with vertex J followed by vertex F. 


ie aa fente 
a4 Challenge Problems/Group Activities 
55. Consider a map of the contiguous United States. Imagine 
H I J a graph with 48 vertices in which each vertex represents 
one of the contiguous states. Each edge would represent a 


48 common border between states. 


a) Would this graph have an Euler path? 
b) Explain why or why not. 
56. Attempt to draw a graph with an Euler circuit that has a 


A (e 
we Se bridge. What conclusion can you develop from this exercise? 


57. a) Draw a graph with one vertex that has both an Euler 
path and an Euler circuit. 


b) Draw a graph with two vertices that has an Euler path 
but no Euler circuit. 
49. Determine an Euler path through the states in the Navy 


Region Southwest (see Example 4 on page 867) that begins c) Draw a graph with two vertices that has both an Euler 
with the state of Utah. path and an Euler circuit. 
50. Determine an Euler path for the kindergarten building at Internet/Research Activity 


the Pullen Academy (see Example 5 on page 868) that 


begins in restroom (vertex) A. 58. Write a paper on the history and development of the 


branch of mathematics known as graph theory. 


SECTION 14.3. Hamilton Paths and Hamilton Circuits 


Paula Kunkel delivers mail in a rural area for the United States Postal Service. Paula 
wishes to find the shortest route that begins at the post office, goes to each mailbox 
in her delivery area exactly one time, and ends back at the post office. In this section, 


we will study a special type of problem like the one facing Paula. 


Cy this is Important Graph theory can be used to represent and solve transporta- 
tion problems that involve finding the most efficient route to complete tasks. 


A Graph theory can be used to 
determine the shortest route for a 
mail carrier. 


n this section, we continue our study of graph theory by studying Hamilton paths and 

Hamilton circuits. These paths and circuits are named for Irish mathematician and 
astronomer William Rowan Hamilton (1805-1865); see the Profile in Mathematics on 
page 881. Before formally defining Hamilton paths and Hamilton circuits, we will in- 
troduce an example that will be examined at several points throughout this section. 


Figure 14.35 
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Example §j§ A Transportation Problem 


Julienne Ward has just been promoted to Southeast District Sales Director for the 
Addison Wesley Publishing Company. She lives in Orlando, Florida, and oversees 
regional sales offices in Orlando; Atlanta, Georgia; Memphis, Tennessee; and 
New Orleans, Louisiana. She frequently needs to fly to each regional office for 
sales meetings. She would like to determine the least expensive route to visit each 
city one time and then return to Orlando. To help analyze this problem, Julienne 
used the Internet to find the least expensive one-way fares offered between each 
of the four cities (see Table 14.1). 


Table 14.1 
Orlando (0) 2 $67 $95 $69 
Atlanta (A) $67 * $57 $68 
Memphis (M) $95 $57 FS $99 
New Orleans (NV) $69 $68 $99 be 


Use this table to create a graph. Let the vertices represent the cities, then connect 
each pair of cities with an edge. List the airfare between each two cities on the 
respective edges. 


First we note that the cost of a one-way flight between two given cities 
in the table is the same regardless from which city Julienne starts. For example, 
the one-way fare from New Orleans to Atlanta is $68 and the one-way fare from 
Atlanta to New Orleans is also $68. This information will allow us to list the 
flight cost along an edge with a single number. Next we draw a graph with four 
vertices that represent the four cities and six edges that represent the flights be- 
tween each city. We also include the price of one-way flights along the appropri- 
ate edge. Two such graphs are shown in Fig. 14.35. Many other graphs could also 
display this information. | 


Problems like the one in Example 1 are called traveling salesman problems. 
There are usually variations to the situation, but these problems generally involve 
seeking the least expensive or shortest way to travel among several locations. To 
help analyze traveling salesman problems, the costs or distances to travel between 
locations are indicated along each edge of a graph. Such a graph, as in Fig. 14.35(a) 
or (b), is called a weighted graph. We will use weighted graphs to solve traveling 
salesman problems, but first we need to introduce Hamilton paths and Hamilton 
circuits. 


Hamilton Paths, Hamilton Circuits, 
and Complete Graphs 


Now we introduce another important definition of graph theory. 


Definition: Hamilton Path 
A Hamilton path is a path that contains each vertex of a graph exactly one time. 
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A The graph in Fig. 14.36(a) has Hamilton path A, B, C, E, D. The graph in 
Fig. 14.36(a) also has Hamilton path C, B, A, D, E. The graph in Fig. 14.36(b) has a 
Hamilton path A, B, C, F, H, E, G, D. The graph in Fig. 14.36(b) also has Hamilton 
5 path G, D, E, H, F, C, B, A. Both of the graphs in Fig. 14.36 have other Hamilton 
paths. Can you find some of them? 
D 


Notice that, unlike Euler paths, not every edge needs to be traced in a Hamilton 
path. To help distinguish between Euler paths and Hamilton paths, remember that 


Xx 


Now we introduce Hamilton circuits. 


B 
E 
a) 
A B € Euler paths are concerned with visiting all the edges, whereas Hamilton paths are 
E 
Definition: Hamilton Circuit 

H 


| | concerned with visiting all the vertices. 


( 

E, 

G A Hamilton circuit is a path that begins and ends at the same vertex and passes 
(b) through all other vertices of a graph exactly one time. 


Figure 14.36 


An alternate definition for a Hamilton circuit is that a Hamilton circuit is a 
Hamilton path that starts and ends at the same vertex. For example, the graph in 
Fig. 14.37(a) has Hamilton circuit A, B, C, E, D, A. The graph in Fig. 14.37(a) 


A B 
also has Hamilton circuit B, A, D, E, C, B. The graph in Fig. 14.37(b) has Hamilton 
circuit A, B, D, G, E, H, F, C, A. The graph in Fig. 14.37(b) also has Hamilton 
circuit E, G, D, B, A, C, F, H, E. Note that in an Euler circuit, the path followed 
D E 
(a) 
A 
B G 
G 
oy) 7 


must include every edge and must begin and end at the same vertex. In a Hamilton 
circuit, the path followed must include every vertex and must begin and end at the 
same vertex. Unlike the Euler circuit, however, a Hamilton circuit does not have 
to include every edge. 

In Section 14.2, we were fortunate that Euler’s theorem could tell us 
under what conditions an Euler path or an Euler circuit would exist. We are not as 
fortunate with Hamilton paths and Hamilton circuits; no such general theorem 
exists. We now shift our focus to graphs that are guaranteed to have Hamilton 
circuits. 

A complete graph is a graph that has exactly one edge between each pair of 
its vertices. Figure 14.38 shows complete graphs with three, four, and five verti- 
ces, respectively. 


D F 


Figure 14.37 


B (G: 


Figure 14.38 


Complete graphs are important because every complete graph has a Hamilton 
circuit (but not necessarily an Euler circuit), and traveling salesman problems 
can be represented by complete graphs. Since each pair of vertices on a complete 
graph is connected by an edge, we can create a Hamilton circuit by simply 
starting at any vertex and moving from vertex to vertex until we have passed 
through each vertex exactly one time. Then to complete the circuit we simply 
move back to the vertex from which we started. Notice in Fig. 14.38 that al- 
though all the graphs have Hamilton circuits, only the first and third graphs have 
Euler circuits. 
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Example 4 Finding Hamilton Circuits 


Determine a Hamilton circuit for the complete graph shown in Fig. 14.39. 


A 


D E 


Figure 14,39 


We can determine many Hamilton circuits in this complete graph. For 
example, one is A, B, C, D, E, A. Another is B, A, D, C, E, B. Another is E, B, C, D, 
A, E. To build a Hamilton circuit from this complete graph, we can list all five 
vertices in any order and then return to the first vertex. a 


A question that naturally arises from Example 2 is, “How many different Hamilton 
circuits are there in a complete graph?” Before we can give a formula that answers this 
question, we need to discuss factorials, which were presented in Section 12.8. We will 
review that material here. The symbol 5! is read “five factorial” and means to multiply 5 
by each natural number less than 5. So 5!=5:4-+3-2+1= 120. Also 
3! = 3-2-1 =6and7! =7-6:5°4:3-2+1 = 5040. Note that 0! is defined 
to be 1. 


Number of Unique Hamilton Circuits ina Complete Graph 
The number of unique Hamilton circuits in a complete graph with n vertices is 
(n — 1)!, where 


t= r= I= 2) — 3) --> (3)2)1) 


Example —§ Number of Hamilton Circuits 


How many unique Hamilton circuits are in a complete graph with the following 
number of vertices? 


a) Four b) Seven c) Nine d) Twelve 


a) According to the formula, a complete graph with four vertices has 
(4 — 1)! = 3! = 3+ 2+ 1 = 6 unique Hamilton circuits. 
b) A complete graph with seven vertices has 
(7 — 1)! = 6! = 6°5+4+3+2+1 = 720 unique Hamilton circuits. 
c) A complete graph with nine vertices has 
(9 — 1)! = 8! =8-7-6*5°4:+3+2-+1 = 40,320 unique Hamilton 
circuits. 


d) A complete graph with twelve vertices has (12 — 1)! = 11! 
= 11°10°9-8:7+6°:5:4+3+2:-1 = 39,916,800 unique Hamilton cir- 
cuits. a] 


Example 29 American Idol Travel 


i Steven Tyler, Jennifer Lopez, and Randy Jackson, the judges for the television 
A Steven Tyler, Jennifer Lopez, and show American Idol, are in Hollywood (H). They need to travel to the following 
Randy Jackson cities to judge contestants’ auditions: San Antonio (SA), East Rutherford (ER), 
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S ER 

H M 
SA B 

Figure 14.40 

M eT A 


Figure 14.41 


Birmingham (B ), Memphis (M), and Seattle (S$). In how many different ways can 
Steven, Jennifer, and Randy, traveling together, visit each of these cities and return 
to Hollywood? 


We can represent this problem with the complete graph in Fig. 14.40. In 
the graph, the six vertices represent the six locations and the edges represent the 
one-way flights between these locations. 

To determine the number of possible routes, we need to determine the number 
of Hamilton circuits within this graph. We know that there are (6 — 1)! = 5! = 
5+4+3-+2-+1 = 120 different Hamilton circuits within this graph. So the judges 
have 120 different ways to start in Hollywood, visit each of these five cities, and 
return to Hollywood. a 


Now that we have been introduced to Hamilton circuits, we will apply this 
knowledge to solving traveling salesman problems. 


Traveling Salesman Problems 


In Examples 1 and 4, we saw how complete graphs can represent cities and the 
process of traveling between these cities. Our goal in a traveling salesman problem 
is to find the least expensive or shortest way to visit each city once and return 
home. In terms of graph theory, our goal is to find the Hamilton circuit with the 
lowest associated cost or distance. The Hamilton circuit with the lowest associated 
cost (or shortest distance, etc.) is called the optimal solution. We will discuss two 
methods, the brute force method and the nearest neighbor method, for determining 
the optimal solution. In both methods, we will use the term complete, weighted 
graph. A complete, weighted graph 1s a complete graph with the weights (or num- 
bers) listed on the edges, as illustrated in Fig. 14.41. We now introduce the brute 
force method. 


430.42) 8) 439 THE BRUTE FORCE METHOD OF SOLVING TRAVELING 
SALESMAN PROBLEMS 


To determine the optimal solution: 


1. Represent the problem with a complete, weighted graph. 


2. List all possible Hamilton circuits for this graph. 


3. Determine the cost (or distance) associated with each of these Hamilton circuits. 


4. The Hamilton circuit with the lowest cost (or shortest distance) is the optimal solution. 


Example ky Using the Brute Force Method 


In Example | on page 877, we introduced Julienne Ward, the Southeast District 
Sales Director for Addison Wesley. We now want to use the brute force method 
to determine the optimal solution for Julienne to visit her regional sales offices. 
She will start in Orlando (QO); visit offices in Atlanta (A), Memphis (/), and New 
Orleans (NV); and then return to Orlando. 


We illustrated two complete, weighted graphs for the example in 
Fig. 14.35 on page 877. The graph in Fig. 14.35(a) is repeated in Fig. 14.41. 
The numbers shown represent the one-way fares, in dollars, between the 
two cities. 

We know that since there are 4 cities that must be visited, there are 
(4 — 1)! = 3! = 6 possible unique Hamilton circuits we need to examine for cost. 
These Hamilton circuits are listed in the first column of Table 14.2 on page 881. 


Profile In Mathema 


William Rowan Hamilton 


om in Dublin, Ireland, Sir 

William Rowan Hamilton (1805— 
1865) made many contributions to 
mathematics and the sciences. His 
work in mathematics included ab- 
stract algebra, calculus, geometry, 
graph theory, logic, and number 
theory. Perhaps his most important 
work involved the use of quaterni- 
ons in abstract algebra. Quaternions 
are elements in a noncommutative 
group (see Chapter 10 for a discus- 
sion of group theory) that Hamilton 
labeled with the letters i, j, and k. 
For years, Hamilton puzzled over 
how to multiply the quaternions. 
Finally, one day while walking with 
his wife, he realized the solution. 
In his excitement, Hamilton carved 
the solution in the stone of 
Brougham (or Broom) Bridge as he 
and his wife passed by on their 
walk: i? = j? = k* = ijk = —-1. To 
this day, there is a plaque on this 
bridge commemorating Hamilton’s 
discovery. 

Hamilton's interests also in- 
cluded philosophy, religion, for- 
eign languages, and _ poetry. 
Hamilton also invented a game 
called the Icosian Game (see 
Exercise 35) that includes many as- 
pects of graph theory you will study 
in this section. For more informa- 
tion on Hamilton, see the Profiles in 
Mathematics on page 408. 
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Table 14.2 
Second = Third ~=—s Fourth =—Tootal_ 

; __Leg/Cost _— Leg/Cost ~— Leg/Cost_ ~ ~—— Cost 

O, A, M, N, O OtoA AtoM MtoN NtoO $292 
$67 $57 $99 $69 

O, A, N, M, O OtoA AtoN NtoM MtoO $329 
$67 $68 $99 $95 

O, M, A, N, O OtoM MtoA AtoN NtoO $289 
$95 $57 $68 $69 

O, M, N, A, O OtoM MtoN NtoA AtoO $329 
$95 $99 $68 $67 

O, N, A, M, O OtoN NtoA AtoM MtoO $289 
$69 $68 $57 $95 

O, N, M, A, O OtoN NtoM MtoA AtoO $292 
$69 $99 $57 $67 


The Hamilton circuits are listed in the column on the far left. In the next four 
columns, we place the cost associated with each leg of the given circuit. In the last 
column, we place the total cost of travel using the given circuit. From this last col- 
umn, we see that two circuits have the lowest cost of $289 (circled). Julienne has 
two choices for an optimal solution. She can either fly from Orlando to Memphis to 
Atlanta to New Orleans then back to Orlando, or she can fly from Orlando to New 
Orleans to Atlanta to Memphis then back to Orlando. These two Hamilton circuits 
are shown on the maps in Fig. 14.42. Notice that the second circuit involves visiting 
the cities in the exact reverse order of the first circuit. Although these are different 
circuits, the cost is the same regardless of the direction flown. Either circuit provides 
Julienne with the least expensive way to visit each of her regional sales offices. 


Orleans 


finish) : finish) 


Figure 14.42 


Although we used the brute force method in Example 5, it becomes impractical 
as the number of vertices increases. In fact, with more complex problems, the brute 
force method is impractical on even the world’s fastest supercomputers. For example, 
suppose that a presidential candidate wished to visit each of the 31 largest cities in the 
United States. The candidate would have 30! or about 3 X 10°? choices to accom- 
plish this trip. To understand the magnitude of this number, consider that it would 
take the world’s fastest supercomputer (as of January 2011) about 13,000,000,000 
(13 billion) years to perform the brute force method to find the optimal solution. 
Computer scientists and mathematicians have developed much more efficient algo- 
rithms for approximating the optimal solution to traveling salesman problems. 
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A Mia Wasikowska 


he Six Degrees of Kevin Bacon is 

a trivia game started by Albright 
College students Craig Fass, Brian 
Turtle, and Mike Ginelli. The object 
is to link any actor to the actor Kevin 
Bacon through associations from dif- 
ferent films. A Bacon number is the 
number of movies it takes to link an 
actor to Kevin Bacon. For example, 
Mary-Kate Olsen has a Bacon num- 
ber of 1, since she was in Story of a 
Girl (2011) with Kevin Bacon. Mia 
Wasikowska has a Bacon number of 2, 
since she was in Alice in Wonderland 
(2010) with Jim Carter and Jim Carter 
was in Balto (1995) with Kevin Bacon. 

What does this game have to do 
with graph theory? A graph with ac- 
tors as vertices and common movies 
as edges could be used to represent 
these associations. Such a graph 
would be very large and difficult to 
draw. However, computerized ver- 
sions of the game can manage the 
associations quite nicely. The Web 
site www.oracleofbacon.org makes 
use of a 200-MB database that con- 
tains the casts of over 1.2 million 
movies to compute the Bacon 
number of over 1.6 million actors, 
ranging in Bacon number from 0 
(Bacon himself) to 8 (16 different 
individuals). 


Now we introduce a method for finding an approximate solution to a traveling 
salesman problem. Approximate solutions can be used in cases where determining the 
optimal solution is not reasonable. One method for finding an approximate solution is 
the nearest neighbor method. In this method, the salesperson begins at a given loca- 
tion. If the salesperson wishes to minimize the distance traveled, the salesperson first 
visits the city (or location) closest to his or her starting location. Then the salesperson 
visits the next city (or location) closest to his or her present location. This process 
continues until all the cities (or locations) are visited. Thus, the salesperson moves to 
the nearest neighbor. Sometimes the salesperson wishes to minimize the cost of 
travel, such as airfare. In this case, from the starting location the salesperson first vis- 
its the city (or location) in which the cost of travel is a minimum. Then from the pres- 
ent location, the salesperson visits the city (or location) where the cost of travel is a 
minimum. This process continues until all the cities (or locations) are visited. 
Approximate solutions will always be Hamilton circuits. 


NEAREST NEIGHBOR METHOD OF DETERMINING 
AN APPROXIMATE SOLUTION TO A TRAVELING 
SALESMAN PROBLEM 


To approximate the optimal solution: 


PROCEDURE 


Represent the problem with a complete, weighted graph. 
Identify the starting vertex. 


Of all the edges attached to the starting vertex, choose the edge that has the 
smallest weight. This edge is generally either the shortest distance or the 
lowest cost. Travel along this edge to the second vertex. 


. At the second vertex, choose the edge that has the smallest weight that does 
not lead to a vertex already visited. Travel along this edge to the third vertex. 


. Continue this process, each time moving along the edge with the smallest weight 
until all vertices are visited. 


. Travel back to the original vertex. 


Example [4 Using the Nearest Neighbor Method 


In Example 4 on page 879, we discussed the American Idol judges’ plan to visit 
five cities in which auditions would take place and then return to Hollywood. Use 
the nearest neighbor method to determine an approximate solution for the judges’ 
visits. The one-way per person flight prices between cities are given in Table 14.3. 


Table 14.3 
% East ; San 
Birmingham Rutherford Hollywood Memphis Antonio Seattle 
Birmingham (B) * $258 $114 $324 $274 $155 
East Rutherford $258 * $134 $104 $355 $154 
(ER) 
Hollywood (H) $114 $134 * $144 $129 $108 
Memphis (/) $324 $104 $144 a $634 $299 
San Antonio (SA) $274 $355 $129 $634 3 $119 
Seattle (S) $155 $154 $108 $299 $119 
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We will use the nearest neighbor method to determine the least expen- 
sive per person cost for the judges to complete the trip. We begin by modifying 
the graph from Example 4 by putting the one-way per person prices into place, 
making it a weighted graph (see Fig. 14.43). The judges start in Hollywood and 
choose the least expensive flight, which is to Seattle ($108). In Seattle, the judges 
choose the least expensive flight to a location they have not already visited, San 
Antonio ($119). Next, in San Antonio, they choose the least expensive flight to a 
location they have not already visited, Birmingham ($274). In Birmingham, they 
choose the least expensive flight to a location they have not already visited, East 
Rutherford ($258). Once in East Rutherford, the judges have no choice but to fly 
to the only location not yet visited, Memphis ($104). Since they began in Holly- 
wood, are now in Memphis, and have visited all five audition cities, the judges 
now return to Hollywood ($144) to complete their trip. The nearest neighbor 
method would produce a Hamilton circuit, of H, S, SA, B, ER, M, H. The cost per 
person is $108 + $119 + $274 + $258 + $104 + $144 = $1007. The total 
cost for all three judges is $1007 X 3, or $3021. 


Figure 14.43 a 


For the sake of comparison, let us look at four other randomly chosen Hamilton 
circuits from Example 6 and the per person costs associated with them (see Table 14.4). 


Table 14.4 
eeavonity Chose Sa eae tt Per Person 
Hamilton Circuit Cost Calculation Cost 


H, SA, ER, B, M, S, H $129 + $355 + $258 + $324 + $299 + $108 $1473 
H, M, S, B, ER, SA, H $144 + $299 + $155 + $258 + $355 + $129 $1340 
H, ER, S, M, SA, B, H $134 + $154 + $299 + $634 + $274 + $114 $1609 
H, ER, M, B, S, SA, H $134 + $104 + $324 + $155 + $119 + $129 $ 965 


From Table 14.4, we see that the Hamilton circuit H, ER, M, B, S, SA, H results in 
a per person cost of $965, which is less than the $1007 we obtained in Example 6. 
Thus, we see that the nearest neighbor method does not always produce the optimal 
solution. Without using the brute force method, we cannot determine if the Hamilton 
circuit H, ER, M, B, S, SA, H is the optimal solution. The nearest neighbor method 
produces an approximation for the optimal solution. Note also that the nearest neigh- 
bor method did produce a Hamilton circuit that was less expensive than three of the 
four randomly chosen Hamilton circuits. 
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SECTION 14.3 i 
Exercises 


Warm Up Exercises 


In Exercises I—8, fill in the blanks with an appropriate 
word, phrase, or symbol(s). 


1. Problems that generally involve seeking the least expen- 
sive or shortest way to travel among several locations are 
called traveling ______ problems. 


2. A graph that has numbers along the edges to indicate cost 
or distance is called a(n) _________ graph. 


3. A path that begins and ends at the same vertex and passes 
through all other vertices of a graph exactly one time is 
called a(n)| 2 eee circuit 


4. A graph that has exactly one edge between each pair of 
vertices is called a(n) _______ graph. 


5. Every complete graph has a Hamilton circuit but not 
necessarily a(n) _____ circuit. 


6. In a traveling salesman problem, the Hamilton circuit with 
the lowest associated cost or shortest distance is called the 
solution. 


7. The method discussed in this section that will determine 
the optimal solution to a traveling salesman problem is the 
brute methods 14. 


A yi Cc 
8. The method discussed in this section that will determine 
an approximate solution to a traveling salesman problem is 
the nearest ________ method. D 
Practice the Skills E 
In Exercises 9-14, determine two different Hamilton paths 
in each of the following graphs. 
He 
4 ee 
G H I 
(: D 
B 
In Exercises 15-18, determine two different Hamilton 
circuits in each of the following graphs. 
EB lip G 
15. A 
B (6; 
D Ee 
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23. Inspecting Weigh Stations Sally Ivan lives in Nashville, 
Tennessee, and works for the Department of Transporta- 
tion. She wishes to inspect weigh stations in the following 
Tennessee cities: Caruthersville, Clarksville, Cleveland, 
Dyersburg, Jackson, Johnson City, Kingsport, Knoxville, 
Memphis, Murfreesboro, Oak Ridge, and Pulaski. In how 
many ways can she visit each of these cities and return to 
her home in Nashville? 


24. A Milk Truck Route Dale Klitzke is a milk truck driver 
for Swiss Valley Farms Cooperative in eastern Iowa. Dale 
has to start at the processing plant and pick up milk on 10 
different farms. In how many ways can Dale visit each 

18. 4 farm and return to the processing plant? 


D 25. A Vacationing Family John and Robyn Pearse promised 
B their three sons that they will each get to pick one spot 
within 500 miles from their home in Chicago to visit on 
their vacation. Scott chooses to visit St. Louis so that he 


E F G H can go up in the Gateway Arch. Jacob chooses to visit 
Green Bay so that he can visit the National Railroad 
19. Draw a complete graph with four vertices. Museum. Jevon chooses to visit Ottawa, Illinois, so that 
he can visit his grandparents. The approximate distances 
20. Draw a complete graph with five vertices. between these cities are as follows: Chicago to St. Louis 


is 300 miles, Chicago to Green Bay is 205 miles, Chicago 
to Ottawa is 80 miles, St. Louis to Green Bay is 500 miles, 
Problem Solving St. Louis to Ottawa is 245 miles, and Green Bay to Ottawa 


21. College Visits Alex Runde is a high school student who SnD SS 


lives in Bradenton, FL, and he wishes to visit colleges 

in the following cities: St. Cloud, MN; Valparaiso, IN; 
Lindonville, VT; Asheville, NC; and Norman, OK. In how 
many different ways can Alex visit each of these cities and 
return home to Bradenton? 


A The Gateway Arch in St. Louis, Missouri 


_—_—— 


Founded 1859 

a) Represent this traveling salesman problem with a com- 
plete, weighted graph showing the distances on the ap- 
propriate edges. 


b) Use the brute force method to determine the shortest 
sa , route for the Pearses to complete their vacation. 

A Valparaiso University 

c) What is the minimum distance the Pearses can travel? 

22. Culver’s Restaurants Craig Culver, founder of Culver’s 


Restaurants, is at his home in Prairie du Sac, WI, and 26. Job Interviews Christina Dwyer is searching for a new 
wishes to investigate locations for a new restaurant in the job. She lives in Shreveport, Louisiana, and has interviews 
following cities: Robinson, IL; Erie, PA; Memphis, TN; in Barrow, Alaska; Tucson, Arizona; and Rochester, New 
Little Rock, AR; Tulsa, OK; Topeka, KS; and Dickinson, York. The costs of the one-way flights between these four 
ND. In how many ways can Craig visit each of these cities cities are as follows: Shreveport to Barrow costs $855, 


and return to his home in Prairie du Sac? Shreveport to Tucson costs $803, Shreveport to Rochester 
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costs $113, Barrow to Tucson costs $393, Barrow to 
Rochester costs $337, and Tucson to Rochester costs $841. 


a) Represent this traveling salesman problem with a com- 
plete, weighted graph showing the prices of the flights 
on the appropriate edges. 


b) Use the brute force method to determine the least 
expensive route for Christina to travel to each city 
and return home to Shreveport. 


c) What is the minimum cost she can pay? 


27. Picking up Children Kristin Greenhalgh has to pick up 
her children, who all attend different schools. She is at 
home (#7) and needs to go to Children First Preschool (C), 
Braden River Elementary School (B), and Stephens Mid- 
dle School (S). Kristin estimates the distance among these 
locations as follows: H to C is 7 miles, H to B is 5 miles, 
Hto Sis 13 miles, C to B is 11 miles, C to S is 18 miles, 
and B to S is 9 miles. 


a) Represent this traveling salesman problem with a com- 
plete, weighted graph showing the distances on the 
appropriate edges. 


b) Use the brute force method to determine the shortest 
route for Kristin to start from home, pick up her chil- 
dren, and return to home. 


c) What is the minimum distance Kristin can travel? 


28. Running Errands on Campus Mary Mahan needs to run 
errands on the campus of Clarke College. She is in her 
office and needs to go to the duplicating center, student 
center, and library. She estimates the walking distances 
as follows: From her office to the duplicating center is 
150 feet, from her office to the student center is 100 feet, 
from her office to the library is 400 feet, from the dupli- 
cating center to the student center is 125 feet, from the 
duplicating center to the library is 450 feet, and from 
the student center to the library is 250 feet. 


A Clarke College in Dubuque, lowa 


a) Represent this traveling salesman problem with a com- 
plete, weighted graph showing the distances on the 
appropriate edges. 


b) Use the brute force method to determine the shortest 
route for Mary to accomplish her errands and then 
return back to her office. 


c) What is the minimum distance Mary can walk? 


29. Bass Pro Shops Jim Hagale, the chief executive officer 
of Bass Pro Shops, is at his office in Springfield, Missouri, 
and is considering adding new stores in the following lo- 
cations: Bismarck, North Dakota; Carson City, Nevada; 
Helena, Montana; and Knoxville, Tennessee. He wishes 
to visit each of these locations and return to his office in 
Springfield. The one-way flight prices are given in the 
following table. 


Bismarck * $431 $483 $476 $378 


Carson City | $431 * $144 $159 $505 
Helena $483 $144 “ $542 $492 
Knoxville $476 $159 $542 a $459 
Springfield $378 $505 $492 $459 * 


a) Represent this traveling salesman problem with a com- 
plete, weighted graph showing the prices of flights on 
the appropriate edges. 


b) Use the nearest neighbor method to approximate the 
optimal route for Jim to travel to each city and return to 
Springfield. Give the cost of the route determined. 


c) Randomly select another route for Jim to travel from 
Springfield to each of the other cities and return to 
Springfield and then compute the cost of this route. 
Compare this cost with the cost determined in part (b). 


30. Cranberry Plants Altay Ozgener lives in Boston, 
Massachusetts, and works for Ocean Spray Cranberries, 
Inc. Altay wishes to visit cranberry farms in the following 
locations: Madison, Wisconsin; Princeton, New Jersey; 
Salem, Oregon; and Walla Walla, Washington. The 
one-way flight prices are given in the following table. 


Boston a $131 $ 256 $298 $ 576 
Madison $131 A $ 154 $356 $ 970 
Princeton $256 $154 fal 6353 $1164 
Salem ST Re Suge) $ 179 
Walla Walla | $576 $970 $1164 $179 * 


a) Represent this traveling salesman problem with a com- 
plete, weighted graph showing the prices of flights on 
the appropriate edges. 


b) Use the nearest neighbor method to approximate the 
optimal route for Altay to travel to each city and return 
to Boston. Give the cost of the route determined. 


c) Randomly select another route for Altay to travel from 
Boston to each of the other cities and return to Boston 
and then compute the cost of this route. Compare this 
cost with the cost found in part (b). 


31. National Laboratories Steven Chu, the Secretary of En- 


ergy, is at his office in Washington, DC (W) and needs to 
schedule visits to the following national research labora- 
tories: Argonne (A), Brookhaven (B), Livermore (L), and 
Oak Ridge (O). He wishes to visit each laboratory and re- 
turn to his office in Washington. The one-way flight prices 
to nearby airports are given in the following table. 


‘Washington Argonne Brookhaven Livermore hs Fa 


vasninrien * $ 101 


$ 55 $109 $555 
Argonne $101 * $129 $135 $346 
Brookhaven| $ 55 $129 2 $119 $326 
Livermore $109 $135 $119 es $318 
Oak Ridge $555 $346 $326 $318 * 


a) Represent this traveling salesman problem with a com- 
plete, weighted graph showing the prices of the flights 
on the appropriate edges. 


b) Use the nearest neighbor method to approximate the 
optimal route for Secretary Chu to travel to each labo- 
ratory and return to Washington. Give the cost of the 
route determined. 


c) Randomly select another route for Secretary Chu to 
travel to each laboratory and return to Washington and 
then compute the cost of this route. Compare this cost 
with the cost determined in part (b). 


32. Locations for a New Factory Darren Magot works for 


| 


US Paper Products in New York City. His company is in- 
vestigating locations for a new factory that will produce a 
line of disposable clothing. The cities Darren needs to visit 
are Atlanta, Dallas, Philadelphia, and Washington, DC. 
The one-way flight prices between these cities are given in 
the table below. 


New «!Philadela ¥\sbe | 
Atlanta Dallas York phia _ { 
“Atlanta * $182 $197 $159 $180 
Dallas $182) ars $115 $115 $110 
New York $197 $115 - $ 55 $156 
Philadelphia $159 $115 $ 55 a $205 
Washington $180 $110 $156 $205 * 
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a) Represent this traveling salesman problem with a com- 
plete, weighted graph showing the'prices of the flights 
on the appropriate edges. 


b) Use the nearest neighbor method to approximate the 
optimal route for Darren to travel to each city and 
return to New York City. Give the cost of the route 
determined. 


c) Randomly select another route for Darren to travel 
from New York City to the other cities and return to 
New York City and then compute the cost of this route. 
Compare this cost with the cost determined in part (b). 


Challenge Problems/Group Activities 


33. Visiting Five Cities Come up with a list of five cities you 
would like to visit. Use the Internet to search for airline 
prices between these five cities (make sure to include the 
city with the airport nearest your home from which you 
would start and end your trip). 


a) Draw a complete, weighted graph that represents these 
cities and the costs associated with flying between each 
pair of cities. 


b) Use the brute force method to determine the optimal 
solution to visiting each city and returning home. 


c) Use the nearest neighbor method to approximate the 
optimal solution. 


d) How much money does the optimal solution, obtained 
in part (b), save you over the approximation obtained in 
part (c)? 


34. Number of Circuits The following tasks are intended to 
help you understand the formula for finding the number of 
unique Hamilton circuits in a complete graph. 


a) Draw a complete graph with three vertices labeled A, 
B, and C. Assume that you are starting at vertex A and 
wish to move to another vertex. How many choices do 
you have for moving to the second vertex? Once you 
choose the second vertex, how many choices do you 
have for moving to a third vertex? Multiply the number 
of choices you had from vertex A by the number of 
choices you had from the second vertex. Compare the 
number you obtained with the number of Hamilton 
circuits found by using (n — 1)!. 


b) Draw a complete graph with four vertices labeled A, B, C, 
and D. Assume that you are starting at vertex A and wish 
to move to a second vertex. How many choices do you 
have for moving to this second vertex? Once you choose 
the second vertex, how many choices do you have for 
moving to the third vertex? Once you choose the third ver- 
tex, how many choices do you have for the fourth vertex? 
Multiply the number of choices you had from each vertex 
together. Compare the number you obtained with the 
number of Hamilton circuits found by using (n — 1)!. 
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c) Repeat this process for complete graphs with five and In essence, the object of the game was to use the pegs to 
Six vertices. form a Hamilton circuit on the graph. The graph below is 
taken from the Icosian Game. Determine a Hamilton circuit 
d) Explain why (n — 1)! gives the number of Hamilton on this graph. 


circuits in a complete graph with n vertices. 


Recreational Mathematics 


35. The Icosian Game In 1857, William Rowan Hamilton 
invented the game called the Icosian Game. The game 
consisted of a round board with 20 holes and 20 numbered 
pegs. On the surface of the board was a pattern similar to 
the graphs we have studied in this chapter (see photo and 
artwork below). 


Internet/Research Activity 


36. Write a paper on traveling salesman problems. Include a 
brief history of the problems. Also include advances made 
toward reducing the computational time of determining the 
optimal solution as well as advances made toward deter- 
mining better approximate solutions. 


SECTION14.4 Trees 
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Ruth Collins wishes to install an irrigation system to water the five flower gardens in 
her backyard. How can Ruth determine the irrigation system that reaches each of her 
five gardens and has the lowest cost? In this section, we will introduce a type of graph 
that can help solve the problem facing Ruth. 


| Why as is Important Certain graphs that we will discuss can be used to provide 
cost-efficient solutions to a variety of real-life problems. 


Introduction 


A Graph theory can be used to 
determine the irrigation system 
with the lowest cost. 


In this chapter, we have introduced graphs as a means to represent problems from ev- 
eryday life (Section 14.1). We used graph theory to solve a variety of problems by 
finding Euler paths and Euler circuits (Section 14.2). We also used graph theory to 
find the optimal and approximate solutions to traveling salesman problems using 
Hamilton circuits (Section 14.3). We now turn our attention to another type of graph, 
called a tree, which is also frequently used to represent problems from everyday life. 
Before we define a tree, let’s look at Example 1, in which we create a family tree. 


n our current “information age,” 
data networks support so many 
daily conveniences that we prob- 
ably don't even realize a network 
is involved. Each time we place a 
telephone call, fly in an airplane, 
send an e-mail, or use the Internet, 
we are using some form of mod- 
ern data network. Each of these 
networks can be represented as 
a graph with many vertices and 
edges. It might surprise you that 
data networks predate the twenti- 
eth century. The most well-known 
example of a primitive data net- 
work is the electromagnetic tele- 
graph used in the nineteenth 
century in the United States and 
around the world prior to the in- 
vention of the telephone. An even 
older example of a data network is 
the optical telegraph (with nearly 
1000 stations) used in the eigh- 
teenth century all across Europe. 
Perhaps the oldest, yet maybe the 
slowest, form of data network is 
one still in use today: the writing 
and sending of letters! 
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Example §f A Family Tree 


Wendy has three children: Adan, Konnor, and Norah. Adan has two children: 
Justine and Seth. Konnor has no children. Norah has three children: Miya, Brianna, 
and Reuben. Use a graph to represent this family. 


We will construct this graph with three layers, one for each generation. 
The vertices represent the people, and the edges represent the parent-child 
relationships. Start with Wendy and make edges to each of her three children, 
Adan, Konnor, and Norah. Then, make edges from Adan to his two children and 
from Norah to her three children. Since Konnor has no children, there are no edges 
below his name. 


Wendy 


Justine Seth Miya Brianna Reuben 
Figure 14.44 
The graph shown in Fig. 14.44 is an example of a tree. au 


Definition: Tree 
A tree is a connected graph in which each edge is a bridge. 


Recall from Section 14.1 that a bridge is an edge that if removed from a 
connected graph would create a disconnected graph. Thus, if you remove any 
edge in a tree, it creates a disconnected graph. Since each edge would create 
a disconnected graph if removed, a tree cannot have any Euler circuits or 
Hamilton circuits. Can you explain why? Figure 14.45(a) gives four examples of 
graphs that are trees, and Fig. 14.45(b) gives four examples of graphs that are not 
trees. 


C A 
A E 
B 
B D 
F 
E F 
G H 
D A 5 
B 
A é 
D E.G 
é F 
H I 


(b) Graphs that are not trees 


(a) Graphs that are trees 


Figure 14.45 
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E F G 

(a) 
A B (e: 


Je G H 
(b) 
Figure 14.46 


Spanning Trees 


Some applications, like the family tree in Example 1, can be represented with a graph 
that is a tree. In other applications, the problem may initially be represented with a 
graph that is not a tree. In this section, to solve certain problems, we will need to re- 
move edges from a graph that is not a tree to form a tree known as a spanning tree. 
We now define spanning tree. 


Definition: Spanning Tree 
A spanning tree is a tree that is created from another graph by removing edges 
while still maintaining a path to each vertex. 


Since a spanning tree is a tree, and since a tree cannot have any circuits, a span- 
ning tree cannot have circuits. 


Example Determining Spanning Trees 
Determine two different spanning trees for each graph shown in Fig. 14.46. 


Each of the spanning trees we create will need to have a path connecting all 
vertices, but cannot have any circuits. To create a spanning tree from a graph, we remove 
edges one at a time while leaving all the vertices in place. When we remove an edge, we 
must make sure the edge is not a bridge. Removing a bridge would create a disconnected 
graph. We need to reduce our original graph to one that is still connected. Keeping these 
guidelines in mind, we continue removing edges until the remaining graph is a tree. Two 
spanning trees formed from each graph in Fig. 14.46(a) and (b) are given in Fig. 14.47(a) 
and (b), respectively. Other spanning trees are possible in each case. 


A B Ec D A B & D 
15; F G E B G 


(a) 


A B Cc A B (E 
tat G H EF G H 
(b) 
Figure 14.47 a 


Notice in all four spanning trees in Example 2 that each edge is a bridge and that 
no circuits are present. Our next example provides an application of spanning trees. 


Example —¥ A Spanning Tree Problem 


Schoolcraft College is considering adding awnings above its sidewalks to help shel- 
ter students from the snow and rain while they walk between some of the buildings 
on campus. A diagram of the buildings and the connecting sidewalks where the aw- 
nings are to be added is given in Fig. 14.48 on page 891. 

Originally, the president of the college wished to have awnings placed over 
all the sidewalks shown in Fig. 14.48, but that was found to be too costly. Instead, 


Figure 14.49 
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Figure 14.48 


the president has proposed to place just enough awnings over a select number of 

sidewalks so that, by moving from building to building, students would still be 

able to reach any location shown without being exposed to the elements. 

a) Represent all the buildings and sidewalks shown with a graph. 

b) Create three different spanning trees from this graph that would satisfy the pres- 
ident’s proposal. 


a) Using letters to represent the building names, vertices to represent the buildings, 
and edges to represent the sidewalks between buildings, we generate the graph 
in Fig. 14.49. 


b) To create a spanning tree we remove nonbridge edges until a tree is created. Three 
possible spanning trees are given in Fig. 14.50; however, many others are possible. 


S M H S M H S M H 


T A if A Hl A 
& 15 13, C L EB. Cc L E 
Figure 14.50 s 


Example 3 shows us how spanning trees can be used to represent a real-life prob- 
lem. However, the administrators at Schoolcraft College still have a problem: Which 
sidewalks should be chosen to cover with awnings (or which spanning tree should be 
selected)? Problems like the one faced by Schoolcraft College usually have additional 
considerations that need to be included in the decision-making process. The most 
common consideration is the cost of the project. To help analyze these problems, 
weighted graphs—graphs with costs or distances associated with each edge—and 
minimum-cost spanning trees are used. 


ior : Mini dnecost Spanning Tree 
ure -cost spanning | tree is the least expensive spanning tree of all span- 
der consideration. 
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A 
23 48 
B 17 
Figure 14.51 


Figure 14.54 


Example 4 will explain how we determine a minimum-cost spanning tree for a 
weighted graph with three edges. 


Example Q4 Finding a Minimum-Cost Spanning Tree 


Examine the weighted graph in Fig. 14.51. This graph shows the costs, in dollars, 
associated with each edge. Determine the minimum-cost spanning tree for this graph. 


There are three spanning trees associated with this graph; they are shown 


in Fig. 14.52. 
A A A 
48 i a 
B 17 G B 17 (6 B Cc 
(a) (b) (c) 
Figure 14.52 


The spanning tree in Fig. 14.52(a) has a cost of $48 + $17 = $65. The spanning 
tree in Fig. 14.52(b) has a cost of $23 + $17 = $40. The spanning tree in Fig. 
14.52(c) has a cost of $23 + $48 = $71. Therefore, the minimum-cost spanning 
tree is shown in Fig. 14.52(b). It has a cost of $40. B 


The process used in Example 4 is similar to the brute force method used to find 
the optimal solution to traveling salesman problems in Section 14.3. Although this 
process is easy to carry out for a small graph, such a process would be impossible for 
graphs with a large number of vertices. Fortunately, we have an algorithm, called 
Kruskal’s algorithm, to determine the minimum-cost spanning tree. 


ele PU) a KRUSKAL’S ALGORITHM 


To construct the minimum-cost spanning tree from a weighted graph: 
. Select the lowest-cost edge on the graph. 


. Select the next lowest-cost edge that does not form a circuit with the first edge. 


. Select the next lowest-cost edge that does not form a circuit with previously 
selected edges. 


. Continue selecting the lowest-cost edges that do not form circuits with the 
previously selected edges. 


. When a spanning tree is complete, you have the minimum-cost spanning tree. 


B 
e 


Example Using Kruskal’s Algorithm 


Use Kruskal’s algorithm to determine the minimum-cost spanning tree for the 
P weighted graph shown in Fig. 14.53. The numbers along the edges in Fig. 14.53 
represent dollars. 


We begin by selecting the lowest-cost edge of the graph, edge AG, which 
is $11 (see Fig. 14.54). Next we select the next lowest-cost edge that does not form 


re 


Figure 14.56 


Figure 14.57 


S M 42 H 


A 
54 
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Figure 14.58 
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Figure 14.59 
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a circuit, edge GE, which is $23. Once again, looking for the lowest-cost edge that 
does not form a circuit, we select edge CE, which is $31. The result of our first 
three selections is shown in Fig. 14.54 on page 892. 

Looking at the original weighted graph in Fig. 14.53, we see that the next 
lowest-cost edge is edge AC, which is $38. However, selecting edge AC would 
create a circuit among vertices A, C, E, and G, so we must not select edge AC. 
Instead, we select edge GH, which is $47, since it is the next lowest-cost edge 
and its selection does not lead to a circuit; see Fig. 14.55. Next, we select edge 
FH, which is $48. 

The next lowest-cost edge not yet selected is edge EF, which is $50. However, 
this edge would create a circuit among vertices E, F, H, and G. Instead, we select 
edge CD, which is $53, followed by selecting edge BD, which is $57. The result of 
our selections thus far is shown in Fig. 14.56. 

Notice that the graph in Fig. 14.56 is a spanning tree. According to Kruskal’s 
algorithm, the tree in Fig. 14.56 is the minimum-cost spanning tree for the original 
weighted graph. rT 


Note that in Example 5, all the edges selected were connected to edges we had 
already selected. However, that will not always be the case. When we select the edges 
in Example 6, some will be disconnected at the time we select them. 

We now will apply our knowledge of minimum-cost spanning trees. Note that in 
examples and exercises, the graphs need not be drawn to scale. 


Example [J An Application Using Kruskal’s Algorithm 


Recall from Example 3 on page 890 that Schoolcraft College is considering the 
construction of awnings over a select number of sidewalks on campus. The dis- 
tances, in feet, between buildings are shown in the weighted graph in Fig. 14.57. 


a) Determine the shortest series of sidewalks to cover so that students would be 
able to move between any buildings shown without being exposed to the 
elements. 


b) The cost of the awnings is $23 per foot regardless of where they are placed on 
campus. What will it cost to cover the sidewalks found in part (a)? 


a) Schoolcraft College is seeking a minimum-cost spanning tree for the 
weighted graph shown in Fig. 14.57. To determine the minimum-cost 
spanning tree, we use Kruskal’s algorithm. First, we select the edge MH 
since it has the shortest distance and therefore has the lowest cost. We next 
select the edge TC since it has the second shortest distance and it doesn’t 
form a circuit with our previously selected edge (see Fig. 14.58). Our third 
and fourth choices will be edge ST and edge MA, respectively, since these 
edges have the next shortest distances and they do not form a circuit with 
previously selected edges. The result of our first four selections is shown in 
Fig. 14.58. 

The next lowest-cost edge is edge AH. However, selection of edge AH 
would form a circuit with vertices A, H, and M. Instead, we choose the 
next lowest-cost edge—edge SM—since it does not form a circuit with the 
previously selected edges (see Fig. 14.59). Our next lowest-cost edge will be 
edge CL. Note that edge CL does not form a circuit with the previously se- 
lected edges. The result of all our selections so far is shown in Fig. 14.59. 

We note that the next lowest-cost edge is edge TA, but selecting this edge 
would create a circuit with vertices S, M, A, and T. So we select edge AE. The 
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Figure 14.60 
Profile In Mathematics 


Solomon Lefschetz 


Soe Lefschetz (1884-1972) 
was born in Moscow, studied en- 
gineering in Paris, and moved to the 
United States in 1907. After a labora- 
tory accident claimed both his hands 
and forearms, Lefschetz turned to 
mathematics.  Lefschetz’s — work 
gained him worldwide recognition in 
algebraic geometry, topology, and 
nonlinear differential equations. In 
fact, topology took its name from 
the title of one of Lefschetz's papers. 
Lefschetz probably will be remem- 
bered most for his reaction to the 
Soviet Union's launching of the satel- 
lite Sputnik. Lefschetz believed that 
the gap between U.S. and Soviet 
technology was a result of the Soviet 
superior knowledge of nonlinear dif- 
ferential equations. To help close 
this gap, Lefschetz came out of re- 
tirement to establish and direct a 
group of 17 research scientists at the 
Martin Company's Research Institute 
for Advanced Study in Baltimore. At 
the age of 81, Lefschetz was 
awarded the national Medal of 
Science for his role in mathematics 
and science development in the 
United States. 


result of our selections so far is shown in Fig. 14.60. 

From Fig. 14.60, we can see that we have formed a spanning tree. According 
to Kruskal’s algorithm, this graph is the minimum-cost spanning tree. Therefore, 
Fig. 14.60 shows which sidewalks should be covered with the awnings. Covering 
these sidewalks will provide protection to students at the lowest cost to School- 
craft College. 

b) From Fig. 14.60, we see that there are 148 + 42 + 68 + 86 + 54 + 217 + 
201 = 816 feet of sidewalks that need to be covered. At $23 per foot, the cost 
to cover these sidewalks is $23 X 816 = $18,768. 


Example 


Schools in Budville, Fairplay, Happy Corners, Kieler, Louisburg, and Sinsinawa, 
Wisconsin, all wish to establish a fiber-optic computer network to share informa- 
tion and to obtain Internet access. The most efficient method of establishing such a 
network would be to install fiber-optic cable along roadsides. The weighted graph 
in Fig. 14.61 shows the distance in miles between schools along existing roads. 


Figure 14.61 


a) Determine the shortest distance to link these six schools. 


b) The cost to install fiber-optic cable is $1257 per mile. What is the 
minimum cost to install the fiber-optic cable along the roadsides determined 
in part (a)? 


a) We are seeking a minimum-cost spanning tree. We will carry out Kruskal’s al- 
gorithm to find it. The first three edges selected will be edge HB (1 mile), edge 
BL (1.5 miles), and edge F'S (2 miles). Note that these are the three lowest-cost 
edges, and their selection does not lead to a circuit. The result of our first three 
selections is shown in Fig. 14.62. 


ex 


Figure 14.62 
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The next lowest-cost edge is edge HL (2.5 miles), but selecting this edge 
would lead to a circuit between vertices H, B, and L. Instead, we select the next 
lowest-cost edge, edge LF (3 miles). This edge is followed by the next lowest- 
cost edge, edge KL (3.5 miles). The result of all our selections so far is shown in 
Fig. 14.63. We now have a spanning tree. 

According to Kruskal’s algorithm, Fig. 14.63 shows the minimum-cost 
spanning tree. Therefore, Fig. 14.63 gives the paths along which fiber-optic 
cable should be placed to connect the schools for the minimum cost. 


b) From Fig. 14.63, we can see that there are 1 + 15 + 3.5 +3 + 2 = 11 miles 
of fiber-optic cable needed for this network. At $1257 per mile, the cost to in- 
stall this fiber-optic network is $1257 X 11 = $13,827. a 
Figure 14.63 
SECTION 14.4 ; 
az Exercises 


Warm Up Exercises 


In Exercises 1-6, fill in the blanks with an appropriate 


word, phrase, or symbol(s). 


1. A connected graph in which each edge is a bridge is called 


10. Employment Structure Use a tree to show the employee 
relationships at Stephens College. President Pullen has 
three division directors working for her: Anderson, 
Wolcott, and Lisk. Anderson has two department heads 
working for her: Pomeroy and Thomas. Wolcott has three 
department heads working for her: Hoey, Jones, and Kent. 


a) Lisk has four department heads working for him: Teske, 
2. If you remove any edge in a tree, it creates a(n) ___ Watts, Groell, and Tuff. 
graph. 


3. A tree does not have any Euler or Hamilton 


4. A tree that is created from another graph by removing 
edges while still maintaining a path to each vertex is called 


a(n) 2 tree: 


In Exercises 11-18, determine two different spanning trees 
for the given graph. There are many possible answers. 


11. 4 B C 


5. The least expensive spanning tree of all spanning trees 


under consideration is called the 


spanning a Pea 


tree. E F 
6. To determine the minimum-cost spanning tree for a graph, 12. 4 B C 
we can use _____ algorithm. 


Practice the Skills 


Connor. Eli has four children: Jason, Max, 


7. A Family Tree Use a tree to show the parent-child relation- 
ships in the following family. Angela has two sons, Eli and 
Gabriella, and 


Tony. Connor has three children: Austin, Caleb, and Sandi. G re I 
8. A Family Tree Use a tree to show the parent-child rela- 

tionships in the following family. Joe has two children: 

Allan and Rosemary. Allan has three children: Christo- 13. A B 


Paula, and Martin. 


and Wormer. 


pher, Donetta, and AJ. Rosemary has three children: Peter, 

9. Corporate Structure Use a tree to show the following aes 
employee relationships at DTX Industries. Kroger is presi- 
dent and has three vice presidents: Dorfman, Blutarsky, Ree 
and Hoover. Dorfman has three managers: Stratton, Day, 
and Stork. Blutarsky has three managers: Schoenstein, De 
Pasto, and Liebowitz. Hoover has two managers: Jennings 
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In Exercises 19-26, determine the minimum-cost spanning D 18 E 16 F 
trees for the given graph. 


Problem Solving 


27. An Irrigation System Ruth Collins wishes to install an 
irrigation system to water her five flower gardens. The dis- 
tances in feet between her gardens are shown in the figure 
below. 


Jasmine 


Trises Hibiscus 


a) Represent this information with a weighted graph. 


b) Use Kruskal’s algorithm to determine the minimum- 
cost spanning tree. 


c) If the cost of installing irrigation pipe is $25 per foot, 
determine the minimum cost of installing the irrigation 
system from part (b). 


28. Art Sculpture Joe Loccisano is creating a modern art 
sculpture that needs to have electricity available at five 
different sites. The figure below shows the items included 
in the sculpture. The distances shown are in inches. 


Electric carving 
knife 
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a) Represent this sculpture with a weighted graph. 


b) Use Kruskal’s algorithm to determine the minimum- 
cost spanning tree that would provide electricity to each 
site on the sculpture. 


c) If the cost of installing wiring on the sculpture is 
$0.75 per inch, determine the minimum cost for 
wiring this sculpture. 


29. Commuter Train System Several communities in eastern 
Pennsylvania wish to establish a commuter rail train sys- 
tem between the cities shown in the map below (distances 
are in miles). 


Allentown 


Harrisburg 
Reading 


96 
York Philadelphia 


a) Use Kruskal’s algorithm to determine the minimum- 
cost spanning tree that would link the cities using the 
shortest distance. 


b) If it costs $6800 per mile of railroad track, how much 
does the commuter rail system determined in part (a) 
cost? 


30. Linking Campuses Five of the campuses in the 
University of Texas system would like to establish a 
high-speed telephone and data network. The campuses 
are located in the following cities: Brownsville, Dallas, 
E] Paso, San Antonio, and Tyler. The map below gives 
the approximate distances in miles between these five 
campuses. 


Brownsville 


a) Use Kruskal’s algorithm to determine the minimum- 
cost spanning tree that would link each university to 
create the telephone and data network with the shortest 
distance. 
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b) If it costs $1700 per mile to install the network, how The distances in miles between the cities involved are 
much will it cost to produce the network determined in given in the table below. 
part (a)? 
Be 7 * wm GE re ee ; Z Youngs- 
‘ Xr We Akron Canton Cleveland Columbus town 
ss Akron * 23 45 D7 48 
Canton 23 zy 68 125 533) 
Cleveland 45 68 es 146 75 
Columbus 127 125 146 * 178 
Youngstown 48 53 WD 178 ze 


a) Represent this information with a complete, weighted 
graph. 


& University of Texas at San Antonia 


b) Use Kruskal’s algorithm to determine the minimum- 
cost spanning tree that would link each city to create 
the least expensive power line network. 


31. Horse Trails The Darlington County, South Carolina, 
tourism office wishes to build a horse trail that connects 
the towns of Darlington, Hartsville, Lamar, and Society 
Hill. The distances, in miles, between these cities are given 


c) If the cost to establish electrical power lines is 
in the table below. 


$2300 per mile, determine the cost of creating the 


electrical power lines determined in part (b). 
Society ; ; 5 : : 
Darlington ‘Hartsville Lamar _Hill 33. Recreation Trail The Missouri Park and Recreation 
re ee x e ; ia 5 Association would like to build a recreation trail for 
SS Lt = biking and hiking that connects the cities of Jefferson City, 
Hartsville 12 Y 13 16 Kansas City, Springfield, St. Joseph, and St. Louis. The 
Laman 14 1B x 2%6 distances in miles between these cities are given in the 
following table. 
Society Hill 15 16 26 oS 
Jefferson - eshte ‘3 St. bee 
City City Springfield Joseph St. Louis 
Jefferson AS 158 138 PINS) 134 
City 
Kansas 158 * 191 56 249 
City 
Springfield 138 191 x 227, 218 
St. Joseph 215 56 227 3 307 
St. Louis 134 249 218 307 5 


a) Represent this information with a complete, weighted 


a) Represent this information with a complete, weighted graph. 
graph (see Section 14.3 for the definition of a complete, 
weighted graph). b) Use Kruskal’s algorithm to determine the minimum- 
cost spanning tree that would link each city to create 
b) Use Kruskal’s algorithm to determine the minimum- the least expensive recreation trail. 
cost spanning tree that would link each city to create 
the least expensive horse trail. c) If the cost of building such a trail is $3700 per mile, 
what is the cost of building the trail determined in part 
c) If the cost of building such a trail is $3500 per mile, (b)? 
what is the cost of building the trail determined in 
part (b)? 34. Light-rail Transit System The state of Illinois is apply- 
ing for a grant to connect several metropolitan areas of the 
32. Electrical Power Lines The Eastern Ohio Electric Coop- state with a light-rail transport system. The cities involved 
erative wishes to connect cities within its district with new, are Champaign, Chicago, Peoria, Rockford, and Spring- 
higher-quality electrical power lines. The cities include field. The distances in miles between these cities are given 


Akron, Canton, Cleveland, Columbus, and Youngstown. in the table on page 899. 


Champaign 


Chicago 135 * 170 85 202 
Peoria 89 170 * 129 74 
Rockford 181 85 129 EN 193 
Springfield 86 202 74 193 Wa 

er eee | 


a) Represent this information with a complete, weighted 
graph. 


b) Use Kruskal’s algorithm to determine the minimum- 
cost spanning tree that would link each city using the 
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Challenge Problems/Group Activities 


35. Computer Network Create a minimum-cost spanning 
tree that would serve as the least expensive way to create 
a computer network among the five largest cities in your 
state. Consult maps, atlases, almanacs, or the Internet for 
distances. Assume that the cost per mile is the same re- 
gardless of the path taken. 


36. College Structure Create a tree that shows the administrative 
structure at your college or university. Start with the highest- 
ranking officer (that is, president, chancellor, provost, 
headmaster) and work down to the department chair level. 


37. Sidewalk Covers Create a minimum-cost spanning tree 
that would serve as the least expensive way to provide 
sheltered sidewalks between major buildings on your col- 
lege campus (see Example 6 on page 893). Assume that 
the cost per foot is the same regardless of the path taken. 


shortest distance. 
Internet/Research Activity 


38. Write a research paper on the life and work of Joseph 
Kruskal, who developed Kruskal’s algorithm. 


c) What would be the total distance of the light-rail trans- 
portation system determined in part (b)? 


important Facts and Concepts Examples and Discussion 


| oe Iisa | 
| Section 14.1 


\Paths and Circuits 


A path is a sequence of adjacent vertices and the edges connecting them. 


Discussion, pages 858-860. 
A circuit is a path that begins and ends at the same vertex. 


Section 14.2 


Paths and:Gircuits 


| An Euler path is a path that passes through each edge of a graph 
exactly one time. 


Discussion, pages 864-865, 
Example 1, page 865. 

An Euler circuit is a circuit that passes through each edge of a graph exactly one 
time. 


Fuler’s' Theorem 


For a connected graph, the following statements are true: 


Examples 2—6, pages 866-869. 
1. A graph with no odd vertices (all even vertices) has at least one Euler path, 
which is also an Euler circuit. An Euler circuit can be started at any vertex, and 
it will end at the same vertex. 
2. A graph with exactly two odd vertices has at least one Euler path but 
no Euler circuits. Each Euler path must begin at one of the two odd 
vertices and end at the other odd vertex. 


| 3. A graph with more than two odd vertices has no Euler paths or Euler circuits. 
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Fleury’s Algorithm 


To determine an Euler path or an Euler circuit: 
ils 


Use Euler’s theorem to determine whether an Euler path or an Euler circuit 
exists. If one exists, proceed with Steps 2-5. 


If the graph has no odd vertices (therefore has an Euler circuit that is also an 
Euler path), choose any vertex as the starting point. If the graph has exactly two 
odd vertices (therefore has only an Euler path), choose one of the two odd 
vertices as the starting point. 


. Begin to trace edges as you move through the graph. Number the edges as you 


trace them. Since you can't trace any edges twice in Euler paths and Euler 
circuits, once an edge is traced consider it “invisible.” 


. When faced with a choice of edges to trace, if possible, choose an edge that is not 


a bridge (i.e., don't create a disconnected graph with your choice of edges). 


Continue until each edge of the entire graph has been traced once. 


Section 14.3 
Paths and Circuits 
A Hamilton path is a path that contains each vertex of a graph exactly once. 


A Hamilton circuit is a path that begins and ends at the same vertex and passes 
through all vertices exactly one time. 


Number of Unique Hamilton Circuits ina Complete Graph 


The number of unique Hamilton circuits in a complete graph with n vertices is 
(n — 1)!, where 


(@ — Il = (a — 1) — 2) — 3)--+ BQ) 


The Brute Force Method of Solving Traveling Salesman Problems 


To determine the optimal solution: 
ile 
2: 
3). 
4. 


Represent the problem with a complete, weighted graph. 
List all possible Hamilton circuits in this graph. 
Determine the cost associated with each of these Hamilton circuits. 


The Hamilton circuit with the lowest cost is the optimal solution. 


The Nearest Neighbor Method for Determining an Approximate Solution to a 

Traveling Salesman Problem 

To approximate the optimal solution: 
ile 
De 
oh 


Represent the problem with a complete, weighted graph. 
Identify the starting vertex. 


Of all the edges attached to the starting vertex, choose the edge that has the 
smallest weight. This edge is the shortest distance or the lowest cost. Travel 
along this edge to the second vertex. 


. At the second vertex, choose the edge that has the smallest weight that does not 


lead to a vertex already visited. Travel along this edge to the third vertex. 


. Continue this process, each time moving along the edge with the smallest weight 


until all vertices are visited. 


. Travel back to the original vertex. 


Examples 5-6, pages 868-869. 


Discussion, pages 877-878, 
Example 2, page 879. 


Examples 3-5, pages 879-880. 


Discussion, page 880, 
Example 5, page 880 


Discussion, page 882, 
Example 6, page 882. 
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Section 14.4 
Kruskal’s Algorithm 


To construct the minimum-cost spanning tree from a weighted graph: Examples 5—7, pages 892-894. 
1. Select the lowest-cost edge on the graph. 
2. Select the next lowest-cost edge that does not form a circuit with the first edge. 
3. Select the next lowest-cost edge that does not form a circuit with 
previously selected edges. 
4. Continue selecting the lowest-cost edges that do not form circuits with the previ- 
ously selected edges. 
5. When a spanning tree is complete, you have the minimum-cost 
spanning tree. 


14.1 6. School Floor Plan The drawing below shows the first-floor 
plan of Raintree Montessori School. Construct a graph to rep- 
resent the school using the letters shown to label the vertices. 
1. Create a graph with two even vertices, two odd vertices, Use the letter O to label the vertex that represents the outside 
and a bridge. of the school. Place vertex O near the bottom of the graph. 


In Exercises I and 2, create a graph with the given properties. 


2. Create a graph with four even vertices and two loops. C 
Ja 


A B 
In Exercises 3 and 4, use the following graph. | | 
D E 


A B 
Outside 


In Exercises 7 and 8, determine whether the graph shown is 
connected or disconnected. 


G H 


3. Determine a path that passes through each edge exactly 
one time. 


4, Is it possible to have a path that begins at vertex A, includes 


A 
Qe } 
E F 
A 
all edges exactly once, and ends at vertex B? 
5. Western States Represent the map as a graph where each fe 
vertex represents a state and each edge represents a com- 
mon border between the states. 
é ‘ F G 


7. 

B 
8. 

B 


9. Identify all bridges in the graph below. 


A B G 
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14.2 
Use the following graph for Exercises 10 and 11. 


10. Determine an Euler path that begins with vertex D. 
11. Determine an Euler path that begins with vertex E. 


Use the following graph for Exercises 12 and 13. 


A B 


Be G 
12. Determine an Euler circuit that begins with vertex A. 
13. Determine an Euler circuit that begins with vertex E. 


14. Consider the following map. 


a) Represent the map as a graph. 


b) Determine (state yes or no) whether the graph has an 
Euler path. If yes, give one such Euler path. 


c) Determine (state yes or no) whether the graph has an 
Euler circuit. If yes, give one such Euler circuit. 


15. a) Construct a graph that represents the floor plan below. 


Outside 
A B C. 
D E F 


b) Is it possible for a person to walk through each 
doorway in the house whose floor plan is shown 
below (at the bottom of the first column) without 
using any of the doorways twice? Explain. 


c) If so, where can the person start and where will the per- 
son finish? Explain. 


16. a) Can a police officer walk each street shown in the figure 
below without walking any street more than once? Explain. 


b) If yes, where would the police officer have to start the 
walk? 


Alvarez Ave 


Vincent Ave. 


17. Use Fleury’s algorithm to determine an Euler path in the fol- 
lowing graph. 


A B 
ee 
G H 


18. Use Fleury’s algorithm to determine an Euler circuit in the 
following graph. 


14.3 


19. Determine two different Hamilton paths in the following 
graph. 


20. Determine two different Hamilton circuits in the following 


graph. 


21. Draw a complete graph with five vertices. 


22. Baseball The American League Eastern Division has the 


following teams: Baltimore Orioles, Boston Red Sox, New 
York Yankees, Tampa Bay Rays, and Toronto Blue Jays. 
How many different possible ways could a Boston Red Sox 
fan visit each team in the American League Eastern Division 
one time and return home to Boston? 


23. Job Interviews Lance Lopez is searching for a new job. He 


lives in Portland, Oregon, and has interviews in Des Moines, 


Iowa; Charleston, West Virginia; and Montgomery, Alabama. 


The costs of the one-way flights between these four cities 

are as follows: Portland to Des Moines is $428, Portland to 
Charleston is $787, Portland to Montgomery is $902, Des 
Moines to Charleston is $449, Des Moines to Montgomery is 
$458, and Charleston to Montgomery is $415. 


a) Represent this traveling salesman problem with a com- 
plete, weighted graph showing the prices of the flights 
on the appropriate edges. 


b) Use the brute force method to determine the least 
expensive route for Lance Lopez to travel to each city 
and return home to Portland. 


c) What is the total cost of airfare for Lance’s trip in part (b)? 


24. Visiting Sales Offices Jennifer Adams is the sales manager 


Columbia 


for AT&T for the state of Missouri. There are major sales 

offices in Columbia, Kansas City, St. Joseph, St. Louis, and 
Springfield. The distances in miles between these cities are 
given in the following table. 


a. ev Tet at ee 
Kansas" Nee 
City — Jose 


Kansas City 
St. Joseph 
St. Louis 

Springfield 


a) Represent this traveling salesman problem with a com- 
plete, weighted graph showing the prices of the flights 
on the appropriate edges. 


b) Use the nearest neighbor method to approximate the 
optimal route for Jennifer to begin in St. Joseph, visit 
each city once, and return to St. Joseph. 
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c) Suppose that Jennifer starts in Springfield. Use the near- 
est neighbor method to approximate the optimal route for 
Jennifer to visit each city once and return to Springfield. 


14.4 


25. 


26. 


27. 


28. 


Employee Relationships Use a tree to show the employ- 
ees’ relationships in the Hulka Consulting Corporation. 
Hulka is president. Winger and Ziskey are vice presidents 
who work for Hulka. Markowicz, Oxburger, and Soyer are 
district managers who work for Winger. Elmo, Hector, and 
Jenesky are district managers who work for Ziskey. 


Determine two different spanning trees for the following 
graph. 
A B 
(G 
E 
F G 


Determine the minimum-cost spanning tree for the follow- 
ing graph. 


D Ti je ee Oe Ee 


An Irrigation System Lucille Groenke wants to install an 
irrigation system to water all six of her flowerbeds in her 
backyard. The drawing shows the location of each flower- 
bed and the distance between them in feet. 


Juniper Bougainvillea 


Passion Flower 


Formosa Azalea 


a) Represent this information with a weighted graph. 
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b) Use Kruskal’s algorithm to determine the minimum-cost c) The irrigation materials cost $2.50 per foot. Determine 
spanning tree the cost of installing the irrigation system found in part 
(b). 


1. Create a graph with six vertices, a bridge, and two 6. In the following graph, determine an Euler circuit. 
loops. 


. Part of Africa Represent the map below as a graph 
where each vertex represents a country and each edge 
represents a common border between the countries. 


BURKINA FASO 
G H 


7. Is it possible for a person to walk through each doorway 
in the house, whose floor plan is below, without using any 
of the doorways twice? If so, indicate in which room the 
person may start and where he or she will end. 


IVORY COAST , 


Outside 


3. Photography Studio The drawing below shows the floor : 
plan of Carol Ann’s Photography Studio. Construct a 
graph to represent the studio using the letters shown to 
label the vertices. Use the letter O to label the vertex that 


represents the outside of the studio. Place vertex O near 


the topiok te apt. 8. Use Fleury’s algorithm to determine an Euler circuit in 


Outside the following graph. 
B c a 
A 
D 3, 


4. Draw a disconnected graph. H 


5. In the followi h, determi Eul th. F ; ; 
patible toa eee eae oe 9. In the following graph, determine a Hamilton path. 


A B 
Set ie | | | 
iG D E 


10. In the following graph, determine a Hamilton circuit. 


11. Draw a complete graph with four vertices. 


12. Conference Sites Rachel Goodwin, president of the 
English Teachers Association (ETA), is trying to deter- 
mine the site of the next ETA conference. Rachel lives 
in Concord, Ohio, and wishes to travel to the following 
cities: Washington, DC; Las Vegas, Nevada; Boston, 
Massachusetts; and Austin, Texas. How many different 
ways can Rachel visit each city and return to her home in 
Concord? 


Business Travel In Exercises 13-15, use the following 
information. 


Doug Hauck is a purchasing agent for Champs Sports (C). 
For his job, he must travel to meet with representatives from 
the following sports companies: Nike (N), Reebok (R), and 
Under Armour (U). The prices of one-way flights between 
these companies are as follows: Champs to Nike is $253, 
Champs to Reebok is $114, Champs to Under Armour is 
$122, Nike to Reebok is $199, Nike to Under Armour is 
$183, and Reebok to Under Armour is $89. 


13. Represent this traveling salesman problem with a com- 
plete weighted graph showing the prices of flights on the 
appropriate edges. 


. Use the brute force method to determine the least expen- 
sive route for Doug to visit each company and return to 
Champs Sports. What is the cost of this route? 


. Use the nearest neighbor method to approximate the 
optimal route for Doug to visit each company and re- 
turn to Champs Sports. What is the cost of this route? 


. Family Tree Use a tree to show the parent-child re- 
lationships in the following family. Beth has three 
children: Kevin, Darrell, and Teri. Kevin has one child, 
Chris. Darrell has two children: Michelle and April. Teri 
has one child, Lucy. 


CHAPTER14 Test 


17. Determine a spanning tree for the graph shown below. 


18. Determine the minimum-cost spanning tree for the follow- 
ing weighted graph. 


Irrigation System In exercises 19 and 20, use the following 
information. 


Daniel Kimborowicz is planning a new irrigation system for 
his yard. His current system has valves already in place as 
shown in the figure below. The numbers shown are in feet. 


19. Determine the minimum-cost spanning tree that reaches 
each valve. 


20. If the new irrigation materials cost $1.25 per foot, what is 
the cost of installing the system determined in part (a)? 


Valve 5 


Valve 3 
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1. Street Sweeper Route 3. State Capital Tour 

Make a map of all streets or roads within 2 miles of your Identify the five state capitals closest to where you live. 
college campus. Now add roads as needed so that a street Use the Internet to find the driving distances between these 
sweeper would be able to sweep all streets on this map, start- five capitals. 

ing at the school and returning to the school without sweep- 

ing any street twice. a) Draw a complete, weighted graph that represents the 


P capitals and the distances between them. 
2. Hometown Road Trip e ; 


b) Use the nearest neighbor method to determine an ap- 
proximation for the optimal solution of starting at your 
state capital, visiting the other four capitals, and then 
returning to your state capital. 


Select five students in your class so that no two have the 
same hometown. Use the Internet to find the distances 
between each pair of towns (MapQuest is a good source 
to check). 


c) Use Kruskal’s algorithm to determine the minimum- 
cost spanning tree for the complete, weighted graph 
determined in part (a). 


a) Draw a complete, weighted graph that represents the 
five towns and the distances between them. 


b) Use the nearest neighbor method to determine an ap- 
proximation for the optimal solution when starting 
at your college, visiting each hometown, and then 


d) Determine the total distance a person would travel 
along the minimum-cost spanning tree found in part (c). 


returning to your college. 4. Computer Network On Campus 
c) Use Kruskal’s algorithm to determine the minimum Measure the distance between the five busiest buildings on 
cost spanning tree for the complete, weighted graph in your campus. Create a weighted graph showing the buildings 
part (a). and the distances between buildings. Determine the minimum- 
cost spanning tree that could be used to install a new com- 
d) Determine the total distance one would travel along puter/telephone network on your campus. Assume that the cost 


the minimum-cost spanning tree found in part (c). per foot is the same regardless of the path used. 


Voting and 
Apportionment 


What You Will Learn 


a Preference tables 

= Voting methods 

= Flaws of voting methods 

= Standard quotas and standard 
divisors 

= Apportionment methods 

= Flaws of apportionment methods 


This ls Important 


We are frequently told that it 

is our civic duty to vote in an 
election. We may often wonder if 
our vote really matters. Can one 
person’s vote make a difference? 
How are voting decisions made? 
Could a candidate for student 
government president receive 

a majority of votes and still 

lose the election? Depending 

on the voting method used, 
determining the winner of an 
election can sometimes lead to 
different results. In this chapter, 
we will discuss different voting 
methods and some flaws of 
these methods. We will also 
discuss apportionment problems, 
such as how to determine the 
number of representatives 

each state has in the U.S. 

House of Representatives, and 
some flaws that can occur with 
apportionment methods. 
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SECTION15.1 | Voting Methods 


ye 


A There is more than one voting 
method that can be used to 
determine what meal you should 
serve at a party. 


Suppose that you are hosting a party and you ask your 11 guests to vote on whether 
they would like you to serve pizza, hot dogs, or hamburgers at the party. How would 
you determine the winner of this election? Is there more than one way to determine 
the winner? In this section, we will discuss four of the most popular voting methods. 
We will also discover that the voting method chosen can greatly affect the results of 


an election. 


FD This is Important Voting methods are used in a variety of real-world problems. 


n a constitutional democracy, one of the most fundamental rights and responsibili- 
ties of its citizens is the right to vote. Voting gives us a voice in decisions that affect 
our lives. Conducting a fair election to select representatives lies at the heart of a 
democratic form of government. In general, elections for public officials seem to be a 
simple proposition: You vote for the person you wish to represent you, and the candi- 
date who obtains the most votes is elected. However, when more than one choice is 
involved in the election or when voters are asked to rank their choices, the selection is 
not as simple. The outcome of the election is greatly influenced by the voting method 
used, as will be discussed in this section. Consider the following example. 

The Ridgemoor Homeowners Association board of directors needs to choose one 
type of flower to plant at the main entrance to the housing development. The choices 
available are begonia, impatiens, marigold, or periwinkle. Each of the five directors is 
asked to rank the flowers according to preference. The results of this election are 
given in Table 15.1. 


Table 15.1 Ridgemoor Board of Directors Flower Choices 


Choice — Charlie Denise _Edwardo “ Gerry Joe sat 
First Impatiens Impatiens Impatiens Marigold Marigold 
Second Marigold Marigold Marigold Begonia Begonia 


Third Periwinkle Periwinkle Periwinkle Periwinkle Periwinkle 


Fourth Begonia Begonia Begonia Impatiens Impatiens 


If we were to run a simple election in which we only considered each director’s 
first choice, impatiens would be chosen. It also can be said that impatiens received a 
majority of first-place votes. A majority simply refers to receiving more than 50% of 
the votes. However, looking at the table, it appears that marigolds might be a better 
choice since all the directors have marigolds listed either as their first or second 
choice. 

In this first section, we will describe four of the most popular voting methods and 
explain how they are implemented. In the next section, we will discuss the weak- 
nesses and flaws of each method. We will discuss the following methods: 


Plurality method 

Borda count method 

Plurality with elimination method 
Pairwise comparison method 


oe 
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Before we discuss any of these voting methods, though, we will illustrate how 
the results of an election might be indicated in a table called a preference table. A 
preference table summarizes the results of an election and shows how often each par- 
ticular outcome was selected, as illustrated in Example 1. 


Example Gi) Balloting by Committee Members 


The planning committee of Erie, Pennsylvania, is voting on a mascot for an upcom- 
ing winter festival. The choices are a snowman (S), a polar bear (P), and a husky 
(H).There are 15 planning committee members (labeled CM1, CM2, CM3, ..., 
CM15). Their ballots are shown in Fig. 15.1. 


cml | CM2 | CM3 | CM4 | CMs | CM6 | CM7 | CMB 
1STS 1ST S 1ST S 1ST H 1ST p 1ST Pp 1STP STS 
QND p 2ND H 2ND P 2ND § 2ND H 2ND § 2ND § 2ND H 
3RDH 3RD P 3RD A 3RD p 3RDS 3RDH 3RD H 3RD p 
zi 
CM9 CM10 CM11 CM12 CM13 CM14 CM15 
1ST p 1ST H 1ST S ISTH {STH 1ST H 1ST H 
2ND § 2ND § 2ND H 2ND § 2ND § 2ND § 2ND p 
3RD H 3RD p 3RD P 3RD Pp 3RD Pp 3RD p 3RDS§ 


Figure 15.1 


Construct a preference table to illustrate the results of the election. 


Notice that committee member | (CM1) listed S, P, H as his or her 
choice. Also, notice that committee member 3 (CM3) also listed S, P, H, in that 
order. None of the other committee members listed this order of selection. There- 
fore, there are two committee members who listed S, P, H in that order. This in- 
formation is indicated in boldface in column one of Table 15.2. Next look at 
CM2. He or she listed S, H, P. Two other committee members, CM8 and CM 11, 
listed S, H, P in that order. Therefore, three committee members list the order 

S, H, P. This information is indicated in column two of Table 15.2. Continue this 
process to obtain the preference table. 


Table 15.2 Winter Festival Mascot Preference Table 


‘Number ofVotes 2 3 5 1 3 1. 
First SRS Ep pa 
Second PRA S SHS. | P 
Third Ee Pe Sots 


Notice that the total number of votes indicated in the preference table is 15, which 
checks with the individual number of votes given. a 


When an election has many voters, a preference table is an efficient way to report 
the results. 

The initial purpose of Example | was to introduce the preference table. We will 
revisit the winter festival mascot election several times in this section. Example 2 
introduces another election that will be used frequently in this section. 
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Example Voting for the Honor Society President 


Four students are running for president of the Honor Society: Antoine (A), 
Betty (B), Camille (C), and Don (D). The club members were asked to rank all 
candidates. The resulting preference table for this election is given in Table 15.3. 


Table 15.3 Honor Society Preference Table 


Number of Votes 19 15 11 7 2 
First B Cc D A Cc 
Second A A C D D 
Third @ D A C A 
Fourth D B B B B 


a) How many students voted in the election? 
b) How many students selected the candidates in this order: C, A, D, B? 
c) How many students selected C as their first choice? 


a) To find the number of students who voted, we add the numbers in the row labeled 
Number of Votes. 


19-2 15 42 Sees 2) 4 


Therefore, 54 students voted in the election. 

b) Fifteen students voted in the given order (the second column of letters). 

c) To determine the number who voted for C as their first choice, read across the 
row that says First. When you see a C in the row, record the number above it. 
Then find the sum of the numbers. Thus, 


15 + 2 = 17 students selected C as their first choice. | 


Now we will begin to examine the results of the elections in Examples | and 2. 
Each election will be analyzed using each of the four different voting methods dis- 
cussed in this section: plurality method, Borda count method, plurality with elimina- 
tion method, and pairwise comparison method. 


Plurality Method 


When electing a candidate using the plurality method, each voter votes for only one can- 
didate. The candidate receiving the most votes is declared the winner. With the plurality 
method, a preference table does not have to be used since the candidates are not ranked. 
In this section, we will often use a preference table since the data may often be given in 
that form from a previous example. The plurality method is the most commonly used 
method, and it is the easiest method to use when there are more than two candidates. 


ascehe 3) 8) PLURALITY METHOD 


1. Each voter votes for one candidate. 


2. The candidate receiving the most votes is declared the winner. 


Did You Know? 


Plurality Presidents 


Harry Truman 


lthough it may seem strange, 

the United States has often 
elected presidents whom a major- 
ity of the voters opposed. When 
viable third-party candidates are 
involved in elections, winning can- 
didates may gain a majority of 
electoral votes, but not a majority 
of popular votes. In the twentieth 
century alone, Woodrow Wilson in 
1912 and in 1916, Harry Truman in 
1948, Richard Nixon in 1968, and 
Bill Clinton in 1992 and in 1996 all 
won the election with less than 50% 
of the popular vote. Although each 
of these presidents failed to get a 
majority of popular votes, each did 
obtain a plurality of popular votes. 
An even stranger scenario occurred 
in 1888 when Grover Cleveland 
received 5,540,365 votes and Ben- 
jamin Harrison received 5,445,269 
votes. Yet, since Harrison had a 
majority of electoral votes, he was 
elected president. Once again, this 
scenario occurred in 2000 when Al 
Gore received 49,921,267 votes 
and George W. Bush received 
49,658,276 votes. However, since 
Bush received a majority of elec- 
es (not without some con- 
sy), he was elected president. 
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If a candidate has a majority of votes, he or she will win an election using the 
plurality method. However, it is possible for a candidate to win an election using the 
plurality method without the candidate having a majority of votes, as we will see in 
the next example. 


Example Selecting a Mascot Using the Plurality Method 


Consider the winter festival mascot election given in Example 1. Which mascot is 
selected using the plurality method? 


Using the plurality method, the candidate with the most votes is selected 
as mascot. In Example 1, the planning committee members ranked the candidates. 
We will assume that each planning committee member would vote for his or her 
first choice as listed in Table 15.2 on page 909. From Table 15.2, we see that the 
snowman received 2 + 3 = 5 votes, the polar bear received | + 3 = 4 votes, and 
the husky received 5 + | = 6 votes. These results indicate that by using the plu- 
rality method, the husky is chosen as the mascot for the winter festival. Note that 
the husky received only &, or 40%, of the first-place votes, which is less than a 
majority. a 


Example ZY Electing the Honor Society President by 
the Plurality Method 


Consider the Honor Society election given in Example 2. Who is elected president 
using the plurality method? 


We will assume that each member would vote for the person he or 

she listed in first place in Table 15.3 on page 910. From Table 15.3, we can 

see that Antoine received 7 votes, Betty received 19 votes, Camille received 

15 + 2 = 17 votes, and Don received 11 votes. Therefore, using the plurality 
method, Betty received the most votes and is elected president of the Honor 
Society. Note that Betty received only an or about 35%, of the first-place votes, 
which is less than a majority. ] 


As simple as the plurality method is, this voting method ignores voters’ second 
and subsequent choices. The rest of the voting methods we will discuss take all voters’ 
choices into consideration. 


Borda Count Method 


The Borda count method, developed by Jean-Charles de Borda, requires that voters 
rank candidates in order from most favorable to least favorable. The Borda count 
method then quantifies this ranking to determine a winner. 


aes 321 81 3) BORDA COUNT METHOD 


Voters rank the candidates from the most favorable to the least favorable. 


. Each last-place vote is awarded one point, each next-to-last-place vote is awarded 
two points, each third-from-last-place vote is awarded three points, and so forth. 


. The candidate receiving the most points is the winner of the election. 


The primary advantage of the Borda count method is that voters are able to 
provide more information than in the plurality method. Many well-known ranking 
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Profile In Mathematic. 


Jean-Charles de Borda 


ean-Charles de Borda (1733- 

1799), a French calvary officer 
and naval captain for whom the 
Borda count method is named, 
wrote on a variety of subjects, in- 
cluding mathematics, physics, de- 
sign of scientific experiments, and 
voting theory. 


systems use variations of the Borda count method. The Heisman trophy, given an- 
nually to the best college football player, is awarded by having the voters (sports- 
writers and former Heisman trophy winners) rank their first, second, and third 
choices out of possibly thousands of college football players. A player receives 3 
points for each first-place vote, 2 points for each second-place vote, and 1 point for 
each third-place vote. 


Example Selecting the Winter Festival Mascot Using the Borda 
Count Method 


Let’s reexamine the Erie, Pennsylvania, election for a winter festival mascot. For 
convenience, the preference table is reproduced in Table 15.4. Recall that S repre- 
sents snowman, P represents polar bear, and H represents husky. Which mascot is 
selected using the Borda count method? 


Table 15.4 Winter Festival Mascot Preference Table 


Number of Votes 2 3 5 1 3 
First S H P P 
Second Pee Hayes 
Third H EP Jp) S H 


In this problem, there are three candidates, so a first-place vote is worth 
3 points, a second-place vote is worth 2 points, and a third-place vote is worth 
1 point. To award points, we examine each candidate starting with the snowman. 


From Table 15.4, we see that the snowman receives 
2 + 3 = 5 first-place votes producing 5 X 3 = 15 points, 
5 + 3 = 8 second-place votes producing 8 X 2 = 16 points, and 
1 + 1 = 2 third-place votes producing 2 X 1 = 2 points 
Therefore, the snowman receives 15 + 16 + 2 = 33 points. 
Next we see that the husky receives 
5 + 1 = 6 first-place votes producing 6 X 3 = 18 points, 
3 + 1 = 4second-place votes producing 4 * 2 = 8 points, and 
2 + 3 = 5 third-place votes producing 5 X 1 = 5 points 
Therefore, the husky receives 18 + 8 + 5 = 31 points. 
Finally, we see that the polar bear receives 
1 + 3 = 4 first-place votes producing 4 X 3 = 12 points, 


2 + 1 = 3 second-place votes producing 3 X 2 = 6 points, and 
3 + 5 = 8 third-place votes producing 8 X 1 = 8 points 


Therefore, the polar bear receives 12 + 6 + 8 = 26 points. 

The snowman receives 33 points, the husky receives 31 points, and the polar 
bear receives 26 points. By using the Borda count method, the snowman is chosen 
as the winter festival mascot. a 


We will now reexamine the election for president of the Honor Society by using 
the Borda count method. 
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Example [4 Electing the Honor Society President 
Using the Borda Count Method 


Use the Borda count method to determine the winner of the election for president of 
the Honor Society discussed in Example 2. Recall that the candidates are Antoine 
(A), Betty (B), Camille (C), and Don (D). For convenience, the preference table is 
reproduced below in Table 15.5. 


Table 15.5 Honor Society Preference Table 


Number of Votes 19 15 IL 7 2 
First B (S D A (€ 
Second A A Cc D D 
Third e D A G A 
Fourth D B B B B 


In this problem, there are four candidates, so a first-place vote is worth 
4 points, a second-place vote is worth 3 points, a third-place vote is worth 2 points, 
and a fourth-place vote is worth 1 point. 


Using Table 15.5, we see that: 


Antoine receives 
7 first-place votes producing 7 X 4 = 28 points, 
19 + 15 = 34 second-place votes producing 34 X 3 = 102 points, and 
11 + 2 = 13 third-place votes producing 13 X 2 = 26 points 


Antoine has no fourth-place votes. Therefore, Antoine receives 28 + 102 + 26 = 
156 points. 


Betty receives 
19 first-place votes producing 19 4 = 76 points, and 
15 + 11 + 7 + 2 = 35 fourth-place votes producing 35 = 1 = 35 points 


Betty has no second- or third-place votes. Therefore, Betty receives 76 + 35 = 
111 points. 


Camille receives 


15 + 2 = 17 first-place votes producing 17 X 4 = 68 points, 
11 second-place votes producing 11 x 3 = 33 points, and 
19 + 7 = 26 third-place votes producing 26 X 2 = 52 points 


Camille has no fourth-place votes. Therefore, Camille receives 68 + 33 + 52 = 
153 points. 


Don receives 


11 first-place votes producing 11 X 4 = 44 points, 

7 + 2 = 9 second-place votes producing 9 x 3 = 27 points, 

15 third-place votes producing 15 X 2 = 30 points, and 

19 fourth-place votes producing 19 X 1 = 19 points 
Therefore, Don receives 44 + 27 + 30 + 19 = 120 points. 


Antoine, with 156 points, receives the most points using the Borda count method 
and is declared the winner. a 


Even though Antoine received the fewest number of first-place votes, he is de- 
clared the winner under the Borda count method. 
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A Awinter festival 


Notice that with both the winter festival mascot election (Examples 3 and 5) and the 
Honor Society president election (Examples 4 and 6), the plurality method and the Borda 
count method produced different winners. This result indicates the importance of choos- 
ing a voting method prior to the election. This will become even more evident when we 
examine the remaining voting methods. Next we will examine the plurality with elimina- 
tion method, which also takes voters’ second and subsequent preferences into account. 


Plurality with Elimination 


The next method we will discuss, plurality with elimination, may involve a series of 
elections. When using the plurality with elimination method each voter votes for only 
one candidate. If a candidate initially receives a majority of votes, that candidate is 
declared the winner. If no candidate receives a majority of votes, the candidate with 
the fewest number of votes is eliminated and a second election is held. This process 
continues until a candidate receives a majority of votes. 


sen 3218) a) PLURALITY WITH ELIMINATION METHOD 


. Each voter votes for one candidate. 


. Ifacandidate receives a majority of votes, that candidate is declared the winner. 


If no candidate receives a majority, eliminate the candidate with the fewest votes 
and hold another election. (If there is a tie for the fewest votes, eliminate all can- 
didates tied for the fewest votes.) 


. Repeat this process until a candidate receives a majority. 


One of the immediate disadvantages of the plurality with elimination method is 
the possible need for two or more elections, depending on the number of candidates. 
One way to limit the number of elections held is to begin with a runoff election in 
which voters choose among a field of candidates. In the second election, the voters 
only select among the top two candidates from the runoff election. Another way to 
avoid multiple elections entirely is to have voters rank candidates from most to least 
favorable just as we did with the Borda count method. We assume that in the first 
round, the voters would have selected their first choice. We must also assume that after 
a candidate is eliminated, the order of preference is not changed. For instance, let’s say 
that a voter’s original ranking order was E, G, B, D, F. Suppose that B is eliminated. 
This voter’s ranking order now becomes E, G, D, F. In this book, when working the 
examples and exercises, we will assume that the order preference remains the same in 
the second election as it was in the first election. The next two examples will demon- 
strate the elimination process when used with the plurality with elimination method. 


Example Selecting the Winter Festival Mascot Using the Plurality 
with Elimination Method 


Once again, we will consider the winter festival mascot election in Erie, Pennsylvania. 
Recall that S represents snowman, P represents polar bear, and H represents husky. 
Which mascot is selected using the plurality with elimination method? 


Reexamine the preference table shown in Table 15.6. 


Table 15.6 Winter Festival Mascot Preference Table 


bis te 


“Number of Votes 2 


First S S H P iB H 
Second P H S H S 12 
Third H P iP S H S 
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We first count the number of first-place votes for each mascot: 


Snowman:2 +3 =5 Husky:5 +1=6  Polarbear:1 + 3 = 4 


To receive a majority, a candidate must have more than half of the votes. Since 
there are 15 people voting, 8 or more votes are needed to receive a majority. In this 
election, no candidate received a majority. Since the polar bear received the fewest 
number of first-place votes, it is eliminated in the first round. Next, we assume that 
all preference orders remain the same. For example, the three committee members 
who had their preference order of P, S, and H will now have a preference order of S 
and H. Table 15.7 shows the new preference table after the polar bear is eliminated. 


Table 15.7 Winter Festival Mascot Preference Table 
After the Polar Bear Is Eliminated 


Number of Votes 23 
First Sa Seas @eS eo 
H 


Second H 


We see now that the snowman has 2 + 3 + 3 = 8 first-place votes and the 
husky has 5 + 1 + 1 = 7 first-place votes. The snowman has eight of 15 first- 
place votes, a majority. Using the plurality with elimination method, the snowman 
is chosen as the winter festival mascot. E 


Example El Electing the Honor Society President Using the Plurality 
with Elimination Method 


Use the plurality with elimination method to determine the winner of the election 
for president of the Honor Society from Example 2. The preference table is shown 
again in Table 15.8. Recall that A represents Antoine, B represents Betty, C repre- 
sents Camille, and D represents Don. 


Table 15.8 Honor Society Preference Table 


Number of Votes 19 18 11 7 2 
First B C D A c 
Second A A (e D D 
Third € D A ( A 
Fourth D B B B B 


First we count the number of first-place votes for each candidate: 
Antoine: 7 Betty: 19 Camille: 17 Don: 11 


Since 54 votes were cast, a candidate must have at least 28 first-place votes to 
receive a majority. In this election, no candidate received a majority. Antoine has 
the fewest number of first-place votes, so he is eliminated. From column one of 
Table 15.8, we see that 19 voters ranked their preference as B, A, C, D. With A 
eliminated, we assume that those same 19 voters would now rank their preference 
as B, C, D. From column two in Table 15.8, 15 voters ranked their preference as C, 
A, D, B. With A eliminated, we assume that those same 15 voters would now rank 
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their preference as C, D, B. We eliminate A from the other columns of the table in 
a similar manner. 
The new preference table with A eliminated is given in Table 15.9. 


Table 15.9 Honor Society Preference 
Table After Antoine Is Eliminated 


Number of Votes 19 15 11 7 2 


First B (e D D Cc 
Second G D (e Cc D 
Third D B B B B 


The number of first-place votes is now 
Betty: 19 Camille: 17 Don: 18 


Still, no candidate received a majority. Camille now has the fewest number of first- 
place votes, so she is eliminated. With Camille eliminated, the new preference table 
is given in Table 15.10. 


Table 15.10 Honor Society Preference Table After 
Camille Is Eliminated 


‘Number of Votes 19 15) u sein, Deeg 
First B 


Second 


The number of first-place votes 1s now 
Betty: 19 Don: 35 


Don has a majority of first-place votes and is declared the winner using the plurality 
with elimination method. a 


The Honor Society elections in the previous examples are quite interesting. When 
the plurality method was used, Betty was declared the winner. When the Borda count 
method was used, Antoine was declared the winner. When the plurality with elimina- 
tion method was used, Don was declared the winner. This dilemma, once again, un- 
derscores the importance of publicly stating the voting method to be used before the 
election takes place. 

The selection of the city to host the Olympic Games occurs by using a type of plu- 
rality with elimination. The election process for the Academy Awards involves several 
stages. One stage involves a variation of the plurality with elimination method in which 
the motion picture nominee with the fewest number of first-place votes is eliminated. 

Now we will discuss our next voting method, the pairwise comparison method. 


Pairwise Comparison Method 


To use the pairwise comparison method, each voter first ranks all the candidates. 
Then each candidate is compared with each of the other candidates using the rank- 
ings. It is treated like a round-robin tournament. For instance, if the candidates for an 
election were Bert, Ernie, and Louis, the following comparisons would be made: Bert 
versus Ernie, Bert versus Louis, and Ernie versus Louis. The winner of each 


When we compared the snowman 
and the polar bear in Example 9, 
we found the sum of the snowman’s 
votes to be 10. Then we found the 
sum of the polar bear's votes to be 
5. Notice that 10 + 5 = 15, the 
number of votes in the preference 
table. lf the snowman had 10 votes, 
the polar bear must have 15 — 10 
or 5 votes. When we use the pair- 
wise comparison method, if you 
determine the number of votes of 
one member in the comparison, 
the number of votes of the second 
member can be found by subtract- 
ing the first number of votes found 
from the total number of votes. 
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individual comparison is awarded one point. If there is a tie, each candidate receives 4 
point. The candidate who obtains the most points in the one-to-one comparisons is 
declared the winner. 


ae, 42)8) ay PAIRWISE COMPARISON METHOD 


. Voters rank the candidates. 


. A series of comparisons in which each candidate is compared with each of the 
other candidates follows. 


. If candidate A is preferred to candidate B, A receives | point. If candidate B is 
preferred to candidate A, B receives | point. If the candidates tie, each receives 


5 point. 


. After making all comparisons among the candidates, the candidate receiving the 
most points is declared the winner. 


Example Bf] Selecting the Winter Festival Mascot 
Using the Pairwise Comparison Method 


We will again examine the Erie, Pennsylvania, winter festival mascot election. 
Which mascot is selected if the pairwise comparison method is used? 


The preference table is shown again in Table 15.11. Recall that S stands 
for snowman, P stands for polar bear, and H stands for husky. 


Table 15.11 Winter Festival Mascot Preference Table 


Number of Votes 2. 3 5 1 3 1. 
First S S H 1p P H 
Second P H S H S 1p 
Third H 12 P S H S 


To determine the winner, it is necessary to make comparisons between the snowman 
and the polar bear, between the snowman and the husky, and between the polar bear 
and the husky. 

We will begin by comparing the snowman and the polar bear. We see from 
Table 15.11 that the 2 voters in the first column, the 3 voters in the second column, 
and the 5 voters in the third column all prefer the snowman to the polar bear. We 
also see that the 1 voter in the fourth column, the 3 voters in the fifth column, and 
the | voter in the sixth column all prefer the polar bear to the snowman. 


The pairwise comparison of the snowman versus the polar bear is 
Snowman: 2 + 3 + 5 = 10 votes Polar bear: 1 + 3 + 1 = 5 votes 


Thus, the snowman wins the pairwise comparison between the snowman and the 
polar bear and is awarded 1 point. 


The pairwise comparison of the snowman versus the husky is 
Snowman: 2 + 3 + 3 = 8 votes Husky: 5 + 1 + 1 = 7 votes 


The snowman wins the pairwise comparison between the snowman and the husky 
and is awarded another point. 


The pairwise comparison of the polar bear versus the husky is 


Polar bear: 2 + 1 + 3 = 6 votes Husky: 3 + 5 + 1 = 9 votes 
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The husky wins the pairwise comparison between the polar bear and the husky 

and is awarded 1 point. Since the snowman received 2 points, the husky received 

1 point, and the polar bear received 0 points, using the pairwise comparison method 
the snowman is declared the winter festival mascot. a 


Let’s look at how we arrived at the comparisons. Each candidate was compared 
one-to-one with all the other candidates. In Example 9, we started with the snowman. 
Since the snowman had to be compared with each of the other candidates, we com- 
pared the snowman with the polar bear and then we compared the snowman with the 
husky. Next, we chose the polar bear. Since the polar bear had already been compared 
with the snowman, we only needed to compare the polar bear with the husky. The last 
candidate was the husky. Since the husky was already compared with each of the 
other candidates, we have made all the necessary comparisons. This process is used 
regardless of the number of candidates. 

In Example 9, there were 3 candidates and we made 3 comparisons. The formula 
to determine the number of comparisons that are needed when n candidates are being 
considered follows. 


Number of Comparisons 


The number of comparisons, c, needed when using the pairwise comparison 

method when there are n candidates is 

ny — 1) 

G SS — 
2 


For example, when there are 5 candidates, n = 5 and the number of comparisons is 


=a, 1 5(4 
no e@) Mao 
2 2, 2 


In this book, we will not work with more than 5 candidates. 


Example Electing the Honor Society President 
Using the Pairwise Comparison Method 


Use the pairwise comparison method to determine the winner of the election for 
president of the Honor Society that was originally discussed in Example 2 on 
page 910. 


The preference table is shown again in Table 15.12. Recall that A repre- 
sents Antoine, B represents Betty, C represents Camille, and D represents Don. 


Table 15.12 Honor Society Preference Table 


Number of Votes 19 15 11 7 2 
First Bie Coe Dia eA nC 
Second I iS (ESD AB) 
Third GDS AC GA 
Fourth DB B “BSB 


Since we have 4 candidates, n = 4 and the number of comparisons needed is 
pin 1) 4(3) 


2 2 


Presidential Elections 


Rutherford B. Hayes lost the popular 
vote, but won the electoral college and 
the election. 


ince the United States was 

founded in 1776, Americans 
and their elected representatives 
have had many disputes regard- 
ing election procedures. As you 
read through this chapter, you will 
see various voting methods that 
were used to try to make the voting 
procedures as fair as possible. You 
will also learn that there is no ideal 
voting method, that is, one that 
has no flaws. Although there may 
be flaws in the voting procedures, 
the American election procedure 
is still a model to democracies all 
around the world. One current de- 
bate is whether we should continue 
using our present electoral system 
or change to use the popular vote 
to decide presidential elections. As 
of this writing, four presidents were 
elected even though they lost the 
popular vote: John Quincy Adams 
(1824), Rutherford B. Hayes (1876), 
Benjamin Harrison (1888), and 
George W. Bush (2000). 
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The 6 comparisons we will make are A versus B, A versus C, A versus D, 
B versus C, B versus D, and C versus D. 


1. The pairwise comparison of Antoine versus Betty is 


Antoine: 15 + 11 + 7 + 2 = 35 votes Betty: 19 votes 


Antoine wins this comparison and is awarded | point. 
2. The pairwise comparison of Antoine versus Camille is 


Antoine: 19 + 7 = 26 votes Camille: 15 + 11 + 2 = 28 votes 


Camille wins this comparison and is awarded 1 point. 
3. The pairwise comparison of Antoine versus Don is 


Antoine: 19 + 15 + 7 = 41 votes Don: 11 + 2 = 13 votes 


Antoine wins this comparison and is awarded a second point. 
4. The pairwise comparison of Betty versus Camille is 


Betty: 19 votes Camille: 15 + 11 + 7 + 2 = 35 votes 


Camille wins this comparison and is awarded a second point. 
5. The pairwise comparison of Betty versus Don is 


Betty: 19 votes Don: 154, 1 427 4, 2 = 35 votes 


Don wins this comparison and is awarded 1 point. 
6. The pairwise comparison of Camille versus Don is 


Camille: 19 + 15 + 2 = 36 votes Don: 11 + 7 = 18 votes 


Camille wins this comparison and is awarded a third point. 

We have made all possible one-to-one comparisons. Antoine received 2 points, 
Betty received 0 points, Camille received 3 points, and Don received | point. Since 
Camille received 3 points, the most points from the pairwise comparison method, 
Camille wins the election. | 


As we have illustrated, using four different voting methods resulted in four differ- 
ent winners for the president of the Honor Society. Each candidate could claim that he 
or she should be declared the winner. Thus, the voting method we choose to use could 
greatly affect the election results and therefore should be chosen prior to an election. 


Tie Breaking 


Just as the four methods we have examined can produce four different winners, each 
method could also produce a tie between two or more candidates. In each of the previ- 
ous examples, the voting method used led to one winner, but that is not always the 
case. With each method described—plurality method, Borda count method, plurality 
with elimination method, and pairwise comparison method—the possibility of the 
method producing a tie is very real. A tie could be achieved simply by having only 
two candidates each with the same number of supporters. 

Breaking a tie can be achieved by either making an arbitrary choice, such as 
flipping a coin, or by bringing in an additional voter. For example, under Robert’s 
Rules of Order, the president of any group votes only when there is a tie or to create 
a tie. There are other ways of breaking a tie that are less arbitrary than flipping a 
coin. If a tie results from using the Borda count method, it could be broken by choos- 
ing the candidate with the most first-place votes. If a tie results from the pairwise 
comparison method, it could be broken by choosing the winner of the one-to-one 
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comparison between the candidates involved in the tie. Different tie-breaking 
methods could produce different winners. Therefore, to remain fair, the tie-breaking 
method should be decided upon in advance, as is done in the next example. 


Example {J Choosing a Commencement Speaker 


The University of Pennsylvania Student Government Association (SGA) is 
trying to decide whom to invite as the keynote speaker for commencement 
exercises. The choices are Katie Couric (C), Tom Hanks (H), and Denzel 
Washington (W). To make this difficult decision, the SGA decides to hold an 
election among graduating seniors. It also decides that the plurality method will 
be used to determine the winner and that the Borda count method will decide 
the winner in the event that the plurality method leads to a tie. The results of the 
election are represented in Table 15.13. Who will be asked to speak at the com- 
mencement ceremony? 


Table 15.13 University of Pennsylvania 
Commencement Speaker Election 


Number of Votes 400 250 150 
First W iC C 
Second H H 

Third Cc WwW H 


Katie Couric and Denzel Washington each receive 400 first-place votes; 
therefore, the plurality method leads to a tie. Thus, the Borda count method is used 
to break the tie between Couric and Washington. From Table 15.13, we award the 
following points: 


Denzel Washington: 400(3) + 150(2) + 250(1) = 1750 
Katie Couric: 400(3) + 0(2) + 400(1) = 1600 


Since the Borda count method breaks the tie, Denzel Washington is asked to pres- 
ent the commencement address. Es 


Table 15.14 summarizes the voting methods we discussed in this section. 


Table 15.14 Summary of Voting Methods 


Voting Method 


Plurality method 


Description 


Each voter votes for one candidate. The candidate receiving the most votes is declared the winner. 


Borda count method 


Plurality with 
elimination method 


Voters rank candidates from the most favorable to the least favorable. Each last-place vote is awarded 
1 point, each next-to-last-place vote is awarded 2 points, each third-from-last-place vote is awarded 3 
points, and so forth. The candidate receiving the most points is the winner. 


Each voter votes for one candidate. If a candidate receives a majority of first-place votes, that candidate is 
declared the winner. If no candidate receives a majority of first-place votes, eliminate the candidate with the 
fewest number of first-place votes and hold another election. (If there is a tie for the fewest number of first- 
place votes, eliminate all candidates tied for the fewest number of first-place votes.) Repeat this process until 
a candidate receives a majority of first-place votes. 


Pairwise comparison 
method 


Voters rank the candidates. A series of comparisons in which each candidate is compared with each of the other 
candidates follows. If candidate A is preferred to candidate B, A receives | point. If candidate B is preferred to 
candidate A, B receives | point. If the candidates tie, each receives i point. The candidate receiving the most 
points is declared the winner. 
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SECTION 15.1 : 
Exercises 


Warm Up Exercises 


In Exercises 1-6, fill in the blank with an appropriate 
word, phrase, or symbol(s). 


1. A candidate who receives more than 50% of the votes in 
an election is said to have a of votes. 


2. A table that summarizes the results of an election is called 
a(n) table. 


3. When using the pairwise comparison method, the number 
of comparisons, c, needed when there are n candidates is 
determined by the formula c = 


4. When there are four candidates, the number of compari- 
sons needed with the pairwise comparison method is 


5. The voting method in which each voter votes for one 
candidate and the candidate receiving the most votes is de- 
clared the winner is called the method. 


6. The voting method in which voters rank candidates from 
most favorable to least favorable is called the 
method. 


7. The voting method in which each candidate is compared 
with each of the other candidates is called the 
method. 


8. The voting method that may involve a series of elections 
until a candidate receives a majority of the votes is called 
the _________ with elimination method. 


Practice the Skills 


9. Plurality Three candidates are running for mayor of 
Tucson. They receive the following votes: 


Wade 101,253 
Jackson 93,451 


Alvarez 75,296 


a) Determine the winner using the plurality method. 
b) Did this candidate receive a majority of votes? 


10. Plurality Method Five candidates are running for president 
of the Student Senate. They receive the following votes: 


2192 Gerry 2562 Karen 1671 
Stephen 1959 


Michael 
Felicia 2863 


a) Determine the winner using the plurality method. 
b) Did this candidate receive a majority of votes? 


11. Preference Table for Spaghetti Sauce Nine voters are 
asked to rank three brands of spaghetti sauce: Ragu (R), 


Prego (P), and Newman’s Own (N). The nine voters turn 
in the following ballots showing their preferences in order: 


12. Preference Table for Yogurt Eight voters are asked to 
rank three brands of yogurt: Dannon (D), Breyers (B), and 
Columbo (C). The eight voters turn in the following bal- 
lots showing their preferences in order: 


ee Cree Can Dy Con. = (Cash) 
18} 1D) 1D) 1B) ish ID BY 9 1183 
CAB abe Go De CoB aC 


Make a preference table for these ballots. 


Problem Solving 


Logo Choice In Exercises 13-18, employees at the Bloomfield 
Fire Department are choosing a new department logo. The 
choices are a hydrant (H), a fireman (F), and a fire truck (T). 
Each employee ranks the three choices from first to third. The 
preference table below shows the results of the ballots. 


Number of Votes 10 


5 

First F 
Second H 
Tt 


mans 
= om ais 


Third 


13. How many employees voted? 

14. Is there a majority winner? 

15. Determine the winner using the plurality method. 
16. Determine the winner using the Borda count method. 


17. Determine the winner using the plurality with elimination 
method. 


18. Determine the winner using the pairwise comparison 
method. 
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Choosing a Vacation Destination In Exercises 19-22, the 
Zellner family is trying to decide whether to go to Yellow- 
stone National Park (Y), Rocky Mountain National Park 
(R), or Great Smoky Mountains National Park (S) on their 
summer vacation. The two parents, five children, and two 
grandparents rank their three choices according to the 
following preference table. 


Number of Votes 3 2 1 
First ng S Y 
Second R ay S 
Third S R R 


A Yellowstone National Park 


19. Determine the winner using the Borda count method. 
20. Determine the winner using the plurality method. 


21. Determine the winner using the pairwise comparison 
method. 


22. Determine the winner using the plurality with elimination 
method. 


NFL Expansion In Exercises 23-26, the National Football 
League (NFL) is considering four cities for expansion: San 
Antonio (S), Los Angeles (L), Honolulu (H), and Toronto (T). 
The 32 current owners rank the four candidates according to 
the following preference table. 


Number of Votes Sint O™ BS a i 3 Ses eo pera 2 
First I SoS) eel er aie eile 
Second SHV SS) SS eee ree tee 
Third Hohe lle Es Sala 
Fourth Ty eee ae ie eS ee ee See 


23. Determine the winner using the plurality method. 
24. Determine the winner using the Borda count method. 


25. Determine the winner using the plurality with elimination 
method. 


26. Determine the winner using the pairwise comparison 
method. 


a Los Angeles, CA 


Board of Trustees Election In Exercises 27-31, 12 members 
of the executive committee of the Student Senate must vote 
for a student representative for the college board of trustees 
from among three candidates: Greenburg (G), Haskins (FH), 
and Vazquez (V). The preference table follows. 


Number of Votes 4 1 3 2 


First G H Vv Vv 
Second H Wi G H 
Third W G H G 


27. Determine the winner using the Borda count method. 
28. Determine the winner using the plurality method. 


29. Determine the winner using the pairwise comparison 
method. 


30. Determine the winner using the plurality with elimination 
method. 


31. Another way to determine the winner if the plurality with 
elimination method is used is to eliminate the candidate with 
the most /ast-place votes at each step. Using the preference 
table given above, determine the winner if the plurality with 
elimination method is used and the candidate with the most 
last-place votes is eliminated at each step. 


Post Office Sites In Exercises 32-36, the 11 members of the 
Henrietta Town Board must decide where to build a new post 
office. Their three choices are Lehigh Road (L), Erie Road 
(E), and Ontario Road (O). The preference table follows. 


i ea 
First ie 13) O 
Second 18, O E 
Third O i; ib, 


32. Determine the winner using the plurality method. 


33. Determine the winner using the Borda count method. 


34, 


35. 
36. 


Sue 


Determine the winner using the plurality with elimination 
method. 


Determine the winner using the pairwise comparison method. 


Determine the winner using the plurality with elimination 
method if the candidate with the most /ast-place votes is 
eliminated at each step. 


Choosing a Contractor The board of directors of Birds 
Eye Foods is holding an election to decide which company 
should be awarded the contract to build an expansion to its 
corporate headquarters. The 15 members of Birds Eye’s 
board of directors are considering a proposal from each 

of the following companies: Becker (B), DiMarco (D), 
LaChase (L), and Merendez (M). The members rank the 
four choices according to the preference table below. 


| Number of Votes 6 ace 3 Bes 
First B B L D 

Second iby D B B 

| Third M iu M L 

| Fourth Dj, Me men 


a) Determine which company is selected using the plural- 
ity method. 


b) Determine which company is selected using the Borda 
count method. 


c) Determine which company is selected using the plural- 
ity with elimination method. 


d) Determine which company is selected using the pair- 
wise comparison method. 


. Prime-Time Programming The programmers at the Retro- 


Vision cable television station are deciding which classic 
TV show should lead their prime-time programming. Their 
choices are Friends (F), Seinfeld (S), Everyone Loves Ray- 
mond (E), and The Cosby Show (C). The 17 programmers 
rank their choices according to the following table. 


Number of Votes - 8 ; Ae. 2 f 
First 13) i S @ 
| Second ¢ (e (c S 
| Third S S F F 
F EF E E 


| Fourth 


A The cast of Seinfeld 


39. 


40. 
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a) Determine which TV show is selected using the plural- 
ity method. 


b) Determine which TV show is selected using the Borda 
count method. 


c) Determine which TV show is selected using the plural- 
ity with elimination method. 


d) Determine which TV show is selected using the pair- 
wise comparison method. 


Flowers in a Garden The flowers in a garden at a resort need 
to be replaced. The choices for the flowers are Geraniums (G), 
Impatiens (I), Petunias (P), and Zinnias (Z). The head gar- 
dener holds an election in which all employees get to vote. 
The results of the election are given in the table below. 


Number of Votes 8 11 3 A ES 
First G P iz iz, I 
Second 2) Li I I G 
Third I I Zi G 12 
Fourth Gs G G ig 1b, 


a) Determine which flowers are selected using the Borda 
count method. 


b) Determine which flowers are selected using the plural- 
ity method. 


c) Determine which flowers are selected using the plural- 
ity with elimination method. 


d) Determine which flowers are selected using the pair- 
wise comparison method. 


Choosing a Computer The Wizards Computer Club is 
ordering five new computers. To obtain a discount price, 
the club has decided that all five should be the same brand. 
The choices they are considering are Mac (M), Hewlett- 
Packard (H), Dell (D), and Gateway (G). The 142 mem- 
bers’ choices are reflected below. 


Number of Votes 43 30 29 26 = 14 
First G M H D D 
Second M D D H H 
Third H H M G M 
Fourth D G G M G 
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a) Determine which brand of computer is selected using 
the pairwise comparison method. 


b) Determine which brand of computer is selected using 
the plurality with elimination method. 


c) Determine which brand of computer is selected using 
the Borda count method. 


d) Determine which brand of computer is selected using 
the plurality method. 


e) What does this example display about the need for 
choosing a voting method prior to the election? 


Concept/Writing Exercises 


41. Describe a benefit of the Borda count method over the plu- 
rality method. 


42. Describe one way other than flipping a coin to settle a tied 
election. 


Challenge Problems/Group Activities 


43. A Lost Preference Table A ski club is having an election 
for president. There are three candidates and 15 voters. Each 
voter casts a ballot listing his or her preferences for the can- 
didates. Right before the winner is to be announced, the pre- 
vious president announces that the preference table has been 
lost. The only information he can remember from the prefer- 
ence table is that there were only two columns in the table. 


a) Explain why there must be a majority winner. 


b) Explain why there must always be a majority winner, 
regardless of the number of candidates, when all voters 
vote, when there are an odd number of voters and only 
two columns in the preference table. 


44. Cat Competition Friskies Cat Food is looking for a new cat 
for the cover of their 2012 calendar. Four cats are finalists: A, 
B, C, and D. They are ranked first, second, third, and fourth 
in each of the following four categories: looks, eye color, 
size, and attitude. The preference table is shown below. 


Categories % 
Cat Looks Eyes Size Attitude 
A ee 3 
Bo eee ae 2 
Cot I 4 4 
Dothan I 


45. 


46. 


47. 


48. 


a) Which cat wins if a Borda count method is used that 
awards 4 points, 3 points, 2 points, and | point for first, 
second, third, and fourth place, respectively, in each 
category? 


b) Which cat wins if a modified Borda count method is 
used where 5, 3, 1, and 0 points are awarded for first, 
second, third, and fourth place, respectively, in each 
category? 


Ranking the Swim Teams The results of a swim meet 
between the Comets (C), Rams (R), Warriors (W), and 
Tigers (T) are shown in the preference table below. Notice, 
for example, that in the sprint competition, the Comets (C) 
took both first and fourth place. 


Hae Sprint Distance Relay Medley 
First (cE R R 
Second W i WwW R 
Third si W at W 
Fourth (C W W G 


a) Assume that the finishing positions are scored 4, 3, 2, 
1 for first, second, third, and fourth place, respectively. 
How do the teams rank if the Borda count method is 
used? 


b) Assume that the finishing positions are scored 5, 3, 1, 0 
points for first, second, third, and fourth place, respec- 
tively. How do the teams rank if we modify the Borda 
count method to use these values? 


Using the Borda Count Method Suppose that 20 voters 
rank three candidates. 


a) What is the total number of points awarded to the 
candidates using the Borda count method? 


b) Suppose that, using the Borda count method, candidate 
A receives 55 points and candidate C receives 25 points. 
How many points does candidate B receive? 


c) Given the information from part (b), is it possible 
for candidate B to win an election if the Borda count 
method is used to determine the winner? Explain. 


Suppose that 15 voters rank four candidates. 


a) What is the total number of points awarded to candidates 
using the Borda count method? 


b) Suppose that using the Borda count method, A receives 
35 points, B receives 40 points, and C receives 25 
points. How many points does D receive? 


c) Is it possible for D to win? Explain. 


Using Approval Voting In many corporations and pro- 
fessional societies, the members of the board of directors 
are elected by a method called approval voting. With 
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approval voting, a voter does not cast a ranked ballot. In- Internet/Research Activity 
stead, the voter votes for as many candidates as he or she 


would support. If a voter does not approve of a candidate, 
he or she simply does not cast a vote for that candidate. 
The candidate(s) with the most votes wins. 


50. Awards’ Methods Research and write a report on how 
voting is conducted on one of the following events: 


: A ek. a) Academy Awards b) Grammy Awards 
The board of directors of CSC Computers is using ap- 
proval voting to fill two vacancies on their executive com- c) Heisman Trophy Award d) Nobel Prizes 
mittee. Twenty-one ballots are cast as follows for candidates aie re 
A,B, C, and D. e) Pulitzer Prize 
Include in your report how nominees are picked, who votes, 
123 45 67 8 9 10 11 12 13 14 15 16 17 18 19 20 21 how the voting takes place, and who tabulates the results. 
A\|X X x x xX X xX X X X 
B xX X xX ».¢ x XK X 
C x xX xX X >. « 
D x ».¢ xX xX X x X X x 
i 


Which two candidates will win seats on the executive 
committee? 


Recreational Mathematics 


49. Construct a preference table showing 12 votes for 3 candi- 
dates, A, B, and C, where candidates A and B both have 5 
first-place votes. Many answers are possible. 


A Natalie Portman 


SECTION15.2 | Flaws of Voting 


ih ‘ 

: Recall the situation from Section 15.1 in which you are hosting a party and ask your 
11 guests to vote on whether they would like you to serve pizza, hot dogs, or hamburg- 
ers at the party. Each guest is asked to complete a ballot by ranking the three choices 
from most favorable to least favorable. You decide to use the Borda count method to 
determine the winner and announce that pizza wins. After reviewing the ballots, one of 
your friends quickly points out that hot dogs should win because a majority of voters 


ranked hot dogs as their first choice. This scenario indicates that there is a flaw with 


A It is possible that the Borda count 
method could produce a winning the Borda count method. In this section, we will discuss flaws with each of the voting 


candidate that does not have a methods introduced in Section 15.1. 
majority of votes. 


| Why is Important Understanding the flaws of different voting methods can help to 
determine which method to use for an election. 


|" Section 15.1, we discussed four voting methods: the plurality method, the Borda 
count method, the plurality with elimination method, and the pairwise comparison 
method. We discovered that the voting method chosen can be as important to the out- 
come as the preferences in the voting. Sometimes all four methods will result in the 
same winner. At other times, the four methods may produce four different winners. 
Although each of these methods seems to provide a reasonable means for determining 
a winner, we soon shall see that there are certain flaws with each method. 

In this section, we will examine four criteria, known as the fairness criteria, that 
mathematicians and political scientists have agreed that a voting method should meet 
to be considered fair. The fairness criteria include the majority criterion, the head-to- 
head criterion, the monotonicity criterion, and the irrelevant alternatives criterion. 
The first fairness criterion we will discuss is the majority criterion. 
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Table 15.15 Lawn Maintenance 
Company Selection 
Preference Table 


Number of Votes 5 3 
First A B 
Second B M 
Third M A 


< > Wie 


Table 15.16 


Number of Votes 15 10 
First 
Second 


Third 


> iW =@ ea 


Majority Criterion 
If a single candidate is the first choice of a majority (more than 50%) of voters, most 


voters would agree that that candidate should be declared the winner. If that does not 
happen with a voting method, that voting method violates the majority criterion. 


Majority Criterion 
If a candidate receives a majority (more than 50%) of first-place votes, that candi- 
date should be declared the winner. 


Example Lawn Maintenance Company Selection 


The members of the Mumford Town Board are holding an election to select a com- 
pany to maintain the lawn located at the town’s community center. The choices are 
Allen Lawn Maintenance (A), B & N Lawn Maintenance (B), and Mayzon Lawn 
Maintenance (M). The 9 board members rank the three choices and then use the Borda 
count method to make their selection. The preference table is shown in Table 15.15. 

a) Which company is chosen using the Borda count method? 


b) Does the winner from part (a) have a majority of first place votes? 


a) Using the Borda count method, B & N Lawn Maintenance is chosen. Verify this 
outcome yourself. 

b) B & N has 4 out of 9 first-place votes, which is less than 50%. So the winner of the 
election, B & N, does not have a majority of first place votes. In fact, a majority of 
the town board members, 5 out of 9, chose Allen Lawn Maintenance. a 


In Example 1, although a majority of town board members preferred one choice, 
Allen Lawn Maintenance, the Borda count method yielded a different choice, B & N 
Lawn Maintenance. This example demonstrates that the Borda count method has 
the potential to violate the majority criterion. 


Example Applying the Majority Criterion 


Preference Table 15.16 shows the outcomes of 28 votes. 
Decide which candidate would be chosen with each of the following voting 
methods. Also discuss whether or not the method violates the majority criterion. 


a) The plurality method 
b) The Borda count method 
c) The plurality with elimination method 


| d) The pairwise comparison method 


a) The plurality method awards the election to A. Notice that A also has a 
majority—15 out of 28—of first-place votes. The plurality method does not 
violate the majority criterion. In general, a candidate who holds a majority of 
first-place votes also holds a plurality of first-place votes. Therefore, the plurality 
method never violates the majority criterion. However, that does not mean that 
the plurality method always produces a winner that has a majority of the votes. 

It does mean that if a candidate has a majority of first-place votes, that candidate 
will also have a plurality of votes and will be selected with the plurality method. 


b) The Borda count method awards the election to candidate B. Since candidate 
A holds a majority of first-place votes, this method violates the majority cri- 
terion. This example is the second example in which the Borda count method 
violates the majority criterion. The Borda count method does not always 


Did You Know? 


eile 


The “Flawed” Electoral 
College System 


hen citizens of the United 


States vote for president, they 
are actually voting to decide which 
presidential candidate receives all 
the electoral votes from their state. 
The Electoral College is a group 
from each state who are selected 
by the voters to represent that state 
in presidential elections. This sys- 
tem was reached by compromise 
at the constitutional convention 
in 1787 between those politicians 
who wanted a direct election of a 
president and those who wanted 
Congress to select a president. The 
resulting system has the potential 
for some very interesting results that 
some people consider flaws. For 
example, it is possible for a candi- 
date to receive a majority of the 
popular vote and not get elected. 
This situation occurred only once 
in U.S. history. In 1876, Samuel J. 
Tilden received a majority of the 
popular vote but lost the election 
to Rutherford B. Hayes. Three other 
times a candidate won a plurality of 
the vote but was not elected presi- 
dent. They were Andrew Jackson 
(1824), Grover Cleveland (1888), 
and Al Gore (2000). 

Americans have been dissat- 
isfied with the Electoral College 
almost since its inception. In fact, 
there have been more constitutional 
amendments proposed to restruc- 
ture the procedure for electing pres- 
idents than for any other purpose. 
Nonetheless, despite all the dissat- 
isfaction with the Electoral College, 
the rules regarding it remain identi- 
cal to when it was first adopted. 
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violate the majority criterion; however, from our examples, we can conclude 
that the Borda count method has the potential for violating the majority 
criterion. 


wm 


c) The plurality with elimination method awards the election to candidate A. 
Therefore, the majority criterion is not violated. In general, a candidate who 
holds a majority of first-place votes 1s awarded the election without having to 
hold a second election, or without having to consider eliminating a candidate 
and then realigning voters’ choices. Therefore, the plurality with elimination 


method never violates the majority criterion. 


d) The pairwise comparison method awards the election to candidate A. In general, 
if a candidate holds a majority of first-place votes, this candidate always wins 
every pairwise comparison, thereby granting this candidate the victory. Thus, 
the pairwise comparison method never violates the majority criterion. a 


Of the four methods we discussed, only the Borda count method can violate the 
majority criterion. Therefore, the Borda count method has a flaw that none of the 
other voting methods has. An advantage of the Borda count method is that it takes 
into account voters’ preferences by having all candidates ranked. However, a candi- 
date with a majority of first-place votes can lose an election with the Borda count 
method. Next we will introduce a second fairness criterion and use it to uncover flaws 
in other voting methods. 


Head-to-Head Criterion 


Suppose that it is found that one candidate is preferred over each of the other candi- 
dates using head-to-head comparisons. It would seem reasonable that this candidate 
should be chosen as the winner. That, however, is not always the case, and the head- 
to-head criterion will be used to uncover the next voting method flaw. 


Head-to-Head Criterion 
If a candidate is favored when compared head-to-head with every other candidate, 
that candidate should be declared the winner. 


The head-to-head criterion is also known as the Condorcet criterion. This 
criterion is named after the Marquis de Condorcet; see the Profile in Mathematics on 
page 928. 


Example [E§ Applying the Head-to-Head Criterion 


Suppose that four candidates are running for mayor of Springwater: Alvarez (A), 
Buchannon (B), Czechanski (C), and Davis (D). The election involves voters rank- 
ing the candidates with the results shown in Table 15.17. 


Table 15.17 Springwater Mayor Preference Table 


‘Number of Votes 12990 87 pee 4d 
First D A B c c 
Second A Cc C B B 
Third B B A D A 
Fourth C D D A D 
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Profile In Mathematics — 


Marquis de Condorcet 


he Marquis de Condorcet 

(1743-1794) was one of the 
most influential mathematicians, 
economists, political scientists, and 
sociologists during the American 
and French revolutions. Condorcet 
believed that principles of fair gov- 
ernment could be discovered 
mathematically. By analyzing vot- 
ing methods, he discovered, to his 
disappointment, that occasionally 
there can be no clear and fair way 
to declare the winner of an elec- 
tion. The pairwise comparison 
method is also referred to as the 
Condorcet method. One of 
Condorcet’s discoveries was that in 
an election with three candidates 
A, B, and C, it was possible for the 
voters to prefer A to B and B to C 
but also C to A. 


a) Is there one candidate who is favored over all others using a head-to-head com- 
parison? 

b) Who wins this election if the plurality method is used? Does that result violate 
the head-to-head criterion? 

c) Who wins this election if the Borda count method is used? Does that result 
violate the head-to-head criterion? 

d) Who wins this election if the plurality with elimination method is used? Does 
that result violate the head-to-head criterion? 


e) Who wins this election if the pairwise comparison method is used? Does that 
result violate the head-to-head criterion? 


a) Using Table 15.17 on page 927, we can determine that Alvarez is favored, using 
head-to-head comparison, over Buchannon. Alvarez is favored over Buchan- 
non in columns | and 2, giving Alvarez 129 + 90 or 219 votes. Buchannon is 
favored over Alvarez in columns 3, 4, and 5, giving Buchannon 87 + 78 + 42 
or 207 votes. Alvarez is favored over Buchannon by a margin of 219 votes to 
207 votes. Using this procedure, we can determine that Alvarez is also favored 
over Czechanski by a margin of 219 votes to 207 votes and Alvarez is also fa- 
vored over Davis by a margin of 219 votes to 207 (you should verify these num- 
bers). Therefore, Alvarez is favored over all the candidates, and according to the 
head-to-head criterion, Alvarez should be declared the winner. 


b) Using the plurality method, Davis is elected by virtue of the 129 first-place votes. 
Therefore, this result violates the head-to-head criterion. This example demonstrates 
that the plurality method has the potential to violate the head-to-head criterion. 

c) Using the Borda count method, Buchannon receives 1146 points, Czechanski re- 
ceives 1140 points, Alvarez receives 1083 points, and Davis receives 891 points 
(you should verify these tallies). Therefore, Buchannon is elected using the 
Borda count method. Therefore, this result violates the head-to-head criterion. 
This example also demonstrates that the Borda count method has the poten- 
tial to violate the head-to-head criterion. 

d) Using plurality with elimination, we see that Buchannon is eliminated in the 
first round, Alvarez is eliminated in the second round, and in the third round 
Czechanski defeats Davis by a count of 297 to 129 (you should verify these 
results). Therefore, Czechanski is elected using the plurality with elimination 
method. Therefore, this result violates the head-to-head criterion. This example 
demonstrates that the plurality with elimination method has the potential to 
violate the head-to-head criterion. 


e) Using the pairwise comparison method, we see that Alvarez is favored over 
Buchannon, Czechanski, and Davis, thereby giving Alvarez 3 points. Buchan- 
non is favored using head-to-head comparison over Czechanski and Davis, 
thereby giving Buchannon 2 points. Czechanski is favored over Davis, thereby 
giving Czechanski 1| point. Davis is not favored over any of the other candidates, 
thereby giving Davis 0 points. (You should verify these results.) Therefore, 
Alvarez is elected using the pairwise comparison method. It should be clear that 
if a certain candidate were favored to all other candidates, then this candidate 
would be elected using the pairwise comparison method. Therefore, the pairwise 
comparison method never violates the head-to-head criterion. a 


By looking at Example 3, we can conclude that the only voting method that 
does not have the potential to violate the head-to-head criterion is the pairwise 
comparison method. 

At this point in our discussion, we should note the differences between the head- 
to-head fairness criterion and the pairwise comparison voting method. The head-to- 
head criterion is one of the fairness criteria used to determine the fairness of a voting 


A The cast of Glee 
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method and therefore is not used to determine the winner of an election. The pairwise 
comparison method is a voting method and is used to determine the winner of an elec- 
tion. When applying the head-to head criterion, we are trying to determine if there is one 
candidate who is favored when compared head-to-head with every other candidate. If 
there is such a candidate, this candidate, according to the head-to-head criterion, should 
win an election, regardless of which voting method is used to determine the winner. As 
we have seen in Example 3, it is possible for a candidate to be favored when compared 
head-to-head with every other candidate yet lose an election. When a candidate is 
favored when compared with all other candidates and does not win the election, as in 
Example 3, we say that the voting method used violated the head-to-head criterion. 

Example 3 highlighted how the head-to-head criterion uncovered flaws in the 
plurality method, Borda count method, and the plurality with elimination method. 
Now, we will introduce a third criterion for fair elections, the monotonicity criterion, 
and use it to uncover an additional flaw in the plurality with elimination method. 


Monotonicity Criterion 


The third criterion for fair elections is only relevant when an election is repeated. A 
repeated election refers to the same number of voters choosing among the same candi- 
dates. One example of a repeated election is a straw vote followed by another vote. 
Frequently, preceding an election, voters discuss the candidates’ strengths and weak- 
nesses. Prior to holding an official election, voters may take a straw vote to gain a pre- 
liminary measure of the candidates’ strength. After discussions, some voters may de- 
cide to change their preferences. If a candidate gains votes at the expense of the other 
candidates, this candidate’s chances of winning should increase. If that candidate was 
already leading, this candidate should still win with additional votes in his or her favor. 
The repeated election leads us to our next criterion, the monotonicity criterion. The 
monotonicity criterion uncovers a strange flaw in the plurality with elimination voting 
method. As we soon shall see, it is possible for the winner of the first election to gain 
additional support before the second election and then lose the second election! 


Monotonicity Criterion 
A candidate who wins a first election and then gains additional support without 
losing any of the original support should also win a second election. 


Our next example demonstrates this unusual occurrence. 


Example Choosing a Television Show 


The members of a Web site blog team are trying to decide which television show to 
feature on its Web site. The choices under consideration are Modern Family (M), 
Glee (G), and The Office (O). To obtain an initial measure of the intentions of the 
committee, a straw vote is taken. The results of this first election, the straw vote, 
are given in Table 15.18. 


Table 15.18 Television Show Committee Preference 
Table: First Election 


Second M 
Third 


930 
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After several hours of debate and discussion, a second vote is taken. In the 
second election, only five people change their initial vote. The five people who pre- 
viously voted M, O, G now vote O, M, G. That is, they moved The Office into first 
place ahead of Modern Family. This change has the effect of eliminating the M, O, 
G column of Table 15.18 and increasing the number voting O, M, G from 11 to 16. 
The results of the second election are given in Table 15.19. 


Table 15.19 Television Show Committee Preference 
Table: Second Election 


Number of Votes = = 8 9 16 
First M G O 
Second G O M 
Third 6) M G 


a) Using the plurality with elimination method, which show wins the first election? 
b) Using the plurality with elimination method, which show wins the second election? 
c) Does this result violate the monotonicity criterion? 


a) Refer to Table 15.18 on page 929. Using the plurality with elimination method, 
the first election (the straw vote) results in Glee being eliminated and in The 
Office gaining a majority over Modern Family by a vote of 20 to 13. Thus, The 
Office would be chosen as the television show to feature. 


oy 
wm 


Refer to Table 15.19 above. Using the plurality with elimination method, the 
second election results in Modern Family being eliminated and in Glee gaining 
a majority over The Office by a vote of 17 to 16. Thus, Glee would be chosen as 
the television show to feature. 


c) Although the five voters who changed their ballots did so in a way to add sup- 
port to The Office, The Office’s victory was not repeated in the second election. 
Therefore, this result violates the monotonicity criterion. This occurrence shows 
that the plurality with elimination method has the potential to violate the 
monotonicity criterion. a 


In Example 4, we showed that the plurality with elimination method has the po- 
tential to violate the monotonicity criterion. Note that the Borda count method and 
the pairwise comparison method also have the potential to violate the monoto- 
nicity criterion. 

We have thus far shown how the majority criterion, the head-to-head criterion, 
and the monotonicity criterion have all uncovered flaws in our voting methods. You 
may have noticed that we have yet to find a flaw in the pairwise comparison method. 
Our next criterion, the irrelevant alternatives criterion, uncovers a flaw in the pairwise 
comparison method. 


Irrelevant Alternatives Criterion 


The last criterion we will discuss, the irrelevant alternatives criterion, will address the 
result of removing a candidate from an election who has no chance of winning. 
Suppose that four candidates, A, B, C, and D, are involved in an election. The voting 
takes place and it is found that candidate B is the winner. However, it is discovered 
that just prior to the election, candidate C had dropped out of the election. Since can- 
didate C had no chance of winning, we might conclude that this action should not 
have any effect on the outcome of the election. We shall soon see that such action can 
negatively affect the winner. We now have our fourth fairness criterion. 
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Irrelevant Alternatives Criterion 
If a candidate is the winner of an election and in a second election one or more of 
the other candidates is removed, the previous winner should still be the winner. 


Example [Ey Selecting a Hiking Club President 


The members of the Richmond Hiking Club are holding an election to select a club 
president. The choices are Anderson (A), Bacari (B), Mendolson (M), Sanchez (S), 
and Tompkins (T). The election results are shown in Table 15.20. 


Table 15.20 Richmond Hiking Club President Preference Table 


Number of Votes 24 160 «©16— 16 8 4 4 
First B B iD A S M M 
Second Ss S S M T B af 
Third M T A i M S S 
Fourth T A M B B il B 
Fifth A M B S A A A 


Prior to the announcement of the election results, it is discovered that Mendol- 
son had dropped out of the election. The election officials then decide to eliminate 
Mendolson’s name from the election results. 

a) Using the pairwise comparison method, which candidate wins this election if 
Mendolson is included? 

b) Using the pairwise comparison method, which candidate wins the election if 
Mendolson is eliminated from the preference table? 


c) Does this result violate the irrelevant alternatives criterion? 


a) Using the pairwise comparison method, since we have five candidates, n = 5 
and the number of comparisons needed is 


le 3) 3(4) 
c= 5 aS = 10 


We will do the comparisons in the following order: Anderson versus Bacari, 
Anderson versus Mendolson, Anderson versus Sanchez, Anderson versus 
Tompkins, Bacari versus Mendolson, Bacari versus Sanchez, Bacari versus 
Tompkins, Mendolson versus Sanchez, Mendolson versus Tompkins, Sanchez 
versus Tompkins. These are the 10 possible comparisons. The following results 
can be verified from Table 15.20. 


. Bacari defeats Anderson (56 to 32), so Bacari gets | point. 

. Anderson defeats Mendolson (48 to 40), so Anderson gets | point. 

. Sanchez defeats Anderson (72 to 16), so Sanchez gets | point. 

. Tompkins defeats Anderson (72 to 16), so Tompkins gets | point. 

. Mendolson defeats Bacari (48 to 40), so Mendolson gets | point. 

. Bacari defeats Sanchez (60 to 28), so Bacari gets 1 point. 

. Bacari ties Tompkins (44 to 44), so Bacari gets 5 point and Tompkins gets 4 point. 


SNINMH Sw Y 


. Sanchez defeats Mendolson (64 to 24), so Sanchez gets | point. 
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Table 15.22 


Number of Votes 14 6 4 


First AMA Baa 
Second BY tei 
Third C* Ae OA! 


9. Mendolson defeats Tompkins (48 to 40), so Mendolson gets 1 point. 
10. Sanchez defeats Tompkins (52 to 36), so Sanchez gets | point. 


We have made all possible one-to-one comparisons. Sanchez has 3 points, Bacari 
has 24 points, Mendolson has 2 points, Tompkins has | t points, and Anderson has 
| point. Therefore, Sanchez is the winner when Mendolson is included. 

b) Once Mendolson is eliminated from consideration, there is a new election and a 
new preference table. In the new election we will assume that the voters voted 
in the same order as in the first election. The new preference table is obtained by 
eliminating Mendolson from Table 15.20 and keeping the remaining candidates 
in the same order. See Table 15.21. Since we now have four candidates, n = 4 
and the number of comparisons needed is 

Th) 1) (33) 


tl —= =6 
y 2 2 


Table 15.21 Richmond Hiking Club President Preference Table 


Number of Votes 24 16 16— «16 8 
First B B at A S 
Second S S S TP ay 
Third IP ie A B B 
Fourth A A B Ss A 


The pairwise comparison method, using Table 15.21, produces the following 6 results: 


. Bacari defeats Anderson (56 to 32), so Bacari gets | point. 

. Sanchez defeats Anderson (72 to 16), so Sanchez gets | point. 

. Tompkins defeats Anderson (72 to 16), so Tompkins gets | point. 

. Bacari defeats Sanchez (60 to 28), so Bacari gets | point. 

. Bacari ties Tompkins (44 to 44), so Bacari gets 5 point and Tompkins gets t point. 
. Sanchez defeats Tompkins (52 to 36), so Sanchez gets | point. 


— Se 


We have made all 6 possible one-to-one comparisons. Now Bacari has 24 points, 
Sanchez has 2 points, Tompkins has | 5 points, and Anderson has 0 points. Thus, 
Bacari is selected. 

c) The first election produced Sanchez as the winner. Then, even though Mendolson 
was not the winning candidate, Mendolson’s removal from the election produced 
Bacari as the winner. Therefore, this result violates the irrelevant alternatives 
criterion. This example demonstrates that the pairwise comparison method has 
the potential for violating the irrelevant alternatives criterion. a 


In Example 5, we showed that the pairwise comparison method has the potential 
to violate the irrelevant alternatives criterion. Note that each voting method we have 
discussed—the plurality method, the Borda count method, the plurality with 
elimination method, and the pairwise comparison method—has the potential to 
violate the irrelevant alternatives criterion. 


Example [¥ Satisfying the Four Fairness Criteria 


Suppose that the plurality method is used to determine the winner of an election. 
The results of the election are given in Table 15.22. Does this method satisfy the 
four fairness criteria, that is, the majority criterion, the head-to-head criterion, the 
monotonicity criterion, and the irrelevant alternatives criterion? 


Profile In Mathem atics 


ene 


Kenneth Arrow 


Keener Arrow (1921- ), an 
economist, was interested in 
the theory of corporations and how 
corporations make decisions when 
their leaders have different opin- 
ions. His particular interest in stock- 
holders led to his discovery that 
majority voting can be flawed. 
While working at the RAND 
Corporation, he studied how math- 
ematical concepts, game theory in 
particular, apply to decision mak- 
ing in the military and in diplomatic 
affairs. As a result, he developed a 
set of properties for any fair and 
reasonable voting method. After 
experimenting for days, he realized 
that there was no voting method 
that would satisfy all reasonable 
conditions. This conclusion is called 
the Arrow impossibility theorem, 
which he proved in 1951. In 1972, 
Arrow received the Nobel Prize in 
Economics for his exceptional work 
in the theory of general economic 
equilibrium. 
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By the plurality method, A is the winner with 14 votes. Since a total of 
14 votes is also a majority of the 24 votes cast (58%), the majority criterion is 
satisfied. Examining pairwise comparison matchups, we see that A is favored to 

B (14 to 10) and that A is also favored to C (14 to 10). Therefore, the head-to-head 
criterion is satisfied. Since A holds a majority of first-place votes, the monotonic- 
ity criterion is satisfied when a second election is held in which A picks up addi- 
tional votes; A still wins by plurality. Last, if B or C drops out, A still wins by 
plurality and the irrelevant alternatives criterion is satisfied. Therefore, this 
election satisfies all four fairness criteria. a 


We saw in Example 6 that in a particular election, it is possible that all of the fair- 
ness criteria are satisfied. However, in a different election, with a different preference 
table, it is quite possible for the same voting method to violate one or more of the fair- 
ness criteria. 

Table 15.23 summarizes the four fairness criteria, and Table 15.24 summarizes 
which voting methods always satisfy the criteria. 


Table 15.23 Summary of Fairness Criteria 


Majority criterion If a candidate receives a majority of first-place votes, that 
candidate should be declared the winner. 


Head-to-head criterion If a candidate is favored when compared individually with 
every other candidate, that candidate should be declared the 


winner. 


Monotonicity criterion A candidate who wins a first election and then gains additional 
support without losing any of the original support should also 
win a second election. 


Irrelevant alternatives If a candidate is the winner of an election and in a second 
criterion election one or more of the other candidates is removed, 
the previous winner should still be the winner. 


Table 15.24 Summary of the Voting Methods and Whether They Satisfy the 
Fairness Criteria 


h Plurality with Pairwise 
_ Plurality Borda Count Elimination _ Comparison 
Method Method Method Method 


May not satisfy | Always satisfies | Always satisfies 


Majority Always satisfies 
criterion | 


Head-to-head | May not satisfy 
criterion 


May not satisfy | May not satisfy 


May not satisfy | May not satisfy 


May not satisfy | May not satisfy 


Always satisfies 


Monotonicity | Always satisfies 
criterion 


May not satisfy 


Irrelevant 
alternatives 
criterion 


May not satisfy May not satisfy 


As we have shown, each of the voting methods introduced in Section 15.1 has 
the potential to violate at least one of the fairness criteria. Is there another method 
that does satisfy all four criteria? Mathematicians and political scientists struggled 
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with this question for two centuries. Finally, in 1951, an economist, Kenneth Arrow, 
(see Profile in Mathematics on page 933) proved mathematically that there is no vot- 
ing method that can satisfy all four fairness criteria. This result is called Arrow’s 
impossibility theorem. See the Profile in Mathematics on page 933. 


Arrow’s Impossibility Theorem 

It is mathematically impossible for any democratic voting method to simultane- 
ously satisfy each of the following fairness criteria: 

The majority criterion 

The head-to-head criterion 

The monotonicity criterion 

The irrelevant alternatives criterion 


SECTION 15.2 : 
Exercises 


Warm Up Exercises 


In Exercises I—6, fill in the blank with an appropriate 
word, phrase, or symbol(s). 


1. 


If a candidate receives a majority of first-place votes in 
an election, that candidate should be declared the winner. 
This criterion is called the _________ criterion. 


. If a candidate is favored when compared head-to-head 


with every other candidate in an election, that candidate 
should be declared the winner. This criterion is called the 
criterion. 


. A candidate who wins a first election then gains additional 


support without losing any of the original support should 
also win a second election. This criterion is called the 
criterion. 


. If a candidate is the winner of an election and in a second 


election one or more of the other candidates is removed, 
the previous winner should still be the winner. This crite- 
mons called the === == chiterions 


. A voting method that may not satisfy any of the fairness 


criteria is the. method: 


. A voting method that always satisfies the majority 


criterion but may not satisfy any other criterion is the 
method. 


. A voting method that always satisfies the majority criterion 


and head-to-head criterion, but may not satisfy any other cri- 
terion, is the _________ method. 


. A voting method that always satisfies the majority crite- 


rion and the monotonicity criterion, but may not satisfy 
any other criterion, is the _________ method. 


Practice the Skills/Problem Solving 


2 


Annual Meeting Members of the board of directors of the 
American Nursing Association are voting to select a city 
to host the association’s annual meeting. The board is con- 


sidering the following cities: Las Vegas (L), New Orleans 
(N), and Boston (B). The preference table for the 17 mem- 
bers of the board of directors is shown below. Show that 
the Borda count method violates the majority criterion. 


Number of Votes" 9 6 2 
First N B B 
Second B 16 N 
Third L N iI 


a New Orleans 


10. Restructuring a Company The board of directors at 


The Limited is considering three different administrative 
restructuring plans, A, B, and C. The 11 members of the 
board of directors rank the plans according to the prefer- 
ence table below. 


a) Which restructuring plan is preferred to all the others in 
a head-to-head comparison? 


b) Suppose that the plurality method is used to determine the 
winner. Is the head-to-head criterion satisfied? Explain. 


_ Number of Votes 2) 4 2 3 
First B A Cc Cc 
Second A B A B 
Third @ Cc B A 


11. Hiring a New Director Irvine Valley College is hiring 
a new director of counseling and advisement. The hiring 
committee ranks the four candidates, Alvarez (A), Brown 
(B), Singleton (S), and Yu (Y), according to the preference 
table below. Suppose that the Borda count method is used 
to determine the winner. Is the majority criterion satisfied? 
Explain. 


| Number of Votes 43 1 1 
| First A B B A 
Second B S nya B 
| Third S Ne S Ye 
| own x A A S 


12. Party Theme The children in Ms. Cohn’s seventh-grade 
class are voting on a theme for their class party. Their choices 
are beach (B), western (W), superheroes (S), or rock and roll 
(R). The results are shown in the preference table below. 


a) Which theme is preferred to all the other themes in a 
head-to-head comparison? 


b) Suppose that the plurality method is used to determine 
the winner. Is the head-to-head criterion satisfied? 


Explain. 

Number of Votes 12 6 4 3 
| First B S R W 
| Second W B S R 
| Third Ss WwW B B 
| R R w S 


Fourth 


13. Residence Hall Improvements The administration at St. 
Cloud State University is considering three possible areas 
of improvement to the school’s residence halls: parking (P), 
security (S), and lounge areas (L). The nine members of the 
executive committee of the Student Senate rank the choices 
according to the preference table shown below. Suppose 
that the Borda count method is used to determine the 
winner. Is the head-to-head criterion satisfied? Explain. 


| Number of Votes 4 1 bes 1 2 
“Fist ~ ee 
Second Ts P ibs P s 

S S P L P 


| Third 
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14. Design of a Technology Building The planning committee 
of Tulsa Community College is considering three proposals, 
A, B, and C, for the design of a new technology building for 
the college. The eleven members of the planning committee 
rank the proposals according to the preference table shown 
below. Suppose that the Borda count method is used to de- 
termine the winner. Is the head-to-head criterion satisfied? 
Explain. 


Number of Votes 6 3 2 
First (C A B 
Second A B A 
Third B C € 

J 


15. Preference for Grape Jelly Twenty-one people are asked 
to taste test and rank three different brands of grape jelly. 
The preference table below shows the rankings of the 
21 voters. Suppose that the plurality with elimination 
method is used to determine the winner. Is the head- 
to-head criterion satisfied? Explain. 


Number of Votes 8 i 6 
First B € A 
Second A A @ 
Third Cc B B 


16. A Taste Test Twenty-seven people are surveyed in the 
Mall of America and asked to taste and rank four different 
brands of vanilla ice cream. The preference table below 
shows the rankings of the 27 voters. Suppose that the plural- 
ity with elimination method is used to determine the winner. 
Is the head-to-head criterion satisfied? Explain. 


Number of Votes 11 3 Sek 8 
First A B D Cc 
Second B (e B B 
Third D A Cc A 
Fourth Cc D A D 


A The Mall of America, Minneapolis, MN 
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17. Plurality: Irrelevant Alternatives Criterion Suppose that 


18. 


19. 


20. 


21. 


the plurality method is used on the following preference 
table. If B drops out, is the irrelevant alternatives criterion 
satisfied? Explain. 


Number of Votes — 12 9 4 
First A ic B 
Second Gc B (e 
Third B A A 


Plurality: Irrelevant Alternatives Criterion Suppose that 
the plurality method is used on the following preference 
table. If C drops out, is the irrelevant alternatives criterion 
satisfied? Explain. 


Number of Votes 5 6 5 3 
First B Cc A 
Second (e A ( 
Third A B B 


Borda Count: Irrelevant Alternatives Criterion Suppose 
that the Borda count method is used on the following pref- 
erence table. If C drops out, is the irrelevant alternatives 
criterion satisfied? Explain. 


Number of Votes © 10 % 8 
First B (E A 
Second B C 
Third (e A B 


Borda Count: Irrelevant Alternatives Criterion Suppose 
that the Borda count method is used on the following pref- 
erence table. If B drops out, is the irrelevant alternatives 
criterion satisfied? Explain. 


Number of Votes 7 6 5 
First A Cc B 
Second B A ie 
Third (e B A 


Plurality with Elimination: Monotonicity Criterion Sup- 
pose that the plurality with elimination method is used 

on the following preference table. If the four voters who 
voted A, C, B, in that order, change their vote to C, A, B, 
is the monotonicity criterion satisfied? Explain. 


Number of Votes 7 8 Apt gle 
First A B A Cc 
Second B € € A 
Third (C A B B 


22. Plurality with Elimination: Monotonicity 


23. 


24. 


Criterion Suppose that the plurality with elimination 
method is used on the following preference table. If the 
three voters who voted C, B, A, in that order, change 
their vote to B, C, A, is the monotonicity criterion satis- 
fied? Explain. 


Number of Votes 5 6 Ee 
First ic A Cc B 
Second A B B ec 
Third B (C A A 


Pairwise Comparison Method: Monotonicity Crite- 

rion Suppose that the pairwise comparison method is used 
on the following preference table. If the five voters who 
voted C, D, A, B, in that order, change their votes to D, B, 
C, A, is the monotonicity criterion satisfied? Explain. 


Number of Votes 87 SS 
First D B B C 
Second ©@ A A D 
Third A ( D A 
Fourth B D c B 


Borda Count: Monotonicity Criterion Suppose that the 
Borda count method is used on the following preference 
table. If the five voters who voted D, A, C, B, in that order, 
change their votes to A, B, D, C and the three voters who 
voted C, A, D, B, in that order, change their votes to A, B, 
C, D, is the monotonicity criterion satisfied? Explain. 


Number of Votes s 8 Wf 5 3 
First A B D C 
Second B D A A 
Third Cc Cc Cc D 
Fourth D A B B 


25. Pairwise Comparison: Irrelevant Alternatives Crite- 


rion Suppose that the pairwise comparison method is used 
on the following preference table. If A, C, and E drop out, 
is the irrelevant alternatives criterion satisfied? Explain. 


_ Number of Votes 1 1 1 1 1 
First B B A G B 
Second A C D DD 
Third (e E B Bayes 
Fourth EB A Cc E A 

| Fifth D D E mx 4e 


26. 


27. 


28. 


Pairwise Comparison: Irrelevant Alternatives Criterion 
Suppose that the pairwise comparison method is used on the 
following preference table. If A, B, and E drop out, is the 
irrelevant alternatives criterion satisfied? Explain. 


_Number of Votes 2 1 Tay sul paranl (ose 
First Cc Cc D A E B 
Second E B €c D A E 
Third Aue AUge 5 C D D 
Fourth B E AY B (€ € 
Fifth Diem) E E B A 


Borda Count: Majority Criterion Suppose that the Borda 
count method is used on the following preference table. Is 
the majority criterion satisfied? 


| 5 Tete ee 
First A B S 
| Second B C B 
(CG A A 


Third 


Borda Count: Majority Criterion Suppose that the Borda 
count method is used on the following preference table. Is 
the majority criterion satisfied? 


| _ Number of Votes 5 1 4 a 
First BY Nina ne ahi 
| Second C A A Cc 
_ Third A Ce ae eee 


. Spring Trip The History Club of St. Louis is voting on 


which city to visit for its spring trip. The choices are New 
York City (N), Washington, D.C. (W), Philadelphia (P), 
and Boston (B). The preference table for the 23 members’ 
choices is given below. 


& Boston, MA 


| Number of Votes ties sail ui2a i nt nang Oy 
| First W Pp B 
| Second N N Ww 
| Third P B P 
| 2 ne ‘ 


| Fourth 


30. 


31. 
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a) Which city, if any, holds a majority of first-place votes? 
b) Which city is selected using the plurality method? 
c) Which city is selected using the Borda count method? 


d) Which city is selected using the plurality with elimina- 
tion method? 


e) Which city is selected using the pairwise comparison 
method? 


f) For this preference table, which voting method(s), if 
any, violate the majority criterion? 


Investment Choices The Motley Crew Investing Club 
wishes to purchase stock in a pharmaceutical company. 
The choices are American Pharmacy (A), Burrows- 
Welcome (B), Chicago Labs (C), Dow Chemical (D), and 
Emerging Medicines (E). The choice rankings are shown 
in the following preference table. 


Number of Votes 12 8 8 8 4 2 2 
First Bee ete. hee yen 
Second D De Di wic E B E 
Third CH As? pat ep eb 
Fourth BCS y > Beet yp 
Fifth Am OO ms pe A Near A 


Before calculating the results of this election, the club 
learns that Chicago Labs has filed for bankruptcy. 


a) Using the pairwise comparison method, which company 
is chosen if Chicago Labs is included? 


b) Using the pairwise comparison method, which com- 
pany is chosen if Chicago Labs is eliminated from the 
preference table? 


c) Does this second result violate the irrelevant alterna- 
tives criterion? 


Selecting a Spokesperson The Campbell Soup Company 
is selecting a new spokesperson for its advertisements. The 
choices are Sandra Bullock (B), Will Smith (S), and Albert 
Pujols (P). At the annual meeting of its managers, a straw 
vote is taken to gauge the managers’ initial reaction to the 
candidates. The results of this straw vote are given in the 
following preference table. 


"Number of Votes CEO 
First Prd geowioy are B 
Second B P S 
Third pe PON'S 
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a Sandra Bullock 


After discussion about the candidates, eight people who had 
supported Sandra Bullock over Albert Pujols now switch 
their preferences to Albert Pujols over Sandra Bullock. This 
switch leads to the following preference table. 


Number of Votes Bon, Ode | 20e ge 
First PS Soe Baked 
Second B P S) P 
Third Secs errs 


a) Using the plurality with elimination method, which person 
is selected from the first (or straw) vote? 


b) Using the plurality with elimination method, which 
person is selected from the second vote? 


c) Does this second result violate the monotonicity criterion? 


Electing a Parks Director The City of Birmingham is 
electing a new parks director. The choices for the position 
are Diane Allen (A), Brac Brady (B), Faye Conrad (C), 
Stacy Davis (D), and Bill Evers (E). The election is con- 
ducted, and the preference table is shown below. 


Number of Votes 80 50 50 50 30 20 20 
First BB. BiiieaDeey C 
Second DDE EDs CA Ea Beane 
Third C Ee A) SEaeecuD Ee) 
Fourth Be SAW Ge BM eBay S: 
Fifth A.C) (BD ee ee 


Before calculating the results of this election, it is 
learned that Faye Conrad has dropped out of the race for 
personal reasons. 


a) Using the pairwise comparison method, which candi- 
date is chosen if Faye Conrad is included? 


b) Using the pairwise comparison method, which candi- 
date is chosen if Faye Conrad is eliminated from the 
preference table? 


c) Does this second result violate the irrelevant alterna- 
tives criterion? 


Challenge Problems/Group Activities 


ah 


34. 


35. 


36. 


37. 


Explain why the plurality method always satisfies the 
monotonicity criterion. 


Construct a preference table with four candidates and four 
rankings of the candidates, similar to the preference table 
in Exercise 11 on page 935, such that the plurality method 
violates the head-to-head criterion. Have the total number 
of votes be 25. 


Construct a preference table with three candidates and 
three rankings of the candidates, similar to the preference 
table in Exercise 9 on page 934, such that the Borda count 
method violates the majority criterion. Have the total num- 
ber of votes be 19. 


Construct a preference table with three candidates and four 
rankings of the candidates, similar to the preference table 
in Exercise 10 on page 934, such that the plurality with 
elimination method violates the monotonicity criterion. 
Have the total number of votes be 21. 


Construct a preference table with four candidates and three 
rankings of the candidates, similar to the preference table 
in Exercise 29 on page 937, such that the pairwise compar- 
ison method violates the irrelevant alternatives criterion. 
Have the total number of votes be 6. 


Not voting according to a voter’s true preference, called 
insincere voting, is frequently practiced to affect the out- 
come of an election. Insincere voting is used in Exercise 38. 


38. 


Voting Strategy Consider the preference table below. 
Assume that a majority is needed to win the election. 
Since no candidate has a majority but C has the most 
first-place votes, a runoff election is held between 

A and B. The winner of the runoff election will run 
against C. 


Number of Votes 


a 
First (C 
Second A 
Third B 
a) Using the plurality method, which candidate will win 
the runoff election, A or B? 


b) Will the candidate determined in part (a) win the elec- 
tion against candidate C? 


c) Suppose that the voters who support candidate C, the 
candidate with the most first-place votes, find out prior 
to the vote that C will not win if B is eliminated and C 
runs against A. How can the voters who support C vote 
insincerely to enable C to win? 


Internet/Research Activities 


39. Choose a country other than the United States and write a 
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40. Write a research paper on the history of voting methods. 
Include how the flaws in the voting methods discussed in 
this section were uncovered. 


research paper on how the president or prime minister is 
chosen. Describe in detail the voting method used. Include 
the strengths and weaknesses of the method used. 


SECTION15.3 Apportionment Methods 


4 Apportionment methods can be 
used to distribute e-readers to 
libraries. 


Suppose a college receives a grant to purchase 50 electronic readers (e-readers) 
to be distributed to four different libraries on campus. Since the libraries do not all 
serve the same number of students, the director of libraries decides to apportion the 
e-readers based on the number of students served at each library. In this section, we 
will discuss some apportionment methods the college can use to distribute the e- 


readers to the four libraries. 


aD This is Important Apportionment methods are used in many applications that re- 
late to our everyday lives. 


hen the delegates for the original 13 states met in 1787 to draft a constitution, 

their most important discussion concerned the representation of the states in the 
legislature. Some states, particularly the small states, preferred that each state have the 
same number of representatives. The large states wanted a proportional representation 
based on population. The delegates resolved this issue by creating a Senate, in which 
each state received two Senators, and a House of Representatives, in which each state 
received a number of representatives based on its population. Article 1, Section 2, of 
the Constitution of the United States includes the statement “Representatives ... shall 
be apportioned among the several states ... according to their respective numbers.” 
What the constitution did not say is how the apportionments are determined. In this sec- 
tion, we will discuss four different apportionment methods. 

The goal of apportionment is to determine a method to allocate the total number 
of items to be apportioned in a fair manner. One of the most important examples of 
apportionment is in determining the representation of governing bodies. However, 
apportionment problems occur in many other places, from determining how many 
police officers should be assigned to each precinct in a city to determining how many 
nurses should be assigned to each shift at a hospital. 

In this section, we will discuss four different apportionment methods: 

1. Hamilton’s method 2. Jefferson’s method 
3. Webster’s method 4, Adams’s method 


Apportionment Problems 


Let’s begin by considering a problem facing the Shanahan Law Firm. The firm needs 
to apportion 60 new fax machines to be distributed among the firm’s five offices. 
Since the offices do not all have the same number of employees, the firm’s managing 
partner decides to apportion the fax machines based on the number of employees at 
each office. Table 15.25 shows the number of employees at each office. 


Table 15.25 Shanahan Law Firm Employees 


Employees 246 201 196 211 226 1080 
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5, eee 


Did You Know? 


Too Young to Run for 
Congress 


ccording to the 17th Amend- 
ment of the Constitution, “A 
senator must be at least 30 years 
of age, a U.S. citizen for at least 9 
years, and a resident of the state in 
which he or she is elected.” If you 
do not want to wait until you are 30 
years old to become a member of 
Congress, you may run for office 
in the House of Representatives. 
Members of the House must be at 
least 25 years of age, a U.S. citizen 
for at least 7 years, and a resident 
of the state in which he or she is 
elected, but not necessarily a resi- 
dent of the congressional district 
he or she hopes to represent. 


If the firm wants to distribute the fax machines based on the number of em- 
ployees at each office, it would take each office’s number of employees and divide 
it by the total number of employees. For example, office A would be entitled to 
‘iy. or 22 5%, of the fax machines. Similarly, office B would be entitled to iano or 
gta, of the fax machines. Dividing the number of employees in each office by 
the total number of employees leaves each office with a fractional part of a fax ma- 
chine. Since an office cannot receive a fraction of a fax machine, the law firm has a 
problem. How can it apportion the fax machines so that each office receives its fair 
allotment? 

Before we discuss how to apply apportionment methods, we will introduce some 
important terms used in this section, standard divisor and standard quota. The stan- 
dard divisor is found by dividing the total population under consideration by the 
number of items to be allocated. 


Standard Divisor 

To obtain the standard divisor when determining apportionment, use the following 
formula. 

total population 


Standard divisor= =.= = = 
andard divisor number of items to be allocated 


For our fax machine problem, the standard divisor is found as follows: 


total number of employees 1080 _ 


Standard divisor = 18 


number of fax machines to be allocated 60 


The standard quota for a particular group is found by dividing the population of 
the group by the standard divisor. 


Standard Quota 

To obtain the standard quota when determining apportionment, use the following 
formula. 
population for the particular group 


Standard quota = 
ep ee: standard divisor 


For our fax machine problem, the standard quota for office A is found as follows: 


: number of employees at office A 246 
Standard quota for office A = == = 
standard divisor 18 


= 1867 


We will round all standard divisors and standard quotas to the nearest hundredth. 


Example {J Determining Standard Quotas 


Determine the standard quotas for offices B, C, D, and E of the Shanahan Law Firm 
and complete Table 15.26. Use 18 as the standard divisor, as was determined above. 


Table 15.26 Shanahan Law Firm Employees 


(Offices ——s ret shee BommeGeh,. D | Boo eTotal 
Employees 246 =. 201 196 211 226 1080 
Standard quota 13.67 


Did You Know? — 


Mathematical Contributions 
from Political Leaders 


Alexander Hamilton (1757-1804) 
A: a result of his distinctive ser- 
vice in the Revolutionary War, 
Hamilton became George Wash- 
ington’s aide-de-camp and _ per- 
sonal secretary in 1777. In 1789, 
Washington appointed Hamilton 
as the first secretary of the treasury. 
Hamilton and Thomas Jefferson 
were strong political adversaries. In 
1804, Hamilton was killed in a duel 
with Aaron Burr, who was serving 
as Jefferson's vice president. 


15.3. Apportionment Methods 941 


The standard quota for office B is ate = 11.17, rounded to the nearest 
hundredth. The other standard quotas are found in a similar manner. Table 15.27 
shows the completed table. 


Table 15.27 Shanahan Law Firm Employees 


Omen cA ye eB CO NeDine Cees oakotal 
Employees 246-4 201 4196 | Sti) 226. | oxo 
Standard quota (13.67. 11.17.—«'10.89S «11.72, :12.56 60.01 


The standard quota represents the exact number of fax machines each office 
would receive if we were able to divide the fax machines into fractional parts. No- 
tice that the sum of the standard quotas is slightly above 60, the total number of fax 
machines, due to rounding. a 


Now we introduce two more important definitions, the Jower quota and the upper 
quota. The lower quota is the standard quota rounded down to the nearest integer. 
The upper quota is the standard quota rounded up to the nearest integer. For example, 
office A has a lower quota of 13 and an upper quota of 14, office B has a lower quota 
of 11 and an upper quota of 12, and so on. 

How should we round the standard quotas so that each office receives its fair 
share? If we were to use conventional rounding and round each office’s standard 
quota to the nearest whole number, office A would receive 14 fax machines and 
office B would receive 11 fax machines. Offices C, D, and E would receive 11, 
12, and 13 fax machines, respectively. The total number of fax machines needed 
would be 61. Since there are only 60 fax machines to distribute, conventional 
rounding of standard quotas can be problematic. We need a more sophisticated 
apportionment method to avoid the problems that can occur with rounding stan- 
dard quotas. We will now discuss the first of our four apportionment methods, 
Hamilton’s method. 


Hamilton’s Method 


Mathematically, Hamilton’s method is the easiest to apply. 


OA HAMILTON’S METHOD 
To use Hamilton’s method for apportionment, do the following. 


Calculate the standard divisor for the set of data. 


Calculate each group’s* standard quota. 


Round each standard quota down to the nearest integer (the lower quota). Ini- 
tially, each group receives its lower quota. 


Distribute any leftover items to the groups with the largest fractional parts until 
all items are distributed. 


*We use the word group in Steps 1, 2, and 3 as a general term. However, group could refer to a state, a 
school, or even an individual. 
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Republic of Geranium 
population 8,800,000 


Example Using Hamilton’s Method for Apportioning Fax Machines 


Use Hamilton’s method to distribute the 60 fax machines for the Shanahan Law 
Firm discussed in Example | on page 940. 


Table 15.28 includes the standard quotas (row 2) calculated from 
Example 1, along with the lower quotas (row 3) and the apportionment using 
Hamilton’s method (row 4). 


Table 15.28 Shanahan Law Firm Employees 


Office. isp e Pa gahe (acer BY SkG CL ee DME Total | 

Employees 246 201 196 211 226 1080 

Standard quota 13.67 USS 10:39 eee 2 12790 60.01 

Lower quota 13 11 10 slit 12 i, 

Hamilton’s 14 11 11 12 2 60 
apportionment 


The sum of the lower quotas is 57, leaving three additional fax machines to 
distribute. Since offices C, D, and A, in this order, have the three highest fractional 
parts (0.89, 0.72, and 0.67, respectively) in the standard quota, each receives one of 
the additional fax machines using Hamilton’s method. Note that with Hamilton’s 
method, each office receives either its lower quota or its upper quota of laser print- 
ers. Also note that the total number of fax machines apportioned by Hamilton’s 
method is 60, which is what we expected. x 


Let’s look at another example using Hamilton’s method. 


Example Using Hamilton’s Method for Apportioning Legislative Seats 


The Republic of Geranium needs to apportion 250 seats in the legislature. Suppose 
that the population is 8,800,000 and that there are five states, A, B, C, D, and E. 
The 250 seats are to be divided among the five states according to their respective 
populations, given in Table 15.29. 


Table 15.29 Republic of Geranium Population 


Sintec tAnUR RRO oD) FE Total 
Population 1,003,200 1,228,600 4,990,700 813,000 764,500 8,800,000 


Use Hamilton’s method to apportion the seats. 


The standard divisor is determined by dividing the total population by the 
number of seats in the legislature. 


Standard divisor = a = 35,200 


The standard quotas are determined by dividing the population of each state by the 
standard divisor. Recall we will round the standard quotas to the nearest hundredth. 
The results are shown in the second row in Table 15.30 on page 943. 


Did You Know? — 


Mathematical Contributions 
from Political Leaders 


Heder. 
Thomas Jefferson (1743-1826 ) 


homas Jefferson, third president 

of the United States, authored 
the Declaration of Independence. 
He excelled in many careers, includ- 
ing philosopher, educator, politi- 
cian, inventor, scientist, and writer. 
Under his administration, the United 
States doubled in area with the Lou- 
isiana Purchase in 1803. 
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Table 15.30 Republic of Geranium Population 


State es eee tee, ary E Total 
Population 1,003,200 1,228,600 4,990,700 813,000 764,500 8,800,000 
Standard quota 28.50 34.90 141.78 23.10 Diy?) 


Lower quota 28 34 141 23 21 247 
eee 35 142 23 22 250 
apportionment 


os 


The sum of the lower quotas is 247, leaving three additional seats to distribute. 
Since states B, C, and E, in this order, have the three highest fractional parts in the 
standard quota (0.90, 0.78, and 0.72, respectively), they each receive the additional 
seats using Hamilton’s method. a 


As we can see from both examples, an advantage of Hamilton’s method is that 
every apportionment is either the lower quota or the upper quota. If an apportionment 
method assigns either the lower or upper quota to every group under consideration, it 
is said to satisfy the quota rule. 


The Quota Rule 
An apportionment for every group under consideration should always be either 
the upper quota or the lower quota. 


We have just discussed Alexander Hamilton’s method for apportionment. In this sec- 
tion, we will also discuss Thomas Jefferson’s method for apportionment, Daniel Webster’ s 
method for apportionment, and John Quincy Adams’s method for apportionment. Here is 
a brief history of the use of these different methods to apportion members of the U.S. 
House of Representatives. Although Hamilton’s method for apportionment was the first 
method approved by Congress after the 1790 census, it was not used until 1852. Shortly 
after Congress approved Hamilton’s method, President George Washington vetoed it. 
Congress then adopted a method developed by Thomas Jefferson. As there were appor- 
tionment problems with Jefferson’s method in 1822 and 1832, Webster’s method replaced 
Jefferson’s method in 1842. Webster’s method had similar flaws as Jefferson’s method 
and was replaced in 1852 by Hamilton’s method, the first apportionment method pro- 
posed. When it was discovered in the late 1800s that there were also flaws with Hamilton’s 
method, Webster’s method was once again used to apportion the number of representa- 
tives for each state. Webster’s method was used from 1900 until it was replaced by the 
current method in 1941, the Hill-Huntington method (see Exercise 51). Adams’s method, 
although considered, was never actually used by Congress to apportion members. 


Jefferson’s Method 


To determine the standard quota with Hamilton’s method, the population of each 
group was divided by the standard divisor. Then each lower quota was used. Any left- 
over items were distributed to the groups with the highest fractional part. As we saw 
with Examples 2 and 3, each group received either its lower quota or its upper quota. 
A weakness that can occur with Hamilton’s method is that the groups that received 
their upper quota gained an advantage over the groups that received their lower quota. 
Is there a way to modify the quotas to overcome this weakness in Hamilton’s method? 
Jefferson’s method uses a divisor other than the standard divisor, called the modified 
divisor, to obtain quotas. A modified divisor is a divisor that approximates the stan- 
dard divisor. We will explain how to determine modified divisors shortly. A modified 
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divisor is used in Jefferson’s method, Webster’s method, and Adams’s method, 
each of which will be discussed shortly. 

In each case, a modified divisor is used to obtain modified quotas. Modified quo- 
tas are obtained by dividing a group’s population by a modified divisor. The differ- 
ences in Jefferson’s method, Webster’s method, and Adams’s method are in the 
modified divisor used to obtain the modified quotas and in the rounding process 
used to apportion the items. Hamilton’s method is the only method that uses the 
standard quota rather than a modified quota in determining apportionments. 

Now we will discuss Jefferson’s method. 


sede) ia JEFFERSON’S METHOD 
To use Jefferson’s method for apportionment, do the following. 


1. Determine a modified divisor, d, such that when each group’s modified quota is 
rounded down to the nearest integer, the total of the integers is the exact number 
of items to be apportioned. We will refer to the modified quotas that are rounded 
down as modified lower quotas. 


. Apportion to each group its modified lower quota. 


With Jefferson’s method, we use a modified divisor that is Jess than the standard 
divisor. This results in the modified quotas being slightly greater than the standard 
quotas. When using Hamilton’s method, the standard quotas are rounded down and 
then leftover items are distributed. With Jefferson’s method, the modified quotas are 
also rounded down. The modified divisor used with Jefferson’s method must result in 
all items being distributed, with no items left over, when the modified quotas are 
rounded down. We will explain Jefferson’s method in Example 4. 


EXAMPLE £§ Using Jefferson’s Method for Apportioning 
Legislative Seats 


Consider the Republic of Geranium from Example 3. Use Jefferson’s method to 
apportion the 250 legislature seats among the five states. Use the population from 
Table 15.31. 


Table 15.31 Republic of Geranium Population 


Stic’ 5 SA fee Re OE Deere ea rotal 


Population 1,003,200 1,228,600 4,990,700 813,000 764,500 8,800,000 


In Example 3, the standard divisor was calculated to be 35,200. With 
Jefferson’s method, the modified quota for each group needs to be slightly greater than 
the standard quota. To accomplish this we use a modified divisor, which is slightly less 
than the standard divisor. When you divide a quantity by a smaller number, the 
quotient becomes greater. There is no formula to determine this new modified divisor, 
and usually more than one divisor will work. We will use trial and error until we find a 
divisor that apportions exactly 250 legislative seats using modified lower quotas. 

Suppose that we try 35,000 as our modified divisor, d. To determine each 
modified quota, we will divide each state’s population by 35,000. For example, the 
modified quota for state A is 


1,003,200 


35,000 = 28.66 
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We will round modified quotas to the nearest hundredth as we did with standard 
quotas. Since the modified quota for state A is 28.66, the modified Jower quota for 
state A is 28. This result is indicated in column 1, row 4, of Table 15.32. 

Table 15.32 shows the results for all the states. In the table, we give the stan- 
dard quotas as references, but they are not used in obtaining the apportionment us- 
ing Jefferson’s method. 


Table 15.32 Republic of Geranium Population Using a Modified Divisor, d = 35,000 


See ek are sede hE eS fom 
Population 1,003,200 1,228,600 4,990,700 813,000 764,500 8,800,000 
Standard quota 28.50 34.90 141.78 23.10 Pile 

Modified quota 28.66 35.10 142.59 23°23 21.84 

Modified lower 28 35 142 23 21 249 


quota 


The sum of the modified lower quotas, 249, is less than the number of available seats, 
250. If the sum of the modified lower quotas is too low (as it is in this case), use a 
lower modified divisor. If the sum of the modified lower quotas is too high, use a 
higher modified divisor. Since our sum is too low, we will try a lower modified divi- 
sor. Let’s see what happens if we use 34,900 as our modified divisor. This modified 
divisor is a little lower than the modified divisor of 35,000 previously used. 


Using 34,900 as the modified divisor, the modified quota for state A is 


1,003,200 


=~ 28.74 
34,900 


Table 15.33 shows the modified quotas for all the states. 


Table 15.33 Republic of Geranium Population Using a Modified Divisor, d = 34,900 
— 


As cam ca arti ge ch rac aa Sagres Ey one Fa ey 
state ale tows aRGSS Ae er TD Siobie Bow iy eT otal 
Population 1,003,200 1,228,600 4,990,700 813,000 764,500 8,800,000 
Standard 28.50 34.90 141.78 23.10 Pa 
quota 
Modified 28.74 35.20 143.00 23.30 210911 
quota 
Modified 28 3) 143 23 21 250 
lower quota 


The sum of the modified lower quotas is now 250, our desired sum. Each state 
is awarded the number of legislative seats listed in Table 15.33 under the category 
of modified lower quota. a 


In Example 4, we used a modified divisor of 34,900 to obtain the desired sum of 
250. There are an infinite number of modified divisors (in a small range) that could be 
used to obtain the modified lower quotas that we obtained. In fact, any modified divi- 
sor from about 34,751 to about 34,901 would result in the modified lower quotas we 
obtained in Table 15.33. If you selected a modified divisor lower than about 34,751, 
you would obtain modified lower quotas for which the sum of the seats is too high. 
For example, if you selected a modified divisor of 34,750, you would obtain modified 
lower quotas of 28, 35, 143, 23, and 22. The sum of these seats is 251, which is above 
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Did You Know? 


Mathematical Contributions 
from Political Leaders 


Daniel Webster (1782-1852) 


aniel Webster, a native of New 

Hampshire and educated at 
Dartmouth College, was a mem- 
ber of the Senate for many years. 
As a result of his successful defense 
of several famous constitutional 
cases argued before the Supreme 
Court, he was regarded as one of 
the leading lawyers of the country. 
He was also regarded as one of the 
best-known orators of his time. 


the number of seats to be allocated. If you selected a modified divisor greater than 
about 34,901, you would obtain modified lower quotas for which the sum of the seats 
is too low. For example, if you selected a modified divisor of 34,902, you would ob- 
tain modified lower quotas of 28, 35, 142, 23, and 21. The sum of these seats is 249, 
which is below the number of seats to be allocated. 

With Jefferson’s method, we will always use a modified divisor that is less than 
the standard divisor used with Hamilton’s method. 

Recall from the discussion of Hamilton’s method that if an apportionment 
method assigns either the lower or upper quota, it is said to satisfy the quota rule. 
Hamilton’s method satisfies the quota rule since it uses either the lower quota or up- 
per quota of the standard quota. Notice that the standard quota for state C from 
Example 3 is 141.78. According to the quota rule, state C should receive either 141 or 
142 seats. Using Jefferson’s method, state C received 143 seats (see Table 15.33 on 
page 945). Therefore, Jefferson’s method violates the quota rule. 

The first case in the House of Representatives in which Jefferson’s method led to 
a violation of the quota rule occurred in 1832. New York had a standard quota of 
38.59 but was awarded 40 seats using Jefferson’s method. Daniel Webster argued that 
this result was unconstitutional and suggested a compromise between Hamilton’s 
method and Jefferson’s method, leading to Webster’s method. Let’s discuss how 
Webster proposed to apportion the seats in the House of Representatives. 


Webster’s Method 


Hamilton’s method rounded standard quotas down to the nearest integer. Jefferson’s 
method rounded modified quotas down to the nearest integer. With Webster’s 
method, we round modified quotas to the nearest integer such that the rounding gives 
the exact sum to be apportioned. 


40014 3918) WEBSTER’S METHOD 
To use Webster’s method for apportionment, do the following. 


1. Determine a modified divisor, d, such that when each group’s modified quota is 


rounded to the nearest integer, the total of the integers is the exact number of 
items to be apportioned. We will refer to modified quotas that are rounded to the 
nearest integer as modified rounded quotas. 


Apportion to each group its modified rounded quota. 


With Webster’s method, we use a modified divisor that may be less than, equal 
to, or greater than the standard divisor and we use modified rounded quotas. With 
Webster’s method, as with Jefferson’s method, the modified divisor used must result 
in all the items being distributed, with no items left over. We will use Webster’s 
method in Example 5. 


Example Using Webster’s Method for Apportioning Legislative Seats 


Once again, let’s consider the Republic of Geranium and apportion the 250 seats 
among the five states using Webster’s method. Use the population from Table 15.34. 


Table 15.34 Republic of Geranium Population 


1,003,200 1,228,600 4,990,700 813,000 764,500 — 8,800,000 
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Our first task is to determine the modified divisor, d. We could choose 
a number either less than, greater than, or equal to the standard divisor. As with 
Jefferson’s method, there is no formula to determine this new divisor and usually 
there is more than one divisor that works. Again, we must use trial and error until 
we find a divisor that apportions the 250 legislative seats. 

Let’s use the results from Example 3 on pages 942-943 as a guide. If we round 
the standard quotas from Table 15.30 on page 943 to the nearest integer, the sum is 
29 + 35 + 142 + 23 + 22, or 251. This number is too high since we want a sum 
of 250. If the sum is too high, as it is in this case, we need to use a larger divisor. If the 
sum is too low, we need to use a smaller divisor. In Example 3, we used the standard 
divisor of 35,200. Let’s try using 35,250 as our modified divisor, d. Using 35,250 as 
the modified divisor, the modified quota for state A is 


1,003,200 
35,250 


= 28.46 


Table 15.35 shows the results using d = 35,250. 


Table 15.35 Republic of Geranium Population Using a Modified Divisor, d = 35,250 


Suen one eR peek ep pm ot Toda 

Population 1,003,200 1,228,600 4,990,700 813,000 764,500 8,800,000 
Standard quota 28.50 34.90 141.78 23.10 Aste 

Modified quota 28.46 34.85 141.58 23.06 21.69 

Modified 28 85 142 23 22 250 


rounded quota 


Now round each modified quota to the nearest integer to get the modified 
rounded quotas, as shown in Table 15.35. Our sum of the modified rounded quotas 
is 250, as desired. 

Therefore, each state is awarded the number of legislative seats listed in 
Table 15.35 under the category of modified rounded quota. ] 


In Example 5, we used a modified divisor of 35,250 to obtain the desired sum 
of 250. There are an infinite number of modified divisors (in a small range) that 
could be used to obtain the modified rounded quotas. In fact, any modified divisor 
from about 35,202 to about 35,271 would result in the modified rounded quotas we 
obtained in Table 15.35. If you selected a modified divisor lower than about 35,202, 
you would obtain modified rounded quotas for which the sum of the seats is too 
high. If you selected a modified divisor greater than about 35,271, you would obtain 
modified rounded quotas for which the sum of the seats is too low. 

Occasionally, the results of Webster’s method agree with the results from 
Hamilton’s method. With Webster’s method, we can use a modified divisor that is 
less than, greater than, or equal to the standard divisor used with Hamilton’s 
method. 

Webster’s method is similar to Jefferson’s method since they both make use of 
a modified divisor. Webster’s method, however, is a little more difficult in practice 
to apply than Jefferson’s method since the modified divisor could be less than, 
equal to, or greater than the standard divisor. Webster’s method may seem the most 
reasonable since the modified quotas are rounded in the conventional way. 
Webster’s method, however, does have a flaw in that it can violate the quota rule. 
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John Quincy Adams (1767-1848) 


ohn Quincy Adams, sixth presi- 

dent of the United States, was 
the son of John Adams, second 
president of the United States. 
Adams's varied career included 
the positions of diplomat, senator, 
secretary of state, president, and 
member of the House of Repre- 
sentatives. Adams was instrumental 
in the expansion of U.S. borders 
southward and westward. He con- 
vinced Spain to cede Florida to the 
United States and also persuaded 
Spain to agree that the western 
border of the Louisiana Purchase 
extended all the way to the Pacific 
Ocean. 


Even though Example 5 did not uncover this flaw, there are examples in which 
Webster’s method violates the quota rule. This violation happens more in theory 
than in practice. As a result, many experts consider Webster’s method the best over- 
all apportionment method. 

Let’s discuss one more apportionment method that was proposed (but never used 
by the House of Representatives) by John Quincy Adams around the same time that 
Webster proposed his method. 


Adams’s Method 


When Jefferson’s method was discovered to be problematic because it violated the 
quota rule, John Quincy Adams proposed a method that is exactly the opposite of 
Jefferson’s method. Instead of using modified lower quotas as Jefferson proposed, 
Adams suggested using modified upper quotas. 


ace) 21 8) ta) ADAMS’S METHOD 


To use Adams’s method for apportionment, do the following. 


1. Determine a modified divisor, d, such that when each group’s modified quota is 
rounded up to the nearest integer the total of the integers is the exact number of 
items to be apportioned. We will refer to the modified quotas that are rounded 
up as modified upper quotas. 


2. Apportion to each group its modified upper quota. 


With Adams’s method, we use a modified divisor that is greater than the stan- 
dard divisor and we use quotas that are rounded up, or modified upper quotas. As 
with Jefferson’s and Webster’s methods, the modified divisor used must result in all 
items being distributed, with no items left over. 

Let’s see what happens when we apply Adams’s method to the Republic of 
Geranium. 


Example [4 Using Adams’s Method for Apportioning Legislative Seats 


Once again, consider the Republic of Geranium. Apportion the 250 seats among the 
five states using Adams’s method. Use the population from Table 15.36. 


Table 15.36 Republic of Geranium Population 


Population 1,003,200 1,228,600 4,990,700 813,000 764,500 8,800,000 


With Adams’s method, the modified quota for each group needs to be 
slightly smaller than the standard quota. To accomplish that, we use a modified di- 
visor that is slightly greater than the standard divisor. When you divide a quantity 
by a larger number, the quotient becomes smaller. Since the standard divisor is 
35,200, let’s try letting d = 35,400. Using 35,400 as the modified divisor, the 
modified quota for state A is 


1,003,200 
35,400 


Table 15.37 on page 949 shows the results. 


~ 28.34 
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Table 15.37 Republic of Geranium Population Using a Modified Divisor, d = 35,400 


Seas) 8 eokheaBisms tC D E Total 


Population 1,003,200 1,228,600 4,990,700 813,000 764,500 8,800,000 

Standard quota 28.50 34.90 141.78 23.10 MNS Ps 

Modified quota 28.34 34.71 140.98 22.97 21.60 

Modified upper 29 35 141 23 22 250 
quota 


Using d = 35,400 and rounding up to the modified quotas, we have a sum of 
250 seats, as desired. Therefore, each state will be awarded the number of legisla- 
tive seats listed in Table 15.37 under the category of modified upper quota. a 


In Example 6, we used a modified divisor of 35,400 to obtain the desired sum of 
250 seats. There are an infinite number of modified divisors (in a small range) that 
could be used to obtain the modified upper quotas that we obtained. In fact, any modi- 
fied divisor from about 35,394 to, about 35,646 would result in the modified upper 
quotas we obtained in Table 15.37. If you selected a modified divisor lower than 
about 35,394, you would obtain modified upper quotas for which the sum of the seats 
is too high. If you selected a modified divisor greater than about 35,646, you would 
obtain modified upper quotas for which the sum of the seats is too low. 

With Adams’s method, we will always use a modified divisor that is greater than 
the standard divisor used with Hamilton’s method. 

In some cases, the range of numbers that can be used as a modified divisor is very 
narrow and you may need to use a decimal. For example, 34 may be too small for a 
modified divisor and 35 may be too large for a modified divisor. In that case, you will 
need to use a decimal number between 34 and 35 as the modified divisor. 

Looking at the results from Example 6, we may want to conclude that Adams’s 
method is the best since the quota rule was not violated in this example. Unfortunately, 
that is not always the case. We have seen that Jefferson’s method can result in a state 
receiving more than its upper quota of seats. Adams’s method can lead to just the op- 
posite: a state receiving fewer than its lower quota of seats. Although the Jefferson 
method favors large states, such as his state of Virginia, Adams’s method favors small 
states, such as those in his area of New England. 


Example §@ Comparing Apportionment Methods 


Suppose that the Panda Republic is a small country with a population of 10,400,000 
that consists of four states A, B, C, and D. There are 260 seats in the legislature that 
need to be apportioned among the four states. The population of each state is shown 
in Table 15.38. 


Table 15.38 
Co a Se Bogen Cee De. Total 


Population 3,350,000 1,850,000 = 2,365,000 2,835,000 10,400,000 


a) Find each state’s apportionment using Hamilton’s method. 
b) Find each state’s apportionment using Jefferson’s method. 
c) Find each state’s apportionment using Adams’s method. 
d) Find each state’s apportionment using Webster’s method. 
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a) First we must find the standard divisor. The standard divisor is found by dividing the 
total population by the number of seats to be apportioned. The standard divisor is 


10,400,000 


= 40,000 
260 a 


Next we find the standard quotas by dividing each state’s population by the 
standard divisor, 40,000. Recall that we round standard quotas to the nearest 
hundredth. With Hamilton’s method, we round each standard quota down to 
obtain the lower quota. Then we distribute any leftover seats to the states with 
the largest fractional parts until all seats are distributed. Table 15.39 shows the 
apportionment using Hamilton’s method. 


Table 15.39 Hamilton’s Method, Standard Divisor of 40,000 


Per ee er re ee oe Dalal 
Population 3,350,000 1,850,000 2,365,000 2,835,000 10,400,000 
Standard quota 83.75 46.25 59.13 70.88 

Lower quota 83 46 59 70 258 
Hamilton’s apportionment 84 46 29) al 260 


Since states D and A, in that order, had the highest fractional parts (0.88 and 
0.75, respectively), each receives one additional seat. 
b) With Jefferson’s method, we use a modified divisor that is Jess than the standard 
divisor and use modified Jower quotas. Table 15.40 shows the results using a 
modified divisor of 39,700. 


Table 15.40 Jefferson’s Method, Modified Divisor, d = 39,700 


So ee ee ee 4 DS Total 
Population 3,350,000 1,850,000 2,365,000 2,835,000 10,400,000 
Modified quota 84.38 46.60 Si) Sil 71.41 

Modified lower quota 84 46 oy) 71 260 


Using d = 39,700, we have a sum of 260 seats, as desired. Therefore, each 
state receives the number of seats listed under the modified lower quotas in 
Table 15.40. 

c) With Adams’s method, we use a modified divisor that is greater than the stan- 


dard divisor and use modified upper quotas. Table 15.41 shows the results using 
a modified divisor of 40,300. 


Table 15.41 Adams’s Method, Modified Divisor, d = 40,300 


Bier RES ‘Total 
Population 3,350,000 1,850,000 2,365,000 2,835,000 10,400,000 
Modified quota 83.13 45.91 58.68 70.35 

Modified upper quota 84 46 28) a 260 


. pe 
C 7 a Dee 2 
ae Sire: PEAS 
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Using d = 40,300, we have a sum of 260 seats, as desired. Therefore, each 
state receives the number of seats listed under the modified upper quotas in 

Table 15.41. 

d) With Webster’s method, we need to find a modified divisor such that when each 
state’s modified quota is rounded to the nearest integer, the total of the integers 
is 260. The modified divisor may be less than, equal to, or greater than the stan- 
dard divisor. If we round the standard quotas from part (a) to the nearest integer, 
the sum of the rounded quotas is 260. Therefore, we will use the standard divi- 
sor as our modified divisor. Table 15.42 shows the results when we round the 
modified quotas to the nearest integer. 


Table 15.42 Webster’s Method, Modified Divisor, d = 40,000 


Population 3,350,000 1,850,000 2,365,000 2,835,000 10,400,000 
Standard quota 83.75 46.25 59.13 70.88 
Modified quota 83.75 46.25 59.13 70.88 
Modified rounded 84 46 ae) gpl 260 
quota 


Each state receives the number of seats listed under the modified rounded quo- 
tas in Table 15.42. Note that in this example, all four methods led to the same ap- 
portionment. However, that is not always the case. w 


Of the four methods we have discussed in this section, Hamilton’s method 
uses standard quotas. Jefferson’s method, Webster’s method, and Adams’s 
method all make use of a modified quota and can all lead to violations of the 
quota rule. As we will see in the next section, Hamilton’s method can also be 
problematic by producing paradoxes. Table 15.43 summarizes the four apportion- 
ment methods. 


Table 15.43 Summary of Apportionment Methods 


Hamilton’s 


: : me : Apportionment 

Round each standard quota down. Distribute 
any leftover items to the groups with the 
largest fractional parts until all items are dis- 
| tributed. Favors large states. 


se total population 
Standard divisor = 


number of items to be allocated 


The modified divisor is less than the standard divisor. Each group’s modified quota is rounded down 
to the nearest integer. Apportion to each group 


its modified lower quota. Favors large states. 


| Webster's 


The modified divisor is /ess than, greater than, or equal to, the 
standard divisor. 


Each group’s modified quota is rounded to the 
nearest integer. Apportion to each group its 
modified rounded quota. Favors small states. 


+ Adams’s 


The modified divisor is greater than the standard divisor. Each group’s modified quota is rounded up to 
the nearest integer. Apportion to each group its 


modified upper quota. Favors small states. 
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SECTION 15.3 : 
Exercises 


that consists of four states, A, B, C, and D. There are 150 
seats in the legislature that need to be apportioned among 
the four states. The population of each state is shown in 
the table. 


Warm Up Exercises 


In Exercises I-10, fill in the blank with an appropriate 
word, phrase, or symbol(s). 


1. The total population under consideration divided by the 
number of items to be allocated is called the standard 


ao iaken be Ra ee hic sew oD Total 


Population 1,220,000 2,730,000 857,000 2,693,000 7,500,000 


10. 


. When each group’s population is divided by the standard 


divisor, a standard is obtained. 


. A standard quota rounded down to the nearest whole num- 


ber is called a(n) quota. 


. A standard quota rounded up to the nearest whole number 


is called a(n) quota. 


. The rule stating that an apportionment should always be 


either the upper quota or the lower quota is called the 
rule. 


. The apportionment method that requires rounding the stan- 


dard quota down to the lower quota is called 
method. 


. Jefferson’s method, Webster’s method, and Adams’s 


method require using a(n) quota. 


. a) The apportionment method that uses a modified divisor 
method. 


that is less than the standard divisor is 


b) The apportionment method that uses a modified divisor 
that is greater than the standard divisor is 
method. 


c) The apportionment method that uses a modified divi- 
sor that could be less than, greater than, or equal to the 
standard divisor is method. 


. a) The apportionment method that uses a modified 


quota that is always rounded to the nearest integer is 
method. 


b) The apportionment method that uses a modified quota 
that is always rounded up to the nearest integer is 
method. 


c) The apportionment method that uses a modified quota 
that is always rounded down to the nearest integer is 
method, 


Jefferson’s method, Webster’s method, and Adams’s 
method all make use of a modified quota and can all lead 
to violations of the tule. 


Practice the Skills/Problem Solving 


In Exercises 11—49, round quotas to the nearest hundredth. 


Legislative Seats In Exercises 11-18, suppose that Tur- 
tlestan is a small country with a population of 7,500,000 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


a) Determine the standard divisor. 
b) Determine each state’s standard quota. 


Determine each state’s apportionment using Hamilton’s 
method. 


a) Determine each state’s modified quota using the divisor 
49,300. 


b) Determine each state’s apportionment using Jefferson’s 
method. 


a) Determine each state’s modified quota using the divisor 
49,250. 


b) Determine each state’s apportionment using Jefferson’ s 
method. 


a) Determine each state’s modified quota using the divisor 
50,700. 


b) Determine each state’s apportionment using Adams’s 
method. 


a) Determine each state’s modified quota using the divisor 
50,600. 


b) Determine each state’s apportionment using Adams’s 
method. 


Determine each state’s apportionment using Webster’s 
method using the standard divisor. 


a) Determine each state’s modified quota using the divisor 
49,900. 


b) Determine each state’s apportionment using Webster’s 
method. 


Hotel Staff In Exercises 19-26, a large hotel chain needs to 
apportion 25 new staff members among three hotels based 
on the numbers of rooms in each hotel as shown below. 


Number of rooms 306 


19. a) Determine the standard divisor. 
b) Determine each hotel’s standard quota. 


20. Determine each hotel’s apportionment using Hamilton’s 
method. 


21. a) Determine each hotel’s modified quota using the divi- 
sor 25.8. 


b) Determine each hotel’s apportionment using Jefferson’s 
method. 


22. a) Determine each hotel’s modified quota using the 
divisor 25.7. 


b) Determine each hotel’s apportionment using Jefferson’s 
method. 


23. a) Determine each hotel’s modified quota using the divi- 
sor 29. 


b) Determine each hotel’s apportionment using Adams’s 
method. 


24. a) Determine each hotel’s modified quota using the divi- 
sor 28. 


b) Determine each hotel’s apportionment using Adams’s 
method. 


25. Determine each hotel’s apportionment using Webster’ s 
method using the standard divisor. 


26. a) Determine each hotel’s modified quota using the divi- 
sor 28.1. 


b) Determine each hotel’s apportionment using Webster’s 
method. 


Umbrellas In Exercises 27-30, Sandy Shores Resorts op- 
erates four beach resorts in the Caribbean islands. Sandy 
Shores Resorts plans to apportion 50 new beach umbrellas 
among the four resorts based on the number of rooms in 
each resort as shown below. 


Number of rooms 
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27. a) Determine the standard divisor. 
b) Determine each resort’s standard quota. 


c) Determine each resort’s apportionment using Hamil- 
ton’s method. 


28. Determine each resort’s apportionment using Jefferson’ s 
method. (Hint: Some divisors between 11 and 12 will 
work.) 


29. Determine each resort’s apportionment using Adams’s 
method. (Hint: Some divisors between 12 and 13 will 
work.) 


30. Determine each resort’s apportionment using Webster’ s 
method. (Hint: Some divisors between 11.5 and 12.5 will 
work.) 


New Computers In Exercises 31—34, a university 

is made up of five schools: Liberal Arts, Sciences, 
Engineering, Business, and Humanities. There are 250 
new computers to be apportioned among the five schools 
based on their enrollment shown below. The total 
enrollment is 13,000. 


oa ns Liberal 5 ie a aE ie ‘ _ Human- 
School -— Arts —- Sciences neering Business __ities 
Enrollment 1746 7095 2131 937 1091 


A Princeton University 
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31. a) Determine the standard divisor. 
b) Determine each school’s standard quota. 


c) Determine each school’s apportionment using Hamilton’s 
method. 


32. Determine each school’s apportionment using Adams’s 
method. (Hint: Some divisors between 52 and 53 will 
work.) 


33. Determine each school’s apportionment using Jefferson’s 
method. (Hint: Some divisors between 51 and 52 will 
work.) 


34. Determine each school’s apportionment using Webster’s 
method. 


New Cars In Exercises 35—38, a car manufacturer has 150 
cars of anew model to be apportioned to four dealerships. 
The manufacturer decides to apportion the cars based on the 
number of cars each dealership sold in the previous year. 
The number of cars sold by each dealership is shown below. 


Dealership A B Cc D 


A - i? Total 
Annual Sales 4800 3608 2990 2102 


13,500 


35. a) Determine the standard divisor. 
b) Determine each dealership’s standard quota. 


c) Determine each dealership’s apportionment using Ham- 
ilton’s method. 


36. Determine each dealership’s apportionment using Jef- 
ferson’s method. (Hint: Some divisors between 88 and 89 
will work.) 


37. Determine each dealership’s apportionment using Web- 
ster’s method. (Hint: Some divisors between 89 and 90 
will work.) 


38. Determine each dealership’s apportionment using Adams’s 
method. 


New Buses In Exercises 39-42, the Transit Department in 
the city of Houston has 100 new buses to be apportioned 
among six routes. The department decides to apportion the 
buses based on the average number of daily passengers per 
route, as shown in the table below. 


Route Alene G: Digaee! 


Al c 2 FE Total 
Passengers 9070 15,275 12,810 5720 25,250 6875 75,000 


39. a) Determine the standard divisor. 
b) Determine each route’s standard quota. 


c) Determine each route’s apportionment using Hamilton’s 
method. 


40. Determine each route’s apportionment using Jefferson’s 
method. 


41. Determine each route’s apportionment using Adams’s 
method. 


42. Determine each route’s apportionment using Webster’s 
method. 


Nursing Shifts In Exercises 43—46, a hospital has 200 
nurses to be apportioned among four shifts: Shifts A, B, C, 
and D. The hospital decides to apportion the nurses based 
on the average number of room calls reported during each 
shift. Room calls are shown in the table below. 


Shift Ae oe Cl, D). Total 


Roomcalls 751 980 503 166 2400 


43. a) Determine the standard divisor. 
b) Determine each shift’s standard quota. 


c) Determine each shift’s apportionment using Hamilton’s 
method. 


44. Determine each shift’s apportionment using Adams's 
method. (Note: Divisors do not have to be whole numbers.) 


45. Determine each shift’s apportionment using Jefferson’s 
method. (Note: Divisors do not have to be whole numbers.) 


46. Determine each shift’s apportionment using Webster’s 
method. (Hint: Some divisors between 12 and 12.05 will 
work.) 


Challenge Problems/Group Activities 


47. The First Census The first census taken in the United 
States after the adoption of the U.S. Constitution was in 
1790. The following table shows the results of this census. 


| State 


Population 
Connecticut 236,841 
Delaware 55,540 
Georgia 70,835 
Kentucky 68,705 
Maryland 278,514 
Massachusetts 475,327 
New Hampshire 141,822 
New Jersey 179,570 
New York 331,589 
North Carolina 353.523 
Pennsylvania 432,879 
Rhode Island 68,446 
South Carolina 206,236 
Vermont 85,533 
Virginia 630,560 
Total 3,615,920 


48. 


a) Determine the apportionment that would have resulted 
if Hamilton’s method had been used as the method 
originally approved by Congress. One hundred five seats 
were to be distributed. 


b) Determine the apportionment that was used with Jeffer- 
son’s method. 


c) Compare the apportionments from parts (a) and (b). 
Which state(s) benefited from Jefferson’s method? 
Which state(s) were at a disadvantage from Jefferson’s 
method? 


Legislative Seats Suppose that a country with a popula- 
tion of 10,000,000 has 250 legislative seats to be appor- 
tioned among four states, where each state has a different 
population. Determine a population for each state in 
which Hamilton’s method, Jefferson’s method, Webster’s 
method, and Adams’s method all lead to the same appor- 
tionment of the 250 legislative seats. Many answers are 


49. 
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Police Officers Suppose that a police department has 210 
new officers to apportion among six precincts. The depart- 
ment plans to apportion the officers based on the number 
of crimes committed during the previous year in each 
precinct. Suppose that the number of crimes committed 

in each precinct is different and that the total number of 
crimes committed in all six precincts was 2940. Determine 
the number of crimes committed in each precinct such that 
Hamilton’s method, Jefferson’s method, Webster’s method, 
and Adams’s method all lead to the same apportionment of 
the 210 new officers. Many answers are possible. 


Internet/Research Activities 


50. Do research and write a report on the apportionment 


51. 


method used in the House of Representatives in 1872. In- 
clude in your report a description of the method used. 


Do research and write a report on the Huntington—Hill 
method, the current method used to apportion the represen- 


possible. 


SECTION 15.4 


tatives in the House of Representatives. Include historical 
background and describe how the method works. 


Flaws of the Apportionment Methods 


A It is possible for a library to receive 
fewer e-readers when 51 e-readers 
are to be apportioned than when 50 
e-readers are to be apportioned. 


Recall from Section 15.3 the situation in which a college receives a grant to purchase 
50 e-readers that will be placed in four different libraries on campus. Suppose that 
before the e-readers are purchased the price of the e-readers decreases enough so 
that 51 e-readers can now be purchased and apportioned to the four libraries. Be- 
cause of a flaw in the apportionment method to be used, it is possible that one of the 
libraries would receive fewer e-readers with 51 e-readers being apportioned than with 
50 e-readers being apportioned. In this section, we will discuss this flaw and other 


flaws with apportionment methods. 


| Why as is Important With each new census taken, the number of representatives al- 
located to various states may change. How these representatives are assigned can make 


an important difference in the laws and bills that are passed. 


ust as we have discovered that voting methods can have flaws, apportionment 

methods can also have flaws. In this section, as we did in Section 15.2 with voting 
methods, we will consider several reasonable properties that an apportionment 
method should have. Then we will see examples in which these properties are vio- 
lated. Problems with apportionment can occur in a variety of ways. Population 
changes, changes in the number of items to be distributed, and the addition of one or 
more groups can lead to problems with apportionment. 

Recall from Section 15.3 that the quota rule states that an apportionment for ev- 
ery group under consideration should always be either the upper quota or the lower 
quota. Hamilton’s method, which satisfies the quota rule, would appear to be a rea- 
sonable and fair apportionment method. As we will discuss in this section, though, 
Hamilton’s method can result in some serious flaws. In this section, we will discuss 
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three flaws of Hamilton’s method: the Alabama paradox, the population paradox, 
and the new-states paradox. These flaws apply only to Hamilton’s method and not 
to Jefferson’s method, Webster’s method, or Adams’s method. 


The Alabama Paradox 


The first, and perhaps most serious, flaw of Hamilton’s method occurs when an increase 
in the total number of items to be apportioned results in a loss of an item for one of the 
groups. This flaw first occurred in the apportionment of the House of Representatives in 
1880 when a discussion occurred on whether to have 299 or 300 members in the House. 
Using Hamilton’s method with 299 members, Alabama would receive eight seats. But 
if the total number of representatives were increased to 300, Alabama would only re- 
ceive seven seats. As a result, this situation became known as the Alabama paradox. 


Alabama Paradox 
The Alabama paradox occurs when an increase in the total number of items to be 
apportioned results in a loss of an item for a group. 


Example | illustrates the Alabama paradox. 


Example J Demonstrating the Alabama Paradox 


Consider Stanhope, a small country with a population of 16,500 people and three 
states A, B, and C (Table 15.44). There are 150 seats in the legislature that must be 
apportioned among the three states, according to their population. Show that the 
Alabama paradox occurs if the number of seats is increased to 151. 

Round standard divisors and standard quotas to the nearest hundredth. 


Table 15.44 
Staton) Wy) sebeer Ae ee B. Gr Total 
Population 814 7403 8283 16,500 


With 150 seats in the legislature, the standard divisor is 


16,500 
150 


= 110 


The standard quotas for each state and the apportionment for each state are shown 
in Table 15.45. 


Table 15.45 
Sica nae oye Nee Ab Bs CS Totals 
Population 814 7403 8283 16,500 
Standard quota 7.40 67730) 575-30 
Lower quota W 67 is 149 
Hamilton’s apportion- 8 67 75 150 
ment 

=| 


With 151 seats in the legislature, the standard divisor is 


16,500 
151 


NMOS) i 


Did You Know? 


Redistricting or 
Gerrymandering? 


|" response to population 
changes, state legislatures may 
revise the boundaries of congres- 
sional districts. In 2006, the U.S. 
Supreme Court ruled that a state 
legislature can redraw district lines 
anytime. Prior to the 2006 ruling, 
states were only allowed to re- 
draw district lines every 10 years. 
The intention of “redistricting” 
is to make certain that congres- 
sional seats are fairly apportioned 
among the residents of the state. 
Some legislatures, however, delib- 
erately manipulate the boundar- 
ies of congressional districts to 
influence election outcomes. A 
legislator may design a bound- 
ary so that the district is full of his 
or her supporters. This process is 
called gerrymandering. Gerry- 
mandering was first recognized in 
1812 when Massachusetts’ gover- 
nor Elbridge Gerry convinced the 
state legislature to create an oddly 
shaped district, that some thought 
resembled a salamander, so as to 
give his political party an advan- 
tage in elections. Thus, the term 
gerrymander was born. 
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The standard quotas for each state and the apportionment for each state with 151 
total seats are shown in Table 15.46. 


Table 15.46 
pice dimen een AG OB 0) Cy 4, Total, 
Population 814 7403 8283 16,500 
Standard quota TAS 67.75 75.80 
Lower quota T 67 75 149 
Hamilton’s apportionment fl 68 76 151 


When the number of seats increased from 150 to 151, state A’s apportionment 
actually decreased, from 8 to 7. This example illustrates the Alabama paradox. 


When the total number of items increases, each group’s standard quota in- 
creases, but not by the same amount. Therefore, it is possible that the order of as- 
signment of the items can change. As a result, some groups can lose items they 
already had. When the total number of items increases, usually the larger groups 
benefit at the expense of the smaller groups. 

The next paradox we will discuss is the population paradox. 


Population Paradox 


Another paradox that can occur with Hamilton’s method may occur when the popula- 
tion of one or more states changes. It was discovered in the early 1900s that under 
Hamilton’s method, one state could lose a seat to another state even though its popu- 
lation is growing at a faster rate. At the time, Virginia lost a seat in the House of 
Representatives while Maine gained a seat, although Virginia’s population was grow- 
ing at a much faster rate than Maine’s population. Thus, this paradox became known 
as the population paradox. 


Population Paradox 
The population paradox occurs when group A loses items to group B even 
though group A’s population grew at a faster rate than group B’s. 


Example 2 illustrates the population paradox. 


Example Demonstrating the Population Paradox 


Consider Alexandria, a small country with a population of 100,000 and three states A, 
B, and C. There are 100 seats in the legislature that must be apportioned among the 
three states. Using Hamilton’s method, the apportionment is shown in Table 15.47. 


Table 15.47 
Site cies al el Spo De A Se ae 8 Total 
Population 23,52 5548 70,925 100,000 
Standard quota 23553 5.55 70.93 
Lower quota Pie) 5 70 98 


Hamilton’s apportionment 23 6 71 100 
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Suppose that the population increases according to Table 15.48 and that the 
100 seats are reapportioned. Show that the population paradox occurs when Hamil- 
ton’s method is used. 


Table 15.48 


‘Stag eee > cB Sek Ok Ce 
Population 23,926 5648 71,110 100,684 


To calculate the percent increase, we use the procedure discussed in 
Section 11.1. State A has an increase of 399 people. Therefore, state A has a 
percent increase of 


3e8) 
= 0.01696 ~ 1.696% 
23,527 
State B has an increase of 100 people. Therefore, state B has a percent increase of 
gs =~ 0.01802 ~ 1.802% 
5548 


State C has an increase of 185 people. Therefore, state C has a percent increase of 


185 
70,925 


=~ 0.00261 ~ 0.261% 


All three states had an increase in their population, but state B is increasing at a 
faster rate than state A and state C. 


The standard divisor using the new population is 


100,684 


= 1006.84 
100 ae 


Table 15.49 shows the reapportionment, using Hamilton’s method using the stan- 
dard divisor 1006.84. 


In Example 2, the population para- 


dox occurred because state B lost Table 15.49 

a seat to state A even though state : ee ee : aa 3 = 

B’s population grew at a faster rate Statess abled gis to bei Ae aD C__Total 
than state A’s population. When Population 23,926 5648 71,110 100,684 
checking for the population para- Standard quota 23.76 5.61 70.63 

dox, it is possible for a state to 

lose a seat to another state without Lower quota 23 5 70 98 

the population paradox occurring. Hamilton’s apportionment 24 5 71 100 


Remember that for the population 


paradox to occur, the state that 3 ; ; 
lesen tne taen meal be noninaet State B has lost a seat to state A even though state B’s population grew at a faster 


a factenratethan tholetere thar rate than state A’s. As a result, we have an example of the population paradox. = 
gains the seat. 


The next and final paradox we will discuss is the new-states paradox. 


The New-States Paradox 


The new-states paradox was discovered in 1907 when Oklahoma was added as a state. 
When a new state is added, new seats must be added to the legislature. How do we 
determine the number of new seats to add? A reasonable answer would be to add the 
number of seats the new state would be entitled to based on its population. When re- 
apportioning the House of Representatives with the additional five seats Oklahoma 
was entitled to, Maine’s apportionment increased from three to four seats and 
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New York’s apportionment decreased from 38 to 37. By adding a new state and its 
fair share of seats, New York was required to give a seat to Maine. This paradox be- 
came known as the new-states paradox. 


New-States Paradox 
The new-states paradox occurs when the addition of a new group, and additional 
items to be apportioned, reduces the previous apportionment of another group. 


Example Demonstrating the New-States Paradox 


The Oklahoma Public Library System has received a grant to purchase 100 laptop 
computers to be distributed between two libraries A and B. The 100 laptops will be 
apportioned based on the population served by each library. The apportionment us- 
ing Hamilton’s method is shown in Table 15.50. The standard divisor is 


10,000 
= 100 
100 
Table 15.50 
1 
Library GN B Total 
Population 2145 7855 10,000 
Standard quota 21.45 78.55 
Lower quota AM 78 99 
Hamilton’s apportionment 21 W® 100 


Suppose that an anonymous donor decides to donate money to purchase six more 
laptops provided that a third library, C, that serves a population of 625, is included 
in the apportionment. Show that the new-states paradox occurs when the laptops 
are reapportioned. 


The total population is now 10,000 + 625 or 10,625 and the total number 
of laptops to be apportioned is now 100 + 6 or 106. Therefore, when the third li- 
brary is added, the new standard divisor is 


The new standard quotas and Hamilton’s apportionment are shown in Table 15.51. 


Table 15.51 Using a New Standard Divisor of 100.24 


Library | A B Cc Total 
Population 2145 7855 625 10,625 | 
Standard quota 21.40 78.36 6.24 | 
Lower quota 21 78 6 105 | 
Hamilton’s apportionment 22 78 6 106 | 


Before library C was added, library B would receive 79 laptops. By adding a new 
library and increasing the total number of laptops to be apportioned, library B ended up 
losing a laptop to library A. Thus, we have a case of the new-states paradox. ra 


When a new group is added to the apportionment, we must determine how many 
additional items should be added to the total to be apportioned. In Example 3, we 
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were told that six additional laptops were to be added to the total apportioned when a 
new library was included in the apportionment. If we are given the new group’s popu- 
lation but are not given the number of additional items to be added to the total to be 
apportioned, we calculate the number of items to be apportioned to the new group as 
follows. First determine the new group’s standard quota. The number of additional 
items would be the new group’s standard quota rounded down to the nearest integer. 
For example, in Example 3, the new library, library C, served a population of 625. 
The standard quota for library C would be 


625 
= OD 
100 


Rounding 6.25 down to the nearest integer gives us six laptops to be added to the 
total to be apportioned, or 106 laptops. 

As we have discovered in Section 15.3, Hamilton’s method appears to be a fair and 
reasonable apportionment method since it satisfies the quota rule. In this section, how- 
ever, we discovered that Hamilton’s method can produce paradoxes. Jefferson’s, 
Adams’s, and Webster’s methods can all violate the quota rule but do not produce para- 
doxes. Hamilton’s and Jefferson’s methods can favor large states, whereas Adams’s and 
Webster’s methods can favor small states. Is there a perfect apportionment method that 
satisfies the quota rule, does not produce any paradoxes, and favors neither large nor 
small states? In 1980, mathematicians Michel Balinski and H. Payton Young proved 
that there is no apportionment method that satisfies the quota rule while also avoiding 
any paradoxes. Their theorem is called Balinski and Young’s impossibility theorem. 


Balinski and Young’s Impossibility Theorem 
There is no perfect apportionment method that satisfies the quota rule and avoids 
any paradoxes. 


Table 15.52 summarizes the four apportionment methods we have discussed in 
this chapter and indicates which methods may violate the quota rule and which meth- 
ods may produce the paradoxes we have discussed. 


Table 15.52 Comparison of Apportionment Methods 


Apportionment Method 


Hamilton | 


May violate the quota rule (apportionment should always be either No 


upper or lower quota) 


May produce the Alabama paradox (an increase in the total number 
of items results in a loss of an item for a group) 


May produce the population paradox (group A loses an item to 
group B although group A’s population grew faster than group B’s 
population) 


May produce the new-states paradox (the addition of a new group 
reduces the apportionment of another group) 


Large states Small states | Small states 


Large states 


Apportionment method favors 


Just as there is no perfect voting method, there is also no perfect apportionment 
method. 
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SECTION 15.4 . 
Exercises 


Warm Up Exercises 


In Exercises 1—6, fill in the blank with an appropriate 
word, phrase, or symbol(s). 


1. When group A loses an item or items to group B even 
though group A’s population grew at a faster rate than 
group B’s, the paradox occurs. 


2. When the addition of a new group and additional items to 
be apportioned reduces the prior apportionment of another 
group, the _______ paradox occurs. 


3. When an increase in the total number of items to be ap- 
portioned results in a loss of an item for a group, the 
paradox occurs. 


4. Hamilton’s method and Jefferson’s method favor 
states. 


5. Adams’s method and Webster’s method favor 
states. 


6. The apportionment method that satisfies the quota rule but 


may produce a paradox is called ____ method. 


Practice the Skills/Problem Solving 


In Exercises 7-18, round quotas to the nearest hundredth. 


7. Fax Machines Consider the apportionment of 60 fax 


machines for Shanahan Law Firm given in Example 2 on 
page 942 of Section 15.3. The apportionment using Hamil- 


ton’s method is shown in the table below. 


‘CET e 
Rey cen 


= 


Te TEINS 
ee nee! oe Pl a 
Office 3 


sles 
ee a 


ite ha ee 
Employees 246 201 196 211 226 1080 


aed ad 
nae Ks 
t an 


a 
ee 
1: 


Lower quota 13 11 10 11 2 >If 


Hamilton’s 14 11 11 12 12 60 
apportionment 


Total 


Standard quota 13.67 11.17 10.89 11.72 12.56 60.01 


Does the Alabama paradox occur using Hamilton’s method 
if the number of fax machines is increased from 60 to 61? 
Explain your answer. 


. Ergonomic Chairs A large company with offices in four 


cities must distribute 148 new ergonomic chairs to the four 
offices. The chairs will be apportioned based on the number 
of employees in each office as shown in the table below. 


Ce Ee aD Tota 
Employees IBM! 295 636 976 2664 


a) Apportion the chairs using Hamilton’s method. 


b) Does the Alabama paradox occur using Hamilton’s 
method if the number of new chairs is increased from 
148 to 149? Explain your answer. 


. Legislative Seats A country with three states has 30 seats 


in the legislature. The population of each state is shown in 
the table below. 


State eet AN ie BS C Total 
Population 161 250 489 900 


a) Apportion the seats using Hamilton’s method. 


b) Does the Alabama paradox occur using Hamilton’s 
method if the number of seats is increased from 30 to 
31? Explain your answer. 


. Legislative Seats A country with three states has 200 


seats in the legislature. The population of each state is 
shown in the table below. 


‘State ark B Cc Total 
Population 247,100 481,900 271,000 1,000,000 


a) Apportion the seats using Hamilton’s method. 


b) Does the Alabama paradox occur using Hamilton’s 
method if the number of seats is increased from 200 to 
201? Explain your answer. 
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In Exercises 11-14, assume that the number of items to be 
apportioned does not change. 


11. Apportioning Promotions Apple Inc. has 30,000 employ- 
ees in three cities as shown in the table below. It wishes to 
give promotions to 200 employees. 


Se 


30,000 


14,840 


Employees 9130 6030 


a) Apportion the promotions using Hamilton’s method. 


b) Suppose that in 10 years the cities have the following 
number of employees and the company wishes to again 
give promotions to 200 employees. Does the population 
paradox occur using Hamilton’s method? 


14,945 


Sen en 
Total 


30,125 


Employees 9150 6030 


12. Apportioning Doctors First Physicians Group has 30 doc- 
tors to apportion among 3 clinics. The doctors are to be ap- 
portioned based on the weekly average number of patients 
at each clinic as shown below. 


a) Apportion the doctors using Hamilton’s method. 


b) Suppose that | year later the clinics have the following 
weekly average number of patients. If the 30 doctors 
are reapportioned to the clinics, does the population 
paradox occur using Hamilton’s method? 


Patients 230 


13. College Internships A college with five divisions has 
funds for 54 internships. The student population for each 
division is shown in the table below. 


1063 5400 


a) Apportion the internships using Hamilton’s method. 


b) Suppose that 1 year later the divisions have the follow- 
ing populations. If the college wishes to apportion 54 
internships, does the population paradox occur using 
Hamilton’s method? 


R 
thle 


15399938 5454 


14. Legislative Seats A country with three states has 250 
seats in the legislature. The population of each state is 
shown in the table below. 

ages 


4e4 wees 


18,990 


Population 


a) Apportion the seats using Hamilton’s method. 


b) Suppose that in 10 years the states have the following 
population. If the country reapportions 250 seats in the 
legislature, does the population paradox occur using 
Hamilton’s method? 


MSs Piso n 
CS eer et Doh. a Wey al We 
Phere et Total 


19,100 30,115 


15. Additional Employees Cynergy Telecommunications has 
employees in Europe, labeled A, and in the United States, 
labeled B. The number of employees in each group is 
shown in the table below. There are 48 managers to be 
apportioned between the two groups. 


844 4800 


a) Apportion the managers using Hamilton’s method. 


b) Suppose that additional employees in Asia, labeled 
C, with the number of employees shown in the table 
below, are added with seven new managers. Does the 
new-states paradox occur using Hamilton’s method? 


3956 724 5524 


Employees i. 844 


16. Adding a Park The town of Manlius purchased 25 new 
picnic tables to be apportioned between two parks. The 
picnic tables are to be apportioned based on the annual 
number of visitors to each park as shown below. 


Total 


10,000 


Visitors 


a) Apportion the picnic tables using Hamilton’s method. 


b) Suppose that the town decides to purchase five ad- 
ditional picnic tables and include a third park with an 
annual number of visitors as shown in the table below. 
The town will now apportion 30 picnic tables among the 
three parks. Does the new-states paradox occur using 
Hamilton’s method? 


Park = A Tee ae e 


2 eCalee eee! otal 
Visitors 3750 6250 2100 


12,100 


17. Adding a State A country with three states has 60 seats 
in the legislature. The population of each state is shown in 
the table below. 


"State A rye Ciera eC Total 


Population 62,700 230,700 606,600 900,000 


a) Apportion the seats using Hamilton’s method. 


b) Suppose that a fourth state with the population shown in 
the table below is added, with five additional seats. Does 
the new-states paradox occur using Hamilton’s method? 


Sip: Ae en ce De Total 


Population 62,700 230,700 606,600 78,000 978,000 


Important Facts and Concepts 
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18. Adding a State A country with two states has 33 seats in 
the legislature. The population of each state is shown in 
the table below. 


Stata ne 
2556 


Total 


Population 744 3300 


a) Apportion the states using Hamilton’s method. 


b) Suppose that a third state with the population shown in 
the table below is added, with seven additional seats. 
Does the new-states paradox occur using Hamilton’s 


method? 
| 
State A B Cc Total 
Population 744 2556 710 4010 . | 


Internet/Research Activity 


19. Write a paper on which apportionment method you think is 
the best. Include reasons to support your choice including 
the advantages and disadvantages of the method you have 
selected. 


Examples and Discussion 


Section 15.1 

Voting Methods 

Plurality 

Borda count method 

Plurality with elimination method 


Pairwise comparison method 


Section 15.2 

[Flaws of Voting Methods) 
Majority criterion 
Head-to-head criterion 
Monotonicity criterion 


Irrelevant alternatives criterion 


Section 15.3 

Standard quota 
[Apportionment Methods] 
Hamilton’s method 
Jefferson’s method 
Webster’s method 
Adams’s method 


Examples 3-4, page 911 

Examples 5—6, pages 912-9 13 

Examples 7-8, pages 914-915 

Examples 9-10, pages 917—9 18, Discussion, pages 916-919 


Examples 1-2, 6, pages 926, 932 

Examples 3, 6, pages 927, 932 

Examples 4, 6, pages 929, 932 

Examples 5, 6, pages 931, 932, Discussion, pages 930—934 


Example 1, page 940 


Examples 2-3, 7, pages 942, 949 

Examples 4, 7, pages 944, 949 

Examples 5, 7, pages 946, 949 

Examples 6-7, pages 943-949, Discussion, pages 948-951 
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Section 15.4 
Flaws of Apportionment Methods 
Alabama paradox Example 1, page 956 
Population paradox Example 2, page 957 
New-states paradox Example 3, page 959, Discussion, pages 958-960 
15.1 bers rank their choices according to the following prefer- 
1. Electing the Club President The town of Bakers- ence table. 
field’s chess club is holding an election to choose a club 
president. The 36 votes were cast as follows: Robert Ri- | “Number of Votes 9 6 8 3 1 
vera, 16 votes; Charlotte Kaiser, 12 votes; and Rhonda First D Cc I Cc B 
Timmerman, 8 votes. 
Second I I B B D 
a) Using the plurality method, which candidate is elected Third Cc B Cc D I 
president? 
Fourth B D D I (e 
b) Did this candidate receive a majority of the votes? 
; ¢ ; t 5. How many members voted? 
2. Electing a Chairperson Suffolk Community College is 
holding an election to appoint a chairperson of the board 6. Using the plurality method, which item is chosen? 
of trustees. The 413 faculty members vote as follows: 
Michelle MacDougal, 231 votes; Jeffrey Stuart, 155 votes; 7. Using the Borda count method, which item is chosen? 


and Donald Campbell, 27 votes. 
8. Using the plurality with elimination method, which item is 


a) Using the plurality method, who is elected? chosen? 

b) Did this candidate receive a majority of votes? 9. Using the pairwise comparison method, which item is chosen? 
3. Ranking Candidates Ten voters are asked to rank four 10. Which item is selected if the plurality with elimination 

candidates. The 10 voters turn in the following ballots method is used and the item with the most /ast-place votes 

showing their preferences in order: is eliminated at each step? 


iy ND) IB} NE 
AL Ge CP AS CB 
Ca) Age GC Daas 
\Dy 18} 3} 1B) 18} ID) 1D 


QAF Ww 
Or wa 
QAwWPry 
Oo > BO 


Make a preference table for these ballots. 


4. Ranking Candidates Seven voters are asked to rank three 
candidates. The seven voters turn in the following ballots 
showing their preferences in order: 


CC CA (CA Dea: 
AA Camby Cera eA 
Be Bes Ageb aCe 


Sports Preferences In Exercises 11—16, the employees at 
Delphi Engineering must decide whether to play baseball 
(B), soccer (S), or volleyball (V) at their year-end picnic. 


Make a preference table for these ballots. The preference sable follows. 


In Exercises 5—10, the members of the Student Council at Number of Votes 38, eters (aan 
Hillsborough Community College must decide which item First S Vv B B Vv 
to use in a raffle to raise money for the Salvation Army. Second B S Vv S 

Their choices are an iPod (1), a portable DVD player (D), Third v7 z : <, é 


a digital camera (C), or a Blu-ray player (B). The mem- 


11 


12. 
13. 
14. 


15. 


16. 


17. 


. How many employees voted? 


Determine the winner using the plurality method. 
Determine the winner using the Borda count method. 


Determine the winner using the plurality with elimination 
method. 


Determine the winner using the pairwise comparison 
method. 


Determine the winner if the plurality with elimination 
method is used and the candidate with the most /ast-place 
votes is eliminated at each step. 


Choosing a License Plate Style Park Forest retirement 
community in Tennessee is purchasing a van to be used 
by the residents. The 372 residents are unable to agree 
on a style of license plate for the van and decide to hold 
an election in which the residents rank their choices from 
among the following: American Association of Retired 
Persons (A), standard issue Tennessee license plate (T), 
Wildlife Federation (W), and State Parks (S). The results 
of this election are given in the preference table below. 


First A A a. W 
Second S WwW A S 
Third T S WwW Ah 
Fourth W 15 S A 


aw Ss 


ites aot bas cased 65 2 


18. 


a) Does any plate receive a majority of first-place votes? 
If so, which plate received a majority? 


b) Using the plurality method, which plate is selected? 
c) Using the Borda count method, which plate is selected? 


d) Using the plurality with elimination method, which 
plate is selected? 


e) Using the pairwise comparison method, which plate is 
selected? 


Accountants Convention The National Association of 
Accountants held an election among its delegates to decide 
on the 2018 conference site. The 200 delegates ranked 
their choices among Chicago (C), Seattle (S), Dallas (D), 
and Las Vegas (L). The preference table giving the results 
of the election is shown below. 


bi Ne has 
First S ME, D Cc S 
Second iE; D (e 1, D 
Third (€ (e iL D ib 
Fourth D S S S ic 


19. 
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A Dallas, Texas 


a) Does any city receive a majority of first-place votes? If 
so, which city received a majority? 


b) Using the plurality method, which city is selected? 
c) Using the Borda count method, which city is selected? 


d) Using the plurality with elimination method, which city 
is selected? 


e) Using the pairwise comparison method, which city is 
selected? 


Selecting an Encyclopedia Park Street Library is 
planning to invest in a set of encyclopedias for the 
library, but the staff members differ regarding which 
set to buy. To settle the debate, the 16 staff members 
decide to rank the following choices: Encyclopedia 
Britannica (E), Funk and Wagnall’s (F), Grolier (G), 
and World Book (W). Aware that sentiments seem to 
be evenly divided, the staff members agree to use the 
plurality with elimination method, with the Borda count 
method used in case of a tie. The results of this election 
are given in the following preference table. 


Number of Votes 6 4 3 1 1 1 
First WwW EB 13) F F Ww 
Second G G W W E F 
Third 18) WwW PB G W E 
Fourth F B G 12) G G 


a) Which encyclopedia is selected if the plurality with 
elimination method is used? 


b) According to the rules described above, which encyclo- 
pedia is chosen? 


c) If the staff members had agreed to break a tie using the 
pairwise comparison method, which encyclopedia is 
chosen? 
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15.2 


Hiring a New Paralegal In Exercises 20 and 21, a law firm 
is hiring one new paralegal from among four candidates, A, 
B, C, and D. The search committee decides to use the Borda 
count method to determine the winner. The preference table 
follows. 


Number of Votes 9 6 2 
First A (e B 
Second B B D 
Third GC D Cc 
Fourth D A A 


20. Is the majority criterion satisfied? 
21. Is the head-to-head criterion satisfied? 


22. Plurality with Elimination Consider the following prefer- 


ence table. 
Number of Votes 12 16 8 14 
First B B 
Second A B Ge Cc 
Third [e A A 


a) Who wins the election if the plurality with elimination 
method is used? 


b) Assume that in a second election the eight voters who 
voted for B, C, A, in that order, all change their prefer- 
ence to C, B, A, in that order. If the plurality with elim- 
ination method is used, is the monotonicity criterion 
satisfied? 


c) Using the preference table from part (a), assume that B 
drops out. Does the plurality with elimination method 
satisfy the irrelevant alternatives criterion? 


23. A Taste Test In a taste test, 114 people are asked to 
taste and rank four different brands of hot dogs. The 
choices are Ball Park (B), Oscar Mayer (O), Nathan’s 
(N), and Hebrew National (H). The preference table is 
shown below. 


Number of Votes Shy 22) 23 21 12 
First O B N H H 
Second B H H N N 
Third N N B O B 
Fourth H O O B O 


24. 


a) Which brand is favored over all others in a head-to- 
head comparison? 


b) Which brand wins if the plurality method is used? 
c) Which brand wins if the Borda count method is used? 


d) Which brand wins if the plurality with elimination 
method is used? 


e) Which brand wins if the pairwise comparison method is 
used? 


f) Which voting method(s) in parts (b) through (e) violate 
the head-to-head criterion? 


Selecting a Band The Southwestern High School Class 
of 1979 is organizing its 35-year class reunion and is try- 
ing to pick out a band to play at the reunion. The choices 
are REO Speedwagon (R), Boston (B), Journey (J), and 
Fleetwood Mac (F). The class members have ranked their 
choices as indicated in the following preference table. 


Number of Votes 34 2550 15: 9 4 
First B F R J J 
Second F J J R R 
Third R R F B F 
Fourth i B B F B 


A Journey 


a) Is one band favored over all others in a head-to-head 
comparison? 


b) Which band is chosen if the plurality method is used? 
c) Which band is chosen if the Borda count method is used? 


d) Which band is chosen if the plurality with elimination 
method is used? 


e) Which band is chosen if the pairwise comparison 
method is used? 


f) Which voting methods in parts (a) through (e) violate 
the head-to-head criterion? 


25. Violating the Majority Criterion Which voting 
method(s) violate the majority criterion in the following 
election data? 


“Number of Votes 


SAB nS yOr- 
First A B ic D 
Second B e B B 
Third D A D A 
Fourth C D A C 


26. Violating the Monotonicity Criterion Using the follow- 
ing tables, determine which voting method(s) violate the 
monotonicity criterion. 


First Election 


“Number of Votes ss. 28—s24s—i2s10 
First A B (€ € 
Second (@ A B A 
Third B (€ A B 

Second Election 
‘Number of Votes 5s 360i (iH 
First A B € (C 
Second CG A B A 
Third B © A B 


27. Violating the Irrelevant Alternatives Criterion Using the 
following table, determine which voting method(s) violates 
the irrelevant alternatives criterion. Assume that candidate 
D drops out prior to the conclusion of the election. 


“Number of Votes 24 16 16 16 8 4 5 
First Be Beeee | CoA Diab 
Second AeA 6D 6B 6 Bey iE 
Third De Eee Ce He iD) WAG eA. 
Fourth 1Bh XG AD ES SB ls} 
Fifth GR DieeB wear acy Ce 7C 
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15.3, 15.4 


Postal Service Apportionment In Exercises 25-32, a post 
Office in the city of Riverside has three regions in which to 
distribute the mail and 10 mail trucks. The trucks are to be 
apportioned based on the number of houses in each region, 
as shown in the table below. 


Ehccnt ee AT be? Oem eatotal 
Number of houses 2592 ~=1428 1980 6000 


28. Determine each region’s apportionment using Hamilton’s 
method. 


29. Determine each region’s apportionment using Jefferson’s 
method. 


30. Determine each region’s apportionment using Adams’s 
method. 


31. Determine each region’s apportionment using Webster’s 
method. 


32. Suppose that the post office purchases one new truck. Us- 
ing Hamilton’s method, does the Alabama paradox occur 
if the number of trucks is increased from 10 to 11? 


Apportioning Sociology Sections In Exercises 33-37, 
Miami Dade College plans to offer 29 sections of three 
different sociology courses: Introduction to Sociology (A), 
Advanced Sociology (B), and Social Problems (C). The 
sections will be apportioned based on preregistration as 
shown in the table below. 


Course Seite A B 
Number of students 371 279 220 


SUST8535 
pee ggeguys 


A Miami Dade College 


33. Determine the apportionment for each course using 
Hamilton’s method. 


34. Determine the apportionment for each course using 
Jefferson’s method. 


35. Determine the apportionment for each course using 
Adams’s method. 


36. Determine the apportionment for each course using 
Webster’s method. 
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37. Suppose that the following table shows the final registra- 38. Determine each state’s apportionment using Hamilton’s 
tion for each course. If the sections are reapportioned using method. 


Hamilton’s method, does the population paradox occur? ‘ : : ; ; 
39. Determine each state’s apportionment using Jefferson’s 


method. 


Course — : Are B s C- Total 
Number of students 376 279 222 877 


40. Determine each state’s apportionment using Adams’s method. 


41. Determine each state’s apportionment using Webster’s 
method. 


Apportioning Seats In Exercises 38—42, a country has two 
states, A and B, and 50 seats in the legislature. The popula- 
tion of each state is shown in the table below. 


42. Suppose that a third state, C, with the population shown in 
the table below, is added along with five new seats. Does 
the new-states paradox occur using Hamilton’s method? 


SG hs iekatek ee se a Be Toral 


poplin BN) Xe oS a Population 4420 45,580 5400 55,400 


Lunch Choices In Exercises 1-6, the employees of an 7. How many children voted? 
accounting firm are planning to have lunch delivered 
to a meeting. Their choices are tacos (T), pizza (P), 
and burgers (B). The preference table follows. 


8. Which animal wins this election if the plurality method is 
used? 


9. Which animal wins this election if the Borda count 


Number of Votes Ton 6) 6 se method is used? 

sae s P B P 10. Which animal wins this election if the plurality with 
Second P B a Ah elimination method is used? 

pa z i i ‘ 11. Which animal wins this election if the pairwise compari- 


son method is used? 
1. How many members voted? 


12. Violating the Head-to-Head Criterion Which voting 
- Does any choice have a majority of votes? method(s)—plurality, Borda count, plurality with elimi- 
nation, or pairwise comparison—violate the head-to-head 
criterion using the following election data? 


2 
3. Determine the winner using the plurality method. 
4 


. Determine the winner using the Borda count method. — —ae 
Number of Votes = 86 52 sy 
Ss Determine the winner using the plurality with elimina- Rien Ww Y Z, X X 
onsen Second eC XTG Reh eZ ae 
6. Determine the winner using the pairwise comparison Third Zommee  Zis Xs ae VY 
method. Fourth Xx Ww wW Na W 
Favorite Animal In Exercises 7-11, the children of 13. Voting for a Logo Design The park rangers in Yosemite 
Happy Faces Preschool are voting on their favorite National Park are holding a contest to choose a new logo 
classroom animal. The choices are hamster (H), iguana design. The four logo choices for their stationery are El 
(1), lemming (L), and salamander (S). The results of the Capitan (E), a sequoia tree (S), a mule deer (M), and a 


waterfall (W). The 35 rangers rank their choices accord- 


election are given in the following preference table. : : 
ing to the following preference table. 


Number of Votes  43.-— 30's Number of Votes  -«18—Ss«10 42 ieee 
First Sane he a | First E M WwW S 
Second Lb, H H I I Second M WwW M M 
Third I I oe cee le Third S E S E 
Fourth H S S If, S Fourth W S E W 
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16. Determine each state’s apportionment using Adams’s 
method. 


17. Determine each state’s apportionment using Webster’s 
method. 


18. If the number of seats in the legislature increases to 
31, does the Alabama paradox occur using Hamilton’s 
method? 


4 Yosemite National Park, California 19. Suppose that in 10 years the states have the following 
population and 30 seats are apportioned. If the seats are 
reapportioned, does the population paradox occur using 
Hamilton’s method? 


Using the data provided, does the Borda count method 
violate the majority criterion? 


Apportioning Legislative Seats In Exercises 14-20, a 
country has three states and 30 seats in the legislature. SDs Siege sirederre sere sin Sete eau ns WU ire EN se 
The population of each state is shown below. Population 7072 9724 17,030 33,826 


State A B C Total 


_ State ee B ae ee I 20. Suppose that a fourth state with the population shown in 
Population 6933 9533 16,534 33,000 the table below is added, with five additional seats for 

a total of 35 seats. Does the new-states paradox occur 

using Hamilton’s method? 


14. Determine each state’s apportionment using Hamilton’s 


method. State A. B G D___si Total 


15. Determine each state’s apportionment using Jefferson’s Population 6933 9533 16,534 5100 38,100 
method. 


1. Voting Project In this project, each group will select a c) Check to see if any of the fairness criteria are violated 
topic of their choice that students in your class can vote on. as described in Section 15.2. 
Have each student in the class cast a ballot where they rank 
the candidates or items on which they are voting. d) After you complete your project, write a final report of 
how the entire process was conducted and the results 
a) After the ballots are cast, construct a preference table. obtained and submit it to your instructor. 


b) Determine the winner of the election using each of the 
four voting methods discussed in Section 15.1. 
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RECREATIONAL MATH. PAGE 24 


The farmer crosses with the goat first. Then he can take the 
herbs across the river. But he must return the goat temporarily 
so that the goat doesn’t eat the herbs. He then takes the wolf 
across the river. Then he returns for the goat. He will make 
seven crossings—four forward and three back. 


The answer to the St. Ives riddle is 1. 


SECTION 1.1, PAGE 5 


7. Deductive 


9. Inductive reasoning; a general conclusion is obtained from 


observation of specific cases. 
Ted ee orn ee Chie ©. 
25. 36, 49, 64 


19.10, 12,14 21. 3,-3,3 23.441 
27. 34, 55,89 29. Y 


31. a) 36, 49,64 b) square 6, 7, 8, 9 and 10 
c) No, 72 is between 87 and 97, so it is not a square 
number. 


33. Blue: 1,5, 7, 10, 12; Purple: 2, 4, 6, 9, 11; Yellow: 3, 8 


35. a) ~ $200,000 
b) We are using specific cases to make a prediction. 


1. Counting 3. Hypothesis 5. Inductive 


39. a) You should obtain the original number. 
b) You should obtain the original number. 
c) The result is the original number. 
d) n, 4n,4n + 12,@$4% =n+3,n+3-3=n 
41. a) 5 
b) You should obtain the number 5. 
c) The result is always the number 5. 
aan (iti) at TNO) 


d) n,n+1, 
n+5-n=5 
43. 7 — 5 = 2, which is not an odd number. 
45. (3 + 2)/2 = 5/2, which is not an even number. 
47. | — 2 = —1, which is not a counting number. 


=n+5, 


49. a) The sum of the measures of the interior angles should 
be 180°. 


b) Yes, the sum of the measures of the interior angles 
should be 180°. 
c) The sum of the measures of the interior angles of a 
triangle is 180°. 
51. 129, the numbers in positions are found as follows: 
a b 
Cede (Dae G 
53. (c) 


SECTION 1.2, PAGE 14 


1. Estimation 3. 760 5. 600,000 7. 8000 
9. 350,000,000 11. 320 13. $2 15. $1440 17. $3000 


19. 400 Ib 21. $3.90 23. $51 
29. ~ 60 mi 31. a) 210 b) 70 ec) 175 
33. a) Smillion b) 98 million c) 65 million d) 280 million 


35. a) 85% b) 15% _ cc) 59,500,000 acres 
d) No, since we are not given the area of each state 


37.20 39. ~120bananas 41. 150° 43. 10% 
47. 150 feet 49. Answers will vary. 
51. Answers will vary. 


25. $120 27. $42 


45. 9 square units 


53. Answers will vary. 55. Answers will vary. 


57. a) Answers will vary. b) Answers will vary. 
c) Answers will vary. 


58. There are 118 ridges around the edge. 
59. a) Answers will vary. b) 11.6 days 


SECTION 1.3, PAGE 28 


1.69mi 3. 48.4 ft 5. $8092 
7. a) $117.25 b) $295.75 
9. a) $308,920 b) $185,220 c) $1620 
11. $70 13. $47,784.60 15. a) 10,000 b) 1 in 10,000 
17. ~ 18.7 mpg 19. $82.08 21. Snow 23. $84,010 
25. a) 4106.25 gal b) $45.99 
27. a) =~ 35.61 gal b) $106.83 c) ~4,985,400,000 gal 
29. $897.76 31. $392 
33. a) Water/milk: 3 cups; salt: 3 tsp; Cream of Wheat: 9 tbsp 
(or * cup) 
b) Water/milk: 24 cups; salt: 3 tsp; Cream of Wheat: 
z cup (or 10 tbsp) 
c) Water/milk: 2t cups; salt: 3 tsp; Cream of Wheat: 
% cup (or 9 tbsp) 
d) Differences exist in water/milk because the amount for 4 


servings is not twice that for 2 servings. Differences also 
exist in Cream of Wheat because 5 cup is not twice 3 tbsp. 
35. a) 1 box of 20 and 1 box of 12 b) $420 
37. 144 square inches 
39. The area is 4 times as large. 
41. The volume is 8 times as large. 43. 10¢ 45. 3 


47. a) 30 b) 140 


o% @ 
HOO 


53. The sum of the four corners is 4 times the number in the 
center. 


55. Multiply the center number by 9. 


57. 6 ways 


Other answers are possible, 
but 1 and 8 must appear in 
the center. 


Other answers are possible. 


A-1 


A-2 ANSWERS 


63. Mary is the skier. 


67. Thomas would have opened the box labeled grapes and 
cherries. Because all the boxes are labeled incorrectly, 
whichever fruit he pulls from the grapes and cherries 
box will be the only fruit in that box. If he pulls a grape 
from the box, the box must be labeled grapes; if he pulls 
a cherry from the box, the box must be labeled cherries. 
That leaves two boxes whose original labels were incor- 
rect. Because all labels must be changed, there will be only 
one way for Thomas to assign the two remaining labels. 


65. 714 square units 


REVIEW EXERCISES, PAGE 35 
1. 27, 32,37 2. 26,37,50 3. —48, 96, -192 
4, 25,32,40 5. 10,4,-3 6223 


TaOlA@ 8 Jat O ] 


T T 


Ow 
Weores.7 

Q 
— 


10. a) The final number is twice the original number. 
b) The final number is twice the original number. 
c) The final number is twice the original number. 


10n + 5 
Oia lon lO == 


2 le =n 
11. This process will always result in an answer of 3. 
12. 17+ 2? =5 13. 420,000,000 14. 2000 15. 200 
16. Answers will vary. 17. $5000 18. $140 19. 3 mph 
20. $14.00 21. 2mi 22. 0.4 million 23. 1.0 million 
24. 13 square units 25. Length ~ 22 ft; height ~ 8 ft 
26. $30 27. $1.16 28. Taylor Rental is less expensive by $3 
29. $4 30. a)2881b b) 12,500 ft? 31. $661 32. 7.05 mg 
33. $980 34. 6hr45 min 35. July 26, 11:00 a.m. 
36. a) ~1.47 ft/sec b) ~80.67 ft/sec 37. 201 
39. 


=2n+ Il, 


40.59 min 59sec 41.6 42. $25 Room 43. 140 lb 
$ 3 Friends 
$ 2 Clerk 


$ 30 


44. Yes; 3 quarters and 4 dimes, or | half dollar, 1 quarter and 4 
dimes, or 1 quarter and 9 dimes. Other answers are possible. 


45. 216 cm? 


46. Place six coins in each pan with one coin off to the side. 
If it balances, the heavier coin is the one on the side. If the 
pan does not balance, take the six coins on the heavier side 
and split them into two groups of three. Select the three 
heavier coins and weigh two coins. If the pan balances, 
it is the third coin. If the pan does not balance, you can 
identify the heavier coin. 

47. 125,250 48. l6blue 49. 90 

50. The fifth figure will be an octagon with sides of equal 


length. Inside the octagon will be a seven-sided figure with 
each side of equal length. The figure will have one antenna. 


51. 61 


52. Some possible answers are shown. Others are possible. 


53.a) 2 b) 6 c) 24 d) 120 


e) n(n—1)(n—2)... 1, (or n!), where n = the number of 
people in the line 


CHAPTER TEST, PAGE 38 
1. 27, 33,39 2.244 
3. a) The result is the original number plus 1. 
b) The result is the original number plus 1. 
c) The result will always be the original number plus 1. 
d) n, 5n, 5n + 10, + a) 
ene oy SS al 
4. 16,000 5. 1,700,000 6. 9 square units 
7. a) ~23.03  b) He is in the at-risk range. 
8. a) 3.5 million b) 0.3 million 
9.65min 10. 32cans 11. 7} min 


12. ~ 39.5 in. by 29.6 in. (The actual dimensions are 100.5 cm 
by 76.5cm.) 13. $49.00 


: 


15. Less time if she had driven at 45 mph for the entire trip 


16. 5 tablespoon 17. 48 square meters 18. 243 jelly beans 
19. a) $11.97 b) $11.81 ©) Save 16 cents by using the 


25% off coupon. 20. 24 


Chapter 2 
SECTION 2.1, PAGE 47 


1. Set 
5. Infinite 7. Equivalent 


3. Description, roster form, set-builder notation. 
9. Empty or null 
13. Not well defined 15. Well defined 


17. Well defined 19. Infinite 21. Infinite 23. Infinite 
25. { Maine, Maryland, Massachusetts, Michigan, Minnesota, 


11. Universal 


Mississippi, Missouri, Montana } 
27.400; 12) 13514, 22.5177) 29..B = 12 Ae tee 
31. { } oriig33. E = 414,156, 15 .2., 84} 


35. { Louvre Museum, British Museum, National Gallery of 
Art, Tate Modern, Metropolitan Museum of Art} 


37. {Musee d’Orsay, Musee d’ Art Moderne Prado, Museum 
of Modern Art } 


39. { 2007, 2008 } 
41. {2004, 2005, 2006, 2007 } 
43. B = {x| x@Nand6 < x < 15} or 
B= {x|x@Nand7 =x = 14} 
45. C = {x| x © Nand xis a multiple of 3 } 
47. E = {x| x © Nand xis odd } 
49. C = {x| x is February } 
51. Set A is the set of natural numbers less than or equal to 7. 
53. Set V is the set of vowels in the English alphabet. 
55. Set T is the set of species of trees. 
57. Set S is the set of seasons. 
59. { China, India, United States } 
61. { Russia, Brazil, Indonesia, Japan, Germany } 
63. {2008, 2009, 2010, 2011 } 
65. {2000, 2001, 2002, 2003, 2004, 2005, 2007 } 
67. False; {e } is a set, and not an element of the set. 
69. False; / is not an element of the set. 
71. False; 3 is an element of the set. 
73. True 75.4 77.0 79. Both 
81. Neither 


85. a) Set A is the set of natural numbers greater than 2. Set B 
is the set of all numbers greater than 2. 


83. Equivalent 


b) Set A contains only natural numbers. Set B contains 
other types of numbers, including fractions and decimal 
numbers. 

€) Al =1.1 3, 4,55 O. eet 

d) No; because there are an infinite number of elements 
between any two elements in set B, we cannot write set 
B in roster form. 

87. Cardinal 89. Ordinal 


93. Answers will vary. 


91. Answers will vary. 


SECTION 2.2, PAGE 55 


i Subsetws3. 25.) [rue 
7. False; McIntosh is not in the second set. 
9. True 
13. True 15. False; {swimming} is a set not an element 
ie Via i Siaue 
21. False; the set {@} contains the element @. 
23. False; the set {0 } contains the element 0. 
25. False; 0 is a numbner and { } isa set. 
PI VEIN IEE IN PINS IE INE BING Vo eee | 
332 aPC BERGA. (35. Me) 
37. {}, {cow}, {horse}, {cow, horse } 


39. D1 1a ls WA CoN AGP rac et, 
tard} Abie yn 0,4} Gd), 1a Die} 


fa bod} eaverd tot bye,d), (a,b,c, ¥ 
b) {a, b, c,d} 


11. False; no set is a proper subset of itself. 


ANSWERS A-3 


41. False 43. True 45. True 47. True 49. True 


51. True 53. 28 or256 55. 2’0r128 57. E=F 
59.a) Yes b) No c) Yes 61.1 62. Yes 63. Yes 
64. No 


SECTION 2.3, PAGE 63 


1. Complement 3. Intersection 5. Cartesian 7. Disjoint 
9. |U yi 


15. And is generally interpreted to mean intersection. 
17.) uv 


iPhone LG 
Motorola 
Blackberry DROID 
Sony 
Samsung 
19. 
A B 
BE B 
FE AT 


21. The set of animals in U.S. zoos that are not in the 
San Diego Zoo 

23. The set of farms in the United States that do not produce corn 

25. The set of farms in the United States that produce corn or 
produce tomatoes 

27. The set of farms in the United States that produce corn and 
do not produce tomatoes 

29. The set of furniture stores that sell mattresses or leather 
furniture 

31. The set of furniture stores that do not sell outdoor furniture 
and sell leather furniture 


105. 
107. 
109. 
111. 
113. 
115. 
125. 


ANSWERS 


. The set of furniture stores that sell mattresses or outdoor 


furniture or leather furniture 


{b, c, t, w, a, h } 37. {a, h} 

E {c, w, b, t, a, h, f, r, d, g } 41. {p, m, z } 

. {L, A, @,$,*} 45. {L, A, @, *, $,R, 0, a, », 3, Z} 
SERS 
wd, 2, 354)566,7 }o SIMA, Sy" SSB 
-{} 59 {8} 61. {a,e,h,i,j,k} 63. {a,f,i} 
. {b,¢,d,é,8,h, j,k} O67. 1G, e,d,€, fs hij.) 
AG, D, xd, ef eh, 1, feb Or UY 7126.0 
iA 1,4 YS 75.941, 345.7685 10) ete 

» 1a, D3(G)2), 1), G2); Gye) 


. No. The ordered pairs are not the same. For example, 


a, *,$,%,Z,5} 49. {R, Cha} 


(Gy ea ea)s 


.6 85. {} 87. {2,4,6,8},orB 89. {7,9} 
«1193; 5;6;7,8,9% 930 16,8} 

wi 123,45 Ss On 12 829 pore! 

WA 1, 2.3405) Or C 

. A set and its complement will always be disjoint. 


For example, if U = {1,2,3} andA = 
then A’ = {3}, and AMA’ = { }. 


gleas 


. 49 
103. 


a) 8=4+6-2 
b) Answers will vary. 
c) Answers will vary. 


(1525304. bord 

{2,,4,6, 8. 42. }, OG 

{27476 So ef Ole 

£2;6; 10,14) 18,4) 

{2, 6, 10, 14,18, 7. } 

{ } WIA 199. U 15 123.6 eA 
A and B are disjoint sets. 127. A CB 


SECTION 2.4, PAGE 72 


1. 
Te 


Ss. 
a) Yes 
b) No, one specific case cannot be used as proof. 
c) No, not equal 


fo 


a) ABE b)pAnWIB ESS 


A 


Mos 


Pinocchio 


Cars 
Dumbo 


11. 


American 
Eagle 


Wal-Mart 


Kmart 
Gap Kids 
Foot Locker 


13. [7 
A i B 
(es) 
Russia 
Australia 
Ukraine Germany 
Italy Japan 
Great Britain 
(a 
South Korea 
LSS 7 Vi 9 alee See See LT 
29,1 “3is Vil 3351 355 VILS3S7 avi 


Ay). 
43. 
47. 
51. 
Sis 
69. 
73s 


1) 


{ 1 QySV4 5st} ow hy 34959 69899712714} 
13.4.5) A450, 2,37 O10, fle lo: 3. 14} 
{1, 2, 3,4, 5, 6, 7, 8,9, 12,14} 49. {9, 10, 12, 13,14} 
{6, 8,9, 10, 11, 12, 13,14} 53. Yes 55. No 

No 59. Yes 61. No 63. Yes 65. Yes 67. Yes 
Now (AN By 73 (AAD BOC! 


a) Both equal {6,7}. b) Answers will vary. 
c) Both are represented by the regions IV, V, VI. 


a) 


A: construction 
projects 


B: plumbing 
projects 


A 
\Y 
as 


C: budget greater 
VU than $300,000 


b) Vo Ae GE xc) ViEAUGB ie 
Cl AeNe oe? 


27. V 


81. a) 


XVI 


b) Region Set 
LAMB Gain Ds 
DAB MiGs GD! 
LY ATR BiOre WD: 
IN AWE TE inh) 
Vi AIM Bian el aED 
Vil A ie MED: 

VIL. Ana BY OC MD 
VT ANBNCND 


SECTION 2.5, PAGE 80 


a) 48 b) 37 c) 54 


~ 10 
Family room Deck 


a) 17 b) 12 e) 59 


5 U Professional 
. sports team Symphony 


(OY 
& 


Children’s museum 


Region Set 


LX AV B A CaD: 
XA MB (CMD: 
XI A’'NBOACND' 
XI A‘ NBNACND 


XI A'NB’NCND' 
XIV A'NB'NCND 
XV A'NB NC’ ND 
XVILTAC GB: (Mier May 


mm) 3 1) @G Cy 22 al) ilk @) 18 
7. |U 
Mysteries Science fiction 
Romance 
a) 22 b) 11 c) 64 d) 50 e) 23 


11. 


5) 


Cash Register 


ANSWERS A-5 


a) 35 b)) 126 ec) 35 da) 17 7 e).8 


U 
Sinkholes 


a) 67 b) 237 c¢) 37 ~«d) 25 


13. In a Venn diagram, regions II, IV, and V contain a total of 
37 cars driven by women. This total is greater than the 
35 cars driven by the women, as given in the exercise. 


17.a) 10 b) 10 c) 6 


a) 410 b) 35 c) 90 d) 50 


SECTION 2.6, PAGE 86 


1. 
3. 


11. 


Infinite 

3, Av SsLielineis opt Os ee. F 
develadee! 

SA. 5. Oslo nade Siete Semeet 

ANS De Teg Hic Dts enierh 
Lees) { 

Ce enC Me Ge Ween pach ne heey 

BAS M9 gS) ie 21, ee dances: | 
b Agelestodl { 

1 OMS 4n +5, ...} 
ate pi } 
246 8 10° Dp © 
Bae i 

{i lad 1 \ 
vex on 2n+2’° 
tn Tans n+3 } 
11 pr Fre He 
J { 

(3 9 n= 4 \ 
ia “ a hie 


A-6 ANSWERS 


ISS ee ee See DIG4 3-7 als le G8; «29. 19: 10} 
sal ag ae i S054 15254 Ghy, Sales 41,5} 32, 1157} 
1B, O50, 1215. mentor 35.24 (De Gols Dia) s(3s.10), (5, 1515.7); 

1 Fie RC NB es cae 7s ah (5, 10), (7, 1), (7, 7), 7, 10) } 

(bei ea | 34216, 0, G78), G2), G27), (7, 07:3), 7, 5), D, 
[V6 0, ne) (9, 1), (9, 3), 9, 5), (9, 7), (10, 1), (10, 3), (10, 5), (10, 7) } 

A A I A To a a ES ao et ae 
tte) Bie | ates B 
{ 2) 55 So big tA ee ee 

19) 1152.3 4,5 eee en ee e 
Peace Loe 
ig Mes Ma ge l 
(t 6 SAO 15) an } 

21, Oe tes Fissetacl 
pan | oe i 
{3 ie ee : ga 38. {a,c,dfigiikI} 39% {i,k} 
pane a ae: 40. {a,b,c,d,f,g,h,i,k,1} 41. {f} 

23. {1,2,3,4, 5,5 mot 42. {a,f,i} 43. {a,b,4,f,hi,1} 44. True 
tlidd | 45.True 46. I] 47. Il 48.1 49. IV 50. IV 
{1,4,9, 16,25, ....07, .-. } 51.1 52.1 53. $450 

DSA WD Bd OG, cine Tiere 
lana alan J 


(3,9; 2781, 243. eres sey 
54 Ns ee Big 


Costco 


REVIEW EXERCISES, PAGE 88 


1. True a) 131 b) 32 oc) 10 d) 65 
2. False; the word best makes the statement not well defined. 
3. True 4. False; no set is a proper subset of itself. ee 
5. False; the elements 6, 12, 18, 24, ... are members of both sets. 
6. True [X27 
7. False; both sets do not contain exactly the same elements. 
8. True 9. True 10. True 11. True 12. True 


13."True 114. True 15, A= 7,9; 11, 18,15); CSI: Crime 

16. {Colorado, Nebraska, Missouri, Oklahoma} bil ee 

17.C= ri o> Bil se 2 161 } a) 38 b) 298 c) 28 d) 236 e) 106 

18. D = {9, 10,11, 12,...,80} 56. {2,4, 6, 8, 10,..., Di sca 

19. A = {x| x © Nand50 <x < 150} 1 ae | 

20. B= {x|xe@Nandx > 42} 14,6, 8, 10.12 Dre Oh ccelh 

21. C = {x|xeNandx <7} 5751355) 298 Ween ce Waka 

22. D = {x| x © Nand27 < x < 51} an ee we v 

23. A is the set of capital letters in the English alphabet from {5,7,9, 10913,00., 2n +3, ... } 
E through M, inclusive. 58. hes Sede ees Ns) Pen } 

24. B is the set of U.S. coins with a value of less than a dollar. ABATE all ne et | 

25. C is the set of the first three lowercase letters in the English 1 Ord MAST cxey OT). Dita S 
alphabet. SOPH yates tS, vi.) tee ee 

26. D is the set of numbers greater than or equal to 3 and less epee i 


than 9 14,9, 14; 19, 24, (3. Sn ee lobe 


CHAPTER TEST, PAGE 91 
1. True 
. False; the sets do not contain exactly the same elements. 
. True 


. False; the set has 2*, or 16 subsets. 6. True 
. False; for any set A,A UA’ = U, not { }. 
Tre .9.,A =) 1,2, 3, 495,67. 8,9} 
10. Set A is the set of natural numbers less than 10. 
11.47, 9)) = eco nie. 
13, {7,9} 14. 27 1554 3s5y 


16. { (3, 3), (3, 11), (3, 15), (5, 3), (5, 11), (5, 15), (7, 3), 
(7, 11), (7, 15), (9, 3), (9, 11), (9, 15) } 


18. Equal 


Sailed 


10 Water skied 


a) 52 b) 10 c) 93 d) 22 e) 69 f) 5 
20. 17; 85°9) 10; PU ae: 42} 

| a el ai! ts 

PEC. LO. RET. ae Mick Toe oy 


Answer to Recreational Math on page 97 


SECTION 3.1, PAGE 101 

1. Statement 3. Compound 

5. a) Not b) And ec) Or d) If-then e) If and only if 
7. Some 9. Simple statement 

11. Compound; biconditional, <> 

13. Compound; conjunction, /\ 


2, 
3 
4. False; the second set has no subset that contains the element 7. 
5 
7 
8. 


15. 
17. 
19. 
21. 
23. 
25. 
27. 
29. 
33. 
35: 
Sp) 
41. 
43. 
45. 
47. 
49. 
51. 
353 
59. 
61. 


63. 


65. 


67. 


69. 


71 


Tass 


Ty 
Wide 
79. 
81. 
83. 
85. 


ANSWERS A-7 


Compound; conditional, > 
Compound; negation, ~ 

Some butterflies are not insects. 
All turtles have claws. 


Some bicycles have three wheels. 


No pedestrians are in the crosswalk. 
Some Holsteins are Guernseys. 
Peak. = g Vi =p 

ER 

aD NGS) i <p 

~(p V g) 


Brie does not have a MacBook. 

Joe has an iPad and Brie has a MacBook. 

If Joe does not have an iPad then Brie has a MacBook. 
Joe does not have an iPad or Brie does not have a MacBook. 
It is false that Joe has an iPad and Brie has a MacBook. 
GOIN ap) IN ie SBR AGDIN GD) Ne 

MAGS) Sib CHG) 

q7 (pr) 

The water is 70° or the sun is shining, and we do not go 
swimming. 

The water is not 70°, and the sun is shining or we go 
swimming. 

If we do not go swimming, then the sun is shining and the 
water is 70°. 

If the sun is shining then we go swimming, and the water 
ks 10% 

The sun is shining if and only if the water is 70°, and we 
go swimming. 


. Not permissible, you cannot have both soup and salad. The 


or used on menus is the exclusive or. 


Not permissible, you cannot have both potatoes and pasta. 
The or used on menus is the exclusive or. 


a) wA~p_ b) Conjunction 

b) Negation 
b) Conditional 

b) Biconditional 
b) Disjunction 


MN Om 19) 
a) (fV v)>h 
ad) Cie (Gaye VD) 
a) (Cow) Vs 


a) Answers will vary. b) Answers will vary. 


Wy 


lo ol ony 


A-8 ANSWERS 


SECTION 3.2, PAGE 114 63. b) Gina Vela is returning on April 3. Kara Sharo is return- 
1. Opposite 3. False ing on a Monday. Christos Supernaw is not staying over 
5 F 77 9K 11.T 13. T on a Saturday. Alex Chang is returning on a Monday. 

F F if F F 65. T 67. Yes 
T a ii T 
aE di T T 
F Ag 
EF F 
ie a 
ir F 
av 
15.7) (IP 19 Pg 
F F T SECTION 3.3, PAGE 124 
Al at F 1. False 3. True 5. Self-contradiction 
tT 2 E 7. T 9. °TL (AP es i) 57> 0 
T ! F pee: T T T T 
F e Te Bene T F T ic 
T us FF F T i T 
F ty T 
EF 
Nee ee F 
F F Ty F 
T T T 19,F ~ 21. Ty 123.0% o25p-— GIA) 
F 4p dl F T T —— 
F i T T 
T le dk ah F 
T F T F E 
T Al TE a E 
F ‘iy F i T 
F F FE T 
27. a) False b) False 29. a) False b) False T F T aE 
W 


31. a) True b) False 33. a) False b) True 
35. a) True b) True 37. True 39. True 277.(Pegvr 29. (~p—>ag)Vr 
41. False 43. False 45. False 47. True 


at sl 
49. True 51. False Te ap 
53. p \ ~q 55. pV ~q T a 
ees EF 1 
F a T 
i 
T T F 
i 
F 5 T 
ol 
F a T F 
True in case 2 True in cases 1, 
2, and 4. 31. Neither 33. Self-contradiction 35. Tautology 
57. (r V q) Ap 59:9 W (pye <r) 37. Not an implication 39. Implication 41. Implication 
—" a 43. True 45. False 47. False 49. True 51. True 
T : 53. True 55. False 57. True 59. True 61. True 
T F 63. False 65. False 67. True 69. False 71. True 
F T 73. No, the statement only states what will occur if your sister 
F T gets straight A’s. If your sister does not get straight A’s, 
F T your parents may still get her a computer. 
F F 715.8 77. It is a tautology. The statement may be 
F F F expressed as (p > q) V (~p—q), where 
True in cases True in cases 1, 2, at p: It is a head and q: I win. This statement is a 
i 2 ands 4.5, and 6. a tautology. 
a 
61. a) Mr. Duncan and Mrs. Tuttle qualify. F 
b) Mrs. Rusinek does not qualify, since their combined 4 


income is less than $46,000. 


79. Allen was born in January. Booker was born in February. 
Chris was born in March. Dennis was born in April. 


80. Tiger Boots Sam Sue 
Blue Yellow Red Green 
Nine Lives Whiskas Friskies Meow Mix 


81. Katie was born last. Katie and Mary are saying the same 
thing. 


SECTION 3.4, PAGE 136 


Answer to Recreational Math on page 134 


1 Equivalent 35 piv 7g 5.1g => pee gp 


9. Not equivalent 11. Equivalent 13. Not equivalent 


15. Equivalent 17. Equivalent 19. Equivalent 


21. Equivalent 23. Equivalent 
25. Not equivalent 27. Equivalent 


29. Oregon does not border the Atlantic Ocean or Delaware 
does not border the Pacific Ocean. 


31. It is false that the dog was a bulldog or the dog was a 
boxer. 


33. If Ashley Tabai takes the new job, then it is false that she 
will move and she will not buy a new house in town. 


35. Janette Campbell does not buy a new car or she sells her 
old car. 


37. If Bob the Tomato did not visit the nursing home then he 
did not visit the Cub Scout meeting. 


39. If Chase is hiding, then the pitcher is broken. 

41. We go to Chicago and we do not go to Navy Pier. 

43. It is false that if I am cold then the heater is working. 

45. Amazon has a sale and we will not buy $100 worth of books. 


47. It is false that if John Deere will hire new workers then the 
city of Dubuque will not retrain the workers. 


49. Converse: If she needs extra yarn, then Nanette Berry 
teaches macramé. 


Inverse: If Nanette Berry does not teach macramé, then 
she does not need extra yarn. 


Contrapositive: If she does not need extra yarn, then 
Nanette Berry does not teach macramé. 


51. Converse: If I buy silver jewelry, then I go to Mexico. 
Inverse: If I do not go to Mexico, then I do not buy silver 
jewelry. 

Contrapositive: If I do not buy silver jewelry, then I do not 
go to Mexico. 


53. Converse: If I scream, then that annoying paper clip shows 
up on my computer screen. 


ANSWERS A-9 


Inverse: If that annoying paper clip does not show up on 
my computer screen, then I will not scream. 


Contrapositive: If | do not scream, then that annoying 
paper clip does not show up on my screen. 


55. If a natural number is not divisible by 7, then the natural 
number is not divisible by 14. True. 


57. If a natural number is not divisible by 6, then the natural 
number is not divisible by 3. False. 


59. If two lines are not parallel, then the two lines intersect in 


at least one point. True. 
61. b) and c) are equivalent. 63. a) and c) are equivalent. 
65. b) and c) are equivalent. 67. b) and c) are equivalent. 
69. None are equivalent. 71. None are equivalent. 
73. a) and c) are equivalent. 
75. True. If p — q is false, it must be of the form T > F. 


Therefore, the converse must be of the form F — T, which 
is true. 


77. False. A conditional statement and its contrapositive al- 
ways have the same truth values. 


79. Answers will vary. 


81. Answers will vary. 


SECTION 3.5, PAGE 147 

1. Valid 3. Fallacy 5. Valid 7. Inverse 9. Syllogism 
11. Syllogism 13. Invalid 15. Valid 17. Valid 

19. Invalid 21. Invalid 23. Valid 25. Valid 

27. Invalid 29. Invalid 31. Valid 


33.a) Pq _~ ib) Valid 35. a) P~4d_ Ob) Valid 
~q Pp 
.~p Se) 

37. a) P74 b) Valid 39. a) P~4_ b) Invalid 
ag q 
.~p Qo 

41.a) PV 7 b) Valid 43. a) P~4 b) Valid 
=p q>r 
ag por 

45.a) P\4 b) Valid 47. a) sAg b) Valid 
Gian gmc 

i, Ay 2 Ge 
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49.a) Pq b) Valid 51. a) PV g_ b) Valid 
~q Sle 
——p a 
53. a) t A g b) Valid 55. a) c A ~h_ Db) Invalid 
CE Ne. [p= E 
hea wh 
Mine) j=) b) Invalid 
aed 
ic 


59. Therefore, you must rest for three days. 
61. Therefore, I am stressed out. 
63. Therefore, you did not close the deal. 


65. Yes, if the conclusion does not necessarily follow from the 
premises, the argument is invalid, even if the conclusion 
is true. 


67. Yes, if the conclusion does not necessarily follow from the 
premises, the argument is invalid, even if the premises are 
true. 


69. Valid 71.a) P~4 _ b) No c) This argument is 
~p the fallacy of the 
inverse. 


<q 
SECTION 3.6, PAGE 154 
1. Euler 3. Invalid 5. No 7. Valid 9. Valid 
11. Invalid 13. Valid 15. Invalid 17. Invalid 
19. Invalid 21. Valid 23. Invalid 
25. Invalid 27. Valid 


29. Yes, if the conclusion necessarily follows from the 
premises, the argument is valid. 


SECTION 3.7, PAGE 161 

1. Series 3. Closed 

5. a)ep Vag 

b) The lightbulb will be on when either p or g are closed. 
-a) (pV q) A ~q 

b) The lightbulb will be on when p is closed and q is open. 
-a) (pPAQAPA~g Vr) 

b) The lightbulb will be on when p, gq, and r are all closed. 
5a OW Gd VGA S) 

b) The lightbulb will be on in all cases except when p, q, 

and r are all open. 


—I 


h=) 


1 


= 


13. Y? 
eet 
15. ee 
ie ,_¥ 
(ae 


17. 


CHO 


(oh 


21. p V ~ qip A q not equivalent 

23. [((p A gq) V r] A p3(q V nr) A p; equivalent 

25.(p V ~p) \qAr;sp Aq QA r; not equivalent 

27. It is a series circuit; therefore, both switches must be 
closed for current to flow and the lightbulb to go on. When 
the p switch is closed, the p switch is open and no current 
will flow through the circuit. When the p switch is closed, 
the p switch is open and no current will flow through the 


circuit. 
Z b) ? 
e 1S a 
q 


29. a) 
REVIEW EXERCISE, PAGE 164 


1. Some Scions are not Toyotas. 

. Some pets are allowed in this park. 
. No women are presidents. 4. All pine trees are green. 
. The coffee is Maxwell House or the coffee is hot. 

. The coffee is not hot and the coffee is strong. 


. If the coffee is hot, then the coffee is strong and the coffee 
is not Maxwell House. 


SIA MW WY 


8. The coffee is Maxwell House if and only if the coffee is 
not strong. 
9. The coffee is not Maxwell House, if and only if the coffee 
is strong and the coffee is not hot. 
10. The coffee is Maxwell House or the coffee is not hot, and 
the coffee is not strong. 
ya Vip IPs p= RS (P=) We 
14.(q<p)A~r 15. (Yr Aq) V~p 16. ~(r A q) 
18. T 12s, WE 20. T 21. F 22. 
EH 


Ie! 
F 


Nema 
S4Umasas 
woes esos me s| 
Han4atdtes 
Heasdaag5a7 


23. False 24. True 25. False 26. True 27. True 
28. True 29. False 30. False 31. Not equivalent 
32. Equivalent 33. Equivalent 34. Not equivalent 


35. It is false that if Lady Gaga sang “Poker Face”, then Jay-Z 
sang “Beamer, Benz, or Bentley”. 

36. If Lynn Swann did not play for the Steelers, then Jack 
Tatum played for the Raiders. 

37. Altec Lansing does not produce only speakers and Harman 
Kardon does not produce only stereo receivers. 


38. It is false that Travis Tritt won an Academy Award or Randy 
Jackson does commercials for Milk Bone Dog Biscuits. 


39. The temperature is above 32° or we will go ice fishing at 
O’Leary’s Lake. 


40. a) If you know Jay Stu, then you listen to Jim Rome. 


b) If you do not listen to Jim Rome, then you do not know 
Jay Stu. 


c) If you do not know Jay Stu, then you do not listen to 
Jim Rome. 


41. a) If we will learn the table’s value, then we take the table 
to Antiques Roadshow. 


b) If we do not take the table to Antiques Roadshow, then 
we will not learn the table’s value. 


c) If we will not learn the table’s value, then we do not 
take the table to Antiques Roadshow. 


42. a) If you do not sell more doughnuts, then you do not 
advertise. 


b) If you advertise, then you sell more doughnuts. 
c) If you sell more doughnuts, then you advertise. 


43. a) If we will not buy a desk at Miller’s Furniture, then the 
desk is made by Winner’s Only and the desk is in the 
Rose catalog. 


b) If the desk is not made by Winner’s Only or the desk 
is not in the Rose catalog, then we will buy a desk at 
Miller’s Furniture. 


c) If we will buy a desk at Miller’s Furniture, then the 
desk is not made by Winner’s Only or the desk is not in 
the Rose catalog. 


44. a) If I let you attend the prom, then you will get straight 
A’s on your report card. 


b) If you do not get straight A’s on your report card, then I 
will not let you attend the prom. 


c) If I will not let you attend the prom, then you did not 
get straight A’s on your report card. 
45. a), b) and c) are equivalent. 46. None are equivalent. 
47. a) and c) are equivalent. 48. None are equivalent. 
49. Invalid 50. Valid 51. Valid 52. Invalid 
53. Invalid 54. Valid 55. Invalid 56. Invalid 
57.a) p \ [q Ar) V ~pl 
b) The lightbulb will be on when p, g, and r are all closed. 


58. 


P 
, ? 
(SG 


59. Equivalent 


CHAPTER TEST, PAGE 167 
LGa NAY ER (RGN Si BR ie) 


4. Phobos is not a moon of Mars and Rosalind is a moon of 
Uranus, if and only if Callisto is not a moon of Jupiter. 


5. If Phobos is a moon of Mars or Callisto is not a moon of 
Jupiter, then Rosalind is a moon of Uranus. 
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log) mal lea tael tas) eal | 19 
2g) ms| mel es) S| ef sl 3, 


8. True 9. True 10. True 
13. a) and b) are equivalent. 
15.9527) 16. 
head 
seep) 
Valid 

18. Nick did not play football or Max did not play baseball. 


19. Converse: If today is Saturday, then the garbage truck 
comes. 


11. True 


14. a) and b) are equivalent. 


12. Equivalent. 


Invalid 17. Some highways are not roads. 


Inverse: If the garbage truck does not come, then today is 
not Saturday. 


Contrapositive: If today is not Saturday, then the garbage 
truck does not come. 


20. “ - 9 


SECTION 4.1, PAGE 176 

1. How many 3. Hindu—Arabic 5. Subtract 

7. Multiplicative 9. 234 11. 2423 13. 334,214 
15.annnu 17. &annnun 

19, ~WMMM £££99999999NNNAIIK 


21.16 23. 194 25. 2642 27. 2946 29. 12,666 


31. 9464 33. XXIV 35. DLV 37. MCMXIV 
39. IVDCCXCIIT 41. IXCMXCIX 43. XXDCXLIV 
45.74 47. 4081 49. 8550 51. 4003 
53. sine Bel pi 59, © 
z = Led + 
ne a “F = 
= le = ae 
= BD Zz 
nr w Le 
+ * 
61.81 63. 279 65. 2883 67. Ayf 69. WK TI. ‘ee 
73, 1021, MXXI, Lxka 


I+ dy I 


75. 527, 99999N Nim, 
DXXVII, 6xZ 


A-12 ANSWERS 


77. A number is a quantity, and it answers the question “How 
many?” A numeral is a symbol used to represent the number. 


79. CMXCIXCMXCIX 
81. Turn the book upside down. 
83. 1888, MDCCCLXXXVIII 


SECTION 4.2, PAGE 183 


. Positional 3. Tens 5. 10 7. Expanded 

9260) 10s Calendar 137 O24 LO) (sie) 

ISG 100 ee a a0 e, Seai) 

LTS 100) SS OF x10) =a -< }) 

19. (4 X 1000) + (3 X 100) + (8 X 10) + (7 X 1) 

21. (1 X 10,000) + (6 X 1000) + (4 X 100) + 
OC) ER Cla) 

23. (3 X 100,000) + (4 xX 10,000) + (6 X 1000) + 
(8 X 100) + (6 X 10) + (1 X 1) 

25. 32 27. 784 29. 4868 31. <<<<! 


= 


33. <YVIY <<<<<T 35,7 Vy 
37.73 39. 4682 41. 4000 
43, eee «645. 222 47, 49. 1944, XK XK 


“ c=) 


51. (A xO’ )+( xO)+(Ox1) 
53. The Mayan system has a different base and the numerals 


are written vertically. 
55.a)_«© DD) IVY <K<<TINT KKK KITT. XK K<TT 


57.YYY Y 59. 2& 


SECTION 4.3, PAGE 190 


1. Base "339952 1Re7- Se OO TT 4 I 
13. 1395 15. 53 17. 4012 19. 1549 21. 50,809 


23, 1001p" 252°212,"" 274311, 29: 4027 S311 ie 
33. 5264, 35. 24EFig 37. 2202120; 39. 31023; 
41. 5604, 43. 83); 45. 23 47. 78 

49, ee@ 51. O00, 

53.14 55. 36 


Sie ee 59. eee 61. a) 102135 b) 1373, 


63.a) 2 b) 8 c) 16 d) 32 e)b 65.b=6 
67. a) 13, 23, 103, 113, 123, 203, 213, 223, 1003, 1013, 1023, 
1103, 1113, 1123, 1203, 1213, 1223, 2003, 2013, 2025 
b) 10003 
69. a) Answers will vary. 


71. a) 876 b) @@@@ 
4 


b) Answers will vary. 


SECTION 4.4, PAGE 198 

1g 3) 5) 5) 22s U7 12a On 10 

11. 9B5;> 13. 2200, 15. 24001, 17. 10100, 
19, 82021, 5459923. 110,98 25, = 278 Olle, 
29. 1011, 31. 134; 33. 1201; 35. 21020, 

37. 77676;, 39. 100011, 41. 6031, 43. 110, 
45. 146,R2, 47. 123, 49. 103,Rly 51. 415 RI; 


53. 45,R2, 55.Q@@_ 57. oe 59. ee 
5 
1.@08 3 @@ § @@@ 7. 3EAC6 
4 4 4 


69. a) 21252, b) 306and29 c) 8874 d) 8874 e) Yes 


71.@=0. @=1. @=2, @=3 


SECTION 4.5, PAGE 203 

1. a) Divided b) Doubled 3. Three; Two 5. 308 

7. 663 9. 8260 11. 8649 13. 753 15. 4172 17. 900 
19. 204,728 21. 112 23. 410 25. 625 27. 60,678 

29. a) 253 X 46 b) 11,638 31. a) 4 X 382 b) 1528 
33. 9ONANANANNAIM =~=35. 12113 


REVIEW EXERCISES, PAGE 205 
1, 321 (242,053.83 2200421 
5. EL£EO9O Il 6. V99 

7. carhEffooonn 8. #ESEannnii 

9.24 10. 142 11. 2437 12. 5759 13. XXIX 
14. DXLVI 15. MCMLXIV 16. VICDXCI 
18. 45 19. 267 20. 3429 

22 23m 4 

= 


4. 1,214,330 


25. 42 26. 789 


neal x 


w 


(i+eq 
(i+ eH oy HI 


27. 605 28. 3334 29. on 30. dxa 31. wil 

32. 'Sou8 33. 123 34. 189 35. 3673 36. 7388 
37.111 1 381 1 <<¥¥ 39,17 1. << 

40.< WT WWW 41. 63 42. 721 43. 1367 44. 15,923 
455" TAG | AT te AS") d0es0N ISS 


51.28 52. 1244 53. 1552 54. 186 55. 111001111, 
56. 1220113 57. 130334 58. 717, 59 327;. 60. 1CFi¢ 
61. 140, 62. 101111, 63. 166, 64. 70Fig 65. 12102; 
66. 12423, 67. 34117 68. 100, 69. 9A6,. 70. 3324; 
71.450; © 72. CClne 73. 1101115 74. 21102, ws et ae 
16. 13632, 77: 5656, 78. I DiGi 798 Ie 

80. 130, 81. 235;R1s; 82. 433, 83. 411,R1¢ 

84. 664gR2, 85. 3408 86. 3408 87. 3408 


CHAPTER TEST, PAGE 207 


1. 2484 2.1275 3. 8090 4. 969 5. 122,142 
6.2745 7. &§90n 8. ‘BvoF 

9. °° 10. <<TTVNTY <<< Nt) 11. MMMDCCVI 
12. 103 13. 559 14. 100100. 15. B7A;_ 16. 11000, 
17. 20035 18. 2205; 19. 980 20. 8428 

Chapter 5 


SECTION 5.1, PAGE 217 


ile 
th 
13. 


15. 
19. 
23. 


25. 
29. 


3 


-_ 


5 


= 


6 


= 


67. 
133 


75. 
85. 
87. 


89. 
91. 


. 5, 17, and 257 are all prime. 
65. 


Theory 3. Zero 5. Composite 
Multiple 11. Fermat 


The prime numbers between | and 100 are 2, 3, 5, 7, 11, 
13; 17, 19; 23,29) 31,37, 41, 43047553; 09, 1,67, 71, 
73, 79, 83, 89, and 97. 


True 17. False; 28 is a multiple of 7. 
False; 56 is divisible by 8. 21. True 


False; if a number is divisible by 3, then the sum of the 
digits of the number is divisible by 3. 


True 27. 5390 is divisible by 2, 5, and 10. 
72,216 is divisible by 2, 3, 4, 6, 8, and 9. 


9. Conjecture 


. 1,882,320 is divisible by 2, 3, 4, 5, 6, 8, and 10. 
33: 
Sie 
41. 
45. 


60 (other answers are possible) 35. 36 = 2? 32 

140 =. 27 +5739, 332 = 27+ 33 

513 = 3°-19 43. 1336 = 2°-167 

2001 = 3-23-29 47. a) 2 b) 42 49. a) 5 b) 75 


. a) 20 b) 1800 53. a) 4 b) 5088 55. a) 8 b) 384 
57. 


a) Yes b) No c) No d) Yes 59. 17, 19, and 29, 31 
63. 48 days 


2 X 60,3 X 40,4 X 30,5 X 24,6 xX 20,8 x 15, 
10 X 12,12 X 10, 15 X 8, 20 X 6, 24 x 5,30 X 4, 
40 X 3,60 x 2 


69. 30 trees 71. 30 days 


A number is divisible by 15 if both 3 and 5 divide the 
number. 


Sia fel SD 30) eS aYiesa S3.5NO 
a) 12 b) 1, 2,3, 4,5, 6, 10, 12, 15, 20, 30, 60 
For any three consecutive natural numbers, one of the 
numbers is divisible by 2 and another number is divisible 
by 3. Therefore, the product of the three numbers would be 
divisible by 6. 
Yes 

SS oo — Soe ee SF 

Wh Se Phe Se Oe Whe 2 eS) Ap Sills) tS) ask Tip 
(VN PA sie ce TES) = 3h eS) teeth, NO ee Thee Tin 
Nf S32 8) ae Ue iit 7) eS), seal et MS) a8) ee) al ble 
20 — 2 ad 


35 cars 


ANSWERS 


SECTION 5.2, PAGE 227 


Answer to Recreational Mathematics box on page 225 
0=4+4-4-4 


444 
4+4 
4-4 

= 
4+4 
Aitadick 4 
3 = 
4 
4-4 
4= +4 
4-4+4 
5= 
4 
4+4 
= 4 
4 
4 
T= 4 
4 


8=44444—4 


4 
=44+44+-— 
3 4 


Other answers are possible. 


1. Whole 3. a) Positive b) Negative 
Sia) <p) ce dee ee 2) 97 
iil GBR? Gee =i Ae ee 


5 2Rb SO, 255 SP Ptah) Pai batehl 
296033. te OOM S5er — 1207375033 oo Neal 

we As. 1s) 45)0-48 47. True 

. False; the difference of two negative integers may be a 


positive integer, a negative integer, or zero. 


sli 55 Thire 


. False; the sum of a positive integer and a negative integer 


may be a positive integer, a negative integer, or zero. 


oe) Seb a Ob, a) GRE SS) CE IS 


5 eh 0, =, 3,08 OS Soh 5, 4b Se Ss! 
. 1100 feet under water 73. 14,777 ft 
.-a) 9hours’ b) 2 hours 


. Division by zero is undefined because - = x always leads 
toa false statement. 79. —1 
6 Ofte Le? ee te a et Oy 8 te Oo =. 1 


4 4 4+4+4 
.a) (4-4) = 2,404 = 15, =I 16! 


4 4 
44-4 


4 4 
4-44 — = 17,4(4+—|=20 b = 10 
4 ( i ) 


SECTION 5.3, PAGE 239 


1. 
Th 


13. 


5. Improper 
11. Least 


Integers 3. Denominator 


Repeating 9. Hundredths 
4 19 7 17 31 


1 
= a a 19. 21. 23. 
2 = 9 be 25 2 11 


A-1 


25. 


55: 


45. 


51. 


63. 


75. 


85. 


95. 


103. 


105. 


4 ANSWERS 


719 9 15 2 1 
Pike 29. : be SBS 
6 8 9 8 31 2, 33 6 
-58— 37. 0.3 39. 0.6 41. 0.375 43. 2.16 
25 1 175 wi 2 1 
= 47. = 49, = 
100 4 1000 40 4 I@ 5 
131 2 1 
53. 55s esi = 59. els 61. 2 
10,000 9 1 11 18 7 
2 49 36 20 11 9 
: 5 69. TAL, == BSS 
5 ee 64 al 35 21 15 2 22 
23 17 109 23 1 
de 79. 1 == 
54 144 600 8 24 a3 24 
19 15 11 23 
a i : 5 l= 
mA 8 78 89 10 91 D 93. 1—in 
3 15 1 7 
20 9 7 eo 5 Sih tin 
1 4 in 9 16 in 9 10 101 a in 
49 48 6 3 9 22 
a) 1 


60° 60 60° 60° 60° 60 
17 
b) = yg 22 hours 17 minutes 


5 3 3 
2675 in. 107. a) eG in. b) 33in. oe) oo in. 


1 
109. 0.215 11. —2.1755 113. 4.8725 115. i 
117. at 119. eS 
200 33 
3 3 
121. a) 2 water (or milk) and — cup oatmeal 


123. 


1 3 
b) 1 3 cup water (or milk) and 4 cup oatmeal 


1 jr wy 
8) ee aC 


SECTION 5.4, PAGE 249 


. Irrational 
. Rational 


. Irrational 


. Rational number 


3. Radicand 5. Itself 7. Rationalized 
11. Rational 13. Irrational 15. Rational 
ICE OPA) 25 Salleh) PR =) 


. Rational number, integer 


. Rational number, integer, natural number 


33. Rational number 


35. Rational number 37. 3\V/2 39.35 41. 3V7 
43, 2/21 45,7973) 47.0. 49) =13.V3 ~51.1403 
53.4 5512/20 57.2°593 61: we 63. va 
2V15 V15 
65. 67. 
3 3 
69. Between 3 and 3.5; VI1 ~ 3.32. 
71. Between 10 and 10.5; V107 ~ 10.34. 
73. Between 13 and 13.5; V170 ~ 13.04. 
75. False. Vc may be a rational number or an irrational 


number for a composite number c. (For example, V 25 is a 
rational number; V8 is an irrational number.) 


O72 


. True 
. False. The product of a rational number and an irrational 


number may be a rational number or an irrational number. 


.3V2+5V2=8V2 83. V2:V3 = V6 

. 36.0 inches 

.a) 1Omph b) 20mph c) 40 mph d) 80 mph 

. V2 # 1.414 since V2 is irrational and 1.414 is rational. 


22 
. No. 7 is irrational; therefore, it cannot equal > or 3.14, 


both of which are rational. 


7 V4e9 = V4-2V/9, V/36 = 2-3,6 = 6 
.a) Rational. V0.04 = 0.2, which is a rational number. 


b) Irrational V0.7 = 0.8366600265 ... . Since the deci- 
mal number is not a terminating or a repeating decimal 
number, this number is an irrational number 


a) (44 + V4)+V4=11 b) (4424+ V4=13 
0) 44+4+4+44+ V4=14 
d) V4(4 + 4) + V4 = 18 Other answers are possible. 


SECTION 5.5, PAGE 256 


Answer to Recreational Mathematics box on page 254 


1. Real 3. Closed 5. Commutative 7. Associative 
9. Yes 11. No 13. No 15. Yes 17. Yes 19. No 
21S No §23:9No P25a vies No 


. Commutative property of addition. The only difference be- 


tween the expressions on both sides of the equal sign is the 
order of 5 and x. 


«(=3) se (4) = G4) (3) = 7 

> NO. A= 3 ei A. 

= (C2) ae 5) BE a Soe 2) FRc (4) Se 
~ Nov(L6) 18) 2 16) (8) 92): 

DINO: (Silas 9) aaa Sens lle eK OS) 

. Distributive property 

. Associative property of multiplication 

. Associative property of addition 

. Commutative property of multiplication 

. Distributive property 

. Commutative property of addition 

.4¢4+4 55. 3x +9 57.3x4+4 

5 ye — Ih 
. a) Distributive property 


61.2 63. 5V24+5V3 


b) Associative property of addition 


. a) Distributive property 


b) Associative property of addition 
c) Commutative property of addition 
d) Associative property of addition 


69. a) Distributive property 
b) Commutative property of addition 
c) Associative property of addition 


d) Commutative property of addition 
ALS Yes! + TSUINOMES AINOi a7 (cH Y CSian Daves 
81. Answers will vary. 
83. No.0 + a = 0 (whena ¥ QO), but a + 0 is undefined. 


yea ea kad 
Cbd alles) 


fi [4 | 32 | 
3 [24 [1 | 


85.a) No b) No ec) Answers will vary. 


SECTION 5.6, PAGE 266 


1. Exponent.” '3250" "5. x" 7: 9. 2.013 x 10° 


5 
11. 0.0000573 13. a) 9 b) 8 15. a) 225) 25 
17.a) —16 b) 16 19. a) —64 b) —64 
Zl) re b) A 23. a) 100 b) 1 
25. a) 243. b) —243 27. a) 25 b) 25 


1 1 
29. a) 1 ll aib 1 3. a= = 
a) b) 31. a) b) 6 33. a) 7 b) 49 


1 1 
35. a) b) a1 37. a) 64 b) 64 39. a) 4 b) 16 


81 
41° 4.15 10" 43. 2:95 10" 45.5.6 X10" 
47.1.9 X 10* 49. 1.86 X 10* 51. 4.23 x 10° 
53. 42,000 55. 0.0132 57. 0.0000862 59. 0.312 
61. 9,000,000 63. 620,000 65. 0.0153 67. 250 
69; 0.002171. 20) 73.593 10n T5045 eo 10e 
Tie TO 1010 7922.0 108 813.0 X10" 
$3. 316 POAOr: 1:7; 918: <10%1,.032% 10" 

85. 8.3 X 10°; 0.00079; 4.1 x 10°; 40,000 
87. a) $28,026.76 b) $14,234.95 
89. 0.045 91. About 2050 people per square km 
93. $46,429 95. 11.95 hours 97. 1.25 X 10? hours 
99. 8.64 x 10° ft? 101. 2.9 x 10% cells 
103. a) $720,000,000 b) $300,000,000 
c) $120,000,000 d) $60,000,000 
105. 1000 107. 333,333 times 
109. a) About 5.87 X 10! (5.87 trillion) mi 
b) About 500 sec or 8 min 20 sec 


SECTION 5.7, PAGE 275 


1. Sequence 3. Arithmetic 5. Geometric 7. 3,5, 7,9, 11 


OE Day PAR ISS ORS) TW SS sais) SBE Saiile 


AA 


2 
ow 


Kl 


3 
2 
15.6 17. 30 19. - 21 =89 2304, = 1 
25. a, =2n 27. a,=4n—2 29. a, =3n —-3 
31. 959 = 1275 33. ssp =-2500 ~35.' 5,5 = 375 


ANSWERS A-15 


37. So, = 60 39. 1,3,9,27,81 41. 5, 10, 20, 40, 80 
437 SSN OS oe MSs Ol, 2s Sy acon ome 479 112 
49, 3 S157>3645539—39'306" 55: ay" 


1 n-1 
57. a, = (—1)(-1)""! 59. a, = 2-(2) 


1 seal 
61.4,= 9-(2) 63. 189 65. —4095 


67. —620,011 69. —10,923 71. 5050 73. 10,100 
75. a) 63in. b) 954in. 77. a) $44,800 b) $319,200 
79. ~15,992 students 81. ~$70,088 83. $486,000 
85. 161.4375 87. 267 89. 191.3568 ft 
90. a) $32,$31 b) $320, $310 

c) $1024, $1023 d) $10,240; $10,230 


e) It is risky because it is likely that you won’t have 
enough money to continue doubling your previous bet 
if you lose several times in a row. (Also, there may be a 
maximum amount you can bet in a game of chance.) 


SECTION 5.8, PAGE 282 
1. Fibonacci 3. Ratio 5. Divine 
7. a) 1.618 b) 0.618 c) | 
11. Answers will vary. 13. Answers will vary. 
15. Answers will vary. 17. No 19. Yes; 45,73 
PME MES SS 7-85 WEE NOS, 10 


25. a) Answers will vary. b) Answers will vary. 


9. Answers will vary. 


27. The sums of the numbers along the diagonals (parallel to 
the one shown) are Fibonacci numbers. 


29. The first and second terms are |. Each term thereafter is 
the sum of the previous two terms. 


31. a) Answers will vary. b) Answers will vary. 

33, t = 1,2 = 2,2 = 15,2 = 1.667, = Loy = 1:65; 
tl ~ 1.615, ~ 1.619, 3 ~ 1.6176, ~ 1.6182. The 
consecutive ratios alternate, increasing and decreasing 
about the golden ratio. 


35,8) OFA ON ad wae Oy, — OS =a Che Zon 40a 4 
D)elOSS ye os Ose ao LO 1S) 25,40 
C) 1036; 4.25205 2,244. — 6 
A) UO ere SOs i268, 
e) —10, 8, —2, 6, 4, 10, 14, 24, 38, 62 


f) Answers will vary. 


37. Answers will vary. 
39. a) Answers will vary. b) Answers will vary. 


c) Answers will vary. 


REVIEW EXERCISES, PAGE 286 

ines Saoel0s 2..2)3,4,6,9. 3. 2° 3"7" 
4-3 5 is -2" 63-11% G6ise210 

7.9:756 8. 5;2250 9. 30;900 10. 45days 11. —3 
12.3 13. -6 14.-4 15. -9 16.3 17. —24 


A-16 ANSWERS 


182249195 55 20.728 20 Oye 2210;85 e238 25 
24. 0.857142 25. 0.583 26. 0.375 27. 0.6875 
14 2 Sil 83 19 


28. = 29. 30. 31. 32. 
LOS 3 99 1000 7 


5 y 5 * a 7 Ae 4 
42. 235 tsp 43. 5V3 


154 ms 
44.-3\V/2 45. 8\V2 46. —20V3 47. 5V7 


4V3 V5 
B32 oe i 


53,.643V7 54. 4V343V2. ; 

55. Commutative property of addition 

56. Commutative property of multiplication 

57. Associative property of addition 58. Distributive property 
59. Associative property of multiplication 

60. Commutative property of multiplication 


61. Distributive property 62. No 63. Yes 64. No 


65. Yes 66. No 67. 125 68. x 69. 81 70. 125 


Tol 725 S758 2001 14a Bde 

75. 280,000 76. 0.000139 77. 6.0 x 10° 

78. 3.0 X 10° 79. 1,100,000,000,000 80. 120 81. 5 
82. ~388 times 83. ~ $5555.56 84. Arithmetic; 17, 21 
85. Geometric; 8,16 86. 10 87. 25 88. 48 89. —48 
9053825) 19 L575) 92 AS D3 cee 

94. Arithmetic; a, = 3n 95. Arithmetic; a, = 3n — 2 

96. Geometric; a, = 2(—1)""! 

97. Geometric; a, = (4) : 
985No 995 Yes: =8) =138 


CHAPTER TEST, PAGE 289 


Si, 
1. 5°°25°0237-233 a8 49— 195 22s 
129 i Vv 14 
6: 0/6255 Tse 8 9.2938 9 10 
20 8 e 7 


11. Yes; the product of any two integers is an integer. 


12. Associative property of addition 


1 
13.64 14. 1024 15. a1 16. 8.0 x 10! 


17. a, = —4n +2 18. -187 19. a, = 3(2)"! 
20 1) 1226375; 613521794055 
Chapter 6 


SECTION 6.1, PAGE 295 

1. Variable 3. Expression 5.3 7. Evaluate 9. 36 
1 — 16 13:8686) 915.) S39 a7 el Sel 9 NG 

21. -") PRET 2B WS Pipe) PADS Nees Bila Nici 


33. No 35. Yes 37. Yes 39. $66 
41. 115.4 million taxpayers 
43. 88.72 min 45. 1.71 in. 
47. The two expressions are not equal. 


49. a) Answers will vary. b) Answers will vary. 


SECTION 6.2, PAGE 306 

1. Terms 3. Coefficient 5. Simplify 7. Ratio 
9. Identity 11. Isolate 13. 8x 15. —llx + 12 
is she sp ill, Re areas VA Pal pee es 3) 

23. 133% 83) 825. 2x Se 27 Sic Soli 2 ye 
29.85 —17 31. 14x-28 33. fxt+2 
35.-px+% 37.17 39.-6 41.4 

43.% 45.4 47.3 49.5 

51.17 53. Nosolution 55. All real numbers 
57.3 59. —3 61. 13 63. $71.28 65. 8 gallons 
67. a) 240z b) 12 servings 

69. a) 1.6kph b) 56.25 mph 

71. 0.375 cc 73. a) Answers will vary. b) —1 
75.a) 2:5 b) m:(m+n) 


SECTION 6.3, PAGE 312 

ik, kom, eats “GE ath th WO LE ail). INE Sil 
13.2 15.3000 17.12 19. 25 21.6 23. 200 
25.7.2 27. 14 29. 3240 31. 66.67 33. 18.75 


Sup = 4! 5 
35. y = a OTs 5 
37 =the se Al 8 2 
e — or = > Xt 
e/ 7 te 7 
De ae S 
39. y = 3 SS hii te 
Diels) 2) 1 
41. y= : CL See ee 
hase Oye 9) 9 1 
43. y= = SZ 
2 8 es em eves 
A 3V 
45.w=— 47.a=p-—b-c 49, B= — 
I h 
C — 
51.7, =— 53. bD=y — mx 55,; yee 2 
20 2 
Alp iG Cr 5 
57. a= ——— 59. n= .C=—-F - 
5 m 2g 61. C Au 32) 
S — ar’ 


63. 5.= ——— 


Tr 
69. a) ~ 27.12 b) lose~ 8.27 Ib 


65. Dhr 67. 8% 


SECTION 6.4, PAGE 317 


1. 5more thanx 3. 2 times x, decreased by 3 
3X > 57. 4 +32 9) 81, 4% 6 


13. 


19. 
23. 
27. 
29. 
31. 
33. 
ake 
S75 


39. 


41. 


43. 
45. 
47. 
49. 


51. 


SR 


PES 
4 
x—4=20;24 21. 4x — 10 = 42; 13 

Ale Si PD Spe by IS ae ao ey Pe S59) 

x + 10K 204-3); 4 

150 + 0.50x = 255; 210 miles 

x + 0.05x = 42; $40 per half hour 

0.08x = 250; 3125 copies 

x + 3x = 1000; $250 for business, $750 for liberal arts 
a) x + (x + 3x) = 45,000; 9000 ft?, 9000 ft”, 27,000 ft? 
b) Yes 


x + (4x + 10) = 85; 15 species of threatened mammals, 
70 species of endangered mammals 


x + (5x + 7) = 127; 20 total hurricanes in November, 
170 total hurricanes in September 


3w + 2(2w) = 140; width: 20 ft, length: 40 ft 
70x = 760; ~11months 
5 + 0.07r = 257; $450.88 


Deduct $720 from Mr. McAdams’s income and $2920 
from Mrs. McAdams’s income. 


Geta) ei erate) Oiat> 2) 93 
OMS oe Ol 
SHES = Bx 3 


15: 3@-F 7) 17. x + 7 = 15;8 


—40° 


SECTION 6.5, PAGE 326 


1. Inverse 3. Joint 5. Direct 7. Inverse 
9. Direct 11. Inverse 13. Inverse 15. Inverse 
17. Direct 19. Direct 21. Answers will vary. 
k 
23. a) y=kx b) 140 25. a) m= — b) 0.25 
n 
kB 
27. a) A= rai b) 2.5 29. a) F=kDE_ b) 210 
kd? 
31l.a) t= f b) 200 33. a) Z=kWY b) 100 
35.a) H=kL b)3 37. a) A= kB? b) 720 
kqiq 
39, a) F = cS b) 1200 
41.a) p=kn b) $1125 
k 
43.a) t= T b) 1.875 minutes 
k 
45.a) l= i b) 80 dB 
kL 
47.a) R= wi b) 25 ohms 
49.a) W=KI?R_ b) 9 watts 
51. a) Directly b) 0.5 i 
53. a) y will double. b) y will be half as large. 55. 9 


ANSWERS A-17 


SECTION 6.6, PAGE 333 


1. 
®; 


11. 


13. 


Ss 


17. 


19. 


21. 


23. 


25. 


27. 


29. 


31. 


28h 


35. 


Sie 


52: 


41. 


43. 


45. 
47. 


49, 
55: 
SWE 
BE) 
61. 


Inequality 3. Compound 5. All 7. Open 


No solution 
eal 


tae 


: 


a) 2005, 2006, 2007, 2010 b) 2004, 2008, 2009 
c) 2010 d) 2004 


19DVDs_ 51. 350 hours 
OS gases 

94 <= x = 100, assuming 100 is the highest grade possible 
6875 =e 


The student’s answer is x = —12, whereas the correct 
answer is x = —12. Yes, —12 is in both solution sets. 


53. 6 hours 


SECTION 6.7, PAGE 345 


1. 
Bh 


Ts 


Graph 3. x 


Plotting points, using intercepts, and using the slope and 
the y-intercept 


m 


A-18 ANSWERS 


For Exercises 9-15, see the following figure. 


we 
6+ 
4+ 
2413 
SSS a Oe, 
Si Ne We 
1 pull 
rfl 
dis 
= 
For Exercises 17-23, see the following figure. 
a 
4+ 
2$o1 
+ e17 
a a ts de 
4 -2 e 2 Pen ee 
=o 23 
eral 
19:0 =; 
ee 
POP PH (EZ) 7G (a5 2) 


31,258) 335522) 


350) (O52) nClers)) 


37. (85 7); eu 0) 39. (4,3) 41. (8, 0), (0, 3) 


55. yt 


M/s 


ter 1 
C3, -1) ++ 


67. 20,693) 


B) 
Og 


89. y = 3x + 2 


91.a) D(4,2) b) A = 10 square units 


ANSWERS A-19 


OBE (5) OF (Sl, ) YS, 8 OE S) 


19. 

99. a) 

4 
5x+2y=10 
2 
100 200 300 400 500 s 
Square feet 
b) $130 c) 100 square feet 
101. a) i 
160 


Interest ($) 


24) 6.938: 10 12" 14 16 or 
Rate (%) 


b) $40 c) $60 
103. a) 2 b) y=2x+9 ce) I5defects d) 4 workers 
(ya eG Tyee ae ed 2B 
c) 76.51% d) 4 years after 2004 or in 2008 


107. a) Solve the equations for y to put them in slope-inter- 
cept form. Then compare the slopes and y-intercepts. 
If the slopes are equal but the y-intercepts are differ- 
ent, then the lines are parallel. 


b) The lines are parallel. 


SECTION 6.8, PAGE 351 
1. Half-plane 


3. a) No b) Yes c) Yes d) No 
5. 


50 100 150 200 250 x 


c) Answers will vary. 


SECTION 6.9, PAGE 360 


1. Binomial 3. FOIL 5. Quadratic 
Tae) (Cats) 921Ge 122) aL) 


A-20 ANSWERS 

1. @ H6)@=4) 13-\@ - Ge 3) 

15) @ =16)Ga= 3) LT. Ge 4) G4) 

19° @ NG 4) 21 Ges DGS) 

PRE (Chace WiC = 3) PRK (Ge ae ICs ae 3) 

27. (Ox 42) (ear 2) 295 (4x 4-3) Gee) 

31. (4% 3) Ge— 2) 335 Gx = 3) 2x =o 1) 

35.7,-2 37. -4,4 39. -7,-3 41. 8,1 

A305, —3meas. 3s 47 99) AS a Or 

51.2,-4 53. -1.-2 51.41 57. 43 

59. —452 OU NGn eo 03-99) 

65. No real solution 67. 2+V2 69. eS 

71, 2S 3 75 

77. No real solution 79. Width = 12m, length = 22m 
81. a) The zero-factor property cannot be used. b) ees 
83. x7 — 2x — 3 = 0, Other answers are possible 
SECTION 6.10, PAGE 373 

1. Relation 3. Domain 5. Upward 7. x = -) 

9. Not afunction 11. Function, domain: R; range: R 
13. Notafunction 15. Function, domain: R; range: y = —4 
17. Not a function 
19. Function, domain: 0 = x < 12; range: y = 1, 2,3 
21. Not afunction 23. Function, domain: R; range: y > 0 
25. Nota function 27. Yes 295 No 31. Yes 33: 9 
35. 37. =6) 39; 55 41523 43 ee dS eld 
47. 49. 

(1,5) 
(0,3) f(x) =-3x+2 \7 
fx) =2x+3/ | 
oo ttt > é i 
a ee a 4 
4 
al 
51. 

fix) =3x-1 
< it > 


53. 


a) Upward b) x=0 c) (0,-1) 
2) GO) GO) et) 


d) (0, —1) 


g) Domain: R; range: y = —1 


e) (—2, 0), (2, 0) 
f) yt 


g) Domain: R; range: y = 4 


e) No x-intercepts 
f) 


57. a) Downward b) x =0 ec) (0, —8) 


g) Domain: R; range: y = —8 


59. a) Upward b) x =0 c) (0, —3) 


O) (1223 OF C2250) 


f) 


ya 


(0, -3) 


61. a) Upward b) x = —2 


Oe2 8) ad) 


(0, — 4) 


e) (—4.83,0), (0.83, 0) 


f) 


yt 


(2, -8) 


v 


g) Domain: R; range: y = —8 
63. a) Upward b) x = —3 


c) (—2.5, —0.25) 


d) (0, 6) 


55. a) Downward b) x=0 c) (0,4) d) (0,4) 


d) (0, —8) 


d) (0, —3) 


g) Domain: R; 
Tange: y = —3 


@) (350) 420) 


ANSWERS A-21 


f) 73. Domain: R; range: y > 1 


<< + + t 17 
=10° =8 Fou =4 2 4x 
(-2, 0) 
(-2.5, -0.25) + 
re 


g) Domain: R; range: y = —0.25 ae 


65. a) Downward b) x =2 c) (2,-—2) d) (0, —6) 
e) No x-intercepts 
f) 


:y>0 


g) Domain: R; range: y = —2 

67. a) Downward b) x =? c) (3,-%) d) (0, -2) 
e) No x-intercepts 
f) yy 


By 


I 
< 


g) Domain: R; range: y = —3 
81. $55,000 83. a) ~ 13% b) 1970 c) x ~ 36; ~ 5% 


85. 486,000 bacteria 87. a) 5200 people b) ~ 14,852 people 
89. 1.38 billion people 91. ~ 6.52 grams 

93. a) Yes b) ~ 270,000 thousand subscribers 

95. a) 23.2cm b) 55.2cm c) 69.5cm 

97. a) 170 beats per minute b) ~ 162 beats per minute 


69. Domain: R; range: y > 0 


c) ~ 145 beats per minute d) 136 beats per minute 


e) 120 years of age 


REVIEW EXERCISES, PAGE 380 
th Pl 2s WD Sheil CMe Beebe ih tie IA wan) 


1 
Tes WE is 3)" Reiley a sib, WIG ae 


12. 250 min, or4hr10 min 13. 200 14. 84 15. 101.5 
16.25 17. y=2x- 8 
2x ate lid, 2 17 


i : ee oe ORY pt eG, 


A-22 ANSWERS 


A IP = Dy 

19.w=— 20. w= 
Ww i Ww 5 

L — 2wh lk, ayn — ay 
l= = LG 
PAG ah or 1 Th Ww d ag 

9 

PB) I = De OK Sy ce Gh OEE Oar Se Ah Sie 


Pp, DY ae he = Bers = OA She ae} == Se = Once = —7/ 
29. S(@@ — 4) = 45; x = 13 

30. 10x + 14 = 8@ + 12);x = 41 

31. x + 2x = 15,000; bonds: $5000, mutual funds: $10,000 
32. 9.50x + 15,000 = 95,000: ~ 8421 chairs 


33. x + (Sx + 4049) = 219,059; Crater Lake National Park: 
183,224 acres, Bryce Canyon National Park: 35,835 acres 


34. x + (x + 12,000) = 68,000; $28,000 for B and $40,000 
for A 


35.24 36.4 37. 20 38. = 426.7 
39. a) 150 lb b) 5 bags 
40. $3150 41. $119.88 42. 1.75 in. 


55. D(—3,—1); area = 20 square units 
56. D(4,1); area = 21 square units 


57. 


67.y=2x+4 68 y=-x4+1 


69. a) Pf b) $600 c) 70 cars 

useOh 

1200 

& an 

5 800 p=20n-—400 

= 4001 

a 

3 

= @ ——— 

20 40 60 80 100 7 

—400 Number of cars washed 


Cost of Operating a Taxi 


70. a) 


C=0.20m + 80 


i + + + — 
100 200 300 400 500 m 
Miles 


b) $110 c) 120 miles 
72. 


4x+2y=12 


75. 
77. 
80. 


85. 
87. 
88. 
90. 
92. 
95. 


96. 


Oe 


Ga S)@ 474) 76. (a2 4)@ =93) 


ES Oe =A Tk (Cee Ora Dy Wo Sil, =5 
—5,2 81.3,5 82. —2,-} 83. -2,8 84. -1,3 
No real solution 86. 34 

Function, domain: x = —2, —1, 2,3; range: y = —1, 0,2 
Nota function 89. Nota function 


Function domain: R; range: RR 91. 18 

16 93. 39 94. —21 

a) Downward b) x = —2 c) (-2,25) 
d) (0,21) e) (-7,0), (3, 0) 


f 2,25) ¥% Pp 
) 22) y=-x -4x +21 


(0, 21) 


g) Domain: R; range: y = 25 
a) Upward \b) 30 = —2. Je) (252) 
d) (0,6) e) (—3, 0), (1, 0) 


(0, 6) 


Vv 
g) Domain:R; range: y = —2 
Domain: R; range: y > 0 


99. 22.8 mpg 100. ~ 68.7% 


ANSWERS A-23 


CHAPTER TEST, PAGE 383 
i Si 75 NWO” Silky Ge Shenae) Uysal! 


5. 350 + 0.06x = 710; $6000 6. 77 

E e554 Wi ee 4! 

6 = or = = 5 = 
» 5 Oe RS 3 


10. +++ +++ ++ +>-_—s« W111. 2 
3 0 


9. 6.75 ft 


12. 


14. 


15. (x + 9)(x + 2) 16. -1,-6 17. 4-2 
18. Itis a function. 19. 15 20. a) Upward 


b) x=1 c) (1,3) d) (0,4) e) No x-intercepts 


=5)) de: Was oie 


g) Domain: R; range: y = 3 


SECTION 7.1, PAGE 393 

1. System 3. Inconsistent 5. Dependent 
7. One 9. Greater 11 (2, 6) 

13. 15. » 


A-24 ANSWERS 


19. 


21. yn 


2x —3y= -14 


fe yt 


6x + 4y = 12 


< 


bot 
6 -4 


Dependent 


nf 3x + 2y=6 


31. 


4 
Dependent 4 


33. a) One unique solution; the lines intersect at one and only 
one point. 
b) No solution; the lines do not intersect. 
c) Infinitely many solutions; the lines coincide. 


35. An infinite number of solutions 

37. One solution 39. No solution 

43. No solution 

45. One solution 47. Not perpendicular 49. Perpendicular 


51. a) Cost for U-Haul: C = 0.79x + 30 
Cost for Discount Rentals: C = 0.85x + 24 


41. An infinite number of solutions 


b) cx c) 100 miles 
20077 
C=0.85x +24 
150+ 
g C=0.79x +30 
§ 100+ (100, 109) 


50+ 


€ + + + > 
50 100 150 200 x 
Number of Miles 


53. a) C = 15x + 400 


R = 25x 
b) RAC c) 40 backpacks 
el 
Revenue 
1200 (40, 1000) Cost 
& 10007 
5 800 
= 600 


400 
2007 


i > 
10 20 30 40 30)" Xx 


Number of Backpacks 


Vv 


d) P = 10x — 400 e) Loss of $100 
§5. a) C = 115x + 3850, R = 150x 
b) R*C 


25,000 7 


f) 140 backpacks 


c) 110 units 


See C= 115x + 3850 


Amount ($) 


+ t + +t +t > 
2550) ed) LOOV 125" 150) 
Number of Units 


d) P = 35x — 3850 e) Loss of $350 f) 135 units 


57. a) Job 1: s = 0.15x + 500 
Job 2: s = 650 
b) s c) $1000 
800 s=0.15x +500 


(1000, 650) 


+ === t > 
500 1000 1500 x 
Weekly Sales Volume ($) 


59. a) One b) Three c) Six d) Ten 
e) To determine the number of points of intersection for n 
lines, add n — 1 to the number of points of intersection 
for n — 1 lines. For example, for 5 lines there were 
10 points of intersection. Therefore, for 6 lines (n = 6) 
there are 10 + (6 — 1) = 15 points of intersection. 


60. 2 


SECTION 7.2, PAGE 403 
Tintinite ese (lO) 5.) (ln) 
7. No solution; inconsistent system 9, (—2, §) 


11. An infinite number of solutions; dependent system 


13. 
19. 
21. 
31. 
OS: 
Sie 


Seb 


41. 


43. 


45. 


47. 


49. 
53. 
Ske 


Ceo is 
No solution; inconsistent system 

(G51) PAS LS) 255 (E250) M476 ) 22k (Gh) 
(1, —-2) 33. No solution; inconsistent system 

(1,2) 

s = 0.15p + 12,000 

s = 0.05p + 27,000 

$150,000 annual profit 

l+n=55 

34.087 + 41.90n = 2109 

25 shares of LG Electronics, 30 shares of Nintendo Company 
x+y=15 

0.40x + 0.10y = 0.25(15) 

7.51 of 40%, 7.51 of 10% 

y = 0.02x + 18 

y = 0.015x + 24 

1200 copies 

x+y = 20 

3x + y = 30 

Mix 5 Ib of nuts with 15 Ib of pretzels. 

x + y = 4600 

27x + 14y = 104,700 

3100 amphitheater tickets and 1500 lawn tickets 

3.5 years after 2007 or in 2010 51. (4,4 

Answers will vary. 55. Answers will vary. 


Answers will vary. 


SECTION 7.3, PAGE 412 


1. 


SLE 


Matrix 3.2 5. Dimensions 7. Columns, rows 
) a 8 sai 
of] nf 3] ls 
3 ate) 
1 9 
10 1 6 4 
ca n.| ales (2) 
= TD) 
@ 8) 1370 5) 
E ‘ 23 dl 4 2 Be 4 
15 ey TP MG) 
” Py) || =) 3) I 
Sel, 2 
Ss. las 
aM race 4 eg 
A+B y 3 * |: cannot be multiplied 


3: 


35. 


24 fl 


be added; A X B = 
Cannot be adde Fed 34 


1 
Cannot be added; i 1 | 


37 Atp=B+a=| | 
‘ 13 8 


ANSWERS A-25 
w.a+p=B+a=|' 4 
@ =e 
ad AB 
41.A+B)+C=A1+(B+QO= 
2, NO 
A+B) +C=A+ +0 =|2 a 
s 7 -37 
45.No 47. No 49. Yes 
AS 
51. (A X B)X C=AX (BX = 
(4 xB) eo rae 
16 —10 
53. (A X B)X C=AX (BX = 
(A X B) (BX C) is | 
17 0 
8.4 xB xC=Ax@xo=|" | 
57. Senior 
Students Adult citizen 
ie 280 a Matinee 
215 362 94] Evening 


59. Total cost 61. Large Small 
53 | Java’s Coffee Shop 38 50 
Ba Spot Coffee Shop SOM 

ie 26 
10 14 
63. [36.04 47.52] 65. Answers will vary. 67. 
28.7 
69. False 71. a) $28.70 b) $60.10 c) | 41.3 
69.3 
73. Yes. Answer will vary. One example is 
i) 2 
we | es : a =|3 4], 
5 6 


74, Answers will vary. 


SECTION 7.4, PAGE 421 


1. Augmented 3. No 5. (3,2) 7. (3,2) 9. 


11. (4,-1) 
17. (3,4) 19. Xbox 360 systems: 6; Wii systems 
21. Truck driver: 8 hours; laborer:10 hours 

23. Basic systems:150; premium systems: 50 


SECTION 7.5, PAGE 425 


1. Solution 3. Solid 
5. é 


Sugar 
Flour 
Milk 
Eggs 
Yes 
24.6 


85a 
60.1 


(2513) 
13. (1,1) 15. No solution; inconsistent system 
79 


A-26 ANSWERS 


b) Maximum is 28 at (4, 0); minimum is 0 at (0, 0). 
15. a) 


x+2y24 
3x-y2-6 


b) Maximum is 15.4 at (1, 8); minimum is 11 at (1, 18) 


WAC see VES I SS) a7 2 3) a 
b) P = 20x + 25y 
c) 


4x+2y>8 7 
x2y~1 v 
2iya) e206 SO = 6007 = Ayo = ON yan: 
b) c) One example is 15 small 


bowls, 7 large bowls 


AIS) n@Sr>)s(l652) 2) 
e) 13 top load machines and 5 front load machines 
tre ee gos 

19. a) 3x + 4y = 60, 10x + Sy = 100,x = 0,y = 0 
b) C = 28x + 33y 
Cc) 


Large bowls 


2357 Oy 0 


25. Yes. One example is x = 0, y = 0,x = 0, y = O which 
has solution (0, 0). 


27. Answers will vary. 


SECTION 7.6, PAGE 430 
1. Constraints 3. Vertices 5. Objective 
7. Maximum is 30 at (5, 0), minimum is 0 at (0, 0). 
9. Maximum is 190 at (50, 30), minimum is 70 at (20, 10). 


11. a) b) Maximum is 18 at (3, 2); 
minimum is 0 at (0, 0). 


d) (0, 20), (4, 12), (20, 0) 
e) 4 hours for Machine I and 12 hours for Machine II 
f) $508 

21. Three car seats and seven strollers, $320 


REVIEW EXERCISES, PAGE 433 


iy 25. (2,2) 
a ame ey a 


. 3, -3) 28. (1,0) 29. (42,5) 30. (1,2) 
. $250,000 at 3%, $150,000 at 6% 
. Mix 834 of 80% acid solution with 163 € of 50% acid 


Inconsistent 


. An infinite number of solutions 
. No solution 7. One solution 8. One solution 9. (3, 1) 
. (—1,—5) 11. (—2,-8) 12. No solution; inconsistent 

. (-7, 16) 
. An infinite number of solutions; dependent 17. 


14. (4,-2) 15. (4, -2) 
(2, =I!) 


5 6 3) AD 
ea racy eer ne etal 
2 — JO es} Jee 6 
pp af) al? 9 


2A 
26. (2: 2) 


solution. 


. $245 per ton for topsoil, $183 per ton for mulch 
. a) 32.5 months 
.a) 3hr_ b) All-Day parking lot 


b) Model 6070B 


Sie 


x+3y<6 
2x-Ty 2 14 


A-27 


ANSWERS 


x=y>5 
6x + Sy $30 


b) Maximum is 21 at (3, 2); 
minimum is 0 at (0, 0). 


CHAPTER TEST, PAGE 434 


1. If the lines do not intersect (are parallel), the system of 
equations is inconsistent. The system of equations is con- 
sistent if the lines intersect. If both equations represent the 
same line, the system of equations is dependent. 


3. One solution 


AV (s=3)) SiH 1D)  NoOsdiitienl WAI —23 0) 


Sale Sl 9, Oe O22) LL (QR0) e125 et) 
oS 4 1 
13: p | 14. Ls ra 
26 2 
[fe a 


18. Daily fee: $35; mileage charge: $0.18 
19. a) 40 checks b) Citrus Bank 


b) Maximum is 22.5 at (3.75, 0); minimum is 0 at (0, 0). 


A-28 ANSWERS 


SECTION 8.1, PAGE 442 

1. Metric 3. a) Meter b) Kilogram c) Liter d) Celsius 
5. a) Deka b) Deci 7. a) Kilo b) Milli 9. 100 

11. a) O°C_ pb) 100°C c) 37°C +13. a) Yard b) Quart 
15.22> 17.) 19.\©) 21. @) 

23. a) 0.001 b) 100 c) 1000 d) 0.01 e) 10 f) 0.1 
25. mg; 0.001 g 27. dg;0.1g 29. hg; 100g 

31. 3000000 g 33. 7000 35. 0.0085 37. 0.018 62 

39. 9200mm 41. 895000mé 43. 4.0302 daf 45. 0.5km 
47.5hm 49. 80000 000 mm/hr 

51. 620 cm, 4.4 dam, 0.52km 53. 1.4kg, 1600 g, 16 300 dg 
55. 105 000 mm, 2.6 km,52.6hm 57. Jim, 1m > 1 yd 

59. The pump that removes | daf per minute, 1 daf > 1d¢ 
61. a) 346cm_ b) 3460 mm 

63.a) ~164¢€ b) ~12210m/¢ 

65. a) 2160mfé b) 2.16€ c) $1.13 per liter 

67. a) 386m _ b) 0.386km_ c) 38600cm 69. 1000 

71. 1 X 107+ = 1 000 000 000 000 000 000 000 000 
73.9dam 75. 6mg 77. 2da€ 79. gram 

80. decigram 81. liter 82. dekaliter 

83. meter 84. milliliter 85. kilometer 86. centimeter 


87. degrees celsius 88. hectogram 


SECTION 8.2, PAGE 452 


1. Volume 3. Area 5. Length 7. Volume 9. Volume 
11. Volume 13. Centimeters 15. Centimeters or millimeters 
17. Centimeters 19. Kilometers 21. Kilometers 23. (c) 
25. (c) 27. (b) 29. (c) 31. Answers will vary. 

33. Answers will vary. 35. Answers will vary. 

37. Square meters 39. Square centimeters or square meters 
41. Square centimeters or square millimeters 
43. Square kilometers or hectares 45. (a) 47. (b) 49. (a) 
51. (c) 53. Answers will vary. 55. Answers will vary. 

57. Answers will vary. 59. Milliliters 61. Kiloliters 

63. Cubic meters 65. Cubic meters 67. (c) 69. (c) 

71. (c) 73. (b) 75. a) Answers will vary. b) 10580 cm? 
77. a) Answers will vary. b) ~ 0.20 m? 

79. A cubic decimeter 81. A cubic centimeter 


83. Longer side ~ 4 cm, shorter side ~ 2.2 cm, 
area ~ 8.8 cm? 


85. ~706.86 m* 87. a) 3869m* b) 369 m? 
89. a) 1378 m* b) 0.1378ha 91. $304 

93. a) 56000cm? b) 56000mé c) 56¢ 

95. 100 times larger 97. 1000 times larger 
99.100 101. 0.0001 103. 1000000 105. 419 
107. 76 109. 60k€ 111. 6700 


113. a) 4,014,489,600 sqin. b) Answers will vary. 


114. a) Answers will vary. The average use is about 590 €/day. 
b) Answers will vary. The average use is about 75 €/day. 


SECTION 8.3, PAGE 461 


1. Kilogram 3. Mass 5. Celsius 7. 100 9. Kilograms 
11. Grams 13. Grams 
17. Kilograms or metric tonnes 19. (b) 21. (b) 

23. (b) 25. Answers will vary. 27. Answers will vary. 
©) sik (io) S8E@) 46s (@) 376 (@) S24 Ose 
41. ~33.3°C 43. ~—-17.8°C 45. 98.6°F 

47. ~—-8.3°C 49. 32°F 51. ~—28.9°C 

53.71.6°F 55. 92.48°F 57. 64.04°F—74.30°F 

59. a) 22.5euros b) $13.14 c) ~$5.97 per pound 
61. 444g 63. a) 2304m> b) 2304k€ c) 2304t 


65. a) Yes; mass is a measure of the amount of matter in an 
object. b) No; weight is a measure of gravitational force. 


67. 0.0062 69. 17400000 71. a) 1200g b) 1200cm? 
73.1500 g 74. a) —79.8°F b) 36.5°F c) 134.1°F 


15. Kilograms 


SECTION 8.4, PAGE 471 


100cm 1m 

Imin’ 60sec ~" 1m ’100cm 

7. a) 1 lb b) 0.45 kg 9. a) 3.8 € b) 1 gal 
0.45 kg 1 Ib 1 gal 3.8 ¢ 

11. 208.28cm 13. 1.26m 15. 360lb 17. 62.4km 

19. 1687.5 acres 21. 43.19 pints 23. 1.46mi? 25. 54kg 

27. ~56l.1l yd 29. ~1146.67 ft 31. 31.25 mph 

33. 43.2m* 35. 50mph 37. 0.210z 39. 36678.4ha 

41. $0.495 per pound 43. ~9078.95 gal 45. 6qt 

47.a) 0.55km b) ~0.34 mi 

49. a) 10.89 ft? b) 35.937 ft 

51. 25.2mg 53. 6840 mg, or 6.84 g 

55.a) 25mg _ b) 900 mg 

57.a) 0.75mi b) ~2.63 mi? c) ~1420ft 

59. a) ~6.08mi b) ~443.13 mph c) ~113.13 mph 

d) —49°f 
61. a) 70€perkg b) 31.5 €perpound c) $44.10 per pound 
745 kph «1.85 kph 


60sec 1 min 


1. Dimensional 3. 


63. 8) o7kncs | Ae Tor 
b) 402 knots __ 0.87 knots 0) 463 mph A 0.62 mph 
463 mph 1 mph 745 kph 1 kph 


65. 1.0.cc, orb) 67. a) 3000cc b) ~183.07 in? 
68. 1 microscope 69. wonton 70. 1 pound cake 
71. 1 kilohurtz 72. 2 megacycles 73. 1 megaphone 
74. 1 dekacards 75. 2 kilomockingbird 


REVIEW EXERCISES, PAGE 474 


1. 1000 X base unit 2. Or of base unit 
1 
a) = i : i 
1000 of base unit 4. 100 X base unit 


5. 10 X base unit 6. <i of base unit 7. 0.082 g 
8. 320c€ 9. 0.035mm 10. lkg 11. 4620¢ 
12. 19260 dg 13. 3000 mf, 14 630 cf, 2.67 k¢ 
14. 0.047 km, 47 000 cm, 4700 m 
15. Meters 
18. Milliliters or cubic centimeters 


16. Degrees Celsius 17. Square meters 
19. Millimeters 
20. Kilograms or tonnes 21. Kilometers 
23. a) Answers will vary. b) Answers will vary. 
24. a) Answers will vary. b) Answers will vary. 
25. (c) 26. (b) 27. (c) 28. (a) 29. (a) 30. (c) 
31. 3.6t 32. 4300000g 33. 75.2°F 34. 20°C 
Bee SMe ale OA was 

37. 1 = 4m, w = 1.6cm,A = 6.4cm? 

38. r = 1.5cm,A ~ 7.07 cm” 

39. a) ~3.14m°> b) ~3140kg 

40. a) 899.79 cm? b) 0.089 979 m? 


41. a) 96000cm? b) 0.096m? c) 96000 mé 
d) 0.096 ké 


42. 10,000 times larger 43. ~33.86 

44, ~233.33 45. 74.7 46. ~111.11 

47.72 48. ~ 44.21 49. 76 50. ~78.95 
51) =14:77 52.318 535 11.4 

54.99.2 55. 385.6km 56. 429,322.37 yd? 
57.a) 1050kg b) ~2333.331b 58. 32.4 m?* 
59. a) 190k€ b) 190000kg 60. a) 104 kph 


b) 104000 meters perhour 61. a) 252 b) 252kg 


62. $1.58 per pound 


CHAPTER TEST, PAGE 476 


1. 0.759 da€ 2. 2730000cm 3. 100 times greater 
4.2.4km 5. (b) 6. (a) 7. (c) 8. (b) 9. (b) 
10. 10,000 times greater 11. 1,000,000 times greater 
12. 6300g 13. 564.3 ft 14. ~20,508.1 mi? 

15. ~—12.22°C 16. 68°F 

17. a) 300 000g b) ~666.67 Ib 


18. a) 3200 m*__b) 3 200000 € (or 3200 k¢) 
c) 3200000kg 19. $245 


20. a) 6.27 euros per gallon b) ~ $9.36 per gallon 


SECTION 9.1, PAGE 486 


1. Parallel 3. Angle 5. Supplementary 7. Straight 
9. Obtuse 11. Vertical 13. Ray, AB 

15. Half line, “BA 17. Ray, BA 

19. Half open line segment, AB 

21. AD 823, BD e225. 8 7'ae27, 1 C} 

29. XCBF or XFBC 31. BC 33. DE 35. BC 
37. XABE 39. BF 41. AC 43. BE 45. Right 


22. Centimeters 


47. 
53. 
63. 
71. 
TS 


77. 


TE) 
81. 
83. 
85. 
87. 
89. 
91. 
93% 
95. 


97. 
99. 


101. 


103. 


105. 


107. 


ANSWERS A-29 


Straight 49. Obtuse 51. None of these angles 
80° 55. 57¥ Sf a2 BP 59 MOO A 615952 
1363 65. (f) 67. (b) 69. (a) 

mxX1 = 75°,mxX2 = 15° 73. 134° and 46° 


Angles 3, 4, and 7 each measure 125°; angles 1, 2,5, and 6 
each measure 55°. 


Angles 1, 4, and 7 each measure 30°; angles 2, 3, 5, and 6 
each measure 150°. 


mx1 = 64°, mx2 = 26° 

m&1 = 33°, mx.2 = 57° 

mx.1 = 134°, mx.2 = 46° 

mx&1 = 29°,mx2 = 151° 

Plane ABG and plane JCD 

BG and DG 

Plane AGB M plane ABC M plane BCD ={B} 
BC 1 plane ABG ={B} 


a) Undefined terms, definitions, postulates (axioms), and 
theorems 

b) First, Euclid introduced undefined terms. Second, he 
introduced certain definitions. Third, he stated primitive 
propositions called postulates about the undefined 
terms and definitions. Fourth, he proved, using deduc- 
tive reasoning, other propositions called theorems. 


a) Aninfinite number b) An infinite number 
An infinite number 


Always true. If any two lines are parallel to a third line, 
then they must be parallel to each other. 


Sometimes true. Vertical angles are only complementary 
when each is equal to 45°. 


Sometimes true. Alternate interior angles are only com- 
plementary when each is equal to 45°. 


Answers will vary. 


109. No. Line / and line n may be parallel or skew. 111. 360° 
SECTION 9.2, PAGE 496 

1. Polygon 3. Proportion 5. Congruent 

7. a) Octagon b) Regular 9. a) Triangle b) Regular 
11. a) Parallelogram b) Not regular 

13. a) Heptagon b) Not regular 

15. a) Isosceles b) Right 17. a) Isosceles b) Acute 
19. a) Scalene b) Acute 21. a) Scalene b) Right 

23. Trapezoid 25. Square 27. Rhombus 

29. 96° 31. 150° 

33. mxX1 = 90°, mx2 = 50°, mx3 = 130°, mx4 = 50°, 


540% 3791260" 
Hayeles® 
w= 2y=16 49. x= 24,7 =77 
MS 205 = 21F53.99 ) 550033 
128° 63-9 65.10 67. 10° 


mxX5 = 50°, mx.6 = 40°, mx.7 = 90°, mX8 = 130°, 
mx9 = 140°, mx.10 = 40°, mx.11 = 140°, mx.12 = 40° 
39. 3240° 41. a) 60° b) 120° 

b) 45° 45. a) 144° b) 36° 

57a 1459) 15 


Ces?) “Thlsesis 


A-30 


73. 
Tile 


79. 
81. 


82. 


ANSWERS 


70 ft 75. a) ~113.14mi b) ~75.43 mi 


The different types of triangles are acute, obtuse, right, 
isosceles, equilateral, and scalene. Descriptions will vary. 


D'E' = 4,E'F' =5,D'F' =3 

a) mx HMF = mx. TMB, mx HFM = mxTBM, 
mx MHF = mx.MTB 

b) 44 ft 

a) mx.CED = mx ABC, mx ACB = mx.DCE, 
mx.BAC = mx.CDE 

b) ~2141.49 ft 


SECTION 9.3, PAGE 507 


1. 

1k 
11. 
13. 
17: 
19. 
21: 
23. 
31. 
39. 
43. 
49. 
55. 
Sie 
60. 


a) Perimeter b) Area 3. Circle 5. 12 cm? 
17.5cm? 9. a) 50 ft? b) 30ft 

a) 6000cm? b) 654cm 

a) 288in* b) 74in. 15. a) 78.54 m?* 
a) 132.73 ft? b) 40.84 ft 

a) 17yd b) 40 yd_ ec) 60 yd? 

a) 12km_ b) 30km_ cc) 30 km? 

7.73 ft? 25. 8in® 27. 90 yd? 29. 65.73 in* 
56.55mm? 33. 8yd* 35. 132.3 ft? 37. 50,000 cm? 
0.8625 m? 41. a) $5494.50 b) $6594.50 

$3056.60 45. $3835.20 47. $234.21 

a) 288 ft b) 4700tiles 51. 21 ft 53. 312 ft 

a) A= 5? b) A= As? c) Four times larger 

24cm? 59. Answers will vary. 


Answers will vary. 


b) 31.42 m 


SECTION 9.4, PAGE 520 


. Volume 3. Platonic 5. Right 7. a) 64 ft? b) 112 ft? 
. a) 8 yd? 
.a) 131.95 cm? 
. a) 381.70 cm? 
. 720 cm? 
. 24ft? 29. 81 ft? 31. ~5.67 yd? 33. 560,000 cm? 
75 me 
. ~2.50qt 43. a) 120,000 cm? 


2 


b) 24yd? 11. a) 150.80in® b) 175.93 in? 
b) 163.22 cm? 

b) 254.47cm? 17. 750 m? 

21. 768 ft? 23. 392 ft? 25. 284.46 cm? 


37. a) 225 ft? b) $2475 39. 40,840 mm? 


b) 120,000 mf c) 120¢ 


45. 
. = 14.14 in? 
. Seven faces 
. a= S11X< 10* km4 


59. 


~ 283.04 in? b) ~0.19 ft? 


53. Six vertices 


47. a) ~323.98 in? 
51. Ten edges 


b) ~3.79 X 10’ km? 
c) ~13 times larger d) ~1.09 X 10! km? 
e) ~2.20 X 10!° km? 


a) Answers will vary. b) Answers will vary. 


f) ~50 times larger 


c) Answers will vary. d) Answers will vary. 
e) Answers will vary. 


f) If we double the length of each edge of a cube, the new 
volume will be eight times the original volume. 


61. a) Answers will vary. 
b) V, = @: Va = @°D: Va = ab: Va = ab". 
Vs = ab: Ve = ab: V, = be 
c) ab? 


62. a) 330in®? b) ~330.84 in? 


SECTION 9.5, PAGE 537 


1. Rigid 3. Axis 5. Vector 7. Center 
11. Reflective 13. Tessellation 


9. Glide 


This figure contains the answers for Exercises 15 and 16. 


ANiaa, A B 


{ ——— J 
im): 
15. 
D C\D: i (G 
« l 


This figure contains the answers for Exercises 17 and 18. 


oN 


18. 


This figure contains the answers for Exercises 23 and 24. 


é : B ane i 
ee 
A B’ 
oN eG 


Cc! 


A 


24. 


This figure contains the answers for Exercises 25 and 26. 


Ag Bis 


oe) 
Be ee Ge 
2D 


ded 
3 Hae 
5 


This figure contains the answers for Exercises 27 and 28. 


ANSWERS A-31 


This figure contains the answers for Exercises 33 and 34. 


oc 34. 
: : A 
bce Ps i 
H a ri : 
cr 


ipe 
H B; 
ied OB 
a 


This figure contains the answers for Exercises 35 and 30. 
s 36. fee j j 
35. ee a 
D? i ‘i 
: Al P 
Ptr 
Coa 
Bees 


D G 


This figure contains the answers for Exercises 37 and 38. 


A! 
38:5 
C. a 
B 
A Ree, 
ace Sua: 
D G B 
{ Cc 
37. 
Wy 


m 


A-32 ANSWERS 


This figure contains the answers for Exercises 43 and 44. 


b) Yes c) Yes 
b) No c) No 
= rig 
A Be 
51. a) b) No c) No 
d) e) Yes f) Yes 


b) No. Any 90° rotation will result in the figure being in a 


different position than the starting position. 
55. a)—b) : 


c) No 


d) The order in which the translation and the reflection are 
performed is important. The figure obtained in part (a) 


is the glide reflection. 


ain 


60. 


61. 


62. 


Answers will vary. 59. A regular pentagon cannot be 
used as a tessellating shape. 


Although answers will vary depending on the font, the 
following capital letters have reflective symmetry about a 
horizontal line drawn through the center of the letter: B, C, 
D, E, H, I, K, O, X. 


Although answers will vary depending on the font, the 
following capital letters have reflective symmetry about a 
vertical line drawn through the center of the letter: A, H, 1, 
MEOW Dy UNV Week ar 

Although answers will vary depending on the font, the fol- 
lowing capital letters have 180° rotational symmetry about 
a point in the center of the letter: H, I, N, O, S, X, Z. 


SECTION 9.6, PAGE 547 


. Rubber 
. Answers will vary. 
. Answers will vary. 
. Outside 
. LargerthanS 29.5 31. 0 33. Larger than 5 
. a) Answers will vary. 


3. Klein 5. Jordan 7. One 
11. Answers will vary. 
15. Answers will vary. 
19. Outside 21. Inside 23. 1 25. 5 
b) Answers will vary. 


c) Answers will vary. d) Answers will vary. 


-One 39. Two 
. a) No, it has an inside and an outside. 


b) Two 
c) Two d) Two strips, one inside the other 


43. Answers will vary. 45. Answers will vary. 
SECTION 9.7, PAGE 556 
1. Parallel 3. Two 5. Sphere 7. Geodesic 


oF 


11. 


13. 


15. 


17. 


19. 
23. 


tok 
4H th 


2 [|] ae 
| ra sp 
o inn ef 
Start bs 3 a 
Step | Step 2 


b) Infinite c) Finite 


Each type of geometry can be used in its own frame of ref- 
erence. 


Coastlines, trees, mountains, galaxies, polymers, rivers, 
weather patterns, brains, lungs, blood supply 


Answers will vary. 21. Answers will vary. 
Answers will vary. 


REVIEW EXERCISES, PAGE 560 


1.BF 2. AD 3. ABFC 4. BH 5. {F} 

6. 4 ee 1354.6 Gao 5 OOD mn 

10.°2in, “41. 58° 12.792° 

13. mx.1 = 45°, mX2 = 110°, mX3 = 110°, mx4 = 65°, 
mx&5 = 115°,mxX6 = 65° 

14. 1080° 15. a) 99mi? b) 40 mi 

16.a) 13in? b) 19.4in. 17. a) 84in? b) 42in. 

18.a) 6km? b) 12km 19. a) 153.94 ft? b) 43.98 ft 

20. 64.38m? 21. 79.73 yd? 22. $1176 

23. a) 120cm?_ b) 164 cm? 

24. a) 254.47 ft? b) 226.19 ft? 

25. a) 603.19mm?> b) 435.20 mm? 

26. a) 1436.76 yd? b) 615.75 yd? 

27. 432m? 28. 28 ft? 29. 75.40cm? 30. 458.15 in? 

31. a) ~67.88 ft? b) 4610.7 1b; yes c) ~510.3 gal 


This figure contains the answers for Exercises 32 and 33. 


This figure contains the answers for Exercises 34 and 35. 


This figure contains the answers for Exercises 36-38. 


36. : 


B’ 


ANSWERS A-33 


This figure contains the answers for Exercises 39 and 40. 


41. Yes 42. No 43. No 44. Yes 

45. a) Answers will vary. b) Answers will vary. 
c) Answers will vary. d) Answers will vary. 

46. Answers will vary. 47. Outside 


48. Euclidean: Given a line and a point not on the line, one 
and only one line can be drawn parallel to the given line 
through the given point. Elliptical: Given a line and a 
point not on the line, no line can be drawn through the 
given point parallel to the given line. Hyperbolic: Given 
a line and a point not on the line, two or more lines can 
be drawn through the given point parallel to the given 
line. 


49. ur 
pia) ial 


50. 


CHAPTER TEST, PAGE 563 
7 —> 
1 EF 2. ABCD BatDim4Ay AG 
6. 169.6° 7. 65° 8. 540° 9. ~2.69cm 
10. a) Sin. b) 30in. c) 30in2 
11. a) 1436.76 cm? b) 615.75 cm? 
12. 59.43 m> 13. 112 ft? 
14. ee 


BY A Load B 


Sp, Ley 


UBB 


A-34 ANSWERS 


16. : B 


i WG trees: : 
B. a 
te I 
I Dt 
DiC. 


18. a) No b) Yes 
19. A surface with one side and one edge 


20. a) Answers will vary. b) Answers will vary. 


SECTION 10.1, PAGE 573 

1) Binary’ 3.)b' =a" 52a ="(b)-"e)) S77 Closed 
9. Identity 11. Inverse 13. Commutative 

15. a:b = b+ a forany elements a and b;2+3 =3:-2 


17. (a+b) +c=a+ (b +c) for any elements a, b, 
andc;(3 + 4) +5=3+ (44 5) 


19. 4 2a 


244 
21.(6-4)-14#6-(@4-1) 
2-1#46-3 
S28 


23. Yes; it satisfies the five properties needed. 

25. No; there is no identity element. 

27. No; the system is not closed. 

29. No; there is no identity element. 

31. No; not all elements have inverses. 

33. Yes; it satisfies the four properties needed. 

35. No; the system is not closed. For example, t is undefined. 
37. Yes; it satisfies the four properties needed. 


39. No; the system is not closed. For example, 
V2 + (—V2) = 0, which is rational. There is also no 
identity element. 


41. Answers will vary. 


SECTION 10.2, PAGE 531 

Heil Beek a) Oe 1h oy, 2 MO Til, 22) 
3. Closed 5. Inverses 7. Associative 

13. No 


15. Yes; C is the identity element since the row next to C 
is identical to the top row, and the column under C is 
identical to the left-hand column. 


9. Commutative 11. Commutative 


17. 


19. 
21. 
a8b 


a) The inverse of A is B since A QB=BOA=C. 
b) The inverse of B is A since B QA=AQOB=C. 
c) The inverse of C is C since C Oc=C. 


No; the elements are not symmetric about the main diagonal. 
PRD Pe aE bts PAE allo © 
IQ) 2B @ S86 ts Sh Wy 


43.2 45.3 47.2 49. 4 
7) | ae oe eae 
HP lier lie? Zhe ww eye op ee7/En Gl 
3: ine ee et etahias GS ih t wall ay 
SU R45) Om) eel pee eee 
ANS Oe a Sees 
‘So Germ eee ae 2s Siete es 
6 WG SLE 2a Fe me 
TINTS pO 3 A aol Oe a 
Bkh 2) Bab S) sie a SY), 7 
61. Yes; it satisfies the five required properties. 
63. a) {0,2,4,6} b) £ c) Yes d) Yes;0 


65. 


e)) Yes; 0-0,2-6)4-456 Qe tice 4) co 426) 
g) Yes;s2£6=6£2 h) Yes 

a) {*,5,L} b)$ ec) Yes d) Yes,L 

e) Yes, *+—5,5—#,L-L f) (*$5)$5= * $(5$5) 
g) Yes,L$ * = * $L_ h) Yes 


67. a) {f,r,0,m} b)~ c) Closed d)m e)f f) f 
g)m hr 
69. Not closed 71. No inverse for © or for *, not associative 


73. 


75. 


ie 


No identity element, no inverses, not associative, not 
commutative 


a) b) Yes, it is a commutative 
group; it satisfies the five 


properties. 


a) Is closed; identity element is 6; inverses: 1-5, 2-2, 3-3, 
4-4, 5-1, 6-6; is associative; for example, 
(2 cosy) C2) = 2 ca (sj ca 3)) 
303=202 
6= 6 
b) 32714103 
244 


83. 


(2ce se ae 
Rey en ane ak 
CSI IR clans Oil ahd Sai chides 
FA Se L ory GN ete 
De tee Va Ree 1S at) 
Va CES? em: 
Vp ae So! Rin -VP ait red daa 


b) Yes. It is closed; identity element is I; inverses R—-V, 
S—S, T-T, U-U, V-R, I-I; and the associative property 
will hold. 


c) No, it is not commutative. For example, R*S # S*R 


a) Yes” b)) Yes; c) Yes;1 ‘d) Yes e) Yes. £) Yes 


SECTION 10.3, PAGE 592 


1. 

9. 
17. 
25. 
39. 
53. 
65. 


69. 


71. 
TBs 
TS 


We 


m-—1 3. Remainder 5. Congruent 7. Monday 
Sunday 11. Friday 13. Saturday 15. Friday 
May 19. August 21. September 23. July 
Dts i, Ps Sig He D Eb ille SES Ae Her? 
4 44.5 43.2 45.6 47.9 49.5 51. 1 
3 55.5 57.5 59. {} 61. land6 63. 5 
0 67. a) 2024, 2028, 2032, 2036, 2040 b) 3004 
c) 2552, 2556, 2560, 2564, 2568, 2572 

a) Resting (for the second of two days) 

b) Resting (for the second of two days) 

c) Morning and afternoon lessons d) No 

a) 5 b) No c) 54 weeks from this week 

a) Evening b) Day c) Day 


a) 


ts als a 
Warn 28 


b) Yes c) Yes,0 d) Yes; 0-0, 1—2, 2-1 
() Gl ar Pyar PS sh (ae D) 

fi) Yes; 2) ella eg) ese hi) Yes 
8) | peeeseociae eas Le | 


ANSWERS A-35 


b) Yes c) Yes, 1 


d) No; no inverse for 0 or for 2, inverse of 1 is 1, inverse 
of 3 is 3 


e) (1 X2) X3 = 1 X (2 X3) 

f) Yes,2X*3 = 3X2 g) No 
792s SUM 2538320 e852 
87. a) Tuesday b) Wednesday 
89. Knowledge is power 90. 0 


REVIEW EXERCISES, PAGE 595 


1. A binary operation is an operation that can be performed 
on two and only two elements of a set. The result is a 
single element. 


2. A mathematical system consists of a set of elements and at 
least one binary operation. 


3. No; for example 2 +3 = 2 and 4 is not a whole number. 
4. Yes; the difference of any two real numbers is a real number. 
Se CSI We) Gh oh SEP SIGE ail 

11. Closure, identity element, inverses, and associative 

property 

12. A commutative group 13. Yes 

14. No; no inverse for any integer except 1 and —-1 

15. No; no identity element 

16. No; no inverse for 0 

17. No identity element; no inverses 


18. Not every element has an inverse; not associative. For 
example, (P?P)?4 4 P?(P?4). 


19. Not associative. For example, (! Up) 0? 4! O(p 0?) 
20. a) {©, @,2,3} b) O c) Yes d) Yes;o 


e) Yes; ©-©, @-d, 2-2, d-@ 

f)(e O29) Ns=eN(¢ Oa) 

g) Yes; @ O e= 00 h) Yes 
PUN) Ps WN 8 DD OY RY OS i Pkt 2 oad! 
285 12) 2979305 i Sts 1 325569335 3 34. 7 
35. 0,2,4,6 36.4 37.5 38.9 
39. No solution 40. 8 
41. 


0 
1 
2 
3 
4 
5 


Yes, it is a commutative group. 


42. 


43. 


ANSWERS 


No; no inverse for 0 or 2 


a) Yes b) Yes 


CHAPTER TEST, PAGE 597 


ile 
2. 


oy Yes 


A set of elements and a binary operation. 


Closure, identity element, inverses, associative property, 
commutative property 


4. No; not closed 


6. Yes, it is a commutative group. 


oA kis 2 Sy 
10. 
12. 
16. 
20. 


b) Yes c) Yes,T d)S e)S 
11. Yes, it is a commutative group. 
13.3 14.8 15. 4 


No, not closed. 
Yes, it is a commutative group. 
ye Wb ey AS Oe VR 

a) 


b) No; no inverse for 0. 


Chapter 11 


SECTION 11.1, PAGE 607 


1. 
11. 
21. 
29. 
33. 
28), 
43. 


45. 


47. 
D3s 


100 3. 100 5. Previous 
0.8% 13. 378.0% 
0.002 23. 0.01 25. 25% 27. 4.7 grams 

471 comedy DVDs 31. 192 horror DVDs 

21.46 mf of oxygen 35. 9.7 mé of chlorine 37. 47.0% 
14.0% 41. 3.4% decrease 

a) 6.9% increase b) 5.9% increase 
d) 23.3% increase e) 10.2% increase 
a) 22.7% decrease b) 29.3% increase 

c) 33.8% decrease d) 18.8% increase e) 11.0% increase 
$6.75 49. 25% 51. 300 

a) $2.61 b) $46.11 c) $6.92 d) $53.03 


7. 10% 
15. 0.07 17. 0.0515 19. 0.0025 


9. 55.0% 


c) 11.6% increase 


55. 
61. 
67. 


12 students 57. $39,055 59. 5.3% decrease 
41.6% increase 63. 18.6% decrease 65. $3750 
He will have a loss of $10. 69. $21.95 


SECTION 11.2, PAGE 618 


. Principal 
. $18.00 11. $24.06 13. $15.85 15. $80.06 
. $113.20 19. 5.6% 
. $25,750 27. a) $131.25 b) $3631.25 
. a) $182.50 b) $3467.50 c) ~ 7.9% 

. $23,793.75 33. 239 days 
. July 24 41. March 24 43. $2017.03 45. $1459.33 
. $5278.99 49. $850.64 51. $6086.82 53. $2646.24 
. a) November 3, 2011 


. a) 409.01% 
. a) 6.663% 
. a) $6.42 b) $14.20 c) $22.47 d) Answers will vary. 


3. Interest 5. Rate 7. United States 


21. $7000 23. 2 years 


35. 272 days 37. 264 days 


b) $999.24 
c) $0.76 d) 0.1504% 
b) 204.50% 
b) ~7.139 


c) 102.25% 
c) $6663 d) $6996.15 


SECTION 11.3, PAGE 627 


49. 


. Profit 
. A = $2622.86; i = $122.86 

. A = $2253.98; i = $253.98 

. A = $8252.64; i = $1252.64 

. A = $8666.26; i = $666.26 15. $30,695.66 
. $85,282.13 19. $54,142.84 21. $1653.36 
. $2341.82 25. a) $4195.14 b) $4214.36 

- $3106.62 29. $10,910.27 31. ~ 3.53% 

. Yes, the APY should be 2.43%. 


. He will earn more interest in the account that pays the 5% 


. a) $555,000 b) $58,907.61 
. $212,687.10 41. $15,130.89 
. a) $1040.60, $40.60 b) $1082.43, $82.43 


. $2.33 47. a) 24 years 


3. Variable 5. Compound 


simple interest. 
c) $98.51 


c) $1169.86, $169.86 d) No 

b) 12 years c) 9 years 

e) 3.27% 

The simple interest is $20,000. The compound inter- 
est is $22,138.58. The compound interest is greater by 
$2,138.58. 


d) 6 years 


SECTION 11.4, PAGE 641 


. Installment 
. $345.44 11. a) $523.35 b) $104.65 
- a) $818.40 b) 8.5% 
- a) 6.0% 
- a) $2818.20 b) $689.39 c) $347.90 d) $8614.17 
. a) $26.00 b) $46.01, which rounds up to $47 

. a) $21.14, which rounds up to $22 


3. Annual 5. Installment 7. $33.24 


15. a) $4465.20 b) 5.0% 
b) $726.00 c) $7858.00 


b) $34.39, which rounds up to $35 


25. a) $19.76 b) $743.41 27. a) $1.56 b) $133.11 
29. a) $512.00 b) $6.66 c) $638.43 
31. a) $121.78 b) $1.52 c) $133.07 


d) The interest charged using the average daily balance 
method is $0.04 less than the interest charged using the 
previous balance method. 


33. a) $11.96 b) $886.96 
35. a) $25 b) $35.60 c) 85% d) 6.5% 37. $14,077.97 
39. a) $6872.25 b) $610.37 c) $2637.42 d) $2501.05 


SECTION 11.5, PAGE 654 


1. Mortgage 3. Points 5. Adjusted 7. $717.28 

9. $1960.48 11. a) $26,250 b) $798.52 

13. a) $262,500 b) $9583.98 

15. a) $39,000 b) $156,000 c) $3120 

17. a) $802.20 b) $1411.19 c) No 

19. a) $187,714.80 b) $112,714.80 c) $38.62 

21. a) $17,025 b) $2894.25 c¢) $1212.40 d) $931.00 
e) $1057.67 f) Yes g) $127.04 23. BankB 

25. a) $664,491.60 b) $927,379.20 ©) $1,230,933.60 

27. a) $804.62 


AGG "Balance of | 
5 nee Loan ae 


$99,945.38 
$749.59 $55.03 $99,890.35 
$749.18 $55.44 $99,834.91 

©) 9.38% 

d) | gees 55 REECE 
"Pays Balance of 
Num Principal =Loan — 

4 $780.38 $24.24 $99,810.67 

5 $780.19 $24.43 $99,786.24 

6 $780.00 $24.62 $99,761.62 
e) 9.46% 


29. a) The variable-rate mortgage b) $2149.80 


SECTION 11.6, PAGE 664 


1. Annuity 3. Sinking 5. Immediate 7. 401k 
9. $54,688.90 11. $299,929.32 13. $332.41 
15. $175.48 17. $37,078.18 19. $56,559.36 21. $331.46 
23. $5160.71 25. a) $23,003.87 b) $826,980.88 
c) $349,496.41 d) $12,000 e) $36,000 f) Alberto 


REVIEW EXERCISES, PAGE 668 

1. 80.0% 2. 66.7% 3. 62.5% 4. 4.1% 

5. 0.98% = 1.0% 6. 314.1% 7.0.05 8. 0.217 

9. 1.23 10. 0.0025 11. 0.0083 12. 0.0000045 

13. ~ 17.6% 14. 3.0% 15. 20.0% 16. 80 17. 91.8 


18. 
22. 
26. 
27. 
28. 
29. 


30. 
SB) 
34. 
35. 
36. 


38. 


39 


41. 


42. 
44. 


ANSWERS 


$6.42 19. 40 people 20. 26.7% 
5.0% 23. $450 24. 0.5 year 
a) $162 b) $3162 

a) $1380 b) $4620 c) ~ 14.9% 

a) 7.5% b) $830 c) at least $941.18 

a) $6691.13; $1691.13 b) $6719.58; $1719.58 

c) $6734.28; $1734.28 d) $6744.25; $1744.25 

e) $6749.13; $1749.13 

$3503.48 31. 5.76% 32. $13,415.00 

a) 6.0% b) $253.16 c) $4150.34 

a) 6.5% b) $64.32 c) $1962.51 

a) 4.5% b) $32.06 c) $1420.43 

a) $6.31 b) $847.61 c) $508.99 d) $6.62 

e) $847.92 37. a) $2.60 b) $546.92 c) $382.68 
d) $5.36 e) $549.68 

a) $56,000 b) $84,000 c) $13,440 d) 6.0% 


21. $112.50 
25. $7875 


. a) $10.44 b) 8.5% 
40. 


a) $33,925 b) $1345.49 c) $855.78 

d) $1172.45 e) Yes 

a) $13,485 b) $756.73 c) $24.42 d) $285,907.80 
e) $196,007.80 

a) $550.63 b) 8.0% 
$3668.72 


c) 7.75% 43. $48,378.57 


CHAPTER TEST, PAGE 671 


— 


. a) $37.50 b) 3 years 
. $2523.20 5. $123.20 6. a) $7961.99, $461.99 


- 8.5% 
. a) $12.30 b) $1146.57 


2. $166.50 3. $1366.50 


b) $3036.68, $536.68 7. $1997.50 8. $181.46 
10. a) 4.5% b) $64.02 c) $2836.28 

c) $765.67 d) $10.72 
e) $1144.99 12. $21,675 13. $2456.50 


14. $1848.93 15. $1123.53 16. $1427.70 17. Yes 
18. a) $428,602.30 b) $284,102.30 19. $25,858.69 
20. $277.28 

SECTION 12.1, PAGE 679 

1. Experiment 3. Event 5. Empirical 

7. a) Answers will vary. b) Answers will vary. 


c) Answers will vary. 


9. a) Answers will vary. b) Answers will vary. 
c) Answers will vary. 
7 1 ( 3 8 1 
5a) == = = k b 
11. a) 5 b) 3 c) 5 13. a) 7 ) 1 c) a1 
13,674 27,362 
: = = 0. = 0.1783 
Se teaGe ge 53 468 
11,140 


,or ~ 0.0726 
153,468 


A-37 


A-38 ANSWERS 


16,600,000 — 9 2479 b) 8,870,000 


~~ o) 
17. a) 6 950,000 66,950,000 ~ 213° 
18,880,000 
e) = ——— or = 0/2820 
66,950,000 
11 9 1 4 3 
19. a) 6 b) Fi c) A d) 40 e) 40 
6 a ees App a7 1 
41.0) 90. ‘10 ») 70 «10 °) 20 ~=«10 a} De) eaclo 
50 
93.0) 0 b) = =02 1 
a).0. Dd 55H v) 


25. a) ae 0.2411  b) i 0.7589 

BEY) ae a) 
929 a9) 

27. No, it means that if a coin was flipped many times, about t 
of the tosses would land heads up. 


29. a) Roll a die many times and then find the relative 
frequency of 5’s to the total number of rolls. 


b) Answers will vary. c) Answers will vary. 
31. a) Answers will vary. b) Answers will vary. 
c) Answers will vary. d) Answers will vary. 
32. a) Answers will vary. b) Answers will vary. 


c) Answers will vary. 


SECTION 12.2, PAGE 687 


4 1 
1. Equally 3.1 5.1 7.— 9.0.1 Il. a) = b) — 
quan, 7 a) 5 ) 4 
1 1 12 1 4 
13. 15. 17. 19. 21.1 23. — 
40 13 13 2 13 
25. a) i b) : ) : d) 0 
Bare i EC) An 
4 2 4 
27. a) b) L ) : d) 
C Cc 
2 8 8 
1 9 1 1 1 2 11 
29. 31. 33. 35. 37. | 41. 
5 10 12 6 D ae 3 17 
43. 2 see as 49. asi ss 
ial ili a ty : aa 5 
1 5 117) 83 11 5 
55. 57. 59, ; j ; 
26 26 26 6} 130 ve 26 oe 21 
11 4 13 1 23 
67. 69. 71. 73. 75. 
42 21 36 3 36 


1 1 1 
Tis.a) OF bye V9: = = (oh) a 
a) ) a) 4 Dy c) 4 81. 29 dots 


SECTION 12.3, PAGE 694 


1 


ik ayer Sh Beil Re We al te 


9. a) = b) ath ©) 7:3: 0) Sep 
a ai lz 12 


1. Gel las 13. Sl SIS Aone ilies bene: 
LOO s3 5310 B22 ol 235 536 ee 5a) oe aD mee 


4 

27. 8129s 8. SN 8 ime Sauna) 5 b) 1:4 35. 1:16 
4 11 1 

37. a) Z b) abl. 41. 5 43. 1:4 45. 74:1 

AT OG4" 49) 23) Sie Ase oS.Le > eS Seed cal 


11 15 


1 
57..a) = b) 3271 
33 


2 i 1 5 
59. Horse 2, 9° Horse 3, 3 Horse 4, 16° Horse 5, 1D 


1 
Horse 6, a 61. ~ 97:3 


SECTION 12.4, PAGE 703 

1. Expected 3. Positive 5. 32,700 people 7. 70 points 
9. 1.44 million viewers 11. $5500 13. $1.60 off 

15. a) ~-$0.17 b) ~3 0.17 


1 
17. a) Yes, because you have a positive expectation of 5 


: 1 
b) Yes, because you have a positive expectation of 3 


19. $3.00 21. a) —$2.00 b) $1.00 

23. a) = 2:00 b)' $1,0099255°$3)00" 27. =5 125 

29. $750 31. $416.67 33. a) $3.50 b) $5.50 

35. a) $2.25 b) $4.25 37. $2.50 39. —$ 8.25 

41. 0.75 base 43. 2.9 points 45. 56 employees 

47. $14,550 49. 3.5 51. ~141.51 service calls 

53. a) se o = a 
16 4 8 16 

55. An amount greater than $1200 

57. —$ 0.053 or —5.3¢ 59. a) $458.33 b) $308.33 


b) $11.81 


SECTION 12.5, PAGE 712 


1. Sample 3. 14 5. a) 2500 b) 2450 
7. a) 216 b) 120 9. a) 4 
1 
9, b) Sample Space c) 4 d) = 6) 
es! HH 
SST HT 
eee TH 
DES TT 
1 1 5 
11. a) 9 b) Sample Space Cc) re d) nr e) me 
S = 9 9 2 
s<— SQ 
A SA 
S Qs 
wo QQ 
A QA 
) AS 
A Q 
a 
13. a) 12 b) Sample Space 
RISES ae YR 
Yo 
re YG 
a RY 
aE 
=e RG 
soe BY 
ee, 
Ta ae 
if) AEE GY 
G=———— R G 
. es os 


nai 
(2) = eC) = 
2 2 
1 1 
15. a) 9 b) Sample Space c) = d) = 
3 9 
A SA 
s<w SW 
fe) so 
A JA 
i<w IW 
te) JO 
ie GN 
c<w cw 
CO 
17. a) 36 b) Sample Space 
1 11 
2 i 
i 3 13 
4 14 
5 15 
6 16 
1 21 
2 22 
A 3 23 
2 4 24 
5 D5) 
6 26 
I 31 
2 AD 
3 33 
4 34 
5 35 
6 36 
1 41 
2 42 
} 3 43 
4 4 44 
5 45 
6 46 
! 51 
2 52 
3 53 
: 4 54 
5 55 
6 56 
1 61 
2 62 
3 63 
a 4 64 
5 65 
6 66 
5 1 
c) d) e) f) No 
6 36 36 
19. a) 12 b) Sample Space 
R BCR 
c<s BCS 
li BCL 
R BGR 
cs BGS 
Ly) BGE 
R ACR 
c<s ACS 
ix AGIs 
R AGR 
c<s AGS 
L AGL 
) 1 d) it ) 2) 
C)i Sq =. Ne 
2 6 3 
21. a) 18 b) Sample Space 
F 11F 
i—<—h 11H 
i B 11B 
F 12F 
<a 12H 
A 12B 
R 21F 
et 21H 
B 21B 
ee F 22F 
<a 22 
B 328 
F 31F 
i 31H 
3 B 31B 
F 32F 
—<=r*z 32H 
B 32B 
c) seid) s0 we) 


PA 


23. a) 27 b) 


a 


iq 


MAAAAAAAA 


= 


= 5 


ey 
WNRAVNANHDUVANDVAHVHANVTHAOAVNANHNWVNNONVNO 


1 


1 D 
ee EG ie 


25. a) 24 b) 


ay I 


QURP OPP ODP OOD 


ANSWERS A-39 


Sample Space 


DFC 
DFS 
DFP 
DHC 
DHS 
DHP 
DIC 
DJS 
DJP 
MFC 
MFS 
MFP 
MHC 
MHS 
MHP 
MJC 
MJS 
MJP 
BFC 
BFS 
BFP 
BHC 
BHS 
BHP 
BJC 
BJS 
BJP 


Sample Space 
M R_ Br 
B 
RG 
Br Br 
Br B 
Br G 
Bk Br 
Bk B 
Bk G 
Bl Br 


<< 
7m 


G 


IIA IIH Wim wa eee eee SSeS 
w 


c) No, the probability of selecting a red chip is not the 
same as the probability of selecting a white chip. 


d) Answers will vary. 
29. 3: 1 red, 1 blue, and 1 brown 


30. 5 faces 


31. a) 120 b) CHAIR 32. a) 720 b) BASKET 


SECTION 12.6, PAGE 723 


1. Compound 3. And 5. Independent 
11. 0.7 13. 0.4 


9. P(A) + P(B) — P(A and B) 


7. Independent 


5.0.75 17.4 19.4 21 cg Pataca) el 
ttn "3 Be , 3 yas cae) 
27. a) 16 b) 19 29. a) 16 b) 76 
1 1 9 33 ll 
ees 10 35 
31. aig Digg 92 Bagge P55 20 


A-40 ANSWERS 


2 9 8 
: 43. 45 47 
37 5 39 41 3 6A 8 
3 9 1 1 1 1 
E 3 ' 355 SHE 59. 
i ot 49 23 35 35 8 8 
1 ] 4 2 24 iil 
61. a) 39 b) 3 63. a) 49 b) 1 65. a) 49 71 
376 549 IGT i i 
— == é 73. US 
a 925 925 a 9880 : 988 10 
343 ] 27 243 5 
—— ase —— 5 Sh a 
uy 1000 fe 4 al 1024 1024 : 22 
l 5) 
87. ee 89. 91. 93. 0.36 95. 0.36 
$331 24 1172 


97.a) No b) 0.001 ec) 0.00004 d) 0.00096 


e) 0.000999 f) 0.998001 


Z 14 
es 101. ae 103 = 
250 62,500 45 


105. Favors dealer. The probability of at least one diamond is 
~ 0.44, which is less than 0.5. 


99. 


107. 108. 109 110. 1 
9 4 2 
SECTION 12.7, PAGE 731 
1 1 2 2) 2 
2 iti : a 5 11 
1. Conditional 3 3 5 3 3 9 3 3 
2 2 1 
13. 15. 7h, 19 P|. 23 
3 3 5 
i ] 1 1 2 2 1 
WE Die I 1. 3 5. ie 
: 16 i 2 6 : 6 33 3 3 9 3 2 
39. — 41. 0.5941 43. 0.3605 45. 0.6251 47. = 
4 11 
495 51eS 5S O63 502459 
15 15 
10 3 44 11 
WO 5 3 3 3 
57. 0.2897 59 i 61 19 63 4 65 Ay 
67. 10 69. i 71. 2 Ts iS 
29 29 200 52 
75.a) 140 b) 120 c) U d) 3 e) 2 f) “ 
i ¥ 10 5 3 if 


g) Because A and B are not independent events 


77. a) 0.3. b) 0.5 c) Yes;P(A|B) = P(A) - P(B) 


1 1 | l 1 
718. 22. 79,--at 80s =) a8 1. 82 ae 

3 2 3 3 3 
SECTION 12.8, PAGE 742 
1 Counting “3. nl 5. === 7, sP, 9, 120 


Gi)! 
12s Ss ie 7520 eS SS Gee O00) 


23; 24 <25;, a)s5* 93125 b) a = 0.00032 

27. a) 456,976,000 b)258,336,000 29. 336 

31.a) 720 b) 120 c) 24 d) 600 33. 720 

35. a) 479,001,600 b) 3,628,800 ec) 14,400 

37. 78,624,000 39. 131,040 41. 676,000 43. 104,000 
45. a) 8,000,000 b) 6,400,000,000 c) 64,000,000,000 


47. 524,160 49. 5040 51. 280 53. 362,880 55. 3780 
57. 630 59. 15,120 61. a) 40,320 b) 362,880 

63. a) 3125 b) 128 c) 0.00032 

65. 12,600 sec, or 3.5 hr 67. No 68. 56 69. 600 

70. a) 360 b) CHOICE 

71. a) 2520 b) SCROOGE 


SECTION 12.9, PAGE 749 


1. Combination 3. Permutations 5. 7C3 7. 15 
9. a) 70 b) 1680 Il. a) 1 b)1 13. a) 120 b) 720 


15. 6 17. : 121 495235.) S25. Ome nO) 


29.495 31. 210 33. 1260 35. 6160 37. 5880 
39. 8820 41. 700 43. 600 45. a) 45 b) 56 


47. a) 1 
1 1 
1 D 1 
1 3 3 1 
1 4 6 4 1 


b) 1 5 10 10 5 1 


49.a) 24 b) 24 51. 60,060 


52. a) The order is important. Since the numbers may be re- 
peated, it is not a true permutation lock. 


b) 64,000 c) 59,280 


SECTION 12.10, PAGE 755 


(e ( G, G 
{, ee 5 eG BOS ge 
14C4 26C3 1sCs 120C5 15 
11. ee 13. ale iy 2 17. d 19. 2 
143 30 a, 9,366,819 10 
7 1 All 
21. 23. é a0: Bos 
10 3 115 25 730 27. 0.0012 29. 0.3083 
» 4 1 5 15 
1 33 3 
55 33 ey Wi i) Tis) oH 253 
1 1 
41. 
4) 3,760 ») 30.040 
33 1 1 1 
43. >) SS = 4G, 
a) 54,145 ) 2,598,960 a) 2,162,160 b) 6435 


47. 1; Since there are more hairs than people, two or more 
people must have the same number of hairs on their head. 


SECTION 12.11, PAGE 764 
1. Probability 3. Success 5. 0.0036 7. 0.3456 
9. 0.015625 
11. a) P(x) = (,,C,)(0.14)(0.86)" * 
b) P(2) = (2C2)(0.14)7(0.86)!° 
13. 0.27869 15. 0.12248 17. 0.06877 19. 0.4096 
21. a) 0.00098 b) 0.08789 ec) 0.10352 
23.a) ~0.1119 b) ~0.2966 25. 0; it will be midnight. 


REVIEW EXERCISES, PAGE 767 


1. Answers will vary. 2. Answers will vary. 
! 8 1 4 
3. 5 4. Answers will vary. 5. 35 6. 5 Ife 5 
1 9 11 16 43 
8. Os 10. 11. 2. 13. 
5) 25 50 : 2S) 50 
3 
145a)"42 7 byt 1525: 165 = A773 
18. a) —$ 1.20 b) —$3.60 19. a) —$ 0.23 b) $0.23 
c) Lose $23.08 20. 660 people 21. $4.00 22. $3.50 
23. a) J 
1<—s 
al 
J =< 
i 
eet 
Ae 
eI 
b) Sample Space c) = 
TI : 
TG 
IKE 
Uae 
JG 
Ke 
GT 
GJ 
GC 
(CL 
Cl) 
CG 
1 3 
24. a) 1 pb) Sample Space c)— d) — 
H 2 4 4 
<= Hl 
: H2 
re} H3 
; H4 
uu 
Te 
T3 
T4 
1 9 3) 3 
25. 2 27 28. ZO WI SOc ae 
4 : 64 16 : 8 16 
1 14 4] 1 
31. 2 33. 34 
22 : 55 55 22 
i 
35. a 36. Against, 3:1; in favor, 1:3 37. $13.75 
1 
38. 8 39. — 40. In favor, 3:5; against, 5:3 41. $3.75 
7 15 17 2 1 me) 
' E 44. 45. : 47. 
pals a 17 nt IS) oa 40 
3 12 
48. 7 49.— 50. — 51. a) 24 b) $4500 52. 30 


ANSWERS 


53.720 54. 504 55. 20 56. 3,628,800 
1 1 
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57. b 58. 3 
4) 38190816 » 175,711,536 ph4g 
59.560 60 £ 61 : 62 : 63 : 64 
: * pi "i oils oA 1) 
5 45 2 11 
65. 66. 67. , 
182 364 13 eS 13 
69. a) P(x) = (,C,)(0.6)"(0.4)" * 
b) P(75) = (4o0C75) (0.6) 9(0.4)> 
70. 0.0512 71. a) 0.01024 b) 0.98976 
CHAPTER TEST, PAGE 771 
7 5 4 2 | 5 
1. 2. ? 4, : : : 
25 9 3 9 3 ° 6 4 18 i 12 
8 i 9.18 10 11 a 
° 13 . . Sample Space . 18 
1 Rl 
é R3 
R 4 Rd 
5 R5 
6 R6 
| Bl 
ee 
= B4 
5 BS 
6 B6 
1 Gl 
2 G2 
i <3 
5 G5 
6 G6 
4 5 
12. 5 13. : 14. 1,581,840 15. a) 5:4 b) 5:4 
107 113 53 AT 
16. $0 17. b d 
§ ) x98 ©) 208 9 13 ® 407 
18.120 19. a) es b) 22 20. 0.2304 
; Saas a . 0.22 
Chapter 13 
SECTION 13.1, PAGE 778 
1. Statistics 3. Descriptive 5. Sample 7. Random 


9. Cluster 11. Unbiased 13. Stratified sample 
15. Cluster sample 17. Systematic sample 

19. Convenience sample 21. Random sample 
23. a) Answers will vary. b) Answers will vary. 


c) Answers will vary. 


25. President; four out of 44 U.S. presidents have been assas- 


sinated (Lincoln, Garfield, McKinley, Kennedy). 


SECTION 13.2, PAGE 781 


1. The patients may have improved on their own without 


taking honey. 


3. Mama Mia’s may have more empty spaces and more cars 
in the parking lot than Shanghi’s due to a larger parking lot 
or because more people may walk to Mama Mia’s than to 


Shanghi’s. 


A-42 


5h 


te 


11. 


13. 


15. 


17. 


19. 


21. 


23. 


ANSWERS 


More people drive on Saturday evening. Thus, one might 
expect more accidents. 

Most driving is done close to home. Thus, one might 
expect more accidents close to home. 


. We don’t know how many of each professor’s students 


were surveyed. Perhaps more of Professor Malone’s 
students than Professor Wagner’s students were surveyed. 
Also, because more students prefer a teacher does not 
mean that he or she is a better teacher. For example, a 
particular teacher may be an easier grader and that may be 
why that teacher is preferred. 


Just because they are more expensive does not mean that 
they will last longer. 

There may be deep sections in the pond, so it may not be 
safe to go wading. 


a) Population of Honolulu b) Population of Honolulu 
e 400 aq 31d) 
3 MY g 370 
g 200 5 a 
a 100 2 365 
(= Aa 
1 ! 1 is | 1 N 1 
1980 1990 2000 2010 1980 1990 2000 2010 
Year Year 
a) Median Age at First 
Marriage for Males 
30 
25 
g 0 
16) 
10 
5) 
0 
2002 2004 2006 2008 
Year 
b Median Age at First 
) Marriage for Males 
So 
< 
0 all 
2002 2004 2006 2008 
Year 
a) Average Price of a 
Movie Ticket 


2010) 


Price ($) 
b) Answers will vary. 


Yes, the sum of its parts is 121%. The sum of the parts 

of a circle graph should be 100%. When the total percent 
of responses is more than 100%, a circle graph is not an 
appropriate graph to display the data. A bar graph is more 
appropriate in this situation. 


A decimal point 


SECTION 13.3, PAGE 792 


1. Frequency 3. Mark 5. Histogram 7. Stem 
9. a) 20 b) 7 c) 19 d) 16-22 e) 51-57 


‘| aeiear Vienne or Sean 
0 3 
1 8 
2 3 
3 5 
4 2 
5 7 
6 2 
7 3 
8 4 
9 1 
10 2 
(he | SSS 
Circulation © Number of | 
(ten thousands) _ Magazines _ 
173-329 33 
3932479 10 
473-622 1 
623-772 1 
773-922 1 J 
[i 
Circulation — Number of — 
_(ten thousands) Magazines _ 
W732 oe 
9713372 10 
373-472 5 
473-572 1 
573-672 0 
673-772 1 
773-872 i 
17. 
6 
4 
9.0-9.9 1 
10.0-10.9 3 
11.0-11.9 1 
12.0-12.9 2 
13.0-13.9 3 


ANSWERS A-43 


b) and ec) Starting Salaries for 25 
Different Social Workers 


> 


6.5-7.5 
7.6-8.6 
$7207 
9.8-10.8 


10.9-11.9 
12.0-13.0 
13.1-14.1 


Number of Social Workers 
nv WwW PAA A 


29 
Salaries, in $1000 


d) 2\8 represents 28 


6.4—-8.3 


Rie ce ee 


W oO 
W oO 
Wo oO 


8.4-10.3 13 ZI On Onl dlecdn Que 

10.4-12.3 14 

12.4-143 9 

14.4-163 9 

16.4-18.3 y) 

18.4-20.3 0 4 

20.4-22.3 1 104—115 3 
116-127 2 

23. 128-139 3 

140-151 0 

6.4-7.8 re 152-163 1 

71.9=9.3 7 

ae a SOS > Wg Eedegerese tart 

10,.9-12.3 9 

12.4-13.8 7 : 

13.9-15.3 8 é 

15.4-16.8 4 ‘ 

16.9-18.3 1 2 

18.4-19.8 0 

1 iniaee 1 We se es 


Total Gross (millions of dollars) 


25. 1|2 represents 12 
31.a) 28 b) 4 c)2 d) 75 


014 6 7 8 
i ee 
Palle PA) 
3)3 4 
4/0 


SG 7 eo 
By 


27. a) 


1 
7 
4 
3 
2 

vx 
aes 
ng, 
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3372) ab) eG eae)e36 
d) 


e) Number of E-Mail Messages Sent 


Number of People 


wokhunnann ao 
Tegel ieee ceca line line Tes 


3.4 5 6 7°73 9 10 
Number of Messages 


Tution/Fees: $5026.65 
Room: $5303.48 
Board: $3336.53 
Computer costs: $903.34 


37. a) Answers will vary. b) Answers will vary. 
c) Answers will vary. d) Answers will vary. 
e) Answers will vary. 

39. a) There are 6 F’s. 

40. February, since it has the fewest number of days 


b) Answers will vary. 


SECTION 13.4, PAGE 802 
1. Average 3. Mean 5. Mode 
9a) xs DD) 

11. 14,13, 13,17 13. 79.3, 82, none, 76 

15.8.8, none, 8) 9175 3st ie Ie ses 

1 ORO Meso salalies) 

21. a) 198.7 b) 197.5 c) None d) 208.5 

23. a) 4.9,5,5,6 b) 5.3,5,5,6 c¢) Only the mean 

d) The mean and the midrange 


7. Quartiles 


25. A 79 mean average on 10 quizzes gives a total of 
790 points. An 80 mean average on 10 quizzes requires 
a total of 800 points. Thus, Jim missed a B by 10 points, 
not | point. 


27. a) 23.0 pints b) 22.5 pints c) 18.5 pints 
29. a) $4.6 billion b) $3.3 billion 
c) None d) $8.4 billion 
31. 552 
33. One example is 72, 73, 74, 76, 77, 78. 
35. a) Yes b) No c) No d) Yes 
37. a) 29 or greater b) Yes, 99 or greater 
c) 20 or greater d) 80 or greater 
39. One example: 1, 2, 3, 3, 4, 5 changed to 1, 2, 3, 4, 4, 5. 


d) 25.1 pints 


41. 


43. 
45. 


47. 
51. 


SBE 


58. 


No. By changing only one piece of the 6 pieces of data, 
you cannot alter both the median and the midrange. 


The data must be ranked. 


He is taller than approximately 35 percent of all kindergarten 
children. 


a) $23 b) $20 c) $34 49. Second quartile, median 
a) $580 b) $590 c) 25% 
d) 25% e) 17% f) $60,000 


b) Mantle’s is greater in every case. 

c) Ruth: 0.316; Mantle: 0.311; Ruth’s is greater. 

d) Answers will vary. 

e) Ruth: 0.307; Mantle: 0.313; Mantle’s is greater. 

f) Answers will vary. 

g) Answers will vary. 

90 57. a) Answers will vary. b) Answers will vary. 
c) Answers will vary. 

a) Answers will vary. One example is 2, 3, 5, 7, 7. 


b) Answers will vary. 


SECTION 13.5, PAGE 812 


25. 


27. 


29. 


. Variability 3. Standard deviation 5. Sample 


. 11, V16.5 = 4.06 9. 6, V4.67 ~ 2.16 

wll, V15.2 ~ 3.90 13. 5, V3 ~ 1.73 

. $205, V 4780.57 ~ $69.14 

. $190, V. 4725.25 ~ $68.74 19. Answers will vary. 
. The first set will have the greater standard deviation be- 


cause the scores have a greater spread about the mean. 


. The sum of the values in the (Data — Mean)” column will 


always be greater than or equal to 0. 
a) $63, V631.6 ~ $25.13 b) Answers will vary. 


c) Answers remain the same, range: $63, standard devia- 
tion ~ $25.13. 


a) Answers will vary. b) Answers will vary. 
c) Answers will vary. 


d) If each number in a distribution is multiplied by n, the 
mean and standard deviation of the new distribution 
will be n times that of the original distribution. 


e) 20, 10 


a) The standard deviation increases. There is a greater 
spread from the mean as they get older. 


b) ~ 133lb c) = 21 1b 
d) Mean: ~100 lb; normal range: ~ 60 to 140 Ib 


e) Mean: ~ 62 in.; normal range: ~ 53 to68in. f) 5% 


31. a) 
21-26 2 21-26 0 
27-32 5 27-32 6 
33-38 4 33-38 9 
39-44 i 39-44 4 
45-50 1 45-50 6 
51-56 1 51-56 0 
57-62 2 57-62 0 
63-68 1 63-68 0 
b) Number of Oil Changes Made Daily at East Store 
oN 
Ale 
eel 
A sp 
ea 
€ 3b 
A oll 
ie 
175 235 295 355 415 475 535 595 655 
Number Made 
Number of Oil Changes Made Daily at West Store 
9 
8 
27 
A 6 
gS 
G 
3 
2 
1 
17.5035 295 355 41.5 47.5 535 595 655 
Number Made 
c) They appear to have about the same mean since they 


32 
33 


are both centered around 38. 


d) The distribution for East is more spread out. Therefore, 
East has a greater standard deviation. 


e) East: 38, West: 38 f) East: ~ 12.64, West: ~5.98 


. Answers will vary. 
. 6, 6, 6, 6, 6 


SECTION 13.6, PAGE 828 


. Rectangular 3. Right 
. Below 11. a) 68% 
. Answers will vary. 

. Normal 
» 0.06305 9275 0103755 29: 
. 76.11% 
. 21.96% 


5. Bimodal 7. Standard 
b) 95% cc) 99.7% 
15. Answers will vary. 
19. Skewed right 21. 0.5000 23. 0.8185 
0.0429 31. 0.0166 
35. 89.74% 37. 97.13% 39. 97.50% 


43. a) Emily, Sarah, Carol b) Jenny, Shenice 
c) Sadaf, Heather, Kim 


45 


83. 
85. 


87. 


89. 


-50% 47. 
53. 
61. 
69. 
Wik 
TEX 
81. 
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10.56% 49. 
44.00% 55. 29.02% 
11.51% 63. ~23 cars 
CONS Tay ls 0:62.70) 73: 
The standard deviation is too large. 
a)B b)C oG)A 


The mean is the greatest value. The median is lower than 
the mean. The mode is the lowest value. 


69.15% 51. 24.17% 

57. 59.87% 59. 50.00% 

65. 95.47% 67. 13,380 boxes 
~83 families 75. 1.79% 


Answers will vary. 
a) Katiesz= 2.4: Stellazz= 1-7 
b) Katie. Her z-score is higher than Stella’s z-score, which 


means her sales are further above the mean than Stella’s 


sales. 
a) Answers will vary. b) Answers will vary. 
c) Answers will vary. d) Answers will vary. 
e) Answers will vary. f£) Answers will vary. 


—1.18 90. Answers will vary. 91. 2 


SECTION 13.7, PAGE 842 


1. 
11. 
15. 
23. 


25. 


27. 


Cochticientt9 35 15: 0097- Positives 9° fit 
No correlation 13. Strong positive correlation 


Yes 17. Yes 19: No> 21. No 
a) jel : 
14b 
12+ eo 
10; e 
8- e 
6L 
4e 
eS eee apes 
Ty a SORE 
b) 0.981 c) Yes d) Yes 
a) yy 
40+ A 
35+ . 
30- oe 
25 ° 
20 e 
15+ 
10 
5h 
Wa 25 30 35 40 5 30 is 
b) 0.228 c) No d) No 
a) ’t 
16;- e 
14- 
12 ; 
10 é 
8F 
6 
4 
a 
i ). 
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29. a) > b) —0.968 c) Yes d) Yes 


51. 


53. 


cy 
e 


NwraADA 
ie i | 


Pe i ee 
20 40 60 80 100 x 


py = 126x + 2.25 33. y = 0.18x + 23.82 

.y = 0.8lx + 5.84 37. y = —0.08x + 9.50 

a) 0.974 b) Yes c) y = 0.74x + 1.26 

.a) 0.950 b) Yes c) y = 0.77x + 24.86 

.a) 0.984 b) Yes c) y = 0.79x — 12.98 d) 78 
a) —0.804 b) No 


c) y = —0.43x + 35.28 d) 21.1 mpg 


.a) —0.977 b) Yes 


C) yy = 22037 9959) d) 414% 


. a) Answers will vary. b) Answers will vary. 


Cc) \s Wet pavement 
650/- 
e 
600 
Dry pavement € S50) = 
8 500- 
Ke) 5 e 
> 300 2% 450- 
8 bo} e 
5 250 30 400 
= 200 & 350b 
20 iS 
‘a. 150 2 300 
S e 
& 100 250 
60 65 70 75 80 60 65 70 75 80 
Speed (mph) Speed (mph) 


d) 0.999 e) 0.990 f) Answers will vary. 

g) y = 5.36x — 183.40 h) y = 16.22x — 669.80 
i) Dry, 229.3 ft; wet, 579.1 ft 

a) Answers will vary. b) Answers will vary. 

c) Answers will vary. d) Answers will vary. 

e) Answers will vary. f) Answers will vary. 

a) 0.963 b) Should be the same. 

c) 0.963; the values are the same. 


REVIEW EXERCISES, PAGE 848 


1. 


a) A population consists of all items or people of interest. 


b) A sample is a subset of the population. 


. Arandom sample is one where every item in the popula- 


tion has the same chance of being selected. 


. The candy bars may have lots of calories, or fat, or so- 


dium. Therefore, it may not be healthy to eat them. 


. Sales may not necessarily be a good indicator of profit. 


Expenses must also be considered. 


z a) Number of Cable b) Number of Cable 


Subscribers (millions) Subscribers (millions) 


20 40 60 80 100 120 


35) 1 
36 3 
37 6 
38 ?) 
39 3 
40 0 
41 4 
42 1 
43 3 
44 1 
45 1 
= 
b) and c) 
6 
5st 
Ey | 
2) AGF 
Ik hs dle oo a Z 
cai eis er feast a eS 


35 36 37 38 39 40 41 42 43 44 45° 


Class 
a) oe a 
High Number : 
Temperature _ of Cities _ 
58-62 1 
63-67 4 
68-72 9 
B= 10 
78-82 11 
83-87 4 
88-92 1 
b)dnd ©) eee eee 


Number of Cities 


60) 65) 70) 75° (80) 85,90 
Average Daily Temperature 


d) 5|8 represents 58 


5/8 

613667889 

DOAN TW Pe SF Sh Sy Sy S Oi 7 OY DY 
8000012223447 

9I1 


8.80 9.81 10. None 11. 80 12. 26 
13. V80 ~ 8.94 14. 13 15. 13 16. 7 and 12 
17. 13.5 18.19 19. V/40 ~ 6.32 20. 68.26% 


21. 95.44% 22. 94.52% 23. 5.48% 24. 72.57% 
25. 34.1% 26. 34.5% 27. 29.0% 28. 2.3% 


29. a) 


Bear Sightings 


Number of Bears Sighted 


700 900 1100 1300 1500 1700 1900 ¥ 
Number of Hiking Permits 


b) Yes; positive c) 0.925 d) Yes 
e) y = 0.04x + 88.17 f) ~ 148 bears 


30. a) Daily Sales 


— 


Number Sold 


0.75 1.00 1.25 1.50 1.75 2.00 x 


Price (dollars) 
b) Yes; negative c) —0.973 d) Yes 
e) y = —79.4x + 246.7 f) ~ 120 sold 
31. 180 lb 32. 1851b 33. 25% 34. 25% 35. 14% 
36. 19,200 1b 37. 238 1b 38. 150.6lb 39. 3.53 
40.2 41.3 42.7 43.14 44. V7.97 ~ 2.82 


46. and 47. 


Number of Children of U.S. Presidents 


Number of Presidents 
Toe ea 


A ew 
iS) 2155 Ala) iGis) 78s ts 
Number of Children 


48. No, it is skewed to the right. 49. Answers will vary. 


50. Answers will vary. 
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CHAPTER TEST, PAGE 851 
1425 2; 43935 43 94-5 39)5 5 (5-2259(6. \) 849= 97 


10. 
15. 
19. 
20. 


Frequency 
K—NwtUanr~ 


ee | ve! 
27-5 33:5, 39'5 45.5, 51.5 57.5: 63.5 


Class 


Frequency 


NwWEUADY 


1 i 1 1 1 i 1 
2765; 33.5, 39:5 v45\5 SDS S75 (63.5 
Class 


$735 11. $710 12. 75% 13. 79% 14. $74,000 
$780 16. 87.10% 17. 89.44% 18. 10.56% 

94.52% 

a) Hourly Minimum Wage intheU.S. b) Yes c¢) 0.970 d) Yes 


Minimum Wage ($) 
SC KFPNWEREUNDAYI WO 


e) y = 0.56x + 5.29 f) $9.77 


Chapter 14 


SECTION 14.1, PAGE 860 


1. 
9. 


13. 


Graph 3. Edge 5. Path 7. Degree 


A Bae ate 2A B 
G D 
G D 
A B 
Cc 
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15. 
17h 
21. 


25. 


27, 


31. 


33. 
39. 
43. 


45. 


ANSWERS 


No. There is no edge connecting vertices B and C. 


No 19. Yes. One example is C, A, B, D, F, E, C, D 
A 23. WA ID MT 
OR wy 
9 Gc 
D 
G B 
E H N ( fe) 
Y 292 L K FB 
3 0 E SB 
E 
GR D 
q B Cc 
ae 
Disconnected 35. Connected 37. Edge AC 


Edge EF 41. Answers will vary. 


a) Answers will vary. b) Answers will vary. 

c) Answers will vary. 

d) The sum of the degrees is equal to twice the number of 
edges, which is true since each edge must connect two 
vertices. Each edge then contributes two to the sum of 
the degrees. 


a) Answers will vary. b) Answers will vary. 


SECTION 14.2, PAGE 872 


. Euler 


. No. This graph has exactly two odd vertices. Each Euler 


3.No) 5. (Odd 75 Ab Di Gran De 


path must begin with an odd vertex. B is an even vertex. 


7A, BAL CG BE, CG DyAID Ee 
. No. A graph with exactly two odd vertices has no Euler 


circuits. 


. A, B,C, D) EF, BD FLA 175 GC) DYER EZA,B, DE BG 
BIBT ES OA 8h (C5 ID), deh, 151, ID) IB, 
. a) Yes. There are no odd vertices. 


b) Yes. There are no odd vertices. 


. a) No. There are more than two odd vertices. 


b) No. There is at least one odd vertex. 


a) es 


b) They could start on either island and finish at the other. 


.a) WA ID MT 


OR wy 


b) Yes; WA, ID, MT, WY, ID, OR, WA 


29 a)e r | 
oh Q P 
b) Yes; J, QO, T, N, A, P, N,Q c) No 
31. a) 2 L Vv 
i é 
b)) Yes; 72 BE ViCy ais Gaec) RING 
33. a) A g yD 
e C 
E F 
bD)PYeseve) OT ARB GIDer Gye OMA 
35. a) Oo b) No 
A G 
B 
D E 
37. a) Yes 


. a) OC) Db) pare 
A 


b) The residents would need to start at the intersection of 
Maple Cir., Walnut St., and Willow St. or at the inter- 
section of Walnut St. and Oak St. 


. BA, GE DeBs C 

ASA VE VPC, 18s, JOE Soh IE OE VAN Vay, 12, 2) 

Ay BiCl Dee GoB we Cae AG tea 

JAY CG DEG HAC i a Bw 

Ay By Gl ENB DHEA LE EDGED Ledeen GA 
. UT, CO, NM, AZ, CA, NV, UT, AZ, NV 

2) BANE Had Kee AG AG AGed On Bar ab eB 
BACs GG I IIS IDG 8) SEI TE IBS IN, Ses NEL Mal 
.a) No 


b) California, Nevada, and Louisiana (and others) have an 
odd number of states bordering them. Since a graph of 
the United States would have more than two odd verti- 
ces, no Euler path and no Euler circuit exist. 


pie) 
A 


SECTION 14.3, PAGE 884 


i 
) 


7. Force 
A, B, C, E, F, G, DandG, D, F, E, C, A, B 


Salesman 3. Hamilton 5. Euler 


11. A, By Gy DY Gaye, Hand EHV EG,D) CA, B 
13. A, B, C, E, D, F, G, H and F, G, H, E, D, A, B, C 
15. A, B, D, G, E, H, F, C, A and E, H, F, C, A, B, D, G, E 


17. A, B, C, F, I, E, H, G, D, A and A, E, B, C, F, I, H, G, D,A 


19. bd 21. 5! = 120 ways 
( D 


23. 12! = 479,001,600 ways 
25.a) QO 20 G bDeG GyssO.€ on GG. OFS yCor 
80 


oe Gwu0 Ge Gor ©. OL S)G.C 
500 
VN 


ig 300 Ss 


c) 1030 miles 


b) H, CS, B, Hor H, B, S, C, H 


b) S, B, C,H, K, S for $1954 


b) W, B, L, A, O, W for $1210 
c) Answers will vary. 


33. a) Answers will vary. b) Answers will vary. 
c) Answers will vary. d) Answers will vary. 
Aaya, ONIN OE NG (OIA IE, WE OMS ARI Guo Uh eb IAN 


SECTION 14.4, PAGE 895 
1. Tree 3. Circuits 5. Minimum-cost 


i Angela 
Eli Connor 
Jason Max Gabriella Tony Austin Caleb Sandi 
9, Kroger 


Dorfman 


Blutarsky Hoover 


Jennings 


Schoenstein Wormer 


Stratton Liebowitz 


Day De Pasto 


17. 


Other answers 
are possible. 


Other answers are possible. 


A B G D 
w.G; 
H a J K 
A B Cc D 
{ X_ >. 
H it Hi K 


Other answers are possible. 


A B Cc D 


G 


A B 
‘c D 
EB F G H 
A B 
Cc D 
E FE G H 


ANSWERS 


A-49 


A-50 ANSWERS 


Other answers are possible. 


b) 


c) $3600 


b) $1,264,800 


31. a) D 1 


=< 


D H 
16 
6 iy 


Other answers are possible. 


D 12 H 
b) 
15 13 
G Ss 


c) $140,000 
33. a) 


SJ 307 SL 


ST SL 


35. Answers will vary. 37 


¢) $1,798,200 


. Answers will vary. 


REVIEW EXERCISES, PAGE 901 
1. A B 
Cc D 


Other answers are possible. 


Other answers are possible. 
SE CDR EE, Gea, Duel G 


4. No. A path that includes each edge exactly one time would 
start at vertex E and end at vertex G, or vice versa. 


5. WA 
ID 
OR 
UT 
AZ 
CA 
6. A B @ 
[tI 
O 


7. Connected 8. Disconnected 9. Edge CD 


10. D, A, B, C, E, H, G, F, D, B, E, G, D, E; other answers are 
possible. 


11. E, D, B, E, G, D, A, B, C, E, H, G, F, D; other answers are 
possible. 


125A, BE, (G, FD’ CYA, DEA 
IS, E 3D) GALE, BAL Dik. Gab 


14. a) NE IA 
co MO 
OK 
TX 


b) Yes. CO, NE, IA, MO, NE, KS, MO, OK, CO, KS, OK, 
TX; other answers are possible. 
c) No 


15. a) , : 
O 
D E 
b) Yes 


c) The person may start in any room or outside and will 
finish in the location from which he or she started. 


16. a) Yes 
b) The officer would have to start at either the intersection 
of Dayne St., Gibson Pl., and Alvarez Ave. or at the 
intersection of Chambers St., Fletcher Ct., and Alvarez 
Ave. 
17. A, B, F, E, H, G, D, C, A, D, E, B; other answers are pos- 
sible. 
18. A} By DywE WET; ONS (GUE, MEE EE DAG. Gu, A; 
other answers are possible. 
19. A, C, B, F, E, D, Gand A, C, D, G, F, B, E; other answers 
are possible. 
20. A, B, E, F, J, I, L, K, H, G, C, D, Aand I, J, F, E, B, A, D, 
C, G, H, K, L, I; other answers are possible. 
21. 2s 22. 4! = 24 ways 


B Cc 


D E 


23. a) © fo 2? Tp PROD MI CEP or PCM DYP 


Stee | 458 ¢) $2088 
BLS 


b) SJ, KC, C, SL, Sp, SJ traveling a total of 745 miles 

c) Sp, C, SL, KC, SJ, Sp traveling a total of 829 miles 
25. Hulka 
Winger Ziskey 


Jenesky 


Soyer 
Elmo Hector 


Markowicz Oxburger 


26. A B 
G D 

E 
F G 

A B 

ic D 

E 
F G 


Other answers are possible. 


1. 
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c) $317.50 
CHAPTER TEST, PAGE 904 


D B 


Other answers are possible. 


SL BF 
L Ie G F B 
Mw 4. One example: 
A B 
A c g 
7 C) 
E 
D 
E F G 


5. A, B, E, D, C, A, D, B; other answers are possible. 
6. A, B, C, F, H, G, E, F, B, E, D, A; other answers are 


14. 
15. 


possible. 


. Yes. The person may start in room A and end at room B, or 


vice versa. 


. A, D, E, A, F, E, H, F, I, G, F, B, G, C, B, A; other answers 


are possible. 


. B, A, D, E, F, C, G; other answers are possible. 
. A, B, C, G, E, D, H, I, K, J, F, A; other answers are 


possible. 


12. 4! = 24 ways 13. Cc 253 N 


C, R,N, U, CorC, U,N, R, C for $618 
C, R, U, N, C for $639 


A-52 


ANSWERS 


20. 


$183.75 


Chapter 15 


SECTION 15.1, PAGE 921 


1 


es 
11. 


13. 
19. 


21 


4 


—_ 


43. 


45. 


47. 


. Three-way tie, no winner 
25: 
Zils 
31. 
Se 
39. 


(1) 


n 
. Majority 3. 5 5. Plurality 
Pairwise comparison 9. a) Wade b) No 
Number of Votes 3 1 2 2 
First R N iB P 
Second N R R N 
Third P iP N R 


21 15. Hydrant 


Yellowstone National Park 


17. Fireman 


23. Los Angeles 

No winner, a tie between Honolulu and Los Angeles 
A tie between Greenburg and Vazguez 
Greenburg 33. Erie 35. Erie 

b) Becker ec) Becker d) Becker 


a) Petunias b) Petunias c) Geraniums 
d) Tie between petunias and zinnias 


29. Vazquez 


a) Becker 


. Voters are able to provide more information, such as 


ranking choices, with the Borda count method. 


a) If there were only two columns, only two of the 
candidates were the first choice of the voters. If each 
of the 15 voters cast a ballot, one of the voters must 
have received a majority of votes because 15 cannot 
be split evenly. 

b) An odd number cannot be divided evenly, so one of the 
two first-choice candidates must receive more than half 
of the votes. 


a) Warriors, Rams and Tigers tied, Comets 
b) Rams, Tigers, Warriors, Comets 


a) 150 b) 50 c) Yes 


49. 


One possible answer is: 


‘Number of Votes 5 San 
First A B 
Second B A 
Third Cc G 


SECTION 15.2, PAGE 934 


D5: 


. a) Albert Pujols 
. A candidate who holds a plurality only gains strength and 


. Majority 3. Monotonicity 5. Borda count 
. Pairwise comparison 
. Boston wins with the Borda count method, but New Orleans 


has a majority of first-place votes. 


. No. Brown is the Borda count winner, but Alvarez has a 


majority of first-place votes. 


. No. Lounge areas wins by the Borda count method, but 


Parking is preferred to Security and to Lounge areas. 


- No. C wins by plurality with elimination, but A is pre- 


ferred over each of the other candidates using head-to- 
head comparisons. 


. No. A wins the first election by plurality. If B drops out, C 


wins by plurality. 


. Yes. B wins by the Borda count method. If C drops out, B 


still wins. 


. No. C wins by plurality with elimination. If the voters change 


their preference, B wins by plurality with elimination. 


. No. D wins by pairwise comparison. If the voters change 


their preference, B wins by pairwise comparison. 


. No. B wins by pairwise comparison. If A, C, and E drop 


out, D wins by pairwise comparison. 


. No. B wins by the Borda count method, but A has a majority 


of first-place votes. 


. a) Washington, D.C. b) Washington, D.C. 


c) Washington, D.C. d) Washington, D.C. 
e) Washington, D.C. f) None of them 
b) Will Smith c) Yes 


holds an even larger lead if more favorable votes are added. 
Answers will vary. 37. Answers will vary. 
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27 


. Divisor 
. a) Webster's 
-a) 50,000 b) 24.40, 54.60, 17.14, 53.86 

: a) 24-75, 59.38, 17-385,54.62 b)¥24555, 17554 
. a) 24.06, 53.85, 16.90, 53.11 
» 24,55, lia 19a) 27) bb) 133) 7093. 5.74 
. a) 11.86, 8.29, 6.01 
. a) 10.55, 7.38, 5.34 b) 11,8,6 25. 11, 8,6 

7a) 2 DeSales 925051192520 42 easel On 20) 
29. 
.a) 52. b) 33.58, 136.44, 40.98, 18.02, 20.98 


3. Lower 5. Quota 7. Modified 
b) Adams’s_ c) Jefferson’s 


b) 25,54, 17, 54 


b) 11, 8,6 


3, LOM2520) 


c) 34, 136, 41, 18, 21 


. 33, 137, 41, 18, 21 
-a) 90 b) 53.33, 40.09, 33.22, 23.36 c) 53, 40, 33, 24 


Sie 
39. 


41. 
43. 
45. 
47. 


54, 40, 33, 23 

a) 750) bP 121099 20:375 L085 7.635 33:67, 9:17 
C)12520 5176 85342:9 

12, 20, 17, 8, 34, 9 

a) 12 b) 62.58, 81.67, 41.92, 13.83 c) 62, 82, 42, 14 
63, 82, 42, 13 

A) eee Oe Salas aL OOM Seale nko 

IN) Welln Pe Pats, WALA Sy, IOS IIR 12) Ps O22, IS) 

c) Benefited: Virginia; Disadvantage: Delaware 


49. Answers will vary. One possible answer is A: 743, B: 367, 


C: 432, D:491, E: 519, F: 388 


SECTION 15.4, PAGE 961 


1. 
Us 


11. 


15. 


17. 


Population 3. Alabama 5. Small 

No. The new apportionment is 14, 11, 11, 12, 13. No office 

suffers a loss, so the Alabama paradox doesn't occur. 

. a) 6, 8, 16 

b) Yes. When the number of seats increases, states B and 
C gain a seat and state A loses a seat. 

a) 61,40,99 b) No 

Bea) We MG), Ie AML 

b) Yes. Division B loses an internship to division A even 
though the population of division B grew faster than 
the population of division A. 

a) 8, 40 

b) Yes. The apportionment is now 9, 39, 7, and group B 
loses a manager. 

a) 4, 15,41 

b) Yes. The apportionment is now 4, 16, 40, 5, and state C 
loses a seat. 


REVIEW EXERCISES, PAGE 964 


. a) Robert Rivera b) No 


. a) Michelle MacDougal b) Yes 


Second 
Third 


24 

A tie between the portable DVD player and the digital camera 
iPod 8. Digital camera 

Tie between iPod and digital camera 10. iPod 

- 110 12. Volleyball 14. Volleyball 

. None, a three-way tie 
. a) Yes, American Association of Retired Persons 


13. Soccer 
16. Soccer 


18. 


19. 


20. 
21. 


22. 


23. 


24. 


25. 
26. 
27. 


28. 
32. 
o3: 
Sie 


38. 
42. 


ANSWERS A-53 


b) American Association of Retired Persons 
c) American Association of Retired Persons 
d) American Association of Retired Persons 
e) American Association of Retired Persons 
a) No b) Seattle 
d) Las Vegas 
a) A tie between Encyclopedia Britannica and World Book 
b) World Book 

c) A tie between Encyclopedia Britannica and World Book 


c) Las Vegas 
e) Las Vegas 


No. A has a majority, but B wins by the Borda count method. 


No. B wins by the Borda count method, but A is preferred 
over each of the other candidates using head-to-head 
comparisons. 


a) C wins the election by plurality with elimination. 


b) When the order is changed A wins. Therefore, the 
monotonicity criterion is not satisfied. 


c) No. If B drops out, A is the winner by plurality with 
elimination. Therefore, the irrelevant alternatives crite- 
rion is not satisfied. 


a) Ball Park b) Oscar Mayer 
c) Tie between Nathan’s and Hebrew National 
d) Hebrew National e) Ball Park 


f) Plurality method, Borda count method, and plurality with 
elimination method all violate the head-to-head criterion. 


a) Fleetwood Mac b) Boston ec) Fleetwood Mac 
d) REO Speedwagon e) Fleetwood Mac 


f) The plurality method and the plurality with elimination 
method 


The Borda count method 
The plurality with elimination method 


The pairwise comparison method and the Borda count 
method 


43) Se Lo ao 0s AO yo) Ole 55.2, 3 
Yes. The apportionment is 5, 2, 4. Region B loses one truck. 
IB eh dW Skis IE Os BEE APO Sti IRR 


No. The apportionment with the additional population is 
stullS5 9 7: 


4,46 39. 4,46 40.5,45 41. 4, 46 
Yes. The new apportionment is 5, 45, 5. State B loses a seat. 


CHAPTER TEST, PAGE 968 


1.24 2. No 3. Pizza 4. Pizza 5. Tacos 6. Tacos 
7.142 8. Salamander 9. Iguana 10. Hamster 
11. Lemming 
12. Plurality method, Borda count method, and plurality with 
elimination method 
13. Yes, El Capitan has a majority of first-place votes but 


mule deer wins. 


OnOs Sent SiOn9 so mel6: 6,955) 17.96; 9) 15 
. No. The apportionment is 6, 9, 16. 

. No. The apportionment is 6, 9, 15. 

. No. The apportionment is 6, 9, 15, 5. 


an 


5. 


y 7 Ve 


shied se! ih eae ‘Gen ty 2 La = 
va eh nape abi | ane ‘ 
et es 
Pe A erie rf oa - 
| vl S-ap Aes ae iba D. as 
Laken ha paadienl 2 tng WES ike 7 _ 
ies od ae ls tb in eee 5 
ansvrniind ei oe 
Mh at paaerat hood ve 
; ¥ 7 <> wet a) i Pe 
j tive ty pars ie 7 
Tee oil mare vba 
we! chon) al jdt Pita eri f, 7 _ 
Pas PA tignd a 
ash! tga) al walt (6 3 
ia orgetne? Sapare madigAaeaetet oh os oes 
‘+e Cw wont wrath 
eee ey ia oy - 


tM ney ae 
+ lh co eames ‘é wie pat 
how oe 4 aS 
eecerate oth Nex hevteeti a } 
4 
keener daa 
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wat wi wd ft eet ab tage wen 
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Bass Pro Shops, 886 

Battery Warranty, 831 

Business Expenses, 642 

Business Travel, 905 


Campbell’s Testing New Soup, 757 

Car Dealership, 689 

Car Seats and Strollers, 429 

Catering Service, 751 

Choosing a Television Show, 929 

Clothing Sale, 704 

Coffee Machine, 831 

Conference Sites, 905 

Cookie Company Costs, 413 

Corporate Structure, 895 

Cost and Revenue, 329 

Cost of a 30-Second Commercial during 
the Super Bowl, 50 

Craft Show, 317 

Culver’s Restaurants, 885 

Determining Percent Markup or 
Markdown, 604, 610 

Determining the Number of Defects, 
347 

Dry Cleaner Success, 768 

Ergonomic Chairs, 961 

Examining an Advertisement, 119 

Furniture Stores, 65 

Guests Staying at a Bed and Breakfast, 
790 

Internet Retailers, 804 

Landscape Service, 386, 388, 392 

Lawn Maintenance Company 
Selection, 926 

Locations for a New Factory, 887 

Logo Choice, 921, 968 

Manufacturing, 351, 393, 410, 414, 
428, 764 

Maximum Profit, 424, 425, 427, 429 

Men’s Shirts, 351 

Minimum Cost, 429, 892 

New Business, 641, 703 

New Store, 706 

Number of Absences versus Number of 
Defective Parts, 834, 835, 839 

Old Navy T-shirt Colors, 736 

Owning a Business, 402 

Packing Orange Juice, 524 

Paint Production, 429 

Pet Shop, 714 

Phone Revenue, 403 

Photography Studio, 904 

Pizza Delivery, 849 

Pizza Survey, 90 

Profit and Loss in Business, 389 

Profit, 14, 30, 327, 335, 344, 375, 381, 
382, 429, 433, 698 

Quality Control, 734, 762, 772 

RE/MAX Homes for Sale, 62 

Real Estate, 80, 706 

Restaurant Categories, 43 

Restaurant Markup, 610 

Restaurant Purchasing Dishes, 402 

Restaurant Service, 769 

Restaurant Staff, 757 

Restructuring a Company, 934 


I-1 


1-2 INDEX OF APPLICATIONS 


Sales, 48, 405, 423, 610, 706, 792, 850 

Sales Effectiveness, 733 

Selecting a Spokesperson, 937 

Selling Products, 347, 392, 420, 610, 
696, 700, 844 

Shipping, 349 

Shuttle Revenue, 22 

Starting a Business, 629, 665 

Stocking Game Systems, 420 

Stocking Taco Sauce, 689 

Supplying Muffins, 413 

Taxi Business Cost, 382 

Television Sale, 610 

Top-Selling Video Games, 681 

Truck Sale Profit, 610 

T-Shirt Inventory, 412 

Vacuum Cleaner Sales/Markup, 610 

Vending Machine, 830 

Visiting Sales Offices, 880, 903 

Washing Machine Production, 428 


Chemistry and Physics 


Acid Solution, 402, 431 

Bouncing Ball, 276, 277 

Bucket Full of Molecules, 269 

Buckminsterfullerenes (Buckyballs), 493 

Carbon Dating, 369 

Diameter of a Hydrogen Atom 
Nucleus, 263 

Distance an Object Falls, 327 

Dropping an Object, 251 

Electrical Resistance, 327 

Estimating Speed of a Vehicle, 251 

Filtered Light, 383 

Finding Velocity, 335 

Height of a Ball, 361 

Iluminance of a Light Source, 323 

Melting an Ice Cube, 327 

Pressure and Volume, 327 

Radioactive Decay, 371, 376 

Radioactive Isotopes, 269 

Reflections, 284 

Resistance of a Wire, 321 

Salt and Soda, 461 

Speed of Light, 269, 378 

Stretching a Spring, 381 

Swinging Pendulum, 251, 276 

Total Distance Traveled by a Bouncing 
Ball, 277 

Wavelength of an X-ray, 263 

Wavelength of Light, 262 


Computers 


Buying a Computer, 29 

Choosing a Computer, 923 
Computer Code, 191 

Computer Monitor, 475 

Computer Network, 899, 906 
Computer Passwords, 5, 736, 742, 771 
Computer Speed, 268 

Computer Systems, 745 

Cray Jaguar, 268 

Eight Trillion Calculations, 296 
Fiber-Optic Computer Network, 894 


New Computers, 126, 953 
Software Packages, 750 
Software Purchases, 78 


Construction 


Adding Awnings above Sidewalks, 
890, 893 

Blueprints, 28 

Bookcase Assembly, 697 

Building a Basement, 470 

Building a Chimney, 475 

Building a House, 56, 670, 672 

Building Contract, 699 

Carpeting a Room, 475, 509 

Choosing a Contractor, 923 

Completing a Project, 706 

Cutting Lumber, 39, 242 

Design of a Technology Building, 935 

Designing a Ramp, 564 

Dividing Land, 316 

Floor Area, 318 

Floor Plans, 857, 862, 863, 901 

Great Pyramid of Gizeh, 280 

Hardwood Floor Installation, 402, 509 

Installing Ceramic Tile, 507, 509 

Konigsberg Bridge Problem, 854, 855, 
861, 867, 873 

Laminate Flooring, 509 

Linoleum, 509 

New Homes, 770 

New Roof, 629 

New Water Tower, 629 

Paint, 307, 512 

Plumbing Supplies, 318 

Residence Hall Improvements, 935 

Samurai Sword Construction, 277 

Sidewalk Covers, 899 

Statue of Liberty, 18 

Supporting a Hot Tub, 564 

Topological Paper Construction, 546, 549 

Washington Monument, 476 


Consumer 


Adjusting for Inflation, 31, 376 

Air Conditioner Selection, 432, 524 

Airfare, 319 

Apartment Options, 714 

Boat Purchase, 319 

Boat Rentals, 680 

Book Purchases, 81 

Buying, 29, 32, 36, 40, 351, 381, 470 

Cable Cost, 347 

Cans of Soda, 39 

Cell Phone Cost, 39, 394 

Choosing a Copy Service, 402 

Comparing Markdowns, 610 

Comparing Pizzas, 504 

Cost of a Tour, 296 

Cost of Day Care, 831 

Cost of Gasoline, 10, 14, 476 

Cost of Lawn Service, 509, 510 

Cost of Mailing a Package, 336 

Cost of Products, 9, 14, 36, 453, 461, 
470, 476, 561 


DVD Rental, 334 

Energy Use, 12 

Fair Price, 704, 768 

Finding Your Dream Home, 657 

Food Prices, 413, 467, 470, 472, 475 

Fruit Juice Selection, 744 

Furniture Sale, 610 

Gift Certificates, 756 

Grocery Expenses, 36, 805 

Health Club Membership, 16 

Holiday Shopping, 40 

Homeowners’ Association, 318 

Homeowners’ Insurance Policies, 81 

Hot Dog Price, 324 

Hotel Room Rate, 28 

House Cleaning Service, 315 

Ice Cream Comparison, 522 

Ice Cream Consumption, 803 

Insurance Policies, 34 

Landscape Purchases, 80 

Laundry Cost, 319 

Limiting the Cost, 307 

Living Expenses, 804 

Long-Distance Calling, 393 

Lunch Specials at a Deli, 708 

Mail Order Purchase, 30 

Market Purchases, 80 

Menu Choices, 413, 748 

Music Purchases, 680 

Natural Gas Used, 475 

New Air Conditioner, 641 

New Home Theater System, 715 

New Residence, 733 

Ordering a Pizza, 56 

Original Price, 605 

Parking Costs, 335, 432 

Price of a Home, 844 

Price of a Movie Ticket, 782 

Purchasing, 32, 366, 472, 771, 807 

Renting a Post Hole Digger, 37 

Repair Costs, 399 

Reselling a Car, 610 

Saving Money when Purchasing 
Pizza, 20 

Selecting Furniture, 745 

Shopping, 18 

Shopping Preferences, 90 

Subway Cost, 29 

Taste Test, 935, 966 

Tax and Tip, 609 

Telephone Features, 56 

Tent Rental, 335 

Term Life Insurance, 707 

Tipping, 14, 24, 604, 605, 668, 758, 764 

Truck Rental, 392, 433 

TV Purchases, 764 

U.S. Cellular Telephone Subscribers, 376 

Utility Bills, 15, 307, 328, 381 

Vacation Expenses, 643 

Water Usage, 19, 305, 454 


Domestic 


Cake Icing, 523 
Carpeting a Room, 308 


Chlorine in a Swimming Pool, 845 
Comparing Cake Pans, 523 
Cooking Oatmeal, 243 

Cost of Flooring, 509 

Cost of Snack Mix, 420 
Dimensions of a Room, 242 
Dinner Menu, 103, 714 

Dinner Party and Toast, 750, 751 
Drying Time, 296 

Fajitas, 307 

Floral Arrangements, 748 
Flower Box, 523 

Hamburger Toppings, 746 
Hanging a Picture, 242 

Hanging Wallpaper, 346 

Height of a Computer Stand, 241 
Hosting a Party, 908 

Lawn Maintenance, 219 
Leaking Faucet, 31 

Lunch Choices, 710, 968 
Making Cookies, 472 

Making Cream of Wheat, 32 
Making Rice, 32 

Paint Choices, 713 

Painting a House, 335 

Pet Ownership, 67 

Quartz Countertops, 510 

Quilt Design, 6 

Recipes, 24, 40, 229, 241, 287, 466 
Rice Preparation, 238, 289 
Salad Toppings, 56 

Sprinkler System, 241 

Stairway Height, 240 

Table Seating Arrangements, 751 
Thistles, 240 

Wasted Water, 31 

Water Heaters, 764 

Weight of a Pork Chop, 14 
Window Blinds, 631 


Economics 


Appreciation of a House, 377 

China’s GDP, 268 

Consumer Price Index, 846 

Conversion Rate of the U.S. Dollar, 
472 

Converting Dollars to Pesos, 462, 464 

Currency Conversion, 15, 476 

Dow Jones Industrial Average, 228, 609 

Electronic Filing, 296 

Gross Domestic Product, 268, 377 

Housing Market, 29 

How Americans Spend Their Money, 
28 

Income Taxes, 30, 319 

Inflation, 630 

Property Tax, 327, 381 

Sales Tax, 9, 14, 36, 292 

Shares of Stock, 402 

Stock Prices, 603, 780, 811 

U.S. Debt, 265, 267, 608 

United Kingdom Debt per Person, 267 

Value of a Stock, 277 

Value of New York City, 376 


Education 


Art Supplies, 241 

Average Grades, 30, 332, 335 

Brain Man, 253 

Choosing a Commencement Speaker, 
920 

Choosing Classes, 743 

Class Trip, 628 

College Acceptance, 296 

College Admissions, 805 

College Costs, 796 

College Credits, 126, 794 

College Employment, 334 

College Internships, 962 

College Structure, 899 

College Tuition Cost, 28 

College Visits, 885 

Constructing a Test, 750 

Course Average, 807 

Department Budget, 241 

Determining a Grade, 347, 804 

Distributing E-readers to Libraries, 
939, 955 

Distributing Laptops between 
Libraries, 959 

English Achievement Test, 800 

Enrollment Increase, 276 

Exam Average, 30, 804, 807 

Exam Preparation, 724 

Experience Level of U.S. Teachers, 29 

Final Exam, 335 

Gender Ratios, 308 

Grade Distribution, 681 

Grade of B, 803 

Grade Point Average, 807 

Grading Methods, 804 

Grading on a Normal Curve, 831 

Hiring a New Director, 935 

History Test, 744 

Investing Tuition Payments, 619 

Linking Campuses, 897 

Literature Choices, 715 

Locking a Kindergarten Building, 868 

Multiple-Choice Test, 687, 704, 726, 
745, 765, 772 

Oldest Colleges in the United States, 45 

Parent-Teacher Committee, 770 

Percentage of A’s, 610 

SAT Scores, 830 

Scholarships, 318, 696, 750 

Selecting a Student, 695 

Selecting an Encyclopedia, 965 

Sociology Sections, 967 

Spelling Bee, 770 

Student Council and Intramurals, 67 

Student Population by Age Group, 121 

Student Survey Response, 404 

Studying Abroad, 680 

Taking a Math Course, 770 

Tammet, Daniel, 253 

Test Answers, 751 

Test Essays, 749 

Test Questions, 600, 750 


INDEX OF APPLICATIONS I-3 


Test Scores, 832 

Test-Taking Strategy, 699 

Time Spent Studying, 843 

U.S. College and Universities in 
Mississippi, 65 

University Admission, 772 

Visits to the Library, 792 

Engineering 

Bridge Weight Restriction, 461 

Distance across a Lake, 500 

Electrical Power Lines, 890 

Enigma Machine, 587 

Height of a Wall, 499 

Load of a Beam, 324 

Robotics, 566 

Wattage Rating, 328 


Environment 


Aruba, 765 

Average Monthly High Temperature, 849 

Daily Weather Report, 600 

Death Valley Elevation, 470 

Devil’s Tower National Monument, 442 

Elevation Difference, 224, 228 

Extreme Temperatures, 228 

Glacier, 454 

Height of a Tree, 28, 493 

Height of El Capitan, 474 

Hurricanes, 319, 732 

Lowest Temperature Recorded, 462 

Old Faithful in Yellowstone National 
Park, 460 

Parks, 82 

Rain or Snow, 30 

River Pollution, 607 

Seattle Greenery, 704 

Seawater Composition, 608 

Spraying Weed Killer, 26 

Temperature, 221, 376, 454, 457, 458, 
460, 461 

Warmest Temperature Recorded, 462 


Finance 


Actuarial Method, 635, 671 

Adjustable Rate Mortgage, 653, 657, 670 
Adjusting for Inflation, 31 

Air Conditioning Loan, 612 

Annual Percentage Yield, 625 

Annual Rate of Interest, 612, 632 

ATM Codes, 742 

Average Daily Balance Method, 643, 644 
Balance Due on a Note, 620 

Bank Loan, 668, 764 

Bank Note, 619 

Becoming a Millionaire, 665 

Bills of Four Denominations, 756 
Borrowing Money, 431 

Business Loan, 618 

Buying a House, 654, 655 

Cash Advance, 639, 644 

Certificate of Deposit, 669 

Chance of an Audit, 727 

Changing Lengths of Mortgages, 656 


1-4 INDEX OF APPLICATIONS 


Checking Accounts, 433 

Closing Costs, 657 

Columbus Investment, 621 

Company Loan, 620 

Comparing Compounding Periods, 669 

Comparing Loans, 629, 640, 644, 645, 656 

Comparing Mortgages, 657 

Comparing Payment Frequency, 656 

Compound Interest, 622, 623, 624, 627 

Conventional Mortgage, 655, 670 

Count Your Money, 813 

Credit Cards, 630, 639, 642, 673 

Credit Union Loan, 619 

Determining Due Date of a Note, 616 

Determining Purchase Price, 644 

Determining the APR, 634 

Determining the Interest Rate, 630 

Doubling the Rate or Principal, 630 

Down Payment and Points, 647, 655 

Down Payment, 606, 628 

Drive Through at a Bank, 744 

Early Repayment of a Loan, 642 

Effective Annual Yield, 628, 669 

Evaluating a Loan Request, 655, 656 

Family Income, 786 

Finance Charges, 637, 638, 669, 670 

Financial Advisor Interview, 666 

Financing Purchases, 634, 641, 642, 670 

Forgoing Interest, 628 

Grandchild’s College Expenses, 665 

Installment Loan, 669 

Installment Payment, 632 

Interest Comparison, 630 

Interest on a Loan, 313 

Investment, 31, 318, 380, 402, 628, 629, 
630, 665, 666, 704, 937 

Life Insurance, 706 

Loan Choices, 614 

Loan Sources, 621 

Making a Donation, 695 

Minimum Monthly Payments, 637 

Mortgage, 37, 646, 672 

Mutual Funds, 269, 734, 750 

Obtaining a Loan, 117 

Ordinary Annuity, 660 

Outstanding Debt, 288 

Pawn Loan, 612, 619 

Paying Off Your Credit Card Debt, 645 

Paying Points, 655 

Personal Loans, 611, 628 

Pounds and Pounds of Silver, 274 

Present Value, 669 

Previous Balance Method, 643, 672 

Prime Interest Rate, 620 

Principal and Interest Payment Formula, 
649 

Qualifying for a Mortgage, 647, 655 

Repaying a Debt, 665, 669, 671 

Repayment Comparisons, 645 

Restaurant Loan, 620 

Retirement, 23, 665 

Rule of 72, 630 

Rule of 78s, 645 

Saving for College, 626, 665 


Saving Money, 15, 30, 629, 665 

Savings Account, 313, 628, 671, 672 
Savings as Security, 669 

Simple Interest, 309, 347, 671 

Sinking Funds, 662, 671 

Small Business Administration Loan, 618 
Spending Money, 19, 34 

Stock Purchase, 393 

Tax Preparation Loan, 620 

Tax-Free Yield Formula, 311 

Total Cost of a House, 650 

True Interest Rate of a Discount Note, 613 
U.S. Treasury Bills, 620, 621 

Using the Banker’s Rule, 616 

Using the United States Rule, 616 
Verifying APY, 628, 629 

Wedding Loan, 668 


General Interest 


Ages, 797, 798, 799 
Anniversary, 335 

Appetizers Survey, 82 
Arranging Letters, 40, 745 
Arranging Pictures, 743 

Art Sculpture, 897 

Awarding Prizes, 772 

Awards’ Methods, 925 
Balancing a Scale, 33, 38, 442, 462 
Balloting by Committee Members, 909 
Banana Split, 749 

Birthdays, 585, 594, 796 

Book Arrangements, 584 
Boxes of Fruit, 34 

Boys and Girls, 713 

Brothers and Sisters, 38 
Camping Tents, 813 

Candy Selections, 770 
Capacity of a Tank Truck, 470 
Capital Letters, 525 

Casino Advantages, 698 

Cat Competition, 924 

Cat Puzzle, 127 

CD Selection, 750 

Change for a Dollar, 38 
Charity Benefit, 721 

City Muggings, 844 

Clock Strikes, 276 

Club Officers, 768 

Cola Preference, 683 

Color Permutations, 744 
Combination Lock, 751 
Committees, 750, 751, 753, 756 
Contest Winnings, 628 
Copying, 318 

Corn Flakes, 830 

Counting Triangles, 34 

Crime Stoppers, 869, 875 
Cryptography, 414, 594 

Cuts in Cheese, 33 
Determining Size, 39 

Digital Clock, 34 

Distance from Wrist to Elbow, 36 
Distractions at the Movies, 791 
Door Prize, 751 


Dot Pattern, 37 

Dozen Eggs, 764 

Dress Sizes, 443 

Dressing Up, 694 

Duplicate Letters, 742 

DVD Selection, 754 

Estimating the Number of Objects in a 
Photo, 13, 17 

Estimating, 18, 19 

Facebook, 764, 864 

Favorite Animal, 968 

Filling a Swimming Pool, 520 

Flag Messages, 745 

Fortune Cookies, 704 

Framing a Masterpiece, 442 

Gatorade, 462 

Gender, 682 

Gift Cards, 714 

Guitar, 327, 377 

Hair, 758 

Handshakes All Around, 33 

Heavier Coin, 38 

Height Increase, 240 

Hiring an Attorney, 726 

Increasing a Book Size, 242 

Jelly Bean Guess, 40 

Jury Decision, 8 

Ladder on a Wall, 510 

Landscaping, 431, 715 

Lawn Chairs, 380 

Lawsuit, 706 

Length of Your Foot, 36 

Letter Codes, 744 

Liters of Soda, 442 

Litter of Collie Puppies, 771 

Locking Doors, 874 

Long-Stemmed Roses, 770 

Lottery, 5, 30, 695, 697, 707, 727, 
Fle TD 

Maximum Capacity of an Elevator, 476 

Missing Dollar, 38 

Musical Composition, 283 

National Laboratories, 887 

New Breakfast Cereal, 751 

Newsletter, 750 

Nut and Pretzel Mix, 403 

Ostriches, 21 

Outfits, 742 

Patterns, 38 

People in a Line, 38 

Personal Characteristics, 715 

Peso Coins, 728 

Phone Calls, 328 

Picking up Children, 886 

Picnic, 688 

Pole in a Lake, 32 

Police Response Team, 849 

Post Office Sites, 922 

Precious Stone, 471 

Preference for Grape Jelly, 935 

Quinella Bet, 750 

Rankings of Fruit-Producing Countries, 74 

Rare Coins, 755 

Remote Control, 687, 713 


Representing a Neighborhood, 857, 863 
Rolling Wheel, 594 

Running Errands on Campus, 886 
Salad Dressing Preference, 610 
Selecting a Family Pet, 92 
Selecting Books, 726, 756 
Selecting Light Bulbs, 756 
Selecting Officers, 757 

Selecting Soda, 750 

Setting up Chairs, 219 

Sheets of Paper, 771 

Six Degrees of Kevin Bacon, 882 
Speaker Loudness, 327 

Sports Drink Selection, 769 
Spring Break, 762 

Staying Connected, 764 

Street Sweeper Route, 906 

The Rhind Papyrus, 393 
Thumbtacks, 716 

Ties, 33 

Traveling Salesman Problem, 880 
Trophies, 750 

Vegetable Mix-Up, 768 

Waiting in Line, 814 

Wasted Water, 31 

Water Removal, 442 

Wedding Reception, 744 

Weight of People in an Elevator, 14 
Why People Surf the Web, 781 
Winning a Prize, 700, 701, 756 
Yogurt Preference, 77, 767 
Youngest Triplet, 127 


Geometry 


Angles of a Hexagon, 491 

Angles of a Trapezoid, 495 

Angles on a Picnic Table, 498 

Area Around a Walkway, 453 

Area of a Circular Region, 452, 475 

Area of a Circular Table, 446 

Area of a Concrete Walkway, 40. 

Area of a Painting and Matting, 452 

Area of a Rectangular Region, 32, 322, 
446, 475 

Area of a Table Top, 446 

Area of a Trapezoid, 289 

Area of a Triangle, 324 

Area of Tribal Park, 470 

Brick Border, 359 

Complementary Angles, 484, 485, 488 

Dimensions of a Rectangular Region, 
316, 318, 319, 453 

Doubling the Edges of a Cube, 524 

Doubling the Radius of a Sphere, 524 

Doubling the Sides of a Parallelogram, 511 

Doubling the Sides of a Square, 510 

Estimating Area, 18, 36, 39 

Finding the Area, 34 

Fish Tank Volume, 453, 456, 462, 475, 
476, 518, 523 

Geometric Shapes, 743 

Interior Angles, 8 

Pyramid of Cheops, 523 

Rotating a Square, 598 


Square Partition, 32 

Stack of Cubes, 33 

Supermarket Display, 33 

Supplementary Angles, 484, 485, 488 

Surface Area of a CD Case, 522 

Surface Area of a Circular Table, 446 

Swimming Pool Volume, 448 

Triangles in a Triangle, 6 

TV Dimensions, 420 

Volume of a Block, 313 

Volume of a Bread Pan, 522 

Volume of a Bucket, 313 

Volume of a Cube, 32, 38 

Volume of a Freezer, 522 

Volume of a Hot Water Heater, 449, 
453, 461 

Volume of a Pyramid, 519 

Volume of a Saucepan, 453 

Volume of a Shoe Box, 448 

Volume of a Swimming Pool, 448 

Volume of a Tank, 461, 475 

Volume of an Ice Cream Box, 309 

Volume of Water, 453 

Width of a Border around a Swimming 
Pool, 352 

Width of a Picture, 241 


Government 


1950 Niagara Treaty, 268 

Adding a State, 963 

Apportioning Legislative Seats, 942, 
944, 946, 948, 949, 952, 955, 956, 
957, 961, 962, 968, 969 

Approval Voting, 924 

Board of Trustees Election, 922 

Campaign Fund Raising, 665 

Candidate’s Bid for Re-election, 728 

Electing a Chairperson, 964 

Electing a Club President, 964 

Electing a Parks Director, 938 

Electing the Honor Society President, 
910, 911, 913, 915, 918 

Election, 681 

Government Spending, 7 

Land Ownership by the Federal 
Government, 16 

Postal Service Apportionment, 967 

Presidential Children, 850 

Presidential Elections, 593 

Presidential Salary, 609 

Ranking Candidates, 924, 938, 964 

Running for Mayor, 927 

Senate Bills, 74 

US. Postal Service Bar Codes, 207 

US. Presidents, 794 

U.S. Senate Committees, 219 

Voting, 714, 745, 936, 937, 966, 967, 
968, 969 

Voting Strategy, 938 


Health and Medicine 


Active Ingredients, 468, 471 
Amount of Drug Remaining in 
Bloodstream, 837, 840 


INDEX OF APPLICATIONS 


Amount of Fat in Chicken 
Nuggets, 843 

Ampicillin, 471 

Apportioning Doctors, 962 

Average Weight, 38 

Birth Defects, 697 

Blood Pressure, 676, 844 

Blood Types, 70, 75, 696 

Body Mass Index, 39, 313 

Caffeine in Soft Drinks, 808 

Calcium, 442 

Calories and Exercise, 17 

Cholesterol Levels, 803, 819 

Cough Syrup, 468 

Counting Calories, 319 

Cystic Fibrosis, 690 

Determining the Amount of Insulin, 
306, 308 

Diabetes, 697 

Dolphin Drug Care, 764 

Drug Dosage, 307, 321, 468, 471, 477 

Drug Reaction, 722 

Estimating Techniques in Medicine, 1 
2 

Fitness, 843 

Flu Shots, 29 

Flu Vaccine, 756 

Gaining Weight, 16 

Health Insurance, 726 

Height and Weight Distribution, 814 

Height of Boys, 251 

Height versus Arm Length, 846 

Hospital Expansion, 56 

Lead Poisoning, 348 

Man’s Height, 466 

Medical Insurance, 290 

Medical Tests, 696 

Medicine, 448, 467, 471 

Multiple Births, 697 

New Medicine, 726 

Niacin, 607 

Nursing Question, 472 

Obesity, 767 

Office Visit, 765 

Patient Satisfaction, 730 

Pediatric Dosage, 37, 471, 477 

Pharmacist Mixing Phenobarbital 
Solution, 400 

Physical Therapy, 593 

Polygenetic Afflictions, 727 

Potassium, 607 

Prader-Willi Syndrome, 680 

Prescription Prices, 813 

Reduced Fat Milk, 607 

Sickle-Cell Anemia, 690 

Special Diet, 423, 429 

Stomach Ache Remedy, 471 

Sugar and Caffeine in Beverages, 90 

Target Heart Rate, 377 

Vaccine, 770 

Veterinarian, 680 

Weight Loss, 610, 831 

Workout Schedule, 593 

X-rays, 31 
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Labor 


Additional Employees, 962 
Annual Pay Raises, 276 
Apportioning Promotions, 962 
Career Fair Attendance, 703 
Categorizing Contracts, 76 
Commission, 605, 803 
Computer Technician, 30 
Dream Jobs, 16 
Employee Hiring, 706 
Employee Increase, 610 
Employee Relationships, 903 
Employment Assignments, 753 
Employment Structure, 895 
Hiring, 749 
Hiring a New Paralegal, 966 
Holding Multiple Jobs, 39 
Hotel Staff, 952 
Job Interview, 126, 885, 903 
Job Offers, 393 
Job Requirements, 106 
Jobs at a Restaurant, 81 
Minimum Wage, 851 
Nursing Shifts, 593, 954 
Occupations, 64, 692 
Officers in the U.S. Marine Corps, 782 
On the Job, 420 
Payment Shortfall, 40 
Police Officers, 596, 955 
Registered Nurses, 36 
Reimbursed Expenses, 296, 318 
Restaurant Positions, 743 
Restaurant Rotation, 593 
Salaries, 277, 334, 364, 403, 610, 668, 
794, 799, 803, 805, 806, 814, 830, 851 
Sales Staff Turnover, 801 
Salesperson Promotion, 831 
Unemployment Rate, 334 
Volunteer Hours, 681 
Weekend Off, 593 
Work Schedules, 219, 589 
Working Overtime, 757 
Years until Retirement, 813 


Numbers 

Consecutive Digits, 34 
Discovering an Error, 82 

ISBN Codes, 743 

Magic Squares, 27, 33, 37, 40 
Numbers in Circles, 33 
Palindromes, 33, 38 

Pascal’s Triangle, 283 

Pick Any Number, 4, 7, 35, 36, 38 
Possible Phone Numbers, 744 
Selecting Digits, 756 

Social Security Numbers, 743, 796, 845 
Square Pattern, 6 

Sum of Numbers, 38 

Triangular Pattern, 6 


Probability 


Bean Bag Toss, 690 
Blue Chips and Red Chips, 704 
Boat Rentals, 680 


Choosing a Colored Chip, 706 

Choosing One Bird from a List, 684, 690 

Coin and a Number, 768 

Coin Toss, 676, 678, 680, 713 

Color Chips, 770 

Dead Man’s Hand, 757 

Determining Probabilities from 
Odds, 694 

Expectation and Fair Price, 703 

Expectation of a Card, 768 

Experiment Without Replacement, 721 

Fair Game, 728 

Green and Red Balls, 756 

Hitting a Target, 727 

Home Theater System, 715 

Letters in a Word, 688, 716 

Marbles, 690, 696, 713 

Marked Deck, 758 

Money from a Hat, 732 

New Residence, 733 

Odds Against, 691, 693, 697 

Odds in Favor, 693 

One Chip and One Die, 771 

Picking Chips, 728 

Picture Card Probability, 728 

Poker Probability, 757 

Raffles, 687, 701, 704, 705, 768, 964 

Red Cards, 756 

Rock Toss, 682 

Rolling Dice, 680, 682, 695, 696, 704, 
706, 714, 728, 732 

Roulette, 697, 707 

Royal Flush, 757 

Select a Number, 732 

Selecting an Envelope, 705, 725 

Selecting Balls with Replacement, 
758, 761 

Selecting Balls without Replacement, 709 

Selecting Cards, 686, 688, 695, 704, 713, 
720, 724, 729, 752, 765, 767, 770 

Selecting Items, 712, 713 

Slot Machine, 726 

Spin the Spinner, 688, 695, 705, 725, 769 

Spinning a Wheel, 732 

Spinning Two Wheels, 727, 768 

Three Chips, 716 

Wheel of Fortune, 688, 707 


Sports and Entertainment 


Acrobats, 41 

Adding a Park, 962 

Amusement Parks, 80 

Athletes’ Salaries, 815 

Attending Plays, 750 

Avatar, 492 

Ballerinas and Athletes, 153 

Barbie and Ken Doll Collection, 219 

Baseball, 277, 510, 603, 706, 756, 
806, 903 

Basketball, 402, 510, 688, 703 

Batting Order, 745 

Bicycle, 671 

Billiards, 479, 695 

Chess Membership, 606 


Children’s Playground, 453 

Circus Performances, 791 

Club Officers, 743 

Concert Ticket Prices, 403, 415 

Concert Tours, 794 

Dart Board, 689, 707 

Deal or No Deal, 695 

Disc Jockey, 744 

Displaying Movie Posters, 736 

Diver’s Height, 294 

Dogsled, 770 

Dominos, 33 

DVD Collection, 607 

Entertainers, 750 

Estimating Running Times, 15 

Estimating Weights, 15 

Expected Attendance, 703, 768 

Family Reunion, 83 

Fifteen Puzzle, 578 

Fishing, 37, 610 

Fitness Equipment, 76 

Football Yardage, 243 

Four 4’s, 225, 229, 251 

GIMPS, 217 

Golf Membership, 319, 403 

High School Play, 412 

Hiking, 849, 931 

Hitting a Bulls-Eye, 682 

Home Run, 442 

Homecoming Float, 515 

Horse Racing, 697, 768 

Horseback Rides, 827 

Icosian Game, 888 

Increased Membership in a Club, 668 

Indianapolis 500, 334 

Jet Skiing, 318 

Jogging, 476, 793 

Jumble Puzzles, 746 

Kakuro, 134, 140 

KenKen, 254, 258 

Lambeau Field, 668 

Little League, 628 

LPGA Winnings, 695 

Magazines, 770, 785, 793 

Martingale System, 274, 277 

Movies, 81 

Museum, 48, 748 

Music Performances, 608 

NASCAR Standings, 65 

NFL Expansion, 922 

Number of Movies Produced, 116 

Olympic Medals, 73 

Painting exhibit, 745 

Paper Folding, 230, 243 

Party Theme, 935 

Photography, 328 

Plasma Television, 510 

Playground Mulch, 522 

Playing Bingo, 696 

Poker, 753 

Pool Toys, 523, 524 

Prime Time Programming, 923 

Prince George Country Bicycle 
Club, 740 


Puzzles, 34 

Ranking Swim Teams, 924 

Rubik’s Cube, 572 

Running, 32, 80, 442 

San Diego Zoo, 65, 795 

Scrabble, 745 

Selecting a Band, 966 

Selecting a Mascot, 911, 912, 914, 917 

Selecting Ticket Winners, 710 

Ski Club, 740, 924 

Skiing Event, 744 

Social Networks, Online, 855 

Sodding a Lacrosse Field, 502 

Sports Preferences, 964 

Stacking Trading Cards, 219 

State Capital Tour, 906 

Sudoku, 97, 104 

Super Bowl Logo, 170 

Television, 73, 90, 307, 703, 767, 769, 
852, 929 

Tennis Stadium, 442 

Theatre Seating, 757 

Toy Car Collection, 219 

Toys and Games, 31 

Track and Field, 442 

TV Game Show, 756 

Visiting a Symphony, 794 

Volleyball Court, 500, 515 

Walking, 442 

Water Activities, 91 

Water Park, 804 

Winning a Race, 696 

Winning the Trifecta, 743 


Statistics and Demographics 


Africa, 862, 904 

Aging Population, 16 

California Population, 602 

Central America, 862 

Central Europe, 874 

Change in the Data, 803 

Chebyshev’s Theorem, 832 

China’s Population, 263, 268, 376 

City Population, 793 

Countries with the Most Cellular 
Subscribers, 49 

Creating a Data Set, 804 

Cultural Activities, 80 

Expected Growth, 376 

First Census, 954 

Gibraltar, 471 

Globe Surface Area, 522 

Heights of Girls, 829 

IQ Scores, 826 

Largest City in Area, 466 

Life Expectancy, 803 

Median Age of First Marriage, 782 

Men’s Weight, 850 


Navy Regions, 855, 861, 862, 867, 873 

News Survey, 754 

Number of Children per Family, 784, 
787, 788 

Pet Ownership in the United States, 114 

Population Density, 268 

Population of Brazil, 606 

Population of Honolulu, 782 

Population of Virginia, 370 

Residents in Poverty, 793 

Russian Population, 608 

South America, 874 

Southeast and Southwest Asia, 873, 874 

State Populations, 58 

States and Capitals, 46 

Survey of Visitors at the Grand 
Canyon, 61 

Televisions per Home, 795 

Topology, 543 

U.S. Foreign-Born Population, 375 

U.S. Households with Cable 
Television, 848 

U.S. Population Age 85 and Older, 373 

U.S. Population, 263, 268, 608, 783 

United States Land Area, 609 

Western States, 901 

Who Lives Where, 92 

World Population, 263, 369 


Technology 


Cameras and Lenses, 481, 750. 
Cellular Telephones, 64, 738 
Digital Cameras, 813 

Electronic Devices, 81 

E-mail Messages, 795 

Enigma Machine, 587 

Garmin Navigational Systems, 420 
Internet Access, 348 

Plasma and LCD TYs, 750 
Robotics, 566 

Smartphones, 693 

Surround Sound Stereo System, 320 


Travel 


Airline Revenues, 6 

Airline Special Fares, 117 

Airplane Speed, 472 

Airport Parking, 31 

American Idol Travel, 879, 882 

Bus Stations and Loops, 745, 746 

Bus Stops, 228 

Carry-On Luggage Weights, 789 

Chicago to Atlanta, 470 

Choosing a Vacation Destination, 922 

Commuter Train System, 897 

Commuting Distances, 789 

Conversions to and from the Metric 
System, 466, 467, 468 


INDEX OF APPLICATIONS 1-7 


Crossing a Moat, 503 

Crossing Time Zones, 37, 228 

Determining Distances, 375, 439, 441, 
470, 475 

Disney Magic, 471 

Distance Traveled, 320 

Distances in Illinois, 499 

Distances in Minnesota, 498 

Docking a Boat, 510 

Drive to the Beach, 40 

Driving Situations Frustrating to 
Commuters, 783 

Estimating Distance on Trails to the 
West, 11 

E-Z Pass, 733 

Flight Delays, 697 

Flight Schedules, 593 

Flying West, 37 

Hometown Road Trip, 906 

Horse Trails, 898 

Inspecting Weigh Stations, 885 

Jet Fuel, 461 

Largest Airplane in the World, 477 

Light-Rail Transit System, 898 

Maximum Mass for Vehicles Allowed on 
Street, 441] 

Metric Temperatures, 457, 458 

Milk Truck Route, 885 

National Parks, 64, 380, 689 

New Buses, 954 

Olympic Peninsula, 15 

Overseas Flight, 471 

Pacific Coast Highway, 15 

Railroad Car Estimation, 36 

Rate and Time, 322 

Reading a Map, 28 

Recreation Trail, 898 

Road Sign, 439 

Routes, 742, 854, 864, 876 

Sign in Russia, 470 

Ski Vacation, 19 

Spring Trip, 937 

Submarine Depth, 228, 308 

Taxi Ride, 750 

Train Stops, 286 

Transportation Problem, 877 

Transportation to Work, 765 

Travel Packages, 79 

Travel Websites, 681 

Traveling Across Texas, 241 

Traveling Interstate 5, 241 

Truck Driver’s Schedule, 593 

Vacationing, 15, 40, 885 

Visiting Five Cities, 887 

Walking Path, 36 

Walking Speed, 18, 36 

Weight Restriction on a Road in Italy, 
470 
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Abacus, 179, 180 
Abbott, Bud, 96 
Abbreviations, in metric system, 437 
Abel, Niels, 570 
Abelian groups. See Commutative groups 
Absolute value, 837 
Abstract quantities, numbers for, 294 
Accumulated amount, of annuity, 659-661 
Acoustics, 810 
Actuarial method, 635-636 
Acute angle, 484 
Acute triangle, 492 
Adams, John Quincy, 463, 919, 948 
apportionment method of, 943, 
948-949, 950-951, 960 
Addition 
associative property of, 254, 256 
in base systems, 192-195 
closure under, 253 
commutative property of, 253-254, 256 
distributive property of multiplication, 
254-255 
of fractions, 237-239 
of integers, 222—223 
of irrational numbers, 246 
of matrices, 405—406 
of radicals, 246 
of terms in arithmetic sequence, 272 
of terms in geometric sequence, 274 
Addition formula, 717-719, 723 
Addition method, for systems of linear 
equations, 396-401 
Addition property of equality, 298-299 
Additive identity element, 569—570 
Additive inverse, 223, 569—570 
Additive systems, 170-173 
Adjacent angle, 484 
Adjustable-rate mortgages, 646, 
652-654. See also Mortgages 
Adjusted monthly income, 647 
Advertising 
statistics in, 779-781 
truth in, 144 
Age limits, for Congress, 940 
Aggregate rate caps, 653 
aha, 315 
Alabama paradox, 956-957 
Aleph-null, 85 
Algebra, 291-384. See also Mathematics 
Boolean, 94, 96, 98, 153, 160. See also 
Logic 
checking solutions in, 292 
constants in, 292, 298, 321 
definition of, 292 
equations in, 292 
functions in, 362-373 
graphing in, 336-348 
history of, 292, 294, 298, 301, 315 
importance of, 291 
linear equations in. See Linear equations 
linear inequalities in 
in one variable, 329-335 
in two variables, 349-351 
in linear programming, 424—427 


matrices in, 404—420 
multiplication in, 292 
notation in, 292 
order of operations in, 292, 293-295 
proportions in, 304-306 
quadratic equations in, 356-360 
solving equations in, 292, 298-304. 
See also Linear equations, solving 
variables in, 292 
variation in, 320-328 
Algebraic expressions, 312 
from English words, 314-315 
evaluation of, 313 
factoring of, 352-356 
simplifying, 297 
terms in, 297-298 
Algebraic formulas, 308-313. See also 
Formula(s) 
Algorists, 179 
Algorithm(s) 
definition of, 300, 867 
Euclidean, 220 
Fleury’s, 868 
Kruskal’s, 892-895 
for solving linear equations, 300 
for weather forecasting, 366 
Alice’s Adventures in Wonderland 
(Carroll), 94, 130, 503 
Al-jabr, 292 
Allen, Woody, 568 
Amortization schedule, 652 
Ancient texts, x-rays of, 23 
and probability problems, 720-723 
and statements. See Conjunctions 
(and statements) 
Angle(s), 483-486 
acute, 484 
adjacent, 484 
complementary, 484—485 
corresponding, 486, 491 
in similar figures, 492—493 
definition of, 483—486 
degrees of, 483 
exterior, 486 
interior, 486 
measure of, 483 
naming of, 483 
obtuse, 484 
right, 484 
of rotation, 530 
sides of, 483 
straight, 484 
supplementary, 484—485 
trisecting, 484 
vertex of, 483 
vertical, 485—486, 491 
Animation, computer, 336, 417, 492 
Annie Hall, 568 
Annual interest rate, 612-613 
Annual percentage rate (APR), 631-636 
actuarial method for, 635-636 
for mortgages, 646-647 
rule of 78s for, 635, 645 
Annual percentage yield, 624—625 


Annuities, 658—663 
accumulated amount of, 659-661 
compound interest from, 659 
definition of, 658 
fixed, 658-661 
future value of, 659-661 
immediate, 663 
ordinary, 658-661 
sinking fund, 661—663 
variable, 663 
Antecedent, 99-100, 118 
Antennas with fractal designs, 555 
Apollo IT, 365 
Appel, Kenneth, 545 
Apportionment methods, 939-963 
Adams’s, 943, 948-949, 950-951, 
960 
Alabama paradox and, 956-957 
Balinski and Young’s impossibility 
theorem and, 960 
comparison of, 949-951, 960 
Constitutional requirements for, 939 
flaws in, 955-960 
gerrymandering and, 957 
goal of, 939 
Hamilton’s, 941-943, 950, 951, 
955-960 
history of, 943 
Jefferson’s, 943-946, 950, 960 
lower quota in, 941 
new-states paradox and, 958-960 
population paradox and, 957-958 
quota rule for, 943, 960. See also 
Quota rule 
redistricting and, 957 
standard divisor in, 940 
standard quota in, 940 
upper quota in, 941 
Webster’s, 943, 946-948, 951, 
960 
Approval voting, 924—925 
Arbitrary-precision arithmetic, 246 
Archimedes, 23 
Architecture 
golden ratio in, 280 
golden rectangle in, 280 
Area, 500—506 
of circle, 504—505 
of cone, 513 
conversion table for, 465 
in metric system, 444—446, 465, 466, 
467, 468 
under normal curve, 821—828 
of parallelogram, 501—502 
of rectangle, 501 
of sphere, 513-514 
of square, 501 
surface, 512—525 
of trapezoid, 502 
of triangle, 502 
vs. perimeter, 502 
Arguments 
fallacious, 141 
syllogistic, 150-156 
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Arguments (continued) 
symbolic, 140—150 
validity of, 141-147 
Aristotle, 4, 94, 150 
Arithmetic. See also Mathematics 
arbitrary-precision, 246 
clock, 574—578 
fundamental theorem of, 213 
modular, 585-592 
universal, 298 
Arithmetic mean, 775, 797, 799 
in normal distribution, 818-820 
Arithmetic operations, 57 
Arithmetic sequences, 270—272 
Arithmetica (Diophantus), 505 
Arrays, 404. See also Matrices 
Arrow, Kenneth, 933 
Arrow’s impossibility theorem, 933, 
934 
Art 
Fibonacci numbers in, 279-280 
golden ratio in, 280 
ASCII code, 186, 191 
Associative property, 254 
of addition, 254, 256, 567-568 
of groups, 570 
of mathematical systems, 567-568, 
570 
of multiplication, 254, 256, 567-568 
of real numbers, 254 
Augmented matrices, 415-418 
Avatar, 492 
Average, 797, 799 
definition of, 797 
mean and, 797 
median and, 797-798, 799 
midrange and, 798-799, 799, 800 
mode and, 798, 799, 800 
in normal distribution, 818—828 
weighted, 806—807 
Average daily balance method, 637, 
638-639 
Average net worth, 800 
Axioms, 479 
Axis 
in graphing, 336 
of reflection, 526 
of symmetry, 365-366 
x, 336, 343 
y, 336, 343 


Babies, smiling in, 799 
Babylonian system, 179-182 
bases in, 185-186 
in navigation, 181 
Pythagorean theorem and, 503 
Bacon number, 879 
Balinski and Young’s impossibility 
theorem, 960 
Balinski, Michel, 960 
Bank(s) 
Federal Reserve, 626 
history of, 611, 614 
tally sticks in, 614 
Bank discount, 613 


Banker’s rule, 615—616 
Base systems. See also Numeration 
systems 
addition in, 192-195 
base-2. See Binary systems 
base-3, 186, 188, 194-195 
base-4, 186 
base-5, 186, 193-194, 195, 197-198 
base-6, 186 
base-7, 196-197 
base-8, 186, 187, 188, 198 
base-10, 179, 185-186, 187. See also 
Hindu-Arabic system 
base-12, 186, 189, 195 
base-16, 186, 189 
base-60, 179-182 
conversion between, 180-181, 183, 
187-190, 194-195 
less than 10, 186-188 
more than 10, 189-190 
positional values in, 185—186 
subtraction in, 195, 198 
symbols for, 186-187, 189 
Bases 
exponents and, 259 
in place-value systems, 179, 185-186 
Bee breeding, Fibonacci sequences 
and, 281 
Bennett, Alan, 544 
Bernoulli, Daniel, 675 
Bernoulli, Jacob, 675 
Bernoulli, Johann, 675 
Bernoulli’s theorem, 675 
Biconditional (if and only if) statements, 
100-101 
definition of, 119-122 
symbol for, 100-101 
truth tables for, 119-120 
Big bang theory, 567 
Bilateral symmetry, 535 
Bimodal data, 798 
Bimodal distribution, 817 
Binary operation, 567, 568 
Binary systems, 186 
addition in, 192-195 
bits in, 186 
CDs and DVDs and, 193 
computers and, 186, 193 
conversion of, 187-188 
Binomial(s), 352-353 
definition of, 352 
multiplication of, 352-353 
Binomial coefficient, 760 
Binomial probability formula, 758-765 
Birthday problem, 721 
Bits, 186 
Bivariate data, 834 
Blackwell, David, 819 
Body Mass Index, 313 
Bolyai, Farkos, 551 
Bolyai, Janos, 551 
Bonds, 660 
Boole, George, 94, 96, 98, 160 
Boolean algebra, 94, 96, 98, 153, 160. 
See also Logic 


Borda, Jean-Charles de, 911, 912 
Borda count method, 911-914, 920 
head-to-head criterion and, 928 

irrelevant alternative criterion and, 
933 
majority criterion and, 926-927 
monotonicity criterion and, 930 
tie breaking in, 919-920 
Borders, common, 855—856, 867 
Borrowing. See Credit; Loans 
Bourbaki, Nicholas, 252 
Braces, for sets, 43 
Brackets, matrix, 405 
Brain mapping, 551 
Branching, in prime factorization, 213 
Break-eyen analysis, 389-390 
Brent, Richard, 217 
Bridges, 860 
Broadband, 439 
Brute force method, 880-881 
Buckminsterfullerenes (buckyballs), 
493 
Burr, Aaron, 941 
Bush, George W., 911 
but statements, 99 
Bytes, 186 


Calamity Jane, 753 
Calculators 
graphing, 338, 370, 384, 748 
for correlation coefficient, 906-907 
for standard deviation, 812 
scientific 
for accumulated amount calculation, 
660-661 
for combinations, 748, 763 
for compound interest calculation, 
623-624 
division with, 265-266 
for exponential functions, 369 
for installment payments, 633-634 
multiplication with, 265 
for permutations, 738, 741, 763 
pi (p) key on, 446 
for present value calculation, 627 
scientific notation on, 264—266 
for sinking fund payment, 662-663 
square root keys on, 248-249 
Cameras, 481 
Canary, Martha, 753 
Cantor, Georg, 43, 83-86 
Carbon dating, 369-370 
Card games. See also Gambling; Games 
combinations in, 748, 752-753 
dead man’s hand in, 753 
Cardano, Girolamo, 361, 675 
Cardinal number 
definition of, 46, 50 
of sets, 46, 85-86 
transfinite, 85 
Carissan, Eugene Oliver, 212 
Carroll, Lewis, 94, 130, 503 
Cartesian coordinates, 336-337 
Cartesian product, of sets, 63 
Cases, in truth tables, 107-108, 110-111 


Cash advances, 636, 639 
Catalan’s conjecture, 263 
Causation, vs. correlation, 837 
Cayley, Arthur, 408 
CDs, binary system and, 193 
Celsius scale, 436, 457—458 
Center of rotation, 530 
centi, 436 
Centimeter, 443—444 
Certificates of deposit, 625-626. 
See also Compound interest 
Cézanne, Paul, 516 
Chaos theory, 555 
Charts, misleading, 780-781 
Chebyshev’s theorem, 832 
Checking solutions, 292 
Chinese numerals, 174-175, 188 
Chromatic scale, 281 
Chromosomes, 678 
Ciphered systems, 175-176 
Circle, 504—505 
area of, 504—505 
circumference of, 504 
diameter of, 504 
great, 552 
radius of, 504 
squaring, 484 
Circle graphs, 781, 791-792 
Circuits, 859-860 
equivalent, 160 
Euler, 864—876 
Hamilton, 876-888 
parallel, 157-158 
series, 157 
switching, 156-162 
Circumference, 504 
Class, midpoint of, 786 
Class limits, 785 
Class mark, 786 
Class width, 785 
Classification. See also Set(s) 
taxonomic, 53 
Venn diagrams in, 72. See also Venn 
diagrams 
visual cues for, 46 
Clock arithmetic, 574—578 
Closed sets (closure), 253, 568-569 
Closing, in home buying, 646 
Cluster sampling, 776 
Coefficient 
linear correlation, 833—838 
numerical, 297 
Collateral, 611 
Collinear points, 338 
Columns, in truth tables, 107-108, 
110 
Combinations, 746-758 
definition of, 746 
formula for, 748 
of playing cards, 748, 752-753 
vs. permutations, 746-749 
Combined variation, 324—325 
Commas 
in grouping statements, 98-99 
in symbolic statements, 100 


Commercials, statistics in, 779-781 
Common borders, 855-856, 867 
Common difference, 270 
Common ratio, 273 
Commutative groups, 570—572 
clock arithmetic as, 575—576 
four-element, 577—578 
in modular arithmetic, 590—592 
symmetry around main diagonal in, 
S77 
Commutative property 
of addition, 253-254, 567-568 
of groups, 570-572, 575-577, 
590-592. See also Commutative 
groups 
of mathematical systems, 567—568 
of multiplication, 253-254, 567—568 
of real numbers, 253-254 


Compass and straightedge constructions, 


480 
Complement, of set, 58, 131 
Complementary angle, 484—485 
Complete graphs, 878 
Composing, randomness in, 730 
Composite numbers, 211-213 
divisibility of, 211-213 
Fermat numbers as, 217 
Compound inequalities, 332-333 
Compound interest, 621-630. See also 
Interest 
annual percentage (effective annual) 
yield and, 624-625 
from annuities, 659 
calculation of, 622-624 
definition of, 622 
formula for, 623 
present value and, 626-627 
Compound probability, 717 
Compound statements, 95, 96-101 
and, 61, 97. See also Conjunctions 
(and statements) 
definition of, 96 
if and only if, 100-101, 119-123. 
See also Biconditional (if and only 
if) statements 
if-then, 99-100, 118-119. See also 
Conditional (if-then) statements 
implications, 123-124 
not, 95-96, 99, 131. See also 
Negations (not statements) 
or, 61, 98-99, 131-132. See also 
Disjunctions (or statements) 
real data in, 121—122 
self-contradictions, 123 
tautologies, 123 
truth tables for, 105-127 
truth value determination for, 
113-114, 121-122 


Computation methods. See also Arithmetic 


early, 200-204 
Computer(s) 

accuracy of, 247 

binary system for, 186, 193 

in composing music, 730 

in slot machines, 722 
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data networks and, 891 
encryption and, 216 
hexadecimal system for, 186, 189 
linear programming for, 424—427. 
See also Linear programming 
octal systems for, 186 
spreadsheets and, 407, 623-624, 627. 
See also Spreadsheets 
wireless access and, 787 
Computer animation, 336, 417, 492 
Conditional probability, 728-735 
definition of, 728 
formula for, 730-731 
Conditional (if-then) statements, 94-95, 
99-100 
antecedent in, 99-100 
consequent in, 99-100 
contrapositive of, 134-135 
converse of, 133-134 
definition of, 118-119 
as disjunctions, 131-132 
implications as, 123-124 
inverse of, 133-134 
negation of, 132 
symbol for, 99 
tautologies as, 123 
truth tables for, 118-119 
variations of, 133-136 
Condorcet criterion, 927-929 
Cone, volume and surface area of, 513 
Conformal mapping, of brain, 551 
Congress 
age limits for, 940 
apportionment for, 939-963. See also 
Apportionment methods 
Congruence, in modular arithmetic, 
586-588 
Congruent figures, 494—495 
Conjecture, 3, 217 
Catalan’s, 263 
Goldbach’ s, 217 
twin prime, 217 
Conjunctions (and statements), 61, 97. 
See also Truth tables 
intersection of sets and, 61 
in logic, 94—95 
symbol for, 97, 107 
truth tables for, 105-106, 107, 
111-112. See also Truth tables 
Connected graphs, 859 
Connectives, 94—95, 96-101. See also 
Compound statements 
and, 61, 96-97, 97. See also 
Conjunctions (and statements) 
but, 99 
if and only if, 100-101, 119-123. 
See also Biconditional (if and only 
if) statements 
if-then, 99-100, 118-119. See also 
Conditional (if-then) statements 
not, 95-96, 99. See also Negations 
(not statements) 
or, 61, 97-98. See also Disjunctions 
(or statements) 
symbols for, 101 
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Consequent, 99-100, 118 
Consistent systems of equations, 
387, 388 
Constant 
definition of, 292 
in order of terms, 298 
variation, 321 
Constant of proportionality (k), 321-322 
in combined variation, 324—325 
definition of, 321 
in direct variation, 321-322 
in inverse variation, 323 
in joint variation, 323-324 
Constraints, in linear programming, 424, 
425-426 
Consumer mathematics, 599-673 
annuities in, 658-663 
compound interest in, 621-630 
credit in, 611-621 
installment buying in, 630—645 
mortgages in, 646-657 
percent in, 600-610 
retirement savings in, 658-664 
sinking funds in, 661—663 
Contradictions, 303 
Contrapositives, 134-135 
Conventional mortgages, 646, 647-652. 
See also Mortgages 
Converse 
of conditional statement, 133-134 
fallacy of, 144, 145 
Conversion methods 
for base systems, 180-181, 183, 
187-190 
for metric system, 437—440, 462—468 
Coordinate system, for graphing, 
336-337 
Correlation 
linear, 833-838 
vs. causation, 837 
Correlation coefficient, linear, 833-838 
Corresponding angles, 486, 491 
in similar figures, 492—493 
Corresponding sides, in similar figures, 
492-493 
Cosigners, 611 
Costello, Lou, 96 
Countable sets, 85-86 
Counterexamples, 4, 71, 569 
Counting boards, 43, 179, 180 
matrices and, 416 
Counting numbers, 2, 43, 84—85, 210, 
221. See also Natural numbers 
Counting principle, 708-711, 735-737 
for permutations, 738-739 
Coxeter, Donald, 536 
Credit, 611-621. See also Interest; Loans 
Credit CARD Act of 2009, 636 
Credit cards, 636—640 
for cash advances, 636, 639 
finance charges for, 636-639 
average daily balance method for, 
637, 638-639 
previous balance method for, 
637-638 


grace period for, 636 
issuers of, 638 
minimum monthly payments for, 
637 
minimum payments for, 637 
regulation of, 637 
Credit score, 648 
Critical thinking skills, 1-41. See also 
Logic 
deductive reasoning, 4—5 
estimation, 9-14 
inductive reasoning, 2—4 
problem solving, 20-28 
Critical values, 837 
Cross multiplication, 304-305 
Cryptography, 414, 587 
Crystallography, 536 
Cube, 517 
definition of, 512 
doubling of, 484 
Rubik’s, 572 
volume and surface area of, 512—513 
Cubic units 
conversion between, 520 
in metric system, 447 
Cubism, 516 
Curves 
fractal, 553—555 
Jordan, 546 
Koch, 554 
snowflake, 554 
Customary units (U.S.), 435, 443 
conversion to/from, 464—468 
conversion within, 462—464 
Cylinder 
definition of, 513 
volume and surface area of, 513 


Dantzig, George B., 424, 426 

Data. See also Statistics 
bimodal, 809 
bivariate, 834 
grouping of, 784-787 
ranked, 798 

Data networks, 891 

Databases, encrypted, 216 

Date of maturity, for bonds, 660 

D-Day, 425 

De Morgan, Augustus, 96, 129, 131 

De Morgan’s laws 
for logic, 129-132 
for set theory, 72, 131 

De Ratiociniis in Luno Aleae 
(Huygens), 675 

Dead man’s hand, 753 

Deal or No Deal, 693 

Debt. See also Credit; Loans 
national, 264 

Decay, exponential, 369-370 

deci, 436 

Decimal notation, scientific notation and, 
263-264 

Decimal numbers, 178, 232—233. See 
also Hindu-Arabic system 
conversion to fractions, 233-235 


conversion to percent, 601-602 
in metric system, 436—437 
nonrepeating nonterminal, 244. 
See also Irrational numbers 
repeating, 232-233 
solving equations containing, 302 
terminating, 233 
Decimal point, in metric system, 437 
Decimeter, 447 
Deductive reasoning, 4—5 
with Venn diagrams, 71 
Default, 648 
Deficit, vs. debt, 265 
Degree Celsius, 436 
Degrees, of angles, 483 
deka, 436 
De Morgan, Augustus, 72, 96, 129, 131 
De Morgan’s Laws, 
for logic, 129 — 131 
for set theory, 72, 131 
Demuth, Charles, 294 
Denominator, 230 
lowest common, 237—239 
rationalization of, 247-248 
Dense sets, 242 
Dependent events, 721-723 
Dependent systems of equations, 388, 
396, 399, 418 
Dependent variable, 834. See also 
Variable(s) 
in graphing 
of functions, 362 
of linear equations, 343 
De Ratiociniis in Luno Aleae (Huygens), 
675 
Descartes, René, 298, 336, 337 
Descriptive statistics, 774 
Diameter, 504 
Diatonic scale, 281 
Dice, in musical composition, 730 
Dido, 504 
Difference, of two sets, 62—63 
Digits, 179 
Dimensional analysis 
definition of, 462—463 
for metric system, 464—468. See also 
Metric system 
unit fractions in, 463—465 
for U.S. standard system, 462-464 
Diophantus, 298, 505 
Direct variation, 320—322 
Disconnected graphs, 859 
Discount note, 613 
Discriminant, in quadratic formula, 
361 
Diseases, inheritance of, 677, 678, 690 
Disjoint sets, 57 
Disjunctions (or statements), 61, 95, 
98-99 
conditional statements as, 131-132 
inclusive, 95, 98 
symbol for, 98, 107 
truth tables for, 106-107, 109-110, 
112-113. See also Truth tables 
union of sets and, 61 


Disjunctive syllogisms, 144 
Disraeli, Benjamin, 773 
Distinct subsets 

number of, 54 

proper, number of, 54 
Distribution(s) 

bimodal, 817 

empirical rule for, 819 

frequency, 783-787 

J-shaped, 816 

normal, 818-828 

rectangular, 816 

shape of, 816—828 

skewed, 817 
Distributive property of multiplication 

over addition, 254—255, 256 
Divine proportion, 280 

Fibonacci numbers and, 279 
Divisibility, 210, 211-213 
Division 

in additive systems, 171 

in base conversion, 181, 183, 

187-188 

in base systems, 197-198 

with calculator, 265-266 

divisors in. See Divisor 

in Egyptian system, 171 

of fractions, 236 

of integers, 225-226 

of irrational numbers, 247 

by negative numbers, 330-331 

in prime factorization, 213-214 

quotient in, 210, 226 

remainder in, 210 

rules for, 226 

in scientific notation, 264 

in solving inequalities, 330-331 
Division property of equality, 299-300 
Divisor, 210 

of composite number, 220 

in fraction reduction, 230 

greatest common, 214-215 

modified, 943-946, 947 

standard, 940, 943 
Dodecahedron, 517 
Dodgson, Charles, 94, 130, 503 
Domain, of function, 362, 367-368 
Dominant traits, 677—678 
Doubling the cube, 484 
Dozenal Society of America, 189 
Drug dosage, unit conversion for, 448, 

449, 467, 468 
Due date, for loan, 611, 615-616 
Duodecimal system, 186, 189-190 
Duplation and mediation, 171, 200-201 
Dupuit, Jules, 397 
DVDs, binary system and, 193 


Eastman, George, 481 
Economics, mathematics in, 397 
Edges 

in graphs, 854 

of Platonic solids, 517 

of polyhedron, 516 

in trees, 889 


Effective annual yield, 624—625 
Egyptian hieroglyphics, 171 
Egyptian numeration system, 171, 315 
vs. Roman system, 171-172 
Einstein, Albert, 310, 553, 621 
El Gordo, 747 
Elections. See also Voting methods 
majority votes in, 908 
preference table for, 909 
Presidential, 911, 919, 927 
runoff, 914 
voting methods in, 907-969 
Electoral College, 927 
Electrical circuits 
equivalent, 160 
parallel, 157-158 
series, 157 
switching, 156-162 
Elementary particles, 590 
Elements (Euclid), 479, 517, 550 
El Gordo, 747 
Elimination method, for systems of linear 
equations, 396—401 
Ellipsis, 2 
in sets, 43 
Elliptical geometry, 551, 553 
Empirical probability, 676-683. See also 
Probability 
in genetics, 677—679 
law of large numbers and, 678—679 
Empirical rule, 819 
Empty sets, 47 
as subsets, 53 
Encryption, 216, 587 
Encyclopedia of mathematics, 252 
End points, 480 
Enigma machine, 587 
Enormous theorem, 575 
Equal matrices, 405 
Equal sets, 46, 57 
Equality 
addition property of, 298-299 
division property of, 299-300 
multiplication property of, 299 
subtraction property of, 299, 300 
Equality of sets, 46 
verification of, 70-72 
Equally likely outcomes, 683—687 
Equations. See also Functions 
algebraic expressions in, 292. See also 
Algebraic expressions 
consistent systems of, 387, 388 
definition of, 292 
equivalent, 298 
exponential. See Exponential func- 
tions 
functions as, 362. See also Functions 
graphing of, 371. See also Graphing 
linear. See Linear equations 
quadratic, 356-360. See also 
Quadratic equations 
solving 
order of operations in, 293-295 
for variable, 310-311 
terms in, 297-298 
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variables in, 292. See also Variable(s) 
isolation of, 303 
variation, 320-328. See also 
Variation 
Equilateral triangle, 492 
Equity, 647 
Equivalent circuits, 160 
Equivalent equations, 298 
Equivalent fractions, 237-238 
Equivalent sets, 46 
Equivalent statements, 127-136 
conditional-disjunction, 131-132. 
See also Conditional statements 
de Morgan’s laws for, 72, 129-132 
definition of, 127 
negation of conditional statement 
as, 132 
symbols for, 127 
truth tables for, 128-129 
variations of conditional statement as, 
133-136 
Eratosthenes of Cyrene, 211 
Erdos, Paul, 870 
Escher, M.C., 536, 557 
Estimation, 9-19 
in calculations, 10-11 
definition of, 9 
of height, ancient methods of, 13 
in medicine, 12 
purpose of, 9 
reasonableness and, 9 
rounding in, 9-10, 14 
symbol for, 9 
Euclid, 217, 480 
Euclidian algorithm, 220 
Euclidian constructions, 480 
Euclidian geometry, 479, 480, 482, 533. 
See also Geometry 
fifth (parallel) postulate in, 550-551, 
560 
Euler, Leonhard, 151, 217, 854 
Euler diagrams, 152-156 
Euler paths/circuits, 864-876 
definition of, 864 
Fleury’s algorithm for, 868 
vs. Hamilton paths/circuits, 878 
Euler’s polyhedron formula, 517 
Euler’s theorem, 866—867 
European Union, metric system and, 459 
Even numbers, 2-3 
cardinality of, 85 
product of, 2 
sets of, cardinality of, 85 
sum of, 2-3 
Even vertex, 858 
Events, experimental, 676 
Exclusive or, 95 
EXP key, 264 
Expanded form, 179 
Expected value (expectation), 675, 
698-707 
cost to play and, 702—703 
fair game and, 698 
fair price and, 702-703 
formula for, 699 
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Experiment(s) 
definition of, 675 
events in, 676 
outcomes of, 675-676 
Experimental probability. See Empirical 
probability 
Exponent(s), 259-262. See also 
Scientific notation 
in algebraic expressions, 293 
on calculator, 264—266 
definition of, 259 
negative, 261 
power rule for, 262 
product rule for, 260 
quotient rule for, 260-261 
in scientific notation, 262-266 
zero, 261 
Exponential equations. See Exponential 
functions 
Exponential functions, 368-373 
graphing of, 371-373 
growth or decay, 369-373 
natural, 370-371 
Exponential growth or decay formula, 
369-370 
Exponential growth or decay functions, 
370-373 
Exponential population growth, 371 
Expressions. See Algebraic expressions 
Exterior angles, 486 


Facebook, 855 
Faces 
of Platonic solids, 517 
of polyhedrons, 516 
Factor(s), 210 
of composite number, 220 
proper, 215 
Factor trees, 213 
Factorials, 879 
Factoring. See also Prime factorization 
definition of, 353 
of quadratic equations, 356-357 
of trinomials, 353-356 
zero-factor property and, 356-357 
Factoring machine, 212 
Fahrenheit scale, 457—458 
Fair game, 698 
Fair price, 702-703 
Fallacy, 141, 151 
of the converse, 144, 145 
determination of, 141-146 
of the inverse, 144, 145 
Fallert, Caryl Bryer, 281 
Family tree, 889 
Feasible region, 424 
Fechner, Gustav, 282 
Federal Reserve Banks, 626 
Fermat, Pierre de, 217, 505, 506, 675 
Fermat numbers, 217 
Fermat’s equation, 311 
Fermat’s last theorem, 505 
FHA mortgages, 653 
Fibonacci, 201 
Fibonacci Mobile, 282 


Fibonacci sequence, 278-282 
Fibonacci’s Garden, 281 
Fifth postulate 
in Euclidean geometry, 550—551, 
560 
in non-Euclidean geometry, 551-553, 
560 
Finance charges 
for credit cards, 636-639 
average daily balance method for, 
637, 638-639 
previous balance method for, 
637-638 
definition of, 631 
for installment loans, 631-636 
Finite mathematical systems, 574—585 
clock arithmetic, 574—578 
definition of, 574 
four-element, 577—578 
Finite sets, 45 
First-degree equations. See Linear 
equations 
Fixed annuities, 658-661 
Fixed installment loans, 631—636 
Fixed investments, 621 
Fleury’s algorithm, 868 
FOIL method, 352 
Foo Ling Awong, 361 
Formula(s), 308-313 
and, 720-723 
addition, 717-719, 723 
Body Mass Index, 313 
carbon dating, 369-370 
combinations, 748 
compound interest, 623 
conditional probability, 730-731 
definition of, 308 
empirical probability, 676 
Euler’s polyhedron, 517 
evaluation of, 308 
expected value, 699 
exponential growth or decay, 369-370 
Greek letters in, 309-310 
installment payment, 632-634 
line of best fit, 839 
linear correlation coefficient, 835 
multiplication, 720-723 
or, 717-719, 723 
ordinary annuity, 659-660 
percent change, 603 
percent markup/markdown, 604 
perimeter of rectangle, 316 
permutations, 740 
of duplicate items, 742 
present value, 626-627 
principal and interest payment, 
649-650 
probability, 683-684 
binomial, 758-765 
quadratic, 358-360 
relative frequency, 676 
simple interest, 309, 611, 622 
sinking fund payment, 662 
solving for variable in, 310-311 
standard quota, 940 


subscripts in, 310 
tax-free yield, 311 
theory of relativity, 310 
as variations, 320-328 
volume, 309 
Four 4’s, 229, 251 
division of, 225 
401k plans, 664 
403b plans, 664 
Four-color problem, 545-546 
Four-element system, 577—578 
Fractal antennas, 555 
Fractal geometry, 478, 553-555 
Fractions, 229-243 
addition of, 237—239 
conversion from decimal numbers, 
233-235 
conversion from mixed numbers, 
230-232 
conversion from percent, 600-601 
denominator of, 230 
rationalization of, 247-248 
division of, 236 
equivalent, 237-238 
improper, 230-232 
multiplication of, 235-236 
numerator of, 230 
reduction of, 230 
solving equations containing, 301 
subtraction of, 237—239 
unit, 463—465 
Franklin, Benjamin, 621, 622, 623 
Frequency, relative, 676 
Frequency distributions, 783-787 
bimodal, 817 
empirical rule for, 819 
J-shaped, 816 
normal, 818—828 
rectangular, 816 
shape of, 816-828 
skewed, 817 
Frequency polygons, 784, 787-789 
Friendly numbers, 215 
FTC (Federal Trade Commission), 144 
Fuller, F. Buckminster, 493 
Functions, 362-373. See also Equations 
and, 720-723 
definition of, 362 
domain of, 362, 367-368 
exponential, 368-373 
graphing of. See Graph(s); Graphing 
linear, 364 
objective, 424—425 
or, 717-719, 723 
quadratic, 364-368 
range of, 362, 367-368 
vertical line test for, 363 
Fundamental law of rational numbers, 237 
Fundamental theorem of arithmetic, 213 
Future value, of annuity, 659 
Fuzzy logic, 135 


Galileo, 4, 368 
Galili, Yisrael, 310 
Galois, Evariste, 570 


Gambling 
history of, 691 
lottery in, 701, 747 
odds in, 691-698 
probability and, 675. See also 
Probability 
slot machines in, 722 
Game theory, 409 
Games 
card 
combinations in, 748, 752-753 
dead man’s hand in, 753 
fair, 698 
Icosian, 881 
probability and, 675 
Gaunt, John, 776 
Gauss, Carl Friedrich, 271, 311, 551 
Gaussian distributions. See Normal 
distributions 
General theory of relativity, 310, 533 
Genetics 
empirical probability in, 677-679 
inherited diseases and, 677, 678, 690 
Genus, topological, 547 
Genus and species, 53 
Geodesics, 552—553 
Geometric sequences, 272-275 
Geometry, 478-565. See also 
Mathematics 
angles in, 483—486 
area in, S00—506 
axioms in, 479 
circles in, 504—505 
compass and straightedge construc- 
tions in, 480 
congruent figures in, 494—495 
cubic unit conversions in, 520 
definition of, 479 
definitions in, 479 
doubling the cube in, 484 
elliptical, 533, 551-552 
Euclidian, 479, 480, 482, 533 
fifth postulate in, 550—551, 560 
fractal, 478, 553-555 
history of, 479-480 
hyperbolic, 551, 552-553 
impossible constructions in, 484 
joint variation in, 324 
Jordan curve in, 546 
Klein bottle in, 544—545 
lines in, 480-482 
maps in, 545-546 
Mobius strip in, 543-544, 546 
models in, 533, 551, 552 
non-Euclidean, 550—553 
fifth axiom of, 551-552 
perimeter in, 500—506 
plane, 482 
planes in, 482 
points in, 480—482 
polygons in, 490—492 
polyhedra in, 516-517 
postulates in, 479 
Pythagorean theorem in, 503—504 
rays in, 480, 481 


Riemannian, 551—552 
rubber sheet, 543 
similar figures in, 492-494 
solid, 512 
spherical, 551—552 
squaring the circle in, 484 
symmetry in, 532—535 
tessellations in, 535-536 
theorems in, 503—504 
topological, 543-549. See also 
Topology 

transformational, 525—542 
trisecting an angle in, 484 
volume in, 512—525 

Germain, Sophie, 311 

Gerry, Elbridge, 957 

Gerrymandering, 957 

giga, 437 

GIMP (Great Internet Mersenne Prime 
Search), 217 

Girard, Albert, 301 

given that statements, in conditional 
probability problems, 731 

Glide reflection, 532 
in pattern design, 580 

Glides, 528 

Goldbach, Christian, 217 

Goldbach’s conjecture, 217 

Golden number (F), 279 

Golden proportion, 280 

Golden ratio, 279-280 

Golden rectangle, 280 

Googol, 293 

Googolplex, 293 

Gore, Al, 911 

Government debt, 265 

Grace period, 636 

Gradients, 483 

Gram, 436, 455 

Le Grand K, 455 

Graph(s) 
applications of, 855, 857 
circle, 781, 791-792 
complete, 878 
connected, 859 
definition of, 338, 854 
disconnected, 859 
edges in, 854—855 
frequency polygons, 784 
histograms, 784, 787-789 
loops in, 854—855 
misleading, 780-781 
of movement, 858-860 
of physical settings, 855-858 
as relations, 362 
shape of distribution in, 816—828 
statistical, 7830-781, 787-792. 

See also Statistical graphs 

stem-and-leaf, 790-791 
vertices in, 854—855 
vs. paths, 859 
weighted, 877 

Graph theory, 853-906 
bridges in, 860 
circuits in, 859-860 
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edges in, 854 
Euler paths/circuits in, 864—876 
Euler theorem and, 866—868 
Fleury’s algorithm in, 868 
Hamilton paths/circuits in, 876-888 
KGnigsberg bridge problem and, 854, 
855, 860, 861, 867, 873 
Kruskal’s algorithm in, 892 
loops in, 854 
paths in, 858-860 
traveling salesman problems in, 877 
trees in, 888-899 
vertices in, 854 
Graphics, computer, 336, 417 
Graphing 
applications of, 344 
axis of symmetry in, 365-366 
in break-even analysis, 389-390 
collinear points in, 338 
coordinate system in, 336-337 
of exponential functions, 371-373 
of linear equations, 336-348 
of linear functions, 364 
of linear inequalities 
in one variable, 329-331 
in two variables, 349-351 
in linear programming, 424 
ordered pairs in, 336-339 
parabolas in, 365-366 
by plotting points, 336-339 
of quadratic functions, 364-368. 
See also Functions 
slope of line in, 340-344 
of systems of linear equations, 387-389 
of systems of linear inequalities, 
420-422 
by using intercepts, 339-340 
by using slope and y-intercept, 
342-344 
x-axis in, 336, 343 
x-intercept in, 339-340 
y-axis in, 336, 343 
y-intercept in, 339-340, 342-344 
Graphing calculators, 338, 371, 384, 748 
for correlation coefficient, 906-907 
for standard deviation, 812 
Great circle, 552 
Great Internet Mersenne Prime Search 
(GIMP), 217 
Great Pyramid of Gizeh, 280 
Greatest common divisor, 214—215 
Greek letters, in formulas, 309 
Greek numeration systems, 175-176 
Grids, 339 
Group(s), 570-574 
associative, 570 
closure property of, 570 
commutative (abelian), 570—572 
clock arithmetic as, 575—577 
four-element, 577—578 
in modular arithmetic, 590-592 
symmetry around main diagonal 
in, 577 
definition of, 570 
identity element of, 570 
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Group(s) (continued) 
inverse element in, 570 
modular arithmetic and, 590—592 
noncommutative (nonabelian), 577 
properties of, 570 
Group theory, 566 
in pattern design, 580 
Rubik’s cube and, 572 
transformations in, 590 
Growth, exponential, 369-370 
Guaranteed principal, 621 


Haken, Wolfgang, 545 
Half lines, 480, 481 
Half open line segments, 480, 481 
Half-plane, 349, 481 
Halsted, George Bruce, 551 
Hamilton, Alexander, 941 
Hamilton, William Rowan, 408, 876, 
881, 888 
Hamilton’s apportionment method, 
941-943, 950, 960 
Alabama paradox and, 956-957 
flaws in, 955-960 
new-states paradox and, 958-960 
population paradox and, 957—958 
Hamilton paths/circuits, 876-888 
in complete graphs, 878 
definition of, 877 
in Icosian Game, 881, 888 
number of, 879-880 
optimal solution, 880 
in traveling salesman problems, 
880-883 
vs. Euler paths/circuits, 878 
Hardy, G.H., 214 
Harmonics 
and rational numbers, 237 
Fibonacci numbers in, 281 
Harrison, Benjamin, 919 
Hayes, Rutherford B., 919 
Head-to-head criterion, 927-929 
heap, 315 
hectare, 445 
hecto, 436 
Height estimation, ancient methods of, 13 
Heismann trophy, 912 
Hemophilia, 677, 678 
Hexadecimal systems, 186, 189 
Hexagon 
angles of, 491-492 
reflection of, 527—528 
reflective symmetry of, 533-534 
Hickok, Wild Bill, 753 
Hieroglyphics 
Egyptian, 171 
Mayan, 182 
Hindu-Arabic system, 170, 171-172, 174 
Babylonian numerals and, 180—182 
bases in, 185-186 
Chinese numerals and, 173-175, 188 
conversion methods for, 183, 189-190 
Egyptian system and, 171 
Mayan numerals and, 183 
as place-value system, 178-179 


Roman numerals and, 171-172 
spread of, 197 
zero in, 178 
Histograms, 784, 787-789 
shape of distribution in, 816-828. See 
also Distribution(s) 
Holmes, Sherlock, 141 
Home buying/ownership 
affordability of, 649, 798 
benefits of, 647 
closing in, 646-647 
down payment in, 646 
equity and, 647 
mortgages in, 646-657. See also 
Mortgages 
points and, 646-647 
qualifying for, 647-648 
Sears houses, 646 
Home equity loans, 652 
Horizontal axis, 343 
House of Representatives 
age limits for, 940 
apportionment for, 939. See also 
Apportionment methods 
Huygens, Christian, 675 
Hyperbolic geometry, 551, 552—553 
in brain mapping, 551 
Hypothesis, 3 


Icosahedron, 517 
Icosian Game, 881, 888 
Identity, 304 
Identity elements, 569-570 
if and only if statements, 100-101, 
119-123. See also Biconditional 
(if and only if) statements 
if-then statements, 94-95, 99-100, 
118-119. See also Conditional 
(if-then) statements 
Immediate annuities, 663 
Implications, 123-124 
Impossibility theorem 
Atrow’s, 933, 934 
Balinski and Young’s, 960 
Improper fractions, 230—232 
Inclusive or, 95, 98 
Inclusive sets, 44 
Income, adjusted monthly, 647 
Inconsistent systems of equations, 388, 
396, 399, 418 
Independent events, 721-723 
Independent variable, 834. See also 
Variable(s) 
in graphing, 343, 362 
Individual retirement accounts (IRAs), 
663-664 
Inductive reasoning, 2-8 
Inequalities, 222 
compound, 332-333 
linear. See also Linear inequalities 
in one variable, 329-335 
systems of, 420—422 
in two variables, 349-351 
symbols for, 222, 329 
direction of, 330, 331 


Infants, smiling in, 799 
Inferential statistics, 774, 776 
Infinite mathematical systems, 568—572 
Infinite sets, 46, 83-86 
Inheritance, of diseases, 677, 678, 690 
Insincere voting, 938 
Installment loans, 630—645 
fixed, 631-636 
open-end, 631, 636-640. See also 
Credit cards 
rent-to-own, 631 
Installment payment formula, 
632-634 
Integers, 221-229 
addition of, 222-223 
associative, 567—568 
commutative, 567—568 
definition of, 221 
division of, 225-226 
in mixed numbers, 230—232 
multiplication of, 224—225 
negative, 221 
positive, 221. See also Natural numbers 
rational numbers as, 229 
real number line for, 221 
sets of, 221, 242, 567—572. See also 
Set(s) 
subtraction of, 223-224 
Intercept 
x, 339-340 
y, 339-340, 342-344 
Interest 
Banker’s rule for, 615-616 
compound, 621—630. See also 
Compound interest 
credit card, 636-639 
definition of, 611 
mortgage. See Mortgages 
ordinary, 611-614 
simple, 611—621. See also Loans; 
Simple interest 
unearned 
actuarial method for, 635—636 
rule of 78s for, 635 
United States rule for, 615-616 
usurious, 615 
Interest rate 
annual, 612-613 
true, 613 
Interior angles, 486 
Internet. See also Computer(s) 
broadband capacity and, 439 
wireless access to, 787 
Intersection, of sets, 58—59, 61 
Intervals, musical, 281 
Invalid arguments. See Fallacy 
Inverse, 569—570 
additive, 223, 569—570 
of conditional statement, 133-134 
fallacy of, 144, 145 
multiplicative, 414 
Inverse elements, 414 
Inverse variation, 322—323 
An Investigation of the Law of Thought 
(Boole), 94 


Investments, 621 
in bonds, 660 
compound interest on, 621—630. 
See also Compound interest 
fixed, 621-622 
in mutual funds, 661 
present value of, 626-627 
retirement, 658-664 
in stock market, 659, 661 
variable, 622 
Ionic Greek system, 175-176 
IRAs, 663-664 
Iris scanning, 3 
Irrational numbers, 244-252 
addition of, 246 
approximation of, 248-249 
division of, 247 
multiplication of, 246 
nonrepeating nonterminating decimal 
numbers as, 244 
real numbers and, 252-253 
simplification of, 245-246 
subtraction of, 246 
Irrelevant alternatives criterion, 
930-934 
Isolation of variables, 298, 301, 303 
Isosceles triangle, 492 


Jefferson, Thomas, 941, 943 

apportionment method of, 943-946, 
950, 960 

Jiuzhang Suanshu, 416 

Johannsen, W., 678 

Joint variation, 323-324 

Jordan curves, 546 

J-shaped distribution, 816 

Jumble puzzles, 711, 741 


k (constant of proportionality) 
in combined variation, 324-325 
definition of, 321 
in direct variation, 321—322 
in inverse variation, 322—323 
in joint variation, 323-324 

Kakuro, 134, 140 

Kasner, Edward, 293 

KenKen, 254 

Kepler, Johannes, 279, 280 

Al Khwarizmi, Muhammed ibn-Musa, 
292 

kilo, 436 

Kilogram, 436, 455 

Kiloliter, 447 

Kilometer, 443—444 

Klein, Felix, 544 

Klein bottle, 544-545 

Knot theory, 866 

Koch, Helga von, 554 

Koch curve, 554 

Koch snowflake, 554 

Kondo, Shigeru, 246 

KG6nigsberg bridge problem, 854, 855, 
860, 861, 867, 873 

Kronecker, Leopold, 85 

Kruskal’s algorithm, 892-895 


Ladder of life, 53 
Lagrange, Joseph-Louis, 310, 311 
Landon, Alf, 777 
Laplace, Pierre-Simon de, 178, 675 
Larder, Dionysis, 397 
Large numbers 
googol, 293 
law of, 678-679 
scientific notation for, 259, 262-266 
Lateral faces, of prism, 517 
Lattice multiplication, 201-202 
Law of contraposition, 143, 144 
Law of detachment, 141-142 
Law of large numbers, 678-679 
Law of syllogism, 144 
Le Corbusier, 280 
Least common multiple, 215-216 
Least squares line, 839 
Lefschetz, Solomon, 866, 894 
Legislative apportionment. See Appor- 
tionment methods 
Le Grand K, 455 
Leibniz, Gottfried Wilhelm, 94 
Length 
conversion table for, 465 
in metric system, 436, 443-444, 466 
in U.S. customary system, 435, 443 
Leonardo of Pisa, 278 
Les Desmoiselles d’Avignon, 516 
Level of significance, 837 
Libby, Willard Frank, 369 
Liber Abacci (Fibonacci), 278 
Liber de Ludo Aleae (Cardano), 675 
The Life, the Times, and the Art of Bran- 
son Graves Stevenson (Anderson), 545 
Like terms, 297-298 
Lindemann, Carl, 484 
Line(s), 480-482 
end points of, 480 
half, 480, 481 
least squares, 839 
parallel, 482, 486 
transversals and, 486 
points on, 480 
properties of, 480 
real number, 221 
reflection, 526—527 
skew, 482 
slope of, 340-344. See also Slope 
of symmetry, 533 
transversal, 486 
Line segments, 480, 481 
length of, 492—493 
notation for, 492—493 
open, 480, 481 
union and intersections of, 481—482 
Linear correlation, 833-838 
Linear correlation coefficient (r), 
833-838 
Linear equations. See also Equations 
definition of, 298 
equivalent, 298 
graphing of, 336-348. See also 
Graphing 
identity, 304 
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with infinitely many solutions, 
303-304 
with no solution, 304 
in one variable, 298-308 
applications of, 314-320 
proportions and, 304-306 
solving, 292, 298-304 
addition property of equality in, 
298-299 
contradictions and, 303 
definition of subtraction in, 303 
for equations containing decimals, 
302 
for equations containing fractions, 301 
general procedure for, 300 
for identity, 304 
isolating variables in, 298, 301, 303 
multiplication property of equality 
in, 299 
order of operations in, 293-295 
subtraction property of equality in, 
299 
for variables on both sides of equa- 
tion, 301-302 
systems of, 386—404 
addition method of, 396—401 
in break-even analysis, 389-390 
consistent, 387, 388 
definition of, 386 
dependent, 388, 396, 399, 418 
graphing of, 387-389 
inconsistent, 388, 396, 399, 418 
matrices for, 415—420 
ordered pairs and, 386 
solving, 386 
substitution method for, 394-396 
triangularization method for, 418 
terms in, 297-298 
in two variables, 338 
Linear functions, 364 
vertical line test for, 363 
Linear inequalities 
compound, 332-333 
graphing of, 420-422 
in one variable, 329-331 
in two variables, 349-350 
half-plane and, 349 
in machining, 330 
in one variable, 329-335 
graphing of, 329-331 
solving, 329-335 
symbols for, 222, 329 
direction of, 330, 331 
systems of, 420—422 
in linear programming, 424 
in two variables, 349-351 
graphing of, 349-350 
Linear programming, 424-427 
constraints in, 424, 425-426 
feasible regions in, 424 
fundamental principle of, 425 
military applications of, 425 
objective function in, 424—425 
in operations research, 426 
simplex method for, 424, 426 
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Linear programming (continued) 
systems of linear inequalities in, 424 
vertices in, 424 

Linear Programming and Extensions 
(Dantzig), 426 

Linear regression, 833, 839-842 

Linkedin, 855 

Liter, 436, 446-447 

Lo Shu diagram, 27 

Loan sharks, 615 

Loans, 611—621. See also Interest 
annual percentage rate for, 631-636 
Banker’s rule for, 615-616 
comparing terms of, 614 
cosigners for, 611 
credit scores and, 648 
default on, 648 
discount, 613-614 
due date for, 611, 615-616 
finance charges for, 631—636 
home equity, 652 
installment, 630—645 
mortgage, 646-657 
partial payment of, 614 
pawn, 612 
personal, 611-621 
principal of, 611 
regulation of, 631, 635 
security (collateral) for, 611 
simple interest, 611-614. See also 

Simple interest 
total installment price of, 631 
United States rule for, 614-616 

Lobachevsky, Nikolay Ivanovich, 551 

Logarithmic spiral, 280 

Logarithms, 203 

Logic, 93-168 
Aristotelian, 94 
Boolean, 94 
compound statements/connectives in, 

95, 96-101. See also Compound 
statements 
connectives in, 96 
contrapositives in, 134-135 
de Morgan’s laws for, 129-132 
equivalent statements in, 127-136 
Euler diagrams in, 152-156 
fuzzy, 135 
history of, 94 
implications in, 123-124 
language and, 94—95 
language of, 94-95 
law of contraposition in, 143, 144 
law of detachment in, 141-142, 144 
mathematic applications of, 94 
quantifiers in, 95-96 
self-contradictions in, 123 
statements in, 95, 96 
switching circuits and, 156-162 
syllogistic, 150-156 
symbolic, 94, 140-150. See also 
Symbolic arguments 
tautologies in, 123 
truth tables in, 105—127 
Logically false statements, 123 


Loops, in graphs, 854—855 
Lottery 
jackpot size in, 747 
number selection for, 701 
Lower class limits, 785 
Lower quota, 941 
modified, 944 
Lowest common denominator, 237-239 
Lucas sequence, 283 


Machining, inequalities in, 330 
Magic squares, 27-28, 33 
Majority criterion, 926-927 
Mandelbrot, Benoit, 533 
Manhattan Island, sale of, 623 
Map(s), 545-546 
of brain, 551 
conformal, 551 
graphs and, 855—856. See also 
Graph(s); Graph theory; Graphing 
Mapping, grids in, 339 
Mariana Trench, 224 
Mars Climate Orbiter, 435 
Martingale System, 274, 277 
Mass 
conversion table for, 465 
definition of, 454 
in metric system, 436, 454—459, 467, 
468 
in theory of relativity, 310, 533 
vs. weight, 454, 455 
The Mathematical Analysis of Logic 
(Boole), 94 
Mathematical encyclopedia, 252 
Mathematical models, 309, 366, 388. See 
also Algorithm(s) 
applications of, 388-389 
in break-even analysis, 389-390 
geometric, 533 
Mathematical operations. See Operations 
Mathematical (theoretical) probability, 
676, 683-690. See also Probability 
Mathematical systems, 566-598 
associative property of, 567-568 
binary operation in, 567, 568 
clock arithmetic and, 574—578 
closure property of, 568-569 
commutative property of, 567—568 
definition of, 567 
finite, 574-585 
four-element, 577—578 
as groups, 570—572 
identity elements in, 569-570 
infinite, 568—572 
inverses in, 569—570 
modulo m, 585—590 
sets in, 567 
six-element, 577 
of symbols, 578-580 
without numbers, 578-580. 
Mathematics. See also Algebra; 
Arithmetic; Geometry 
consumer, 599-673 
encyclopedia of, 252 
symbolic, 298 


universal, 298 
women in, 311, 591 
Matrices, 404—420 
addition of, 405-406 
applications of, 405 
augmented, 415—418 
columns and rows in, 407 
in computer animation, 417 
counting boards and, 416 
definition of, 404 
for dependent systems, 418 
dimensions of, 405—406 
for displaying information, 404—414 
elements of, 405 
equal, 405 
in game theory, 409 
historical perspective on, 408, 416 
for inconsistent systems, 418 
multiplication of, 406—410 
multiplicative identity, 409, 414, 416 
multiplicative inverses and, 414 
row transformations for, 415—420 
scalars and, 406 
in spreadsheets, 407 
square, 405, 409 
subtraction of, 406 
for systems of linear equations, 415—420 
dependent, 418 
inconsistent, 418 
triangularization method for, 418 
in transformational geometry, 
416-418 
Matrix, square, 405 
Mayan numerals, 182—183 
McCall, Jack, 753 
Mean, 775, 797, 799 
in normal distribution, 818-828 
Measurement systems. See Metric sys- 
tem; United States customary system 
Measures of central tendency, 796-807 
average, 797 
definition of, 797 
mean, 775, 797, 799 
median, 798, 799, 800 
midrange, 798-799, 800 
mode, 797—800 
in normal distribution, 818-828 
Measures of dispersion, 807—815 
Measures of position, 800—802 
Median, 798, 799, 800 
in normal distribution, 818—828 
Mediation, 171, 200 
Medicine 
genetics in, 677, 678, 690 
metric system in, 448, 449, 467, 468 
Medieval riddles, 24 
mega, 437 
Mendel, Gregor, 677—678 
Mersenne, Marin, 216 
Mersenne primes, 216-217 
Meter, 436, 443-444 
Metric system, 434—476 
adoption timeline for, 459 
advantages of, 435, 443 
area in, 444-446, 465 


commas in, 437 
conversion to/from, 464—468 
conversion within, 437—440 
cubic units in, 447 
as decimal system, 436-437 
European Union and, 459 
history of, 435 
length in, 436, 443-444, 466 
mass in, 436, 454—459, 467, 468 
in medicine, 448, 449 
nonadopters of, 456, 469 
prefixes for, 436-437 
spaces in, 437 
square units in, 445—446 
temperature in, 436, 457—459 
terminology of, 436 
volume in, 436, 446—449, 466, 467, 468 
Metric tonne, 455 
micro, 437 
Midpoint of class, 786 
Midrange, 798-799, 800 
Mihailescu, Preda, 263 
milli, 436 
Milligram, 455 
Milliliter, 446-447 
Millimeter, 443—444 
Minimum-cost spanning tree, 891—895 
Minuet, Peter Du, 623 
Mixed numbers, 230-232 
Mobius, August Ferdinand, 543 
Mobius strip, 543-544, 546 
Klein bottle and, 544—545 
Modal class, of frequency distribution, 786 
Mode, 797-800, 799, 800 
in normal distribution, 818—828 
Models. See Mathematical models 
Modified divisor, 943-946, 947 
Modular arithmetic, 585-592 
applications of, 589-590 
congruence in, 586—588 
in cryptography, 587 
groups and, 590—592 
multiplication in, 588—590 
subtraction in, 588 
Modulo m systems, 585-590 
Modulor, 280 
Modus ponens, 141-142 
Modus tollens, 143 
Monotonicity criterion, 929-930 
Morain, Francois, 217 
Mortality statistics, 776 
Mortgages, 646-657 
adjustable-rate, 646, 652-654 
adjusted monthly income and, 647 
amortization schedule for, 652 
closing and, 646 
conventional, 646, 647—652 
down payment and, 646 
FHA, 653 
monthly payment calculation for, 
647-649 
payment caps for, 653 
points and, 646-647 
qualifying for, 647—648 
rate caps for, 653 


second, 652 
VA, 653 
Motion 
parabolic, 368 
of projectile, 368 
quadratic equation for, 358 
rigid, 525—535 
definition of, 525 
reflections, 525—526 
symmetry, 532—535 
translations (glides), 528 
Movies 
audience quadrants for, 336 
computer-generated, 336, 417, 492 
Mozart, Wolfgang Amadeus, 730 
Multiplication 
in additive systems, 171 
in algebra, 292 
associative property of, 254, 256 
in Babylonian system, 179 
in base conversion, 180, 183 
in base systems, 196-197 
of binomials, 352-353 
with calculator, 265 
in Chinese system, 173-174 
commutative property of, 253-254, 
256 
cross, 304-305 
distributive property of, 254—255, 256 
in Egyptian system, 171 
in factoring, 352-356 
FOIL method of, 352 
of fractions, 235-236 
in Hindu-Arabic system, 179 
of integers, 224—225 
in Ionic Greek system, 176 
of irrational numbers, 246 
lattice, 201-202 
of matrices, 406—410 
in modular arithmetic, 588-590 
with Napier’s rods, 202-203 
by negative numbers, 330 
of prime numbers. See Prime 
factorization 
product in 
of even numbers, 2 
factors of, 210 
of quaternions, 881 
Russian peasant, 200 
in scientific notation, 264 
in solving inequalities, 330 
teaching of, 201 
Multiplication formula, 720-723 
Multiplication property of equality, 299 
Multiplicative identity element, 569, 570 
Multiplicative identity matrices, 409, 
414, 416 
Multiplicative inverses, 409, 414 
Multiplicative systems, 173-175 
Music 
acoustics and, 810 
Fibonacci numbers in, 281—282 
mathematics in, 237 
probability and, 730 
rational numbers in, 237 
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Mutual funds, 661 
Mutually exclusive events, 718-719 
MySpace, 855 


nano, 437 
Napier’s rods, 202-203 
National debt, 265 
Natural exponential equation, 370-372 
Natural exponential growth or decay 
formula, 370 
Natural exponential growth or decay 
function, 370-373 
Natural numbers, 2, 43, 210 
closure of, 253 
factors of, 210 
sets of, 84-85. See also Set(s) 
vs. whole numbers, 221 
Navigation, base 60 system in, 181 
Nearest neighbor method, 880, 
882-883 
Negations (not statements), 95—96, 99, 
131 
of conditional statements, 132 
definition of, 95-96 
neither-nor statements, 99 
symbol for, 97, 98, 107 
truth tables for, 105, 107. See also 
Truth tables 
Negative exponent rule, 261 
Negative integers, 221. See also Integers 
Negative numbers, 301 
division by, 330-331 
multiplication by, 330 
neither-nor statements, 99. See also 
Negations (not statements) 
Nested parentheses, 109 
Net worth, average, 800 
New-states paradox, 958-960 
Newton, Isaac, 246, 298 
Nielsen ratings, 775 
Nine Chapters on the Mathematical Art, 
416 
Noether, Amalie Emmy, 591 
Nonabelian groups, 577 
Noncommutative groups, 577 
Non-Euclidean geometry, 550—553 
fifth axiom of, 551—553 
Normal distributions, 818—828 
areas of, 821—828 
bimodal, 817 
empirical rule for, 819 
J-shaped, 816 
properties of, 818 
z-scores and, 310, 820—828 
not statements. See Negations (not 
statements) 
Notation 
decimal, 263-264 
scientific, 262-266. See also Scientific 
notation 
set-builder (set-generator), 44 
Null sets, 47 
as subsets, 53 
Number(s) 
for abstract quantities, 294 
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Number(s) (continued) 
cardinal 
definition of, 46, 50 
of sets, 46, 85-86 
transfinite, 85 
composite, 211-213 
Fermat numbers as, 217 
decimal, 178, 232-233, 302, 436-437, 
601-602. See also Decimal numbers 
definition of, 170 
of distinct proper subsets, 54 
of distinct subsets, 54 
even, 2-3 
cardinality of, 85 
expanded form for, 179 
Fermat, 217 
Fibonacci, 278-282 
friendly, 215 
golden, 279 
irrational, 244—252. See also Irrational 
numbers 
large 
googol, 293 
law of, 678-679 
scientific notation for, 259, 262—266 
mixed, 230-232 
natural (counting), 2, 84—85, 210, 
221, 253. See also Natural numbers 
negative, 301 
division by, 330-331 
multiplication by, 330 
odd, 2 
cardinality of, 86 
sum of, 2-3 
ordinal, 50 
pentagonal, 229 
perfect, 220 
perfect square, 245 
prime, 210-211 
printed, 197 
rational, 222, 229-243. See also 
Fractions; Rational numbers 
real, 253-258. See also Real 
number(s) 
reciprocal of, 236 
small, scientific notation for, 
262-266 
square, 6 
triangular, 6, 222 
vs. numerals, 170, 183 
whole, 221 
Number theory, 210—220 
definition of, 210 
Numerals 
cultural variation in, 183, 188 
definition of, 170 
vs. numbers, 170, 183 
Numeration systems, 169-208 
additive, 170-173 
Babylonian, 179-182 
bases in, 179. See also Base systems 
binary, 186, 192-193 
Chinese, 173-175, 188 
ciphered, 175-176 


definition of, 170 
development of, 188, 197 
duodecimal, 186 
early, 170-176 
Egyptian, 171, 315 
hexadecimal, 186 
hexadecimal systems, 186, 189 
Hindu-Arabic, 170, 171-172, 174, 
178-179 

Ionic Greek, 175-176 
Mayan, 182-183 
multiplicative, 173-175 
octal, 186, 187, 188 
place-value, 178-185 
Roman, 171-173 
tally, 170 
zero in, 179 

Numerator, 230 

Numerical coefficient, 297 


Objective function, in linear program- 
ming, 424—425 
Obtuse angle, 484 
Obtuse triangle, 492 
Octahedron, 517 
Octal systems, 186, 187, 188 
Odd numbers, 2 
sum of, 2-3 
Odd vertex, 858 
Odds, 691-698. See also Probability 
against an event, 691-692 
for an event, 692-694 
determining probabilities from, 
693-694 
statement of, 693-694 
On Floating Bodies (Archimedes), 23 
One-sided surfaces, 543—545, 546 
One-to-one correspondence, sets with, 46 
Online social networks, 855 
Open line segments, 480, 481 
Open-end installment loans, 631, 
636-640. See also Credit cards 
Operations 
arithmetic, 57 
binary, 567, 569-570 
order of, 293-295 
set, 57 
Operations research, 426 
Optical telegraph, 891 
Optimal solution, 880 
or probability problems, 717-719, 723 
or statements, 61, 95, 98-99. See also 
Disjunctions (or statements) 
Order of operations, 293-295 
Ordered arrangements, 737, 746. See also 
Permutation(s) 
Ordered pairs 
in Cartesian product, 63 
in graphing, 336-339, 386 
sets of, 362 
as solution to linear equation systems, 
386 
as solution to linear inequality 
systems, 421 


Ordinal numbers, 50 

Ordinary annuity, 658-661 

Ordinary interest, 611-614. See also 
Simple interest 

Organon (Aristotle), 94 

Origin, 336 

Outcomes 
equally likely, 683-687 
experimental, 675—676 

Overlapping sets, 57, 58-59 


Pairwise comparison method, 916-919, 920 
head-to-head criterion and, 928-929 
irrelevant alternative criterion and, 932 
majority criterion and, 927 
monotonicity criterion and, 930 
tie breaking in, 919-920 

Paper folding, 230 

Parabolas, 365-366, 368 

Parallel circuits, 157-158 

Parallel lines, 482 
transversals and, 486 

Parallel planes, 482 

Parallel postulate 
in Euclidean geometry, 550—551, 

560 
in non-Euclidean geometry, 551—553, 
560 

Parallelogram, 337, 495 
area of, 501-502 
glide reflection of, 532 

Parentheses 
associative property and, 254 
in compound statements, 98-99, 

100, 120 
exponents and, 259-260 
in negations, 99 
nested, 109 
in truth tables, 109 

Partial payment, United States rule for, 
614-616 

Pascal, Blaise, 675 

Pascal’s triangle, 283, 751 

Paths, 858-859 
Euler, 864-876 
Hamilton, 876-888 
vs. graphs, 859 

Pattern design, groups in, 580 

Paulos, John Allen, 264 

Pawn loans, 612 

Payment caps, 653 

PEMDAS mnemonic, 293 

Pentagon, 491 

Pentagonal numbers, 229 

Percent, 317, 600-610 
applications of, 605-606 
decimal conversion to/from, 601—602 
definition of, 600 
fraction conversion to/from, 600—601 
in probability, 629 
in tipping, 604 
vs. percentage, 601 

Percent change, 602-603 

Percent markup/markdown, 604 


Percentage, vs. percent, 601 
Percentiles, 800-801 
Perelman, Grigori, 552 
Perfect numbers, 220 
Perfect squares, 245 
Perimeter, 500—506 
of rectangle, 501, 502 
formula for, 316 
vs. area, 502 
Permutation(s), 737-742 
counting principle for, 738-739 
definition of, 737 
determination of, 737-741 
of duplicate items, 741-742 
formulas for, 740 
number of, 738 
as ordered arrangements, 737, 746 
vs. combinations, 746-749 
Permutation puzzles, 578 
Personal loan, 611—621. See also 
Interest; Loans 
Personal note, 611 
Phi (golden number), 279 
Physics 
group theory in, 590 
of motion, 358, 368 
quadratic equations in, 358 
Pi (77) 
calculation of, 246, 247, 253, 446 
definition of, 246 
Picasso, Pablo, 516 
Piccard, Jacques, 224 
pico, 437 
Pie charts, 791-792 
The Pirates of Penzance, 503 
Pixels, 492 
Place-value numeration systems, 
178-185 
Babylonian, 179-182 
bases in, 179, 185-186. See also Base 
systems 
definition of, 178 
evolution of, 188 
expanded form in, 179 
Hindu-Arabic. See Hindu-Arabic 
system 
Mayan, 182-183 
Plane(s), 482, 552 
half, 482 
parallel, 482 
Plane geometry, 482. See also Geometry 
Platonic solids, 517 
Playfair, John, 550 
Playing cards 
combinations of, 748, 752-753 
in dead man’s hand, 753 
Plotting points, 336-339 
Plurality method, 910-911, 920 
head-to-head criterion and, 928 
irrelevant alternative criterion and, 932 
majority criterion and, 926 
tie breaking in, 919-920 
Plurality with elimination method, 
914-916, 920 


head-to-head criterion and, 928 
irrelevant alternative criterion and, 932 
majority criterion and, 927 
monotonicity criterion and, 930 
tie breaking in, 919-920 
Poincaré conjecture, 552 
Poincaré disk, 557 
Points (geometry), 480-482 
end, 480 
noncollinear, 482 
plotting, 336-339 
rays and, 480 
of symmetry, 534 
Points (mortgage), 646-647 
Polling 
sampling in, 775-776 
of voters, 777 
Polya, George, 20, 22 
Polygon(s), 490-492 
congruent, 494—495 
definition of, 490 
frequency, 784, 787—789 
measure of interior angles of, 491—529 
point of symmetry in, 534 
reflective symmetry of, 533-534 
regular, 490 
in tessellations, 535 
rotation point inside, 531—532 
rotational symmetry of, 534—535 
sides of, 490 
similar, 492-494 
sum of interior angles of, 491 
types of, 490 
vertices of, 490 
Polygonal regions, 490 
Polyhedrons, 516-517 
prism as, 517-519 
pyramid as, 519 
regular, 517 
Population, sampling, 774 
Population growth, 371 
Population paradox, 957-958 
Position, measures of, 800—802 
Positional-value numeration systems. See 
Place-value numeration systems 
Positive integers, 221. See also Integers; 
Natural numbers 
Postal system, 891 
Postulates, 479 
Power rule for exponents, 262 
Powerball, 747 
Preference table, 909 
Prefixes, in metric system, 436—437 
Presidential elections, 911, 919. See also 
Elections; Voting 
Electoral College and, 927 
Previous balance method, 637—638 
Price 
fair, 702-703 
total installment, 631 
The Price Is Right, 187 
Prime factorization, 213-216 
by branching, 213 
by division, 213-214 
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for greatest common divisor, 214—215 
for least common multiple, 215-216 
Prime numbers, 210-211 
in encryption, 216 
Fermat numbers as, 217 
greatest common divisor, 214—215 
larger, 216-217 
least common multiple, 215-216 
Mersenne, 216-217 
product of. See Prime factorization 
twin, 217 
Principal 
guaranteed, 621 
of loan, 611 
of mortgage, 647—650 
Principal and interest payment formula, 
649-650 
Prisms, 517—519 
definition of, 517 
volume of, 517-518 
Prisoner’s dilemma, 409 
Probability, 674-772 
applications of, 675 
birthday problem and, 721 
combinations in, 746-758 
compound, 717 
conditional, 728-735 
counting methods in, 749 
counting principle in, 708-711, 
735-737 
dependent events and, 721—723 
empirical (experimental), 676-683 
equally likely outcomes in, 683-687 
of event happening at least once, 
711-712 
expected value in, 698-707 
formula for, 683-684 
binomial, 758-765 
games of chance and, 675 
history of, 675 
law of large numbers of, 678-679 
multiplication formula for, 720-723 
in music, 730 
mutual exclusivity and, 718-719 
notation for, 676 
odds in, 691-698 
against an event, 691—692 
for an event, 692-694 
determining probabilities from, 
693-694 
or problems in, 717-719 
percents in, 692 
permutations in, 737—742 
and problems in, 720-723 
sample point in, 708 
sample space in, 708 
and statements in, 687 
sum of probabilities and, 684, 686 
terminology for, 675-676 
theoretical (mathematical), 676, 
683-690 
tree diagrams and, 708-716 
in weather forecasting, 729 
Probability distributions, 759 
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Problem solving, 20-37 

in everyday life, 25 

Polya’s guidelines for, 20, 22 
Product 

Cartesian, 63 

of even numbers, 2 

factors of, 210 

of prime numbers. See Prime 

factorization 

Product rule 

for exponents, 260 

for radicals, 245—246 
Proper factors, 215 
Proper subsets, 52—53 
Proportion(s), 304—306 

golden (divine), 280 

of similar figures, 492—493 
Protractor, 483 
Pseudosphere, 552 
Puzzles 

permutation, 578 

Rubik’s 360, 578 

Rubik’s cube, 572 
Pyramids, 519 

golden ratio in, 280 
Pythagoras, 244, 245, 479 
Pythagorean Propositions, 503 
Pythagorean theorem, 244, 245, 503-504 
Pythagorean triples, 284 
Pythagoreans, 245 


Quadrants, 336 
of movie audiences, 336 
Quadratic equations, 356-360 
application of, 359-360 
irrational solutions to, 358-359 
with no real solution, 358 
solving 
by factoring, 356-357 
by quadratic formula, 358-360 
standard form of, 356 
Quadratic formula, 358-360 
discriminant in, 362 
Quadratic functions, 362-363. See also 
Functions 
Quadrilaterals, 491 
types of, 494-495 
Quantifiers, 95—96 
Quantum mechanics, 566 
Quartiles, 800-801 
Quaternions, 881 
Queen Dido, 504 
Quota 
lower, 941 
modified, 943-944 
standard, 940, 943 
upper, 941 
Quota rule, 943, 960 
in Adams’s method, 949, 960 
definition of, 943 
in Hamilton’s method, 943, 946, 
960 
in Jefferson’s method, 946, 960 
in Webster’s method, 948, 960 


Quotient, 210, 226 
undefined, 226 
Quotient rule 
for exponents, 260-261 
for radicals, 247 


Radial symmetry, 535 
Radians, 482 
Radical sign, 244 
Radicals 
addition of, 246 
coefficient of, 245 
division of, 247 
multiplication of, 245, 246 
product rule for, 245-246 
quotient rule for, 247 
simplification of, 245-246 
distributive property in, 256 
subtraction of, 246 
Radicand, 244 
in quadratic formula, 361 
Radiography, of ancient texts, 23 
Radius, 504 
Rainbows, 52 
Ramanujan, Srinivasa, 214 
Random sampling, 776 
Range, 808 
of function, 362, 367-368 
Ranked data, 798 
Rate caps, 653 
Ratio(s) 
common, 273 
golden, 279-280 
proportions and, 304-306 
Rational numbers, 222, 229-243 
as decimal numbers, 232-235 
definition of, 229 


as fractions, 229-243. See also Fractions 


fundamental law of, 237 
in music, 237 
real numbers and, 252—253 
sets of, 242 
Rationalization, of denominator, 
247-248 
Rays, 480, 481 
union of, 481—482 
Real number(s), 253-258 
associative property of, 254 
closure of, 253 
commutative properties of, 253-256 
distributive property of multiplication 
over division and, 254—255 
properties of, 253-255 
sets of, 252-253 
symbol for, 252 
Real number line, 221 
Recessive traits, 677-678 
Reciprocal, 236 
Rectangle, 495 
area of, 501, 502 
golden, 280 
perimeter of, 501, 502 
formula for, 316 
rotation of, 572—573 


Rectangular coordinates, 336-337 
Rectangular distribution, 816 
Rectangular solid, volume and surface 
area of, 512 
Recursion, 554 
Redistricting, 957 
Reflection(s), 525-526 
axis of, 526 
definition of, 526 
glide, 532 
of hexagon, 527—528 
in pattern design, 580 
of trapezoid, 526 
of triangle, 526-527 
Reflective symmetry, 533 
Regression, linear, 833, 839-842 
Regression line, 839-842 
Regular polygons, 490. 
in tessellations, 535 
Regular polyhedra, 517 
Regular tessellations, 535 
Relations, 362 
functions and, 362. See also 
Functions 
Remainder, 210 
Rent-to-own transactions, 631 
Repeating decimal numbers, 232—233 
conversion to fractions, 233-235 
Retirement savings, 658-664 
annuities and, 658—663 
401Ks and, 664 
403bs and, 664 
TRAs and, 663-664 
Rhind, Henry, 171 
Rhind papyrus, 171 
Rhombus, 495 
Riddles, medieval, 24 
Riemann, G.F. Bernhard, 551 
Riemannian geometry, 551—552 
Right angle, 484 
Right prism, 517 
Right triangle, 244-252, 492 
Rigid motions, 525-535 
definition of, 525 
in pattern design, 580 
reflections, 525—526 
symmetry, 532-535 
translations (glides), 528 
Rijndael Block Cipher, 216 
Roman numerals, 170, 171-173 
Roosevelt, Franklin, 777 
Rosetta Stone, 171 
Roster form, of sets, 43, 44 
Rotation, 529-532 
angle of, 530 
center of, 530 
definition of, 530 
in pattern design, 580 
of rectangle, 572-573 
Rotation point, 530 
inside polygon, 531-532 
Rotational symmetry, 534—535, 535 
Roth 401k plan, 664 
Roth IRA, 663-664 


Rounding 
in apportionment problems, 943-944, 
946, 960 
methods of, 9-10, 14 
Row transformations, 415—420 
Rubber sheet geometry, 543. See also 
Topology 
Rubik’s cube, 572 
Rubik’s 360, 578 
Rule of 78s, 635, 645 
Runoff elections, 914 
Russell, Bertrand, 294 
Russian peasant multiplication, 
200 


Saccheri, Girolamo, 550-551 
Sample 
definition of, 774 
unbiased, 775-776 
Sample point, 708 
Sample space, 708 
Sampling, 774-779 
cluster, 776 
convenience, 777 
faulty, 777 
mean in, 797 
Nielsen ratings and, 775 
in polling, 775-776 
populations in, 774 
random, 776 
stratified, 777 
systematic, 776 
techniques, 774 
Satisfiability problems, 122 
Savant syndrome, 253 
Savings, retirement, 658-664 
Savings accounts, 625-626. See also 
Compound interest 
Scalars 
definition of, 406 
multiplying matrices by, 406 
Scalene triangle, 492 
Scales, musical, 281 
Scaling factors, 499 
Scatter diagrams, 834-835 
Schmandt-Besserat, Denise, 173 
Scientific calculators. See Calculators, 
scientific 
Scientific method, 3 
Scientific notation, 262-266. See also 
Symbol(s) 
on calculator, 264-266 
decimal notation and, 263-264 
definition of, 262 
division in, 264 
exponents in, 259-262 
multiplication in, 264 
Sea of Tranquility, 365 
Sears houses, 646 
Second mortgage, 652 
Security, for loan, 611 
Self-contradictions, 123 
Self-similarity, of fractals, 554 
Senators, age limits for, 940 


Sequence 
arithmetic, 270-272 
definition of, 270 
Fibonacci, 278-282 
geometric, 227-275 
Lucas, 283 
terms of, 270 
Series circuits, 157 
Set(s), 42-92 
applications of, 76-83 
associative property of, 567—568 
braces for, 43 
cardinal number of, 46, 85-86 
Cartesian product of, 63 
closed, 253, 568-569 
commutative property of, 567-568 
complement of, 58, 131 
countable, 85-86 
de Morgan’s laws for, 72, 131 
definition of, 43 
dense, 242 
description of, 43 
difference of, 62—63 
disjoint, 57 
elements (members) of, 43, 46 
number of, 61—62 
ellipsis in, 43 
empty, 47, 53 
equal, 46, 57 
equality of, 46 
verification of, 70-72 
equivalent, 46 
of even numbers, cardinality of, 85 
finite, 45 
as groups, 570-572 
identity elements in, 569-570 
inclusive, 44 
infinite, 46, 83-86 
of integers, 221, 242 
intersection of, 58-59, 61 
inverses in, 569—570 
in mathematical systems, 567—572. 
See also Mathematical systems 
members of, 43 
naming of, 43 
of natural numbers, 84—85, 210 
notation for, 43, 44—45 
set-builder, 44—45 
null (empty), 47 
with one-to-one correspondence, 46 
of ordered pairs, 362 
overlapping, 57, 58—59 
of rational numbers, 229, 242 
of real numbers, 252—253 
relationships among, 252—253 
roster form of, 43, 44 
statements involving, 70-71 
subsets and, 51—54. See also Subsets 
union of, 59-61, 481 
universal, 47 
in Venn diagrams, 57—76. See also 
Venn diagrams 
well-defined, 43 
of whole numbers, 221 
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Set operations, 57 
Set-builder (set-generator) notation, 44—45 
Sexagesimal systems, 179-181 
Shallit, Jeffrey, 212 
Shareholders, 659 
Shares of stock, 659 
Shrek, 417 
SI system. See Metric system 
Sickle cell anemia, 677, 690 
Sides 
corresponding, in similar figures, 
492-493 
of polygon, 490 
Sierpinski, Waclaw, 555 
Sierpinski carpet, 555 
Sierpinski triangle, 555 
Sieve of Eratosthenes, 211 
Similar figures, 492-494 
Simon, Pierre, 178 
Simple interest, 611—621 
definition of, 611 
formula for, 611 
ordinary, 611-614 
United States rule for, 614-616 
Simple statements, 95 
Simplex method, 424, 426 
Simplification, of radicals, 245-246 
Simson, Robert, 279 
Simultaneous linear equations. See 
Linear equations, systems of 
Sinking funds, 661—663 
Six degrees of Kevin Bacon, 882 
Six Sigma, 820 
Six-element systems, 577 
Skew lines, 482 
Skewed distribution, 817 
Slope, 340-344 
definition of, 340 
determination of, 341 
negative, 341 
positive, 341 
undefined, 341 
zero, 341 
Slope-intercept method, for graphing, 
342-344 
Slot machines, 722 
Smiling, in infants, 799 
Smith, Edson, 217 
Social networks, online, 855 
Soduku, 97 
Solid geometry, 512. See also Geometry 
Solids, platonic, 517 
Some statements, 96 
Space figures, 512 
Space-time, curvature of, 310, 553 
Spanning trees, 890—895 
minimum-cost, 891—895 
Sphere, 552 
volume and surface area of, 
153-154 
Spherical geometry, 551-552 
Spirals 
Fibonacci numbers and, 279, 280 
logarithmic, 280 
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Spreadsheets, 407 
for annuities, 659, 660-661, 
662-663 
for compound interest computation, 
623-624 
for installment payments, 633—634 
for line of best fit, 906—907 
for mortgage amortization, 652 
for present value, 627 
for sinking fund payment, 662—663 
for standard deviation, 812 
Square, 495 
area of, 501, 502 
magic, 27—28, 33 
perfect, 245 
perimeter of, 502 
translation of, 529 
Square matrix, 405 
multiplicative identity of, 409 
Square numbers, 6 
Square pyramid, 33 
Square root, 244 
approximation of 
with calculator, 248-249 
without calculator, 248 
principal (positive), 244 
rational vs. irrational, 244—245 
Square units, in metric system, 445-446 
Squaring the circle, 484 
Standard deviation, 775, 808-812 
calculator computation of, 812 
definition of, 808 
spreadsheets for, 812 
variance and, 808, 809 
Standard divisor, 940, 943 
Standard quota, 940, 943 
Standard (z) scores, 310, 820—828 
negative, 821 
positive, 821 
Statements, 70—71, 95 
and, 61, 96-97. See also Conjunctions 
(and statements) 
assigning truth value to, 95 
but, 99 
compound, 95, 96-101. See also 
Compound statements 
counterexamples for, 4, 71, 569 
definition of, 95 
equivalent, 127-136. See also 
Equivalent statements 
grouping of, 98—99 
if and only if, 100-101, 119-123. See 
also Biconditional (if and only if) 
statements 
if-then, 99-100, 118-119. See also 
Conditional (if-then) statements 
implications, 123-124 
in logic, 95 
logically false, 123 
not, 76, 95-96, 99, 131. See also 
Negations (not statements) 
odds, 693-694 
or, 61, 98-99, 131-132. See also 
Disjunctions (or statements) 


real data in, 121-122 
self-contradictions, 123 
simple, 95 
tautologies, 123 
truth tables for, 105-127 
truth value determination for, 
113-114, 121-122 
States, common borders of, 855-856, 867 
Statistical errors, sources of, 785 
Statistical graphs, 780-781, 787-792. 
See also Graph(s); Graphing 
circle, 781, 791-792 
frequency polygons, 788 
histogram, 787 
stem-and-leaf displays, 790-791 
Statistics, 773-852 
in advertising, 779-781 
data for, 774 
grouping for, 784-787 
definition of, 774 
descriptive, 774 
frequency distributions in, 783-787 
inferential, 774, 776 
linear correlation in, 833—838 
linear regression in, 833, 839-842 
mean in, 775, 797, 799 
measures of central tendency in, 
796-807 
measures of dispersion in, 807—815 
measures of position in, 800-802 
median in, 798, 799, 800 
midrange in, 798-799, 800 
misuse of, 779-781 
mode in, 798, 799, 800 
mortality, 776 
percentiles in, 800-801 
quartiles in, 800—801 
range in, 808 
sampling techniques and, 774-779 
scatter diagrams in, 834—835 
standard deviation in, 775, 808-812 
standard score in, 310 
variance in, 808, 809 
visual displays of, 780-781, 787-792. 
See also Statistical graphs 
Stem-and-leaf displays, 790-791 
Stevenson, Branson Graves, 545 
Stock market, 659, 661 
Stock ticker symbols, 736 
Straight angle, 484 
Straightedge and compass constructions, 
480 
Stratifying factors, 777 
Straw vote, 929 
Subscripts, 310 
Subsets. See also Set(s) 
definition of, 51 
distinct, number of, 54 
distinct proper, number of, 54 
notation for, 51 
number of, 53—54 
proper, 52—53 
in Venn diagrams, 57. See also Venn 
diagrams 


Substitution method, for systems of 
linear equations, 394—396 
Subtraction 
in additive systems, 171 
in base systems, 195, 198 
closure under, 253 
definition of, 223 
in solving equations, 302-303 
of fractions, 237-239 
of integers, 223-224 
of irrational numbers, 246 
of matrices, 406 
in modular arithmetic, 588 
of radical numbers, 246 
in Roman system, 172 
Subtraction property of equality, 299, 300 
Sum. See also Addition 
of interior angles of triangle, 491 
of odd and even numbers, 2-3 
Summation (S), 797 
Supplementary angles, 484-485 
Surface area 
of cone, 513 
of cube, 513 
of cylinder, 513 
definition of, 512 
of rectangular solid, 512 
of sphere, 153-154 
vs. volume, 512 
Surfaces, one-sided, 543-545, 546 
Switching circuits, 156-162. See also 
Circuits 
drawing, 159 
representing symbolic statements, 159 
Syllogism, law of, 144 
Syllogistic arguments, 150-156 
definition of, 150 
disjunctive, 144 
Euler diagrams and, 152-156 
validity of, 151 
vs. symbolic arguments, 151 
Sylvester, James, 408 
Symbol(s). See also Scientific notation 
for connectives, 101 
evolution of, 314 
inequality, 222, 329 
direction of, 330, 331 
mathematical systems of, 578-580 
standardization of, 314 
stock ticker, 736 
Symbolic arguments 
definition of, 141 
invalid, 141-146. See also Fallacy 
law of contraposition and, 143, 144 
law of detachment and, 141-142, 144 
law of syllogism and, 144 
logical conclusion in, 146-147 
standard forms of, 144 
switching circuits representing, 159 
with three premises, 146 
truth tables for, 141-144 
with two premises, 140-145 
valid, 141-147, 151 
vs. syllogistic arguments, 151 


Symbolic logic, 94, 140-150 
Symbolic mathematics, 298 
Symmetry, 532-535 
around main diagonal, 577 
axis of, 365-366 
bilateral, 535 
definition of, 533 
line of, 533 
point of, 534 
radial, 535 
reflective, 533 
rotational, 534—535, 535 
Synesthesia, 253 
Systematic sampling, 776 
Systéme internationale d’unités, 435 
Systems, mathematical. See Mathemati- 
cal systems 
Systems of linear equations, 386—417. 
See also Linear equations, systems of 
Systems of linear inequalities, 420-422 


Tally sticks, 614 
Tally systems, 170 
Tammet, Daniel, 253 
Tautologies, 123 
Tax-free yield, formula for, 311 
Taxonomy, 53 
Telegraph, 891 
Temperature scales 
Celsius, 436, 457-458 
Fahrenheit, 457—458 
tera, 437 
Terminating decimal numbers, 233 
conversion to fractions, 233-234 
Terms 
in algebraic expressions, 297-298 
like/unlike, 297-298 
order of, 298 
of sequences, 270 
Tessellations, 535-536 
Tetrahedron, 517 
Thales of Miletus, 479 
Theorem 
Arrow’s impossibility, 933, 934 
Balinski and Young’s impossibility, 960 
Bernoulli’s, 675 
Chebyshev’s, 832 
definition of, 213 
enormous, 575 
Euclidian, 480 
Euler’s, 866-868 
Fermat’s last, 505 
Pythagorean, 244, 245, 503-504 
Theoretical (mathematical) probability, 
676, 683-690. See also Probability 
Theory of relativity, 310, 553 
Thirteen, fear of, 195 
Through the Looking Glass (Carroll), 94, 
130, 503 
Tie breaking methods, 919-920 
Tiling, 535-536 
Tipping, 604 
Titius-Bode law, 273 
Topological equivalence, 546-547 


Topology, 543-549, 866, 894 

in brain mapping, 551 

genus in, 547 

Jordan curves in, 546 

Klein bottle in, 544—545 

maps in, 545-546 

Mobius strip in, 543-544 
Total installment price, 631 
Toy Story 3, 417 
Transfinite powers, 85 
Transformation(s) 

definition of, 525 

in group theory, 590 
Transformational geometry, 525-542 

matrices in, 416—418 

rigid motions in, 525—535 

tessellations in, 535-536 
Translation, 528-529 

in pattern design, 580 

of square, 529 
Translation vector, 527 
Transversals, 486 
Trapezoid, 495 

area of, 502 

reflection of, 526 
Traveling salesman problems, 877, 

880-883 

brute force method for, 880-881 

nearest neighbor method for, 880, 

882-883 

Tree(s), 888-899 

definition of, 889 

family, 889 

spanning, 890—895 
Tree diagrams, 708-716 
Triangle(s), 490-492 

acute, 492 

area of, 502 

congruent, 494—495 

construction of, 480, 490-491 

equilateral, 492 

isosceles, 492 

obtuse, 492 

Pascal’s, 283, 751 

reflection of, 526-527 

right, 244-252, 492 

scalene, 492 

Sierpinski, 555 

sum of interior angles of, 491 
Triangular numbers, 6, 222 
Trinomials, 353-356 

definition of, 353 

factoring of, 353-356 
Trisecting an angle, 484 
Triskaidekaphobia, 195 
True interest rate, 613-614 
Truth in advertising, 144 
Truth in Lending Act, 631 
Truth tables, 105-127 


for biconditional statements, 119-120 


cases in, 107-108, 110-111 
columns in, 107-108 


for compound statements, 113-114, 


123-124 
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for conditional statements, 118-119 
for conjunctions, 105-106, 107, 
111-112 
construction of, 106-113 
alternate method for, 111-113 
for disjunctions, 106-107, 109-110, 
112-113 
for equivalent statements, 128—129 
implications and, 123-124 
for negations, 105, 107, 109 
self-contradictions and, 123 
for switching circuits, 157-159 
for symbolic arguments, 141—144 
tautologies and, 123 
Truth values. See also Truth tables 
of contrapositive of conditional, 
134-135 
of converse of conditional, 134 
determination of, 113-114 
of inverse of conditional, 134 
Twin prime conjecture, 217 
Twitter, 855 


Unbiased sample, 775-776 
Undefined quotient, 226 
Unearned interest 
actuarial method for, 635-636 
rule of 78s for, 635 
Union of sets, 59-61, 481 
Unit conversions 
within metric system, 437—440 
to/from metric system, 464—468 
Unit fractions 
definition of, 463 
in dimensional analysis, 463—465 
United States, state borders in, 855—856, 
867 
United States Congress 
age limits for, 940 
apportionment for, 939-963. See also 
Apportionment methods 
United States customary system, 435, 
443, 447 
conversion to/from, 464—468 
conversion within, 462—464 
United States rule, 614-616 
Units, 211 
metric, 434—476 
US. customary, 435, 443, 447, 
462-468 
Universal mathematics, 298 
Universal sets, 47 
Universe 
birth of, 567 
expansion of, 568 
Unlike terms, 297-298 
Up (movie), 336 
Upper class limits, 785 
Upper quota, 941 
Usury, 615 


VA mortgages, 653 
Valid arguments, 141-147, 151 
determination of, 141-144 
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Variable(s), 292 
dependent, 834 
in graphing 
of functions, 362 
of linear equations, 343 
independent, 834 
isolation of, 298, 301, 303 
solving for 
in equations, 310-311 
in formulas, 311 
Variable annuities, 663 
Variable investment, 622 


Variable-rate mortgages, 646, 652-654. 


See also Mortgages 
Variance, 808n, 809n 
Variation, 320-328 

combined, 324-325 

direct, 320-322 

inverse, 322-323 

joint, 323-324 
Variation constant, 321-322 
Vector, translation, 527 
Venn, John, 57 
Venn diagrams, 57—76, 151 

applications of, 72, 76-83 

in classification, 72 

deductive reasoning with, 71 

sets in 

determination of, 59-60 

disjoint, 57 

equal, 57 

intersection of, 58—59 

overlapping, 57 

subsets of, 57 

three, 68-76 

two, 57-67 

union of, 59-61 
Vertex angles, 483 
Vertical angles, 491 
Vertical axis, 343 
Vertical line test, 363 
Vertices 

degrees of, 858 

even, 858 

of feasible region, 424 

in graphs, 854—855 

odd, 858 

of parabola, 365-366 

of Platonic solids, 517 

of polygon, 490 

of polyhedron, 516 


Vibration, 237 
in music, 281 
Viéte, Francois, 298 
Virgil, 504 
Visual displays. See also Graph(s); 
Graphing 
of statistics, 780-781 
Volume 
of cone, 513 
conversion table for, 465 
of cube, 513 
of cylinder, 513 
definition of, 446, 512 
formula for, 309 
in metric system, 436, 446-449 
of prism, 517-518 
of pyramid, 519 
of rectangular solid, 512 
of sphere, 153-154 
vs. surface area, 512 
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Voters, polling of, 777 
Voting methods, 907-969. See also 
Elections 
approval voting, 924-925 
Borda count, 911—914, 920, 926-927 
fairness of, 925-939 
Arrow’s impossibility theorem and, 
933, 934 
Condorcet criterion for, 927-929 
head-to-head criterion for, 
927-929 
irrelevant alternatives criterion for, 
930-934 
majority criterion for, 926-927 
monotonicity criterion for, 
929-930 
flaws in, 925-934 
insincere voting and, 938 
pairwise comparison, 916-919, 927 
plurality, 910-911, 926 
plurality with elimination, 914-916, 
927 
preference table and, 909 
runoff election, 914 
selection of, 914 
straw vote, 929 
tie breaking, 919-920 
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Washington, George, 941, 943 
Wealth, distribution of, 800 
Weather forecasting 
algorithms for, 366 
probability in, 729 
Webster, Daniel, 943, 946 
apportionment method of, 943, 
946-948, 960 
Weight 
conversion table for, 465 
vs. mass, 454, 455. See also Mass 
Weighted average, 806-807 
Weighted graphs, 877 
Weights and measures systems, 435. 
See also Metric system; United States 
customary system 
Whole numbers, 221 
WiFi, 787 
Wiles, Andrew J., 505 
William of Ockham, 72 
Wireless Internet access, 787 
The Wizard of Oz, 503 
Woltman, George, 217 
Women, in mathematics, 311, 
Soil 
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x-axis, 336, 343 

x-intercept, 339-340 
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y-axis, 336, 343 
Yee, Alexander, 246 
Yield 
annual percentage (effective annual), 
624-625 
tax-free, 311 
y-intercept, 339-340, 342-344 
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Zeno’s Paradox, 87 
Zero 
invention of, 178 
in metric system, 443 
Zero exponent rule, 261 
Zero slope, 341 
Zero-factor property, 356-357 
z-scores, 310, 820-828 
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positive, 821 


